
 
Find a closed form: 

∫ ∫ ∫
𝟏

𝟏 − 𝒙𝒚𝒛 + √𝟏 − 𝒙𝒚𝒛
𝒅𝒙𝒅𝒚𝒅𝒛
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Proposed by Vincent Nguyen-USA 

Solution by  Pratham Prasad-India 

By the Property: 

∫ ∫ ∫ 𝒇(𝒙𝒚𝒛)𝒅𝒙𝒅𝒚𝒅𝒛
𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

=
𝟏

𝟐
∫ 𝒇(𝒙) 𝐥𝐧𝟐(𝒙)𝒅𝒙 

𝟏
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𝝍 = ∫ ∫ ∫
𝟏

𝟏 − 𝒙𝒚𝒛 + √𝟏 − 𝒙𝒚𝒛
𝒅𝒙𝒅𝒚𝒅𝒛
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𝟎

𝟏
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=
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𝟐
∫

𝐥𝐧𝟐(𝒙)

𝟏 − 𝒙 + √𝟏 − 𝒙
𝒅𝒙

𝟏

𝟎

 

=
𝟏

𝟐
∫

𝐥𝐧𝟐(𝟏 − 𝒙)

𝒙 + √𝒙
𝒅𝒙

𝟏

𝟎

=
𝟏

𝟐
∫

(𝟏 − √𝒙)𝐥𝐧𝟐(𝟏 − 𝒙)

√𝒙(𝟏 − 𝒙)
𝒅𝒙

𝟏

𝟎

= 

= −
𝟏

𝟔
∫

(𝟏 − √𝒙)

√𝒙
𝒅(𝐥𝐧𝟑(𝟏 − 𝒙))

𝟏

𝟎

=⏞
𝑰𝑩𝑷

−
𝟏

𝟏𝟐
∫ 𝐥𝐧𝟑(𝟏 − 𝒙)𝒙−

𝟑
𝟐𝒅𝒙

𝟏

𝟎

= 

= −
𝟏

𝟏𝟐
𝐥𝐢𝐦
𝒙→𝟏

𝒚→−
𝟏
𝟐

𝝏𝟑

𝝏𝒙𝟑
𝑩(𝒙, 𝒚) = −

𝟏

𝟏𝟐
(−𝟐𝟒𝜻(𝟑) − 𝟏𝟔 𝐥𝐧𝟑(𝟐) + 𝟐𝟒𝜻(𝟐)𝐥 𝐧(𝟐)) = 

= 𝟐𝜻(𝟑) +
𝟒

𝟑
𝐥𝐧𝟑(𝟐) −

𝝅𝟐

𝟑
𝐥𝐧 (𝟐) 𝝍 = 𝟐𝜻(𝟑) +

𝟏

𝟔
𝐥𝐧𝟑(𝟒) −

𝝅𝟐

𝟔
𝐥𝐧 (𝟒) 

∫ ∫ ∫
𝟏

𝟏 − 𝒙𝒚𝒛 + √𝟏 − 𝒙𝒚𝒛
𝒅𝒙𝒅𝒚𝒅𝒛
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𝟎

𝟏
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𝟏
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= 𝟐𝜻(𝟑) +
𝟏

𝟔
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𝝅𝟐

𝟔
𝐥𝐧 (𝟒) 

 


