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PROBLEMS 
ALGEBRA 

A.001. If 𝑥, 𝑦, 𝑧 > 0 then: 

2(√𝑥 + 𝑦 + √𝑦 + 𝑧 + √𝑧 + 𝑥)√𝑥𝑦 + 𝑦𝑧 + 𝑧𝑥

≥ 3√3(𝑥 + 𝑦)(𝑦 + 𝑧)(𝑧 + 𝑥) 

A.002. If 𝑧 = 𝑥 + 𝑖𝑦 ∈ ℂ then: 

|sinh 𝑧|4

𝑒2𝑥
+
|cosh 𝑧|4

𝑒−2𝑥
≥
1

2
 

A.003. Solve for real numbers: 

|
cos 𝑥 cos 𝑥 cos 2𝑥
cos 3𝑥 cos 5𝑥 cos 4𝑥
sin 3𝑥 sin 5𝑥 sin 4𝑥

| = 0 

A.004. If 1 ≤ 𝑎 ≤ 𝑏 then find: 

Ω(𝑎, 𝑏) = ∫ tan−1 (
3𝑥

1 − 2𝑥2
)

𝑏

𝑎

𝑑𝑥 

A.005. If 𝑧1, 𝑧2, 𝑧3 ∈ ℂ, 𝑧1 + 𝑧2 + 𝑧3 = 3 + 4𝑖 then: 

2∑|𝑧1|

𝑐𝑦𝑐

≤ 5 +∑(|𝑧1 − 𝑧2| + |3 + 4𝑖 − 2𝑧3|)

𝑐𝑦𝑐

 

A.006. If 𝑥1, 𝑥2, … , 𝑥𝑛 > 0, 𝑛 ∈ ℕ
∗, then: 

1 +∑
1

√1 + 𝑥𝑖
3

𝑛

𝑖=1

≤ 𝑛 +
1

√1 + 𝑥1 + 𝑥2 +⋯+ 𝑥𝑛
3

 

A.007.  𝑥𝑖 , 𝑦𝑖 > 0, 𝑖 ∈ 0,7̅̅ ̅̅ , 512∑ (𝑥𝑖 + 𝑦𝑖)
7
𝑖=0 = 1225. 

Prove that: 
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∑
sin6 (

𝑖𝜋
8 )

𝑥𝑖

7

𝑖=0

+∑
cos6 (

𝑖𝜋
8 )

𝑦𝑖

7

𝑖=0

≥ 1 

A.008. If 𝑎, 𝑏, 𝑐 > 0, (𝑎 + 𝑏)(𝑏 + 𝑐)(𝑐 + 𝑎) = 2√2 then: 

|
|

0 𝑎2    𝑏2               𝑐2              1
𝑎2 0 𝑎2 + 𝑏2    𝑎2 + 𝑐2       1
𝑏2

𝑐2

1

𝑎2 + 𝑏2

𝑎2 + 𝑐2

  1

    0                𝑏2 + 𝑐2    1
    𝑏2 + 𝑐2           0            1   
       1                     1            0    

|
| ≤ 1 

A.009. If 𝑎, 𝑏, 𝑐 > 0, 𝑎𝑏𝑐 =
1

√3
4 , then: 

𝑎120 + 𝑏120 + 𝑐120

𝑎40 + 𝑏40 + 𝑐40
≥

1

(𝑎4 + 𝑏4 + 𝑐4)10
 

A.010. Solve for real numbers: 

{

𝑥 + 𝑦 + 𝑧 = 𝑥𝑦𝑧

𝑥(3 − 𝑥2)

1 − 3𝑥2
+
𝑦(3 − 𝑦2)

1 − 3𝑦2
+
𝑧(3 − 𝑧2)

1 − 3𝑧2
= 0

 

A.011. If 𝑎, 𝑏 ≥ 0 then: 

4√3𝑎𝑏 ⋅ 𝑒√2 + 2√2(𝑎 + 𝑏)𝑒√3 ≥ (√𝑎 + √𝑏)
2
(√3𝑒√2 + √2𝑒√3) 

 

A.012. Solve for real numbers: 

{
2𝑥2 + 3𝑦2 + 𝑧2 = 7

𝑥2 + 𝑦2 + 𝑧2 = √2𝑧(𝑥 + 𝑦)
 

 

A.013. If 𝑧 = 𝑥 + 𝑖𝑦 ∈ ℂ, 𝑥, 𝑦 ∈ ℝ then: 

|sin 𝑧|2 + |sinh 𝑧|2 + |cos 𝑧|2 + |cosh 𝑧|2 ≥ sinh(2𝑥) + cosh(2𝑦) 
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A.014. If 𝑥, 𝑦, 𝑧 > 0, 𝑥𝑦 + 𝑦𝑧 + 𝑧𝑥 = 3𝑥𝑦𝑧 then: 

(∑
1

𝑥 + 𝑦
𝑐𝑦𝑐

)(∑
1

2𝑥 + 𝑦 + 𝑧
𝑐𝑦𝑐

) ≤
9

8
 

A.015. For 𝑥, 𝑦, 𝑧 ∈ ℝ,  

𝐴 = (

sin2 𝑥 − cos2 𝑦 cos2 𝑧 cos2 𝑧

cos2 𝑥 sin2 𝑦 − cos2 𝑧 cos2 𝑥

cos2 𝑦 cos2 𝑦 sin2 𝑧 − cos2 𝑥

) 

𝐵 = (

cos2 𝑥 − sin2 𝑦 sin2 𝑧 sin2 𝑧

sin2 𝑥 cos2 𝑦 − sin2 𝑧 sin2 𝑥

sin2 𝑦 sin2 𝑦 cos2 𝑧 − sin2 𝑥

) 

Prove that: det(𝐴𝐵) ≥ 0. 

A.016. Solve for real numbers: 

1

5
(
4

4
) 𝑥5 +

1

4
(
4

3
) 𝑥4 +

1

3
(
4

2
) 𝑥3 +

1

2
(
4

1
) 𝑥2 + 𝑥 +

1

5
= 0 

A.017. If 𝑎, 𝑏, 𝑐, 𝑑 > 0, 𝑎𝑑 > 𝑏𝑐 then: 

(5𝑎 + 3𝑏)(7𝑎 + 5𝑏)(9𝑎 + 7𝑏)

(5𝑐 + 3𝑑)(7𝑐 + 5𝑑)(9𝑐 + 7𝑑)
> (
𝑎 + 𝑏

𝑐 + 𝑑
)
3

 

A.018. If 𝑎, 𝑏, 𝑐 > 0, 𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎 = 2 then: 

∑
𝑎(𝑏4 + 𝑐4)

𝑏3 + 𝑏2𝑐 + 𝑏𝑐2 + 𝑐3
𝑐𝑦𝑐

≥ 1 

A.019.  If 𝑎, 𝑏, 𝑐 > 0 then: 

𝑎𝑏𝑐 + 𝑎2 + 𝑏2 + 𝑐2 + 4 ≥ 2(𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎) 
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A.020. If 𝑥, 𝑦, 𝑧 ≥ 0 then: 

2∑𝑥2(𝑥2 + 𝑦2)

𝑐𝑦𝑐

≥∑𝑥(𝑦3 + 𝑧3)

𝑐𝑦𝑐

+ 𝑥𝑦𝑧(𝑥 + 𝑦 + 𝑧) 

A.021.  If 𝑎, 𝑏, 𝑐 > 0, 𝑎 + 𝑏 + 𝑐 = 3 then 

 
3(1 + 𝑏)(1 + 𝑐) + 3(1 + 𝑐)(1 + 𝑎) + 3(1 + 𝑎)(1 + 𝑏)

𝑎7(1 + 𝑏)(1 + 𝑐) + 𝑏7(1 + 𝑐)(1 + 𝑎) + 𝑐7(1 + 𝑎)(1 + 𝑏)
≤
1

𝑎6
+
1

𝑏6
+
1

𝑐6
 

A.022. Prove without any software: 

Ω = log2(log2 𝑒) + log(log𝜋) + log𝜋(log𝜋 2) 

𝐴. Ω < 0     𝐵. Ω = 0        𝐶. Ω > 0 

A.023. If 𝑎, 𝑏, 𝑥, 𝑦 > 0 then :  

 

(√𝑎𝑏 + √𝑥𝑦) (
𝑎 + 𝑏
2 +

𝑥 + 𝑦
2 ) (√

𝑎2 + 𝑏2

2 + √
𝑥2 + 𝑦2

2 )

(√𝑎𝑏 +
𝑥 + 𝑦
2 )(

𝑎 + 𝑏
2 + √

𝑥2 + 𝑦2

2 )(√
𝑎2 + 𝑏2

2 + √𝑥𝑦)

≤ 1 

A.024. If 𝑥, 𝑦 > 0  then :  

 
𝑥

𝑥2 − 𝑥 + 1
+

𝑦

𝑦2 − 𝑦 + 1
+

𝑥𝑦

𝑥2𝑦2 − 𝑥𝑦 + 1
≤

𝑥2

𝑥2 − 𝑥 + 1
+

𝑦2

𝑦2 − 𝑦 + 1
+

1

𝑥2𝑦2 − 𝑥𝑦 + 1
 

A.025. If 𝑥, 𝑦, 𝑧 > 0, 𝑥𝑦𝑧 = 1 then: 

(𝑥 − 𝑦)4 + (𝑦 − 𝑧)4 + (𝑧 − 𝑥)4 ≥ 2(3 −
1

𝑥
−
1

𝑦
−
1

𝑧
)
2

 

A.026. If 𝑎, 𝑏, 𝑐, 𝑑 > 0, 𝑎 + 𝑏 + 𝑐 + 𝑑 = 1 then: 

𝑎

𝑏√1 + 𝑏
3 +

𝑏

𝑐√1 + 𝑐
3 +

𝑐

𝑑√1 + 𝑑
3 +

𝑑

𝑎√1 + 𝑎
3 ≥ 4 ⋅ √

4

5

3
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A.027. Solve for real numbers: 

10
𝑥3+6𝑥2+𝑥
2(𝑥+1) + 102𝑥√𝑥 = 10𝑥√𝑥 (10

𝑥2+𝑥
2 + 10

2𝑥2

𝑥+1) 

A.028. If 𝑎, 𝑏, 𝑥, 𝑦 > 0 then: 

4𝑎𝑏 ⋅ exp (
𝑎𝑥 + 𝑏𝑦

𝑎 + 𝑏
) ≤ 2𝑎𝑏 ⋅ √𝑒𝑥+𝑦 + 𝑎2𝑒𝑥 + 𝑏2𝑒𝑦 

A.029. In Δ𝐴𝐵𝐶 the following relationship holds: 

2𝑐 + 𝑎

2𝑎 + 𝑏
+
2𝑎 + 𝑏

2𝑐 + 𝑎
≤

2(2𝑎 + 𝑏)(2𝑏 + 𝑎)(2𝑐 + 𝑏)

(𝑎 + 3𝑏 − 𝑐)(𝑏 + 3𝑐 − 𝑎)(𝑐 + 3𝑎 − 𝑏)
 

A.030. If 𝑥, 𝑦 ∈ ℝ; 𝑎, 𝑏 > 0 then: 

𝑥2√2

√𝑎2 + 𝑏2
+
2𝑦2

𝑎 + 𝑏
≥

2(𝑥 + 𝑦)2

𝑎 + 𝑏 + √2(𝑎2 + 𝑏2)
+
𝑎 + 𝑏

4
(

𝑥√2

√𝑎2 + 𝑏2
−
2𝑦

𝑎 + 𝑏
)

2

 

A.031. Solve for real numbers: 

5(√1 − 𝑥
5

+ √1 + 𝑥
5

) = 2 + 4(√1 − 𝑥
4

+ √1 + 𝑥
4

) 

A.032. If 𝑥, 𝑦, 𝑧, 𝑡 > 0 then: 

75𝑥 + 36(𝑦 + 𝑧)

𝑦 + 𝑧 + 𝑡
+
75𝑦 + 36(𝑧 + 𝑡)

𝑧 + 𝑡 + 𝑥
+
75𝑧 + 36(𝑡 + 𝑥)

𝑡 + 𝑥 + 𝑦
+
75𝑡 + 36(𝑥 + 𝑦)

𝑥 + 𝑦 + 𝑧
≥ 196 

A.033. If 𝑥, 𝑦, 𝑧 > 0 then: 

(𝑥 + 𝑦)4

𝑥4 + 𝑥2𝑦2 + 𝑦4
+

(𝑦 + 𝑧)4

𝑦4 + 𝑦2𝑧2 + 𝑧4
+

(𝑧 + 𝑥)4

𝑧4 + 𝑧2𝑥2 + 𝑥4
≤ 16 

 

A.034. Prove without any software: 

2

√𝜑
4

+ √𝜑 < 1 +
√𝜑 + 𝜑 + 𝜑√𝜑

2
, 𝜑 − golden ratio. 
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A.035. If 𝐵, 𝐶 ∈ 𝑀2(ℝ), det 𝐴 > 0, det 𝐵 > 0, det 𝐶 > 0, 

det(𝐴𝐵𝐶) = 8 then:  det(𝐴 + 𝐵 + 𝐶) + det(−𝐴 + 𝐵 + 𝐶) +
det(𝐴 − 𝐵 + 𝐶) + det(𝐴 + 𝐵 − 𝐶) ≥ 24 

A.036. If 𝑎, 𝑏, 𝑐 > 0 then: 

(3𝑎𝑏)𝑐 ⋅ (3𝑏𝑐)𝑎 ⋅ (3𝑐𝑎)𝑏 ≤ (𝑎2 + 𝑏2 + 𝑐2)𝑎+𝑏+𝑐 

A.037. Solve for real numbers: 

32(2𝑥12 + 𝑥8 + 𝑥6 + 𝑥4) + 19 = 64𝑥2(𝑥8 + 1) 

A.038. If 𝑎, 𝑏, 𝑥, 𝑦 > 0 then: 

32𝑎𝑏(𝑎𝑥 + 𝑏𝑦)4 ≤ (𝑎 + 𝑏)4(8𝑎2𝑥4 + 𝑎𝑏(𝑥 + 𝑦)4 + 8𝑏2𝑦4) 

A.039. If 1 ≤ 𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑓 ≤ 2, then: 

(𝑎2 + 𝑏2 + 𝑐2)(𝑑2 + 𝑒2 + 𝑓2) ≤ (𝑎𝑑 + 𝑏𝑒 + 𝑐𝑓)2 + 27 

When equality holds? 

A.040. Find all 𝑥, 𝑦 ≥ 0 such that ∶ 

𝑥 + 𝑦 + 𝑧 = √4𝑥𝑦𝑧
4 (√𝑥

4
+ √𝑦

4 )  

A.041. Prove without any software: 

𝜑√𝜑 + 1

√𝜑(1 + √𝜑)
+

𝜑

1 + 𝜑
+

2

√𝜑(1 + √𝜑 + 𝜑)
< 2, 

where 𝜑 −golden ratio. 

A.042. If 0 < 𝑎 ≤ 𝑏 < 𝜋 then: 

sin(√𝑎𝑏)

sin (
𝑎 + 𝑏
2 )

≥
32𝑎2𝑏2√𝑎𝑏

(𝑎 + 𝑏)5
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A.043. If 𝑎, 𝑏, 𝑐 > 0 then: 

𝑒(
𝑎

𝑎+𝑏+𝑐
)
2

+ 𝑒(
𝑏

𝑎+𝑏+𝑐
)
2

+ 𝑒(
𝑐

𝑎+𝑏+𝑐
)
2

≥ 3 ⋅ √𝑒
9

 

A.044. Prove without any software: 

(log2 2 + log2 5 + log2 3)2 > 3 log 30 ⋅ log
15

2
⋅ log

6

5
⋅ log

10

3
 

A.045.  

𝑚ℎ =
2𝑎𝑏

𝑎 + 𝑏
, 𝑚𝑔 = √𝑎𝑏,         𝑚𝑎 =

𝑎 + 𝑏

2
, 𝑎, 𝑏 ≥ 0 

Prove that: 

(𝑚ℎ +𝑚𝑔 +𝑚𝑎)√
𝑎2 + 𝑏2

2
≤ 𝑚ℎ𝑚𝑔 +𝑚𝑔𝑚𝑎 +𝑚𝑎𝑚ℎ +

𝑎2 + 𝑏2

2
 

A.046. If 𝑎, 𝑏 > 𝑒 then: 

(𝑎 + 𝑏)2√𝑎𝑏 ≤ 4√𝑎𝑏 ∙ (√𝑎𝑏)
𝑎+𝑏

 

A.047. If 𝑥, 𝑦, 𝑧 ∈ [0,∞) then: 

2𝑥 + 2𝑦 + 2𝑧 + 2𝑥+𝑦+𝑧 ≥ 4√𝑥𝑦 + 4√𝑦𝑧 + 4√𝑧𝑥 + 1 

 

A.048. If 0 < 𝑎 ≤ 1 ≤ 𝑏 𝑡hen: 

  (𝑎 + 𝑏 − 1)𝑎+𝑏−1 + 1 ≤ 𝑎𝑎 + 𝑏𝑏 

A.049. If 𝑎, 𝑏, 𝑐, 𝑑 > 0; 𝑎𝑏 = 𝑐𝑑; 𝑎 < 𝑏, 𝑐 < 𝑑; 𝑥, 𝑦 ∈ [𝑎, 𝑏] and 𝑦, 𝑡 ∈
[𝑐, 𝑑], then: 

𝑎𝑏(𝑥 + 𝑦 + 𝑧 + 𝑡) (
1

𝑥
+
1

𝑦
+
1

𝑧
+
1

𝑡
) ≤ (𝑎 + 𝑏 + 𝑐 + 𝑑)2 
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A.050. Prove without any software: 

12√𝜑

1 + √𝜑 + 𝜑
< √𝜑(1 + 4𝜑)(4 + 𝜑)

3
< 3𝜑,𝜑 − 𝐺𝑜𝑙𝑑𝑒𝑛 𝑟𝑎𝑡𝑖𝑜 

 

A.051. If 𝑥, 𝑦, 𝑧 > 0, 𝑥 + 𝑦 + 𝑧 = 1 then: 

(𝑥 +
1

𝑦
)
5

+ (𝑦 +
1

𝑧
)
5

+ (𝑧 +
1

𝑥
)
5

≥
100.000

81
 

 

A.052. If 0 ≤ 𝑥, 𝑦, 𝑧 < 1 then: 

𝑥2

√1 − 𝑥2
+

𝑦2

√1 − 𝑦2
+

𝑧2

√1 − 𝑧2
≥

𝑥𝑦

√1 − 𝑥𝑦
+

𝑦𝑧

√1 − 𝑦𝑧
+

𝑧𝑥

√1 − 𝑧𝑥
 

A.053. If 𝑎, 𝑏, 𝑐 > 0 then 

∑
2𝑎3 + 3𝑎2 + 𝑏

(2𝑎 + 1)(𝑎 + 𝑏 + 1)
𝑐𝑦𝑐

≥∑
2𝑎𝑏2 + 𝑏2 + 2𝑎𝑏 + 𝑎

(2𝑎 + 1)(𝑎 + 𝑏 + 1)
𝑐𝑦𝑐

 

A.054. If 𝑎, 𝑏, 𝑐 > 0, 𝑝, 𝑞, 𝑟 > 1, 𝑝𝑞 + 𝑞𝑟 + 𝑟𝑝 = 𝑝𝑞𝑟 then : 

𝑎𝑏𝑐𝑝𝑞𝑟 ≤ 𝑞𝑟𝑎𝑝 + 𝑟𝑝𝑏𝑞 + 𝑝𝑞𝑐𝑟 

A.055. Solve for real numbers:  

{
 

 
𝑥, 𝑦 > 0

(𝑥 + 𝑦)10

(2𝑥2 + 𝑦2)(4𝑥3 + 𝑦3)(16𝑥5 + 𝑦5)
=
2817

128
2𝑥 + log6 𝑦 = 9

 

A.056. If 𝑛 ∈ ℕ, 𝑛 ≥ 1 then: 

𝑛 +
1

𝑛
∑

(√𝑖 − √𝑗)
2

√𝑖𝑗
1≤𝑖<𝑗≤𝑛

≥ √𝑛!
2𝑛

⋅ ∑
1

√𝑘

𝑛

𝑘=1
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A.057. If 𝑥, 𝑦, 𝑧, 𝑡 > 0 then 

𝑥𝑦𝑧𝑡(𝑥 + 𝑦 + 𝑧 + 𝑡)2 ≤ 2(𝑥𝑦 + 𝑧𝑡)(𝑥𝑧 + 𝑦𝑡)(𝑥𝑡 + 𝑦𝑧)          

A.058. Solve for real numbers: 
(𝑥 − 1)2

2
+
(𝑦 − 2)2

4
+
(𝑧 − 3)2

6
+ 3 = |𝑥 − 1| + |𝑦 − 2| + |𝑧 − 3| 

A.059. Solve for real numbers: 

{

4𝑥4 = 𝑦(𝑥6 + 𝑥4 + 𝑥2 + 1)

5𝑦5 = 𝑧(𝑦8 + 𝑦6 + 𝑦4 + 𝑦2 + 1)

6𝑧6 = 𝑥(𝑧10 + 𝑧8 + 𝑧4 + 𝑧2 + 1)

 

A.060. Solve for real numbers: 

{

𝑥 + 𝑦 + 3 = 3𝑥𝑦

𝑥2 − 𝑦2

𝑥𝑦 − 1
+
𝑥2 − 9

3𝑥 − 1
+
𝑦2 − 9

3𝑦 − 1
= 0

 

A.061. If 𝑥, 𝑦, 𝑧 ∈ ℝ, √𝑥2 + 1 + √𝑦2 + 1 + √𝑧2 + 1 = 3√2 then: 

𝑥2 + 𝑦2 + 𝑧2 + 6 ≥ 3(𝑥 + 𝑦 + 𝑧) 

A.062. Solve for real numbers: 

{
 
 

 
 𝑥 +

9

[𝑥]
=

6

1 + 𝑥 − [𝑥]

𝑧 + 2𝑧 + log2 𝑧 = 𝑥 + 𝑦

𝑦 +
16

[𝑦]
=

8

1 + 𝑦 − [𝑦]

;  [∗] − GIF. 

A.063. If 𝑥, 𝑦, 𝑧 ≥ 0, 𝑥2 + 𝑦2 + 𝑧2 = 3 then: 

𝑥3 + 1

√𝑥2 − 𝑥 + 1
+

𝑦3 + 1

√𝑦2 − 𝑦 + 1
+

𝑧3 + 1

√𝑧2 − 𝑧 + 1
≥ 6 

A.064. If 𝑥, 𝑦 > 0 then: 

4(𝑥 + 1)𝑥+1 ⋅ (𝑦 + 1)𝑦+1 ⋅ (𝑥 + 𝑦)𝑥+𝑦 ≤ 𝑥𝑥 ⋅ 𝑦𝑦 ⋅ (𝑥 + 𝑦 + 2)𝑥+𝑦+2 
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A.065. If 𝑎, 𝑏 ≥ 𝑒√𝑒 then: 

((
𝑎 + 2𝑏

3
)
2𝑎+𝑏

⋅ (
2𝑎 + 𝑏

3
)

3𝑎𝑏

≤ (𝑎𝑏 ⋅ 𝑏𝑎)(𝑎+2𝑏)(2𝑎+𝑏) 

A.066. If 𝑥1, 𝑥2, … , 𝑥𝑛 > 0, 𝑛 ∈ ℕ
∗, then: 

1 +∑
1

√1 + 𝑥𝑖
3

𝑛

𝑖=1

≤ 𝑛 +
1

√1 + 𝑥1 + 𝑥2 +⋯+ 𝑥𝑛
3

 

A.067. If 𝑎, 𝑏, 𝑐 > 0, 𝑎 + 𝑏 + 𝑐 = 3 then: 

√𝑎 + √𝑏 + √𝑐 +√𝑏 + √𝑐 + √𝑎 + √𝑐 + √𝑎 + √𝑏 ≤ 3√1 + √2 

A.068. If 𝑥, 𝑦, 𝑧 > 0, 𝑥2 + 𝑦2 + 𝑧2 = 3, then: 

𝑥4 + 𝑦4

𝑥2 + 𝑦2
+
𝑦4 + 𝑧4

𝑦2 + 𝑧2
+
𝑧4 + 𝑥4 

𝑧2 + 𝑥2
+ 𝑥𝑦 + 𝑦𝑧 + 𝑧𝑥 ≥ 6 

A.069.  Solve for real numbers: 

(𝑥 + 1)(𝑥 − 1) |

𝑥111̅̅ ̅̅ ̅̅ ̅ 1𝑥11̅̅ ̅̅ ̅̅ ̅

1𝑥11̅̅ ̅̅ ̅̅ ̅ 11𝑥1̅̅ ̅̅ ̅̅ ̅
11𝑥1̅̅ ̅̅ ̅̅ ̅ 111𝑥̅̅ ̅̅ ̅̅ ̅

111𝑥̅̅ ̅̅ ̅̅ ̅ 𝑥111̅̅ ̅̅ ̅̅ ̅

11𝑥1̅̅ ̅̅ ̅̅ ̅ 111𝑥̅̅ ̅̅ ̅̅ ̅

111𝑥̅̅ ̅̅ ̅̅ ̅ 𝑥111̅̅ ̅̅ ̅̅ ̅
𝑥111̅̅ ̅̅ ̅̅ ̅ 1𝑥11̅̅ ̅̅ ̅̅ ̅

1𝑥11̅̅ ̅̅ ̅̅ ̅ 11𝑥1̅̅ ̅̅ ̅̅ ̅

|

+ (𝑦 + 3)(𝑦 − 1) ||

𝑦111̅̅ ̅̅ ̅̅ ̅ 1𝑦11̅̅ ̅̅ ̅̅ ̅

1𝑦11̅̅ ̅̅ ̅̅ ̅ 11𝑦1̅̅ ̅̅ ̅̅ ̅
11𝑦1̅̅ ̅̅ ̅̅ ̅ 111𝑦̅̅ ̅̅ ̅̅ ̅

111𝑦̅̅ ̅̅ ̅̅ ̅ 𝑦111̅̅ ̅̅ ̅̅ ̅

11𝑦1̅̅ ̅̅ ̅̅ ̅ 111𝑦̅̅ ̅̅ ̅̅ ̅

111𝑦̅̅ ̅̅ ̅̅ ̅ 𝑦111̅̅ ̅̅ ̅̅ ̅
𝑦111̅̅ ̅̅ ̅̅ ̅ 1𝑦11̅̅ ̅̅ ̅̅ ̅

1𝑦11̅̅ ̅̅ ̅̅ ̅ 11𝑦1̅̅ ̅̅ ̅̅ ̅

|| = 0 

A.070. If 𝑎, 𝑏, 𝑐 > 0, then: 

(
𝑎

𝑐
)
2

𝑒(
𝑐
𝑎
)
2

+ (
𝑏

𝑎
)
2

𝑒(
𝑎
𝑏
)
2

+ (
𝑐

𝑏
)
2

𝑒(
𝑏
𝑐
)
2

≥ 3𝑒 
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A.071. If 𝑎, 𝑏, 𝑐 > 0, then: 

(𝑎2 + 𝑐2)(𝑏2 + 𝑐2)

(𝑎𝑏 + 𝑐2)(𝑎𝑐 + 𝑏𝑐)
+
(𝑏2 + 𝑎2)(𝑐2 + 𝑎2)

(𝑏𝑐 + 𝑎2)(𝑏𝑎 + 𝑐𝑎)
+
(𝑐2 + 𝑏2)(𝑎2 + 𝑏2)

(𝑐𝑎 + 𝑏2)(𝑐𝑏 + 𝑎𝑏)
≥ 3 

A.072. If 0 ≤ 𝑎 ≤ 1 ≤ 𝑏 𝑜𝑟 0 ≤ 𝑏 ≤ 1 ≤ 𝑎  then : 

𝑒(
𝑎+𝑏
2
−√𝑎𝑏+

2𝑎𝑏
𝑎+𝑏

)
2

+ 𝑒𝑎𝑏 ≤ √𝑒(𝑎+𝑏)
24
+ 𝑒

4𝑎2𝑏2

(𝑎+𝑏)2 

A.073. Solve for real numbers: 

(307 − 𝑥)√𝑥 − 63
5

− (𝑥 − 63)√307 − 𝑥
5

√307 − 𝑥
5

− √𝑥 − 63
5 = 120 

A.074. Solve for real numbers: 

{

𝑥3 + 𝑦3 = 516 − √𝑥
3
− √𝑦

3

𝑦3 + 𝑧3 = 20200 − √𝑦
3 − √𝑧

3

𝑧3 + 𝑥3 = 19688 − √𝑧
3
− √𝑥

3

 

A.075. If 𝑎, 𝑏, 𝑐 > 0, 𝑎𝑏𝑐 = 1 then: 

𝑎2 + 𝑏2

𝑎7 + 𝑏7
+
𝑏2 + 𝑐2

𝑏7 + 𝑐7
+
𝑐2 + 𝑎2

𝑐7 + 𝑎7
≤ 𝑎5 + 𝑏5 + 𝑐5 

A.076. If 𝑎, 𝑏, 𝑐, 𝑑 > 0, 𝑎 + 𝑏 + 𝑐 + 𝑑 = 4 then: 

312 ⋅ 𝑎𝑎 ⋅ 𝑏𝑏 ⋅ 𝑐𝑐 ⋅ 𝑑𝑑 ≥ (4 − 𝑎)4−𝑎 ⋅ (4 − 𝑏)4−𝑏 ⋅ (4 − 𝑐)4−𝑐 ⋅ (4 − 𝑑)4−𝑑 

A.077. Solve for real numbers: 

256𝑥
2

256𝑦
+
256𝑦

2

256𝑧
+
256𝑧

2

256𝑡
+
256𝑡

2

256𝑥
= 1 

A.078. If 𝑥, 𝑦 ≥ 0, 𝑛 ∈ ℕ then: 

(𝑥𝑛+1 + 𝑦𝑛+1)𝑛−1 ⋅ (𝑥 + 𝑦)𝑛+1 ≤ 2𝑛−1 ⋅ (𝑥𝑛 + 𝑦𝑛)𝑛+1 

A.079. If 𝑎, 𝑏, 𝑐 ≥ 0 then: 

𝑎(𝑒2𝑏 + 𝑒−2𝑐) + 𝑏(𝑒2𝑐 + 𝑒−2𝑎) + 𝑐(𝑒2𝑎 + 𝑒−2𝑏) ≥ 2(𝑎 + 𝑏 + 𝑐) 
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A.080. Solve for complex numbers: 

4𝑥4 + 5𝑥2 + 4 = 𝑥 (tan
𝜋

24
tan
11𝜋

24
𝑥2 + tan

5𝜋

24
tan
7𝜋

24
) 

A.081. If 𝑥, 𝑦, 𝑧 > 0 then: 

4𝑥2

𝑥 + 𝑦
+
8𝑦2

𝑦 + 𝑧
+
4𝑧2

𝑧 + 𝑥
≥ 2𝑥 + 5𝑦 + 𝑧 

A.082. If 𝑥, 𝑦, 𝑧 > 0 then: 

(1 + 𝑥𝑦𝑧)√𝑥2 + 𝑦2 + 𝑧2 (
𝑥

1 + 𝑥
+

𝑦

1 + 𝑦
+

𝑧

1 + 𝑧
) ≥ 3√3𝑥𝑦𝑧 

A.083. If 0 < 𝑎 ≤ 𝑏 <
𝜋

2
 then: 

𝑎2 + cos 𝑎 + log (
cos 𝑎

cos 𝑏
) ≥ 𝑏2 + cos 𝑏    

A.084. If 𝑥 > 0 then: 

𝑒𝑥+𝑒
−𝑥
+ 𝑒−𝑥+𝑒

𝑥
≥ 2 cosh 𝑥 ⋅ 𝑒sech𝑥 

A.085. If 𝑎, 𝑏, 𝑐 > 0 then: 

√𝑎2 + 5𝑎𝑏 + 7𝑏2 + √𝑏2 + 5𝑏𝑐 + 7𝑐2 + √𝑐2 + 5𝑐𝑎 + 7𝑎2 ≥ √13(𝑎 + 𝑏 + 𝑐) 

 

A.086. Find all 𝑓:ℝ → ℝ such that: 

𝑓(𝑥) + 𝑓(𝑦𝑧) + 9 ≤ 𝑓(𝑥𝑦) + 5𝑓(𝑥𝑧); ∀𝑥, 𝑦, 𝑧 ∈ ℝ 

 

A.087. Solve for real numbers :  

 {

𝑥,   𝑦,   𝑧 > 1

log𝑥 𝑧 + log𝑦 𝑥 + log𝑧 𝑦 = log𝑥𝑦(𝑦𝑧) + log𝑦𝑧(𝑧𝑥) + log𝑧𝑥(𝑥𝑦)  

𝑥 + 𝑦 + 𝑧 = 6   
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A.088. If 𝑛 ∈ ℕ, 𝑛 ≥ 2 then: 

∑(𝐻𝑘 + √𝑘𝑘−1
𝑘

)

𝑛

𝑘=2

<
(𝑛 − 1)(𝑛 + 4)

2
 

A.089. If 1 < 𝑎 ≤ 𝑏 then: 

log𝑎𝑏(1 + √𝑎𝑏)
2
+ log𝑎+𝑏

2
2 ≥ log𝑎+𝑏

2
(𝑎 + 𝑏 + 2) 

A.090. If 𝑎, 𝑏, 𝑐 ∈ ℂ then: 

|𝑎 + 1|

|𝑏 + 1| + |𝑏 + 𝑐| + |𝑐|
+

|𝑏 + 1|

|𝑐 + 1| + |𝑐 + 𝑎| + |𝑎|
+

|𝑐 + 1|

|𝑎 + 1| + |𝑎 + 𝑏| + |𝑏|
≥ 

≥ 3 + |𝑎| + |𝑏| + |𝑐| 

A.091. Let be 𝐴 = {𝑎, 𝑏, 𝑐|𝑎, 𝑏, 𝑐 ∈ ℝ∗} and 𝐵 = {𝑢, 𝑣, 𝑤, 𝑡|𝑢, 𝑣, 𝑤, 𝑡 ∈
ℝ∗} such that  

𝑎2

𝑏2
+
𝑏2

𝑐2
+
𝑐2

𝑎2
=
𝑏2

𝑎2
+
𝑐2

𝑏2
+
𝑎2

𝑐2
= 3 

𝑢2

𝑣2
+
𝑣2

𝑤2
+
𝑤2

𝑡2
+
𝑡2

𝑢2
=
𝑣2

𝑢2
+
𝑤2

𝑣2
+
𝑡2

𝑤2
+
𝑢2

𝑡2
= 4 

Find: 

Ω = ∑ |
𝑥

𝑦
|

𝑎,𝑦∈𝐴

⋅ ∏ |
𝑥

𝑦
|

𝑥,𝑦∈𝐴

+ ∑ |
𝑥

𝑦
|

𝑎,𝑦∈𝐵

⋅ ∏ |
𝑥

𝑦
|

𝑥,𝑦∈𝐵

 

A.092. If 𝑎, 𝑏 > 1 then: 

(𝑎𝑥 ⋅ 𝑒𝑎
2𝑥
+ 𝑏𝑥 ⋅ 𝑒𝑏

2𝑥
) ⋅ 𝑒𝑎

𝑥⋅𝑏𝑥 ≥ (𝑎𝑥 + 𝑏𝑥) ⋅ 𝑒𝑎
2𝑥+𝑏2𝑥; ∀𝑥 ∈ ℝ 

A.093. If 𝑥, 𝑦, 𝑧 ∈ ℝ, 32(𝑥5 + 𝑦5 + 𝑧5) = 3, then: 

∑(2𝑥6 + 𝑥4 + 𝑥3 + 𝑥2)

𝑐𝑦𝑐

+
51

32
≥ 2(𝑥 + 𝑦 + 𝑧) 
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A.094. Solve for real numbers: 

log (
𝑦𝑧

𝑥
) (log2 𝑥 − log (

𝑧𝑥

𝑦
) log (

𝑥𝑦

𝑧
)) = log2 𝑦 ⋅ log (

𝑦

𝑧𝑥
) + log2 𝑧 ⋅ log (

𝑧

𝑥𝑦
) 

A.095. If 𝑎, 𝑏 > 0 then: 

√2𝑎+𝑏 + √3𝑎+𝑏 + √5𝑎+𝑏

2√𝑎𝑏 + 3√𝑎𝑏 + 5√𝑎𝑏
≥

1

2√𝑎𝑏
+

1

3√𝑎𝑏
+

1

5√𝑎𝑏

1

√2𝑎+𝑏
+

1

√3𝑎+𝑏
+

1

√5𝑎+𝑏

 

A.096. If 𝑎, 𝑏 > 0 then: 

(𝑎√𝑎𝑏 + 𝑏√𝑎𝑏)√(𝑎 + 𝑏)𝑎+𝑏 ≥ (√𝑎𝑎+𝑏 +√𝑏𝑎+𝑏) (𝑎 + 𝑏)√𝑎𝑏 

A.097. If 𝑎, 𝑏, 𝑐, 𝑥, 𝑦 > 0 then: 

𝑎√𝑥𝑦 + 𝑏√𝑥𝑦 + 𝑐√𝑥𝑦

1

√𝑎𝑥+𝑦
+

1

√𝑏𝑥+𝑦
+

1

√𝑐𝑥+𝑦

≤
√𝑎𝑥+𝑦 + √𝑏𝑥+𝑦 + √𝑐𝑥+𝑦

1

𝑎√𝑥𝑦
+

1

𝑏√𝑥𝑦
+

1

𝑐√𝑥𝑦

 

A.098. If 𝑥, 𝑦, 𝑧 > 0 then: 

8𝑥𝑥𝑦𝑦𝑧𝑧2𝑥+𝑦+𝑧 ≥ (𝑥 + 1)𝑥+1(𝑦 + 1)𝑦+1(𝑧 + 1)𝑧+1 

A.099. Find 𝑥, 𝑦, 𝑧 > 0 such that: 

6(𝑥 + 𝑦)

√𝑥𝑦
+
6(𝑥 + 𝑦 + 𝑧)

√𝑥𝑦𝑧
3

+
6√𝑥𝑦

𝑥 + 𝑦
+
6√𝑥𝑦𝑧
3

𝑥 + 𝑦 + 𝑧
= 35 

A.100. Solve for complex numbers: 

𝑥7 + 2𝑥6 + 5𝑥5 + 3𝑥4 − 16𝑥3 − 11𝑥2 − 20𝑥 − 12 = 0 

A.101. If 𝑎, 𝑥 > 0, 𝑏, 𝑐, 𝑦, 𝑧 ∈ ℝ then: 

(𝑎 + 𝑥)2 − (𝑏 + 𝑦)2 − (𝑐 + 𝑧)2

𝑎 + 𝑥
≥
𝑎2 − 𝑏2 − 𝑐2

𝑎
+
𝑥2 − 𝑦2 − 𝑧2

𝑥
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A.102. 𝑀 = {(𝑎
𝑏̅
 𝑏
𝑎
)|𝑎 > 0, 𝑏 ∈ ℂ}. If 𝑋, 𝑌, 𝑍 ∈ 𝑀 then: 

𝑇𝑟(𝑋𝑌) + 𝑇𝑟(𝑌𝑍) + 𝑇𝑟(𝑍𝑋) ≤ 𝑇𝑟(𝑋2) + 𝑇𝑟(𝑌2) + 𝑇𝑟(𝑍2) 

A.103. 𝑀 = {( 𝑎
𝑏−𝑖𝑐

 𝑏+𝑖𝑐
𝑎
)|𝑎 > 0, 𝑏, 𝑐 ∈ ℝ, 𝑖2 = −1}. If 𝑋, 𝑌, 𝑍 ∈ 𝑀 then: 

𝑇𝑟(𝑋𝑌) + 𝑇𝑟(𝑌𝑍) + 𝑇𝑟(𝑍𝑋)

≤ √𝑇𝑟(𝑋2)𝑇𝑟(𝑌2) + √𝑇𝑟(𝑌2)𝑇𝑟(𝑍2) + √𝑇𝑟(𝑍2)𝑇𝑟(𝑋2) 

A.104. 𝐴 = ( 2
1−𝑖
  1+𝑖
3
), 𝐵 = ( 3

1+𝑖
   1−𝑖
2
), 𝑖2 = −1. Prove that: 

(𝑥, 𝑦) (
1

2
(𝐴 + 𝐵) − 2(𝐴−1 + 𝐵−1)−1) (

𝑥

𝑦
) ≥ 0, 𝑥, 𝑦 ∈ ℝ 

A.105. If 𝑎, b > 0 , 𝑡ℎ𝑒𝑛 ∶ 

(√
𝑎2 + b2

2
)

5

+ (
𝑎2 + b2

𝑎 + b
− √

𝑎2 + b2

2
+ √𝑎b)

5

≤ (
𝑎2 + b2

𝑎 + b
)

5

+ (√𝑎b)
5

 

A.106. If 𝑎, 𝑏, 𝑐 > 0 then: 

𝑎𝑏𝑐(𝑎 + 𝑏)2(𝑏 + 𝑐)2(𝑐 + 𝑎)2 ≤ 64 (
𝑎 + 𝑏 + 𝑐

3
)
9

 

A.107. Solve for real numbers: 

{

𝑥 + 𝑦 + 𝑧 = 𝑥𝑦𝑧
𝑥

1 − 𝑥2
+

𝑦

1 − 𝑦2
+

𝑧

1 − 𝑧2
= 0 

A.108. Solve for real numbers: 

{

𝑥 + 𝑦 = 4

2|𝑥 − 𝑦| = (|𝑥| + |𝑦|) ∙ |
𝑥

|𝑥|
−
𝑦

|𝑦|
|
 

A.109. If 𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑓 > 0 then: 

3𝑎𝑏𝑐𝑑𝑒𝑓(𝑎𝑏𝑐 + 𝑑𝑒𝑓 − 5) + (𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎)(𝑑𝑒 + 𝑒𝑓 + 𝑓𝑑) ≥ 0 
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A.110. If 𝑥 ≥ 0 then: 

𝑒𝑥

√1 + 𝑒−𝑥
3 +

𝑒−𝑥

√1 + 𝑒𝑥
3 ≥

2

√1 + sech 𝑥
3  

A.111. If 𝑎, 𝑏, 𝑐 > 0, 𝑎 + 𝑏 + 𝑐 = 3 then: 

𝑎𝑐3

(𝑐4 + 1)(𝑐2 + 𝑐 + 1)
+

𝑏𝑎3

(𝑎4 + 1)(𝑎2 + 𝑎 + 1)
+

𝑐𝑏3

(𝑏4 + 1)(𝑏2 + 𝑏 + 1)
≤
1

2
 

A.112. Solve for real numbers: 

𝑥2

5
+
𝑦2

6
=
(𝑥 + 𝑦)2

11
+
5

2
(
𝑥

5
−
𝑦

6
)
2

 

A.113. If 𝑥, 𝑦, 𝑎, 𝑏 > 0 then: 

2𝑥2

√𝑎𝑏
+
4𝑦2

𝑎 + 𝑏
≥
4(𝑥 + 𝑦)2

(√𝑎 + √𝑏)
2 + √𝑎𝑏 (

𝑥

√𝑎𝑏
−
2𝑦

𝑎 + 𝑏
)
2

 

A.114. Solve for real numbers: 

|

1 3
5 9

𝑥 𝑥
𝑥 𝑥

𝑥 𝑥
𝑥 𝑥

1 3
5 9

| = 0 

A.115. Solve for real numbers: 

{
 
 

 
 

𝑥, 𝑦, 𝑧 > 0

𝑥2

4𝑦2
+
𝑦2

6𝑧2
+
19

12
= √

𝑥

𝑦
+ √

𝑦

𝑧

3

2𝑥4 + 18𝑧 + 54 = 𝑦3 + 39𝑦2

 

A.116. Solve for real numbers: 

{
 

 
𝑥, 𝑦, 𝑧 > 0

𝑥 + 𝑦 + 𝑧 = 2√𝑥𝑦𝑧
3 +

3𝑥𝑦𝑧

𝑥𝑦 + 𝑦𝑧 + 𝑧𝑥

𝑥5 + 560𝑥2 + 𝑥 = 56𝑦4 + 10𝑧3 + 56
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A.117. If 𝑥, 𝑦, 𝑧 > 0 then: 

𝑥8 + 𝑦8 + 𝑧8 + 15 ≥ 𝑥3 + 𝑦3 + 𝑧3 + 5√3(𝑥𝑦 + 𝑦𝑧 + 𝑧𝑥) 

A.118. Solve for real numbers: 

{

𝑥, 𝑦, 𝑧 > 0

𝑥3 + 𝑦3 + 𝑧3 + 3(√𝑥
3
+ √𝑦

3 + √𝑧
3
) = 12

𝑥𝑦𝑧 = 1

 

A.119. Solve for real numbers: 

log𝑥 𝑒 ⋅ (log 𝑥)
−1 + log𝑒

𝑥
𝑒 ⋅ (log (

𝑒

𝑥
))
−1

= 8 

A.120. If 𝑎, 𝑏, 𝑐 > 0, 𝑎 + 𝑏 + 𝑐 = 3 then: 

∑√(𝑎 + 3𝑏)2 + (𝑎 + 3𝑏)(3𝑎 + 𝑏) + (3𝑎 + 𝑏)2

𝑐𝑦𝑐

≥ 12√3 

A.121. Solve for real numbers: 

𝑥32 + 𝑥16 + 𝑦2 = 2√2𝑥12𝑦 

A.122. If 𝑎, 𝑏, 𝑐, 𝑑 > 0; 𝑎𝑏 = 𝑐𝑑; 𝑎 < 𝑏, 𝑐 < 𝑑; 𝑥, 𝑧 ∈ [𝑎, 𝑏] and 𝑦, 𝑡 ∈
[𝑐, 𝑑], then: 

𝑎𝑏(𝑥 + 𝑦 + 𝑧 + 𝑡) (
1

𝑥
+
1

𝑦
+
1

𝑧
+
1

𝑡
) ≤ (𝑎 + 𝑏 + 𝑐 + 𝑑)2 

A.123.  

𝑚ℎ =
2𝑎𝑏

𝑎 + 𝑏
,𝑚𝑔 = √𝑎𝑏,𝑚𝑎 =

𝑎 + 𝑏

2
, 𝑎, 𝑏 > 0 

Prove that: 

2𝑚ℎ +√
1

2
((𝑚𝑎 −𝑚𝑔)

2
+ (𝑚𝑔 −𝑚ℎ)

2
+ (𝑚ℎ −𝑚𝑎)2) ≤ 𝑚𝑔 +𝑚𝑎 
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A.124.  

𝑎, 𝑏, 𝑐 > 0, 𝑎 + 𝑏 + 𝑐 = 3, Ω(𝑎) =∏(1 +
𝑘

𝑎𝑛2
)

𝑛

𝑘=1

, 𝑛 ∈ ℕ, 𝑛 ≥ 1 

Prove that: 

𝑎Ω(𝑎) + 𝑏Ω(𝑏) + 𝑐Ω(𝑐) ≤ 𝑒
1
2𝑎 + 𝑒

1
2𝑏 + 𝑒

1
2𝑐 

A.125. If 𝑎, 𝑏, 𝑐 > 0, 𝑎 + 𝑏 + 𝑐 = 3 then: 

∑(√𝑎(𝑎 + 2𝑏) + √𝑏(𝑏 + 2𝑎))

𝑐𝑦𝑐

≤ 6√3 

A.126. Solve for real numbers: 

√𝑥7 ⋅ 27𝑥−7(𝑥 + 2𝑥−1) = 𝑥8 + 28𝑥−8 

A.127. If 𝑎, 𝑏, 𝑐 > 0 then: 

5

𝑎
+
8

𝑏
+
9

𝑐
≥

8

𝑎 + 𝑏
+
24

𝑏 + 𝑐
+
12

𝑐 + 𝑎
 

 
 

PROBLEMS 
GEOMETRY 

 
G.001. If 𝑎1, 𝑎2, 𝑏1, 𝑏2 ∈ [0,1], 𝑥 ∈ ℝ then: 

|𝑎1𝑏1 sin
2 𝑥 + 𝑎2𝑏2 cos

2 𝑥 − (𝑎1 sin
2 𝑥 + 𝑎2 cos

2 𝑥)(𝑏1 sin
2 𝑥 + 𝑏2 cos

2 𝑥)| ≤
1

4
 

G.002. If 𝑎, 𝑏, 𝑐, 𝑑 > 0, 𝑎 + 𝑏 + 𝑐 + 𝑑 = 1 then: 

∑𝑎2𝑐𝑑

𝑐𝑦𝑐

cot−1(𝑏) ≥ 4𝑎𝑏𝑐𝑑 cot−1 (
1

4
) 
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G.003. In Δ𝐴𝐵𝐶, Γ −Toricelli’s point, holds: 

(Γ𝐴3 + Γ𝐵3 + Γ𝐶3) (
1

Γ𝐴
+
1

Γ𝐵
+
1

Γ𝐶
) ≥ 36𝑟2 

 
 

G.004. In ∆𝐴𝐵𝐶, ∆𝐴′𝐵′𝐶′ the following relationship holds: 

𝑎𝑎′

𝑎 + 𝑎′
+
𝑏𝑏′

𝑏 + 𝑏′
+
𝑐𝑐′

𝑐 + 𝑐′
≤
3√3𝑅𝑅′

2(𝑟 + 𝑟′)
 

G.005. In Δ𝐴𝐵𝐶 the following relationship holds: 

∑
𝑎2 + 𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎

2𝑠 + 𝑎
𝑐𝑦𝑐

≤ 3√3𝑅 

G.006. Solve for real numbers: 

√sin4 𝑥 + cos2 𝑥 + √sin2 𝑥 + cos4 𝑥 + √1 + sin2 𝑥 cos2 𝑥 = 3 

G.007. In ∆𝐴𝐵𝐶,𝜔 −Brocard's angle, holds : 

4𝐹(cot𝜔 − √3) ≥∑ (𝑎 − 𝑏)2
𝑐𝑦𝑐

+ 16𝑅𝑟∑ (cos2
𝐴

2
− cos

𝐵

2
cos
𝐶

2
)

𝑐𝑦𝑐
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G.008. If 𝑎, 𝑏, 𝑐 ∈ ℝ;
𝑎

𝑏+𝑐
+

𝑏

𝑐+𝑎
+

𝑐

𝑎+𝑏
= 1, then solve for real numbers: 

sin 𝑥 ⋅ sin 𝑦 ⋅ sin 𝑧 =
𝑎2

𝑏 + 𝑐
+
𝑏2

𝑐 + 𝑎
+

𝑐2

𝑎 + 𝑏
 

G.009. Solve for real numbers: 

{

sin3 𝑥 + cos3 𝑦 + 𝑧3 + 3𝑧 = 3𝑧2 + 2

sin2 𝑥 + cos2 𝑦 + 𝑧2 = 2𝑧 + 2
sin 𝑥 + cos 𝑦 + 𝑧 = 2

 

G.010. If 𝑛 ∈ ℕ then in ∆𝐴𝐵𝐶 holds : 

√𝑛(𝑛 + 1). cos (𝐴 −
𝜋

7
) + √𝑛(𝑛 + 2). cos (𝐵 −

𝜋

7
)

+ √(𝑛 + 1)(𝑛 + 2). cos (𝐶 −
𝜋

7
) < 3(𝑛 + 1) cos

𝜋

21
          

G.011. Solve for real numbers: 

1

1 + tan4 𝑥
+
1

10
=

2

1 + 3 tan2 𝑥
 

G.012. If in Δ𝐴𝐵𝐶, 𝑎 = 𝑚𝑎 then: 

𝑎2 tan𝐴 > 2√3𝑟2 

G.013. In Δ𝐴𝐵𝐶 the following relationship holds: 

∑(𝑏 + 𝑐) ⋅ csc
𝐴

2
𝑐𝑦𝑐

= 24√3𝑟 ⇔ 𝑎 = 𝑏 = 𝑐 

G.014. Find 𝑥, 𝑦, 𝑧 ∈ (0,
𝜋

2
) such that: 

√(sec4 𝑥 + csc4 𝑥)(sec6 𝑦 + csc6 𝑦)(sec8 𝑧 + csc8 𝑧)
3

= 16 

G.015. In ∆𝐴𝐵𝐶 the following relationship holds: 

 
2𝑎3 + 3𝑏3 + 5𝑐3

2𝑎2 + 3𝑏2 + 5𝑐2
+
3𝑎3 + 5𝑏3 + 2𝑐3

3𝑎2 + 5𝑏2 + 2𝑐2
+
5𝑎3 + 2𝑏3 + 3𝑐3

5𝑎2 + 2𝑏2 + 3𝑐2
≥ 6√3𝑟 
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G.016. If 0 ≤ 𝑎 ≤ 𝑏 then: 

𝑎𝑏(4 + (𝑎 + 𝑏)2) tan−1(√𝑎𝑏) ≤ (1 + 𝑎𝑏)(𝑎 + 𝑏)2 tan−1 (
𝑎 + 𝑏

2
) 

G.017. In ∆𝐴𝐵𝐶 the following relationship holds: 

 (∑𝑎𝑚𝑎
𝑐𝑦𝑐

)

3

(∑𝑎𝑚𝑎
2

𝑐𝑦𝑐

)

−
1
2

(∑𝑎𝑚𝑎
3

𝑐𝑦𝑐

)

−
1
3

(∑𝑎𝑚𝑎
6

𝑐𝑦𝑐

)

−
1
6

≤ 4𝑠2  

G.018. If 𝛼, 𝛽, 𝛾, 𝛿 ∈ (0,
𝜋

2
) , 16 sin 𝛼 ⋅ sin 𝛽 ⋅ sin 𝛾 ⋅ sin 𝛿 = 9  then :  

 8√3 +∑
1

(sin
𝛼
2 + cos

𝛼
2)
2

𝑐𝑦𝑐

≤ 16 

G.019. In ∆𝐴𝐵𝐶 the following relationship holds: 

(𝑎2 + 𝑏2 + 𝑐2)(𝑎2 cos2 𝐴 + 𝑏2 cos2 𝐵 + 𝑐2 cos2 𝐶) ≥ 12𝐹2 

G.020. Solve for real numbers: 

sin2 𝑥 (2 sin2 𝑥 ⋅ sin2 2𝑥 + 4 cos4 𝑥 + 1) = cos2 𝑥 (2 cos2 𝑥 ⋅ sin2 2𝑥 + 4 sin4 𝑥 + 1) 

G.021. If 0 < 𝑎 ≤ 𝑏 ≤ 𝑐 <
𝜋

2
 then: 

5

tan 𝑎
+

3

tan 𝑏
+

1

tan 𝑐
≥

27

tan 𝑎 + tan 𝑏 + tan 𝑐
 

 
G.022. If 𝑎, 𝑏, 𝑐, 𝑑, 𝑒 > 0 then: 

𝑐 +
𝑎𝑑

𝑏 cot2
𝜋
20

+
𝑏𝑑

𝑐 cot2
3𝜋
20

+
𝑑2

𝑒 cot2
7𝜋
20

+
𝑒𝑑

𝑎 cot2
9𝜋
20

≥ 5𝑑 

G.023. In Δ𝐴𝐵𝐶 the following relationship holds: 

𝑤𝑎
2 + 𝑤𝑎ℎ𝑎 + ℎ𝑎

2

𝑤𝑎 + ℎ𝑎
≤
3

2
𝑤𝑎 
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G.024. Solve for real numbers: 

sin 𝑥 + cos 𝑥 + sec 𝑥 ⋅ csc 𝑥 = 2 + √2 

G.025. In Δ𝐴𝐵𝐶 the following relationship holds: 

𝑚𝑎
2 +𝑚𝑎ℎ𝑎 + ℎ𝑎

2

𝑚𝑎 + ℎ𝑎
>
3

2
ℎ𝑎 

G.026. In ∆𝐴𝐵𝐶 the following relationship holds: 

∑
𝑠− 𝑎

𝑏𝑐
√

2𝑎(𝑠 − 𝑎)

𝑏(𝑠 − 𝑏) + 𝑐(𝑠 − 𝑐)
𝑐𝑦𝑐

≥∑
𝑠 − 𝑎

𝑏𝑐
𝑐𝑦𝑐

 

G.027. In ∆𝐴𝐵𝐶, 𝐾 −Lemoine’s point, 𝐸 −Exeter’s point.  Prove that : 

𝑎2 ⋅ 𝐾𝐴 ⋅ 𝐸𝐴 + 𝑏2 ⋅ 𝐾𝐵 ⋅ 𝐸𝐵 + 𝑐2 ⋅ 𝐾𝐶 ⋅ 𝐸𝐶 ≥
3𝑎2𝑏2𝑐2

𝑎2 + 𝑏2 + 𝑐2
 

 
G.028. If in 𝛥𝐴𝐵𝐶, 𝛥𝐴′𝐵′𝐶′, 2𝑠 = 2𝑠′ = 3.Prove that : 

 ∏(1 +
1

√𝑎
3 ) (1 +

1

√𝑎′
3 )

𝑐𝑦𝑐

≥
128√3

3(𝑅 + 𝑅′)
  

G.029. Solve for real numbers: 

sin (4x −
π

3
) sin (6x −

π

3
) sin (

8π

3
− 10x) +

√3

8
= 0 

G.030. In Δ𝐴𝐵𝐶 the following relationship holds: 

sin 𝐴 +
sin𝐵

√𝜑
+
sin𝐶

𝜑
<
1

𝜑
+
1+√𝜑+𝜑

2√𝜑
, 𝜑 −golden ratio. 

G.031. In any ∆ ABC, the following relationship holds: 

2π

√3(cscA + cscB + cscC)
≤ √μ(A)μ(B)μ(C)

3
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G.032. If 𝑥, 𝑦, 𝑧, 𝑢, 𝑣, 𝑤 ∈ (−1,1) then: 

(tan2 𝑥 + tan2 𝑦 + tan2 𝑧)(tan2 𝑢 + tan2 𝑣 + tan2𝑤) ≥ 

≥ (tan(𝑥𝑢) + tan(𝑦𝑣) + tan(𝑧𝑤))2 

G.033. In ∆𝐴𝐵𝐶 holds :   

∑
𝑎3

𝑏𝑐 + 𝑎2
= 𝑠 ⇔  2𝑠 = 3√3𝑅. 

G.034. In Δ𝐴𝐵𝐶 the following relationship holds: 

(𝑠 − 𝑎)5 + (𝑠 − 𝑏)5 + (𝑠 − 𝑐)5 + 10𝑅𝑟𝑠(𝑎2 + 𝑏2 + 𝑐2) = 𝑠5 

G.035. Solve for real numbers: 

1

1 + |sin 𝑥|
+

1

1 + |cos 𝑦|
= 1 +

1

1 + |sin 𝑥 + cos 𝑦|
 

G.036. In Δ𝐴𝐵𝐶 the following relationship holds: 

𝑎 ⋅ √sin−1 (
4

5
) + 𝑏 ⋅ √sin−1 (

5

13
) + 𝑐 ⋅ √sin−1 (

16

64
) <

3𝑅√2𝜋

2
 

G.037. In acute Δ𝐴𝐵𝐶 the following relationship holds: 

(tan𝐴)3 tan𝐴 ⋅ (tan𝐵)3 tan𝐵 ⋅ (tan𝐶)3 tan𝐶

≥ (tan𝐴 ⋅ tan𝐵 ⋅ tan 𝐶)tan𝐴⋅tan𝐵⋅tan𝐶  

G.038. If ∆𝐴′𝐵′𝐶′is the pedal triangle of 𝐼 −incenter 
in ∆𝐴𝐵𝐶 and 𝑥, 𝑦, 𝑧 > 0 then : 

𝑥𝐼𝐴 + 𝑦𝐼𝐵 + 𝑧𝐼𝐶 ≥ 4(
𝑦𝑧𝐼𝐴′

𝑦 + 𝑧
+
𝑧𝑥𝐼𝐵′

𝑧 + 𝑥
+
𝑥𝑦𝐼𝐶′

𝑥 + 𝑦
) 

G.039. In ∆𝐴𝐵𝐶 the following relationship holds: 

    
2𝑏𝑐

(𝑏 + 𝑐)2
+
1

2
≥

16𝑅𝑟

𝑠2 + 𝑟2 + 2𝑅𝑟
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G.040. In Δ𝐴𝐵𝐶, Δ𝐴′𝐵′𝐶′ the following relationship holds; 

𝑅2𝑅′𝐹′ ≥ 8𝐹(𝑟′)3 

G.041. Δ𝐴𝐵𝐶, Δ𝐴′𝐵′𝐶′ the following relationship holds: 

𝑚𝑎
3 ⋅ (𝑎′)2

𝑎2
+
𝑚𝑏
3 ⋅ (𝑏′)2

𝑏2
+
𝑚𝑐
3 ⋅ (𝑐′)2

𝑐2
≥
32𝑠6(𝑟′)2

243𝑅5
 

G.042. In Δ𝐴𝐵𝐶 the following relationship holds: 

√(𝑎 + 𝑏)(𝑎 + 𝑐)𝑏𝑐 + √(𝑏 + 𝑐)(𝑏 + 𝑎)𝑐𝑎 + √(𝑐 + 𝑎)(𝑐 + 𝑏)𝑎𝑏
≤ 3𝑠2 − 𝑟2 − 4𝑅𝑟 

G.043. Find all 𝑥, 𝑦, 𝑧 ∈ [0,
𝜋

2
] such that: 

(1 + sin2 𝑥)(1 + sin2 𝑦)(1 + sin2 𝑧) + cos2 𝑥 ⋅ cos2 𝑦 ⋅ cos2 𝑧 = 8 

G.044. If 0 ≤ 𝑥, 𝑦, 𝑧 ≤
𝜋

4
 then : 

2 cos2 𝑥 . cos2 𝑦 . cos2 𝑧 ≤ 1 + cos 2𝑥 . cos 2𝑦 . cos 2𝑧
≤ 8 cos2 𝑥 . cos2 𝑦 . cos2 𝑧 

G.045. Solve for real numbers: 

cos 𝑥 ⋅ √tan 𝑥 = sin3 𝑥 + cos3 𝑥 

 

G.046. If 𝑥, 𝑦 ∈ (0,
𝜋

2
) then: 

2

1 + tan 𝑥
+

2

1 + tan𝑦
+
1 + cot 𝑥 ∙ tan 𝑦

1 + cot 𝑥
+
1 + cot 𝑦 ∙ tan 𝑥

1 + cot 𝑦
≥ 4 

 

G.047. If 𝑥, 𝑦, 𝑧 ≥ 0 then: 

4 (sin 𝑧 + √𝑥2𝑦
3

∙ cos 𝑧) (sin 𝑧 + √𝑥𝑦2
3

∙ cos 𝑧) ≤ 4 + (𝑥 + 𝑦)2 
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G.048. In acute Δ𝐴𝐵𝐶 the following relationship holds: 

∏(1+ tan𝐴 cot𝐵)

𝑐𝑦𝑐

≥ 2 + 32𝐹2∏√
1

(𝑏2 + 𝑐2 − 𝑎2)2
3

𝑐𝑦𝑐

 

G.049. In Δ𝐴𝐵𝐶 the following relationship holds: 

(𝑚𝑎𝑚𝑏 +𝑚𝑏𝑚𝑐 +𝑚𝑐𝑚𝑎)(𝑚𝑎 +𝑚𝑏 +𝑚𝑐)
2 ≥ 81𝐹2 

G.050. 𝐾 −Lemoine’s point in Δ𝐴𝐵𝐶. Prove that: 

𝑚𝑎
𝐴𝐾 ⋅ sin𝐴

+
𝑚𝑏

𝐵𝐾 ⋅ sin 𝐵
+

𝑚𝑐
𝐶𝐾 ⋅ sin 𝐶

≥ 3√3 

G.051. If 𝑥, 𝑦, 𝑧 > 0, 𝑥𝑦 + 𝑦𝑧 + 𝑧𝑥 = 3 then in Δ𝐴𝐵𝐶 the following 
relationship holds: 

tan4 𝐴 ⋅ tan4 𝐵

𝑥3𝑦3
+
tan4 𝐵 ⋅ tan4 𝐶

𝑦3𝑧3
+
tan4 𝐶 ⋅ tan4 𝐴

𝑧3𝑥3
≥ 243 

G.052. If 𝑥, 𝑦 ∈ (0,
𝜋

2
) then: 

1

1
sin 𝑥 + sin 𝑦 +

1
cos 𝑥 + cos 𝑦

≤
√2

2
 

G.053. In Δ𝐴𝐵𝐶 the following relationship holds: 

(
3 sin2 𝐴

cos𝐴
+
2 sin2 𝐵

cos𝐵
+
sin2 𝐶

cos𝐶
) cos (

𝜋 + 2𝐴 + 𝐵

6
) ≥ 6 sin2 (

𝜋 + 2𝐴 + 𝐵

6
) 

G.054. In Δ𝐴𝐵𝐶 let 𝑅𝐴 − be the radii of circle tangent simultaneous to 
𝐴𝐵, 𝐴𝐶 and external tangent to circumcircle of Δ𝐴𝐵𝐶. Prove that: 

𝑅𝐴𝑅𝐵
𝑟𝑎𝑟𝑏

+
𝑅𝐵𝑅𝐶
𝑟𝑏𝑟𝑐

+
𝑅𝐶𝑅𝐴
𝑟𝑐𝑟𝑎

≥
64𝑟2

3𝑅2
 

G.055. Solve for real numbers:  sin 5𝑥 + 10 sin 𝑥 = 5 sin 3𝑥 

G.056. In Δ𝐴𝐵𝐶, 𝑟𝑎 = 3, 𝑟𝑏 = 4, 𝑟𝑐 = 5. Find 𝐹. 
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G.057. In ∆𝐴𝐵𝐶 the following relationship holds: 

𝑎2 + 𝑏2 + 𝑐2 ≥ 4𝐹√
𝑎𝑏𝑐

(𝑎 + 𝑏)(𝑏 + 𝑐)(𝑐 + 𝑎)
.∑csc 𝐶 .√

𝑎 + 𝑏

𝑐
𝑐𝑦𝑐

 

G.058. Solve for real numbers: 

{
2 sin 𝑥 + 2 sin 𝑦 = 1

2 cos 𝑥 + 2 cos 𝑦 = √3
 

G.059. If 𝑥, 𝑦 ∈ (0,
𝜋

2
) then: 

tan3 𝑥 +
1

tan3 𝑥
+ tan3 𝑦 +

1

tan3 𝑦
≥ tan 𝑥 +

1

tan 𝑥
+ tan𝑦 +

1

tan 𝑦
 

G.060. If 0 < 𝑎 ≤ 𝑏 <
𝜋

2
 then: 

sin2 𝑏 − sin2 𝑎 + cos(sin 𝑏) − cos(sin 𝑎) ≥
1

12
(sin4 𝑏 − sin4 𝑎) 

G.061. 𝑎⃗ = √𝑥 ⋅ 𝑖 + √𝑥 − 1 ⋅ 𝑗, 𝑏⃗⃗ = 2𝑖 + 3𝑗, 𝑥 ≥ 1. Solve for real 

numbers:  18 + tan (∢(𝑎⃗, 𝑏⃗⃗)) = 13√2 

 

G.062. If 𝑥, 𝑦, 𝑧, 𝑡 ≥ 0 then : 

𝑥2 cot
𝜋

19
+ 𝑦2 cot

2𝜋

19
+ 𝑧2 cot

4𝜋

19
+ 𝑡2 tan

8𝜋

19
≥ (𝑥 + 𝑦√2 + 2𝑧 + 2𝑡√2)

2
tan

𝜋

19
 

 

G.063. In Δ𝐴𝐵𝐶 the following relationship holds: 

(∑𝑎√𝑏𝑐

𝑐𝑦𝑐

)(∑ √𝑎𝑏
3

(√𝑎
3
+ √𝑏

3
)

𝑐𝑦𝑐

) ≤ 54√3 ∙ 𝑅3 

G.064. In Δ𝐴𝐵𝐶 holds:  4𝑎𝑏 cos2
𝐶

2
= 3𝑐2 ⇒ 5𝑐2 ≥ 4√3𝐹 + 2𝑎𝑏 
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G.065. If 0 ≤ 𝑥 ≤ 𝑦 ≤ 𝑧 < 1, then 

(𝑦 − 𝑧) tan−1 𝑥 + (𝑧 − 𝑥) tan−1 𝑦 + (𝑧 − 𝑥) tan−1 𝑧 <
𝜋

2
− log 2 

G.066. Solve for real numbers: 

sin 2𝑥 ⋅ sin 3𝑥 ⋅ sin 11𝑥 + sin2 5𝑥 ⋅ sin 6𝑥 = sin 𝑥 ⋅ sin 3𝑥 ⋅ sin 8𝑥 

G.067. Solve for real numbers: 

1 + 2 cos 𝑥 ⋅ cos 2𝑥 ⋅ cos 5𝑥 = cos2 𝑥 + cos2 2𝑥 + cos2 5𝑥 

 
PROBLEMS 
ANALYSIS 

AN.001. If 0 < 𝑎 ≤ 𝑏 <
𝜋

2
 then: 

3∫ sin 𝑥 ⋅ sinh 𝑥
𝑏

𝑎

𝑑𝑥 ≤ 𝑏3 − 𝑎3 

AN.002. If 0 < 𝑎 ≤ 𝑏 <
𝜋

2
 then: 

∫
tan (

𝜋 − 2𝑥
4 ) (1 + sin 𝑥)

sin 𝑥
𝑑𝑥

𝑏

𝑎

≤
sin 𝑏 − sin 𝑎

sin 𝑎
 

 
AN.003. Find: 

Ω = lim
𝑛→∞

√cos
2𝑛
𝜋

7
− 21−2𝑛 ∑ (

𝑛

𝑖
) (
𝑛

𝑗
) cos

2(𝑗 − 𝑖)𝜋

7
0≤𝑖<𝑗≤𝑛

𝑛
 

AN.004. If sec
𝜋

7
< 𝑎 ≤ 𝑏 then find: 

Ω(𝑎, 𝑏) = ∫ (tan−1(
𝑥

sec
𝜋
7 − 𝑥 tan

𝜋
7

) − tan−1 (𝑥 sec
𝜋

7
− tan

𝜋

7
))𝑑𝑥

𝑏

𝑎
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AN.005. If 0 < 𝑎 ≤ 𝑏 then: 

∫
1

√2[𝑥] + 1
⋅∏sin (

𝑘𝜋

2𝑛 + 1
)

[𝑥]

𝑘=1

𝑑𝑥
𝑏

𝑎

≥
1

2𝑎
−
1

2𝑏
, [∗] − 𝐺𝐼𝐹. 

 
AN.006. If 0 < 𝑎 ≤ 𝑏 < 1  then : 

  ∫∫∫(
1 − 𝑥𝑦𝑧

1 + 𝑥𝑦𝑧
)
3

𝑑𝑥𝑑𝑦𝑑𝑧

𝑏

𝑎

𝑏

𝑎

𝑏

𝑎

≥ (∫
1 − 𝑥3

1 + 𝑥3
𝑑𝑥

𝑏

𝑎

)

3

 

AN.007. Prove without any software: 

∫ ∫ √1 − (
𝑥 + 𝑦

2
)
21

0

𝑑𝑥𝑑𝑦
1

0

>
𝜋

4
 

AN.008. Find: 

Ω = ∫
sin 2𝑥 ⋅ cos 4𝑥 ⋅ cos 8𝑥

sin5 (
𝜋
4
− 𝑥) + cos5 (

𝜋
4
− 𝑥)

𝜋
4

−
𝜋
4

𝑑𝑥 

AN.009. Find: 

Ω = lim
𝑥→∞

(𝑙𝑜𝑔2𝑥 ∙ ∫
𝑡 ∙ 𝑥𝑡

(1 + 𝑥𝑡)2
𝑑𝑡

1

0

) 

AN.010. Find: 

Ω = ∫
𝑠𝑖𝑛𝑥 + 4𝑐𝑜𝑠𝑥

5(𝑒−𝑥 + 𝑠𝑖𝑛𝑥) + 3𝑐𝑜𝑠𝑥
𝑑𝑥 

AN.011. 𝐼𝑓 0 < 𝑎 ≤ 𝑏 𝑡ℎ𝑒𝑛 ∶ 

∫ ∫ ∫ (𝑥 + 𝑦 + 𝑧) (
𝑥2

𝑦
+
𝑦2

𝑧
+
𝑧2

𝑥
)𝑑𝑥𝑑𝑦𝑑𝑧

𝑏

𝑎

𝑏

𝑎

𝑏

𝑎

≥ 3(𝑏 − 𝑎)3(𝑎2 + 𝑎𝑏 + 𝑏2) 
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AN.012. Find: 

Ω = ∫
sin 𝑥 ⋅ sin (𝑥 +

𝜋
3) ⋅ sin (𝑥 +

2𝜋
3 )

sin 3𝑥 + cos 3𝑥
𝑑𝑥

𝜋
6

0

 

AN.013. If 1 < 𝑎 ≤ 𝑏 then find: 

Ω(𝑎, 𝑏) = ∫ ∫ ∫ tan−1 (
𝑥 + 𝑦 + 𝑧 − 𝑥𝑦𝑧

1 − 𝑥𝑦 − 𝑦𝑧 − 𝑧𝑥
) 𝑑𝑥𝑑𝑦𝑑𝑧

𝑏

𝑎

𝑏

𝑎

𝑏

𝑎

 

AN.014. If 0 < 𝑎 ≤ 𝑏 then: 

∫
𝑥19

√1 + 𝑥30
𝑑𝑥

𝑏

𝑎

≥ log √
2 + 𝑏20

2 + 𝑎20

10

 

AN.015.  If 0 < 𝑎 ≤ 𝑏 <
π

2
 then ∶ 

∫
(ex − esin x)(tan x − x)

etanx − ex
dx

b

a

≤ (b − a) (1 + sin
a + b

2
) 

AN.016. If 
1

√31
< 𝑎 ≤ 𝑏 then find: 

Ω(𝑎, 𝑏) = ∫ tan−1 (
30𝑥3 − 10𝑥

31𝑥2 − 1
)

𝑏

𝑎

𝑑𝑥 

AN.017. If 0 < 𝑎 ≤ 𝑏 <
𝜋

6
 then find: 

Ω(𝑎, 𝑏) = ∫
(1 + tan2 𝑥)2

cos2 𝑥 − 3 sin2 𝑥

𝑏

𝑎

𝑑𝑥 

AN.018. If 0 < 𝑎 ≤ 𝑏 <
𝜋

2
 then: 

∫
(1 − sin5 𝑥)7

(1 − sin3 𝑥)8

𝑏

𝑎

𝑑𝑥 ≥ 𝑏 − 𝑎 
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AN.019. If 0 < 𝑎 ≤ 𝑏 then: 

(∫ 𝑒2𝑥
2

𝑏

𝑎

𝑑𝑥)(∫ 𝑒−𝑥
2

𝑏

𝑎

𝑑𝑥) ≥ (𝑏 − 𝑎)∫ 𝑒𝑥
2

𝑏

𝑎

𝑑𝑥 

AN.020. If  0 < 𝑎 ≤ 𝑏,   𝑓 ∶ [𝑎, 𝑏] → (0,∞), 𝑓 −continuous, then : 

3(𝑏 − 𝑎)2∫𝑓(𝑥)𝑑𝑥

𝑏

𝑎

+ 3(∫ √𝑓(𝑥)
3

𝑑𝑥

𝑏

𝑎

)

3

≥ 6(𝑏 − 𝑎)(∫√𝑓(𝑥)𝑑𝑥

𝑏

𝑎

)

2

.  

AN.021.  

𝐵(𝑥, 𝑦) = ∫ 𝑡𝑥(1 − 𝑡)𝑦
1

0

𝑑𝑡, 𝑥, 𝑦 > 0 

Prove that: 𝐵(𝑥, 𝑦) ∙ 𝐵(𝑦, 𝑧) ∙ 𝐵(𝑧, 𝑥) ≥ 𝐵(𝑥, 𝑥) ∙ 𝐵(𝑦, 𝑦) ∙ 𝐵(𝑧, 𝑧) 

AN.022. If 0 < 𝑎 ≤ 𝑏 <
𝜋

2
 then: 

cot 𝑏 − cot 𝑎 + ∫ csc2 𝑥 ⋅ 𝑒sin
2 𝑥

𝑏

𝑎

𝑑𝑥 ≤ (𝑒 − 1)(𝑏 − 𝑎) 

AN.023. If 0 < 𝑎 ≤ 𝑏 <
𝜋

8
 then find: 

Ω(𝑎, 𝑏) = ∫ ∫
(1 + tan 𝑥)(1 + tan𝑦) (1 + tan (

𝜋
4
− 𝑥 − 𝑦))

1 + tan 𝑥 ⋅ tan 𝑦 ⋅ tan (
𝜋
4 − 𝑥 − 𝑦)

𝑑𝑥
𝑏

𝑎

𝑑𝑦
𝑏

𝑎

 

AN.024. If 0 < 𝑎 ≤ 𝑏 < 1 then: 

2∫ 𝑒𝑥
3

𝑏

𝑎

𝑑𝑥 + (𝑏 − 𝑎)2 ≤ 2(𝑏 − 𝑎) + 𝑒𝑏
2
− 𝑒𝑎

2
 

AN.025. If 5 < 𝑎 ≤ 𝑏 then find: 

Ω(𝑎, 𝑏) = ∫ tan−1 (
4𝑥 − 4𝑥3

𝑥4 − 6𝑥2 + 1
)𝑑𝑥

𝑏

𝑎
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AN.026. Find: 

Ω = lim
𝑛→∞

(
1

𝑛 ⋅ 27𝑛
∑∑3𝑖+𝑗 (

3𝑛 − 𝑖 − 𝑗

𝑛
) (
2𝑛 − 𝑖 − 𝑗

𝑛 − 𝑖
)

𝑛

𝑗=1

𝑛

𝑖=1

) 

AN.027. Find: 

Ω = lim
𝑛→∞

1

𝑛2
(1 + 2∑

1

2𝑘 + 5

𝑛

𝑘=1

)

𝑛

 

AN.028. If 0 < 𝑎 ≤ 𝑏 <
𝜋

2
 then find: 

Ω(𝑎, 𝑏) = ∫
3 + cos 4𝑥

1 − cos 4𝑥

𝑏

𝑎

𝑑𝑥 

AN.029. Find: 

Ω = lim
𝑛→∞

1

𝑛(𝐻𝑛 − 1)
(log(𝑛!) −∑

Γ′(𝑘)

Γ(𝑘)

𝑛

𝑘=2

) 

AN.030. Find: 

Ω = lim
𝑛→∞

∫ log (
1 + sin𝑛 𝑥

1 + 𝑥 + 𝑥𝑛
)

1

0

𝑑𝑥 

AN.031. If 𝑎 ≥ 0 then: 

∫ (2𝑥 − 𝑎) log(1 + 𝑥 + 𝑥2)
𝑎

0

𝑑𝑥 ≥ 0 

 

AN.032. If 0 < 𝑎 ≤ 𝑏 < 1 then: 

∫
sin 𝑥 ⋅ tan−1(𝑥2)

𝑥 ⋅ tan−1 𝑥

𝑏

𝑎

𝑑𝑥 ≥ cos 𝑎 − cos 𝑏 
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AN.033. If 0 < 𝑎 ≤ 𝑏 find a closed form: 

Ω(𝑎, 𝑏) = ∫

(

 
 
 
 
 

𝑥

1 +
𝑥2

3 +
𝑥2

5 +
𝑥2

7 +⋯)

 
 
 
 
 

𝑏

𝑎

𝑑𝑥 

AN.034. If 0 < 𝑎 ≤ 𝑏 < 1 then: 

exp(2√2∫ 𝑥𝑥
𝑏

𝑎

𝑑𝑥) ≥
(𝑎 − √2)(𝑏 + √2)

(𝑏 − √2)(𝑎 + √2)
 

AN.035. Find: 

Ω = lim
𝑛→∞

(𝑛 − 1)!∑
1

(𝑘 + 1)𝑘(𝑛 − 𝑘 + 1)𝑛−𝑘

𝑛

𝑘=0

 

AN.036.  

Ω(𝑛) = ∫
𝑥𝑛−1(𝑥 − 𝑛) log 𝑥

𝑒𝑥
𝑑𝑥

∞

0

, 𝑛 ≥ 1 

Find: 

Ω =∑
1

Ω(𝑛)

∞

𝑛=1

 

AN.037.  

Ω𝑛(𝑥) = ∫
𝑑𝑥

𝑥(1 + 𝑥𝑛)
, 𝑛 ∈ ℕ∗, Ω𝑛(1) = log 2 

Find: 

Ω(𝑥) = lim
𝑛→∞

(𝑛Ω𝑛(𝑥)) , 𝑥 > 0 
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AN.038. Find: 

Ω = lim
𝑛→∞

𝑛(1 ⋅ 𝑛 + 2 ⋅ (𝑛 − 1) + 3 ⋅ (𝑛 − 2) + ⋯+ 𝑛 ⋅ 1)

1 ⋅ 𝑛2 + 2 ⋅ (𝑛 − 1)2 + 3 ⋅ (𝑛 − 2)2 +⋯+ 𝑛 ⋅ 12
 

 

AN.039. If 1 < 𝑎 ≤ 𝑏 then: 

exp(2∫
𝑑𝑥

𝑥√log 𝑥

𝑏

𝑎

) ≤
(1 + log 𝑏) log 𝑏𝑏

(1 + log 𝑎) log 𝑎𝑎
 

AN.040. 0 < 𝑎 ≤ 𝑏, 𝑓: [a, b] → (0,∞), f − "n" times differentiable. 
Prove that: 

n∫ √
f (n)(x)

f(x)

nb

a

dx ≤∑
f (k)(b)

f (k)(a)

n

k=0

, f (0)(x) = f(x), n ∈ ℕ 

 
AN.041.  

Ω1(𝑛) =∑∑|(𝑖 − 𝑗) (
1

2𝑛 − 𝑖 + 1
−

1

2𝑛 − 𝑗 + 1
)|

𝑛

𝑗=1

𝑛

𝑖=1

 

Ω2 =∑∑|
1

2𝑛 − 𝑖 + 1
−

1

2𝑛 − 𝑗 + 1
|

𝑛

𝑗=1

𝑛

𝑖=1

 

Find:  Ω = lim
𝑛→∞

Ω1(𝑛)

Ω2(𝑛)
 

AN.042. In ∆𝐴𝐵𝐶: 

𝜔 = 𝑡𝑎𝑛−1 (√
𝑟𝑟𝑎

𝑟𝑏𝑟𝑐
) + 𝑡𝑎𝑛−1 (√

𝑟𝑟𝑏

𝑟𝑐𝑟𝑎
) + 𝑡𝑎𝑛−1 (√

𝑟𝑟𝑐

𝑟𝑎𝑟𝑏
). Find: 

Ω = ∫
3𝑠𝑖𝑛2𝑥 + 𝑐𝑜𝑠𝑥 + 2

𝑠𝑖𝑛𝑥 + 𝑐𝑜𝑠𝑥 + 7
𝑑𝑥

𝜔

0
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AN.043. Solve for real numbers: 

∫
𝑡 ⋅ log 𝑡

𝑡4 + 𝑥2

𝑥

1

𝑑𝑡 = 0 

AN.044. Find: 

Ω = ∫
𝑑𝑥

𝑒[2𝑥+
1
4
]

21

1

, [∗] − GIF. 

AN.045. Let 𝑓 ∶ [0,∞) → 𝑅 be a differentiable, increasing function such 
that 𝑓′ is convex and 𝑓(0) = 0.For any 𝑥, 𝑦, 𝑧 ≥ 0 holds: 

𝑓(𝑥) + 𝑓(𝑦) + 𝑓(𝑧) + 𝑓(𝑥 + 𝑦 + 𝑧) ≥ 𝑓(2√𝑥𝑦) + 𝑓(2√𝑦𝑧) + 𝑓(2√𝑧𝑥) 

AN.046. Find: 

Ω = lim
𝑛→∞

𝑒5𝑛+1 tan5 𝑛 (∫ 𝑒5𝑥(tan4 𝑥 + tan5 𝑥 + tan6 𝑥)𝑑𝑥
𝑛

0

)

−1

 

AN.047. If 0 < 𝑎 ≤ 𝑏 then: 

2∫ ∫ ∫ (
𝑦 + 𝑥

𝑦 + 𝑧
+
𝑦 + 𝑧

𝑦 + 𝑥
)𝑑𝑥𝑑𝑦𝑑𝑧

𝑏

𝑎

𝑏

𝑎

𝑏

𝑎

+ 2(𝑏 − 𝑎)3 ≤ 3(𝑏 + 𝑎)(𝑏 − 𝑎)2 log (
𝑏

𝑎
) 

AN.048. Find: 

Ω = lim
𝑛→∞

𝐻𝑛
𝑛(𝐻2𝑛−1 − 2𝐻𝑛−1)

 

AN.049. If 0 < 𝑎 ≤ 𝑏 then: 

3∫ √𝑥4 + 𝑥2 + 1
𝑏

𝑎

𝑑𝑥 ≥ (𝑏 − 𝑎)√(𝑎2 + 𝑎𝑏 + 𝑏2)2 + 3(𝑎2 + 𝑎𝑏 + 𝑏2) + 9 

 
AN.050. Find: 

Ω(𝑛) = ∫
𝑥2𝑛−1(1 − 𝑥2)

𝑒𝑛𝑥
2 𝑑𝑥, 𝑛 ∈ ℕ, 𝑛 ≥ 1 
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AN.051. If 𝑓:ℝ → [−
5

2
,
5

2
] , 𝑓 −continuous, then: 

∫ √50 − 8𝑓2(𝑥)

5
2

−
5
2

𝑑𝑥 + ∫ 𝑓(𝑥)

5
2

−
5
2

𝑑𝑥 ≤
75

2
 

AN.052. If 0 ≤ 𝑎 ≤
𝜋

12
 then: 

 ∫ sin 𝑥 . cos(6𝑥) . cos6(4𝑥) . cos15(2𝑥) 𝑑𝑥

𝑎

0

≤
1

193
(1 − cos193 𝑎) 

AN.053.  

Ω(𝑥) = Γ (
𝑥

2
) Γ (

𝑥 + 1

2
) Γ (

1 − 𝑥

2
)Γ (

2 − 𝑥

2
) sin(𝜋𝑥) ; 0 < 𝑥 < 1 

Solve for real numbers: 

𝑥2 −
4𝑥

Ω(𝑥)
+
1

𝜋4
= 0 

AN.054. 𝑥0 = 1, 𝑥1 = 0, 𝑥𝑛 = (𝑛 − 1)(𝑥𝑛−1 + 𝑥𝑛−2), 𝑛 ≥ 2, 𝑛 ∈ ℕ. Find: 

Ω = lim
𝑛→∞

𝑥𝑛
𝑛!

 

AN.055.  
𝑓, 𝑔:ℝ → ℝ, 𝑓(1) = 3, 𝑔(1) = 2, 𝑥𝑓(𝑦) + 𝑦𝑓(𝑥) = 2𝑓(𝑥𝑦), 

𝑥𝑔(𝑦) + 𝑦𝑔(𝑥) = 2𝑔(𝑥𝑦), ∀𝑥, 𝑦 ∈ ℝ. Find: 

Ω = ∫
𝑓 (
sinh 𝑥
3 )

𝑓 (
sinh 𝑥
3 ) + 𝑔 (

cosh 𝑥
2 )

𝑑𝑥
1

0

 

 

AN.056. Find a closed form: 

Ω =∑∑
1

𝜋𝑛
∙ (
𝜋

𝑒
)
𝑘

𝑛

𝑘=0

∞

𝑛=0
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AN.057.  

Ω1 = 1 −
𝜋

2
+∑(−

1

𝜋
)
𝑛

⋅
1

𝑛 + 1

∞

𝑛=2

; Ω2 = 1 −
𝜋

2
+∑(−

1

𝑒
)
𝑛

⋅
1

𝑛 + 1

∞

𝑛=2

 

𝐴.  Ω1 < Ω2,      𝐵. Ω1 = Ω2,      𝐶. Ω1 > Ω2 

 

AN.058. Find a closed form: 

Ω = ∑ tan−1 (
(𝑛3 + 6𝑛2 + 11𝑛 + 5) ⋅ 𝑛!

1 + (𝑛3 + 6𝑛2 + 11𝑛 + 6) ⋅ (𝑛!)2
)

∞

𝑛=0

 

 
AN.059. 𝑓: [0,1] → ℝ, 𝑓 −continuous. Prove that: 

∫ 𝑓(𝑥)𝑑𝑥
1

0

= 9 ⇒ ∫ 𝑓2(𝑥)𝑑𝑥
1

0

≥ 1 + 4∫ 𝑥𝑓(𝑥)
1

0

𝑑𝑥 

AN.060.  

Ω(𝑛) = (1 + 22)(1 + 24)(1 + 28) ⋅ … ⋅ (1 + 22
𝑛−1
), 𝑛 ≥ 1 

Find: 

Ω = lim
𝑛→∞

(1 +
1

3Ω(𝑛)
)
22
𝑛

 

AN.061. Find: 

Ω = lim
𝑛→∞

𝑛 (∏ √𝑘!
𝑘

𝑛

𝑘=2

)

1−𝑛
𝑛2

 

AN.062. Find without any software: 

Ω = ∫
log(9𝑥 − 4)

3𝑥2 + 2

2

1

𝑑𝑥 
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AN.063. If 1 < 𝑎 ≤ 𝑏 then: 

2∫ ∫ 𝑥𝑦
𝑏

𝑎

𝑑𝑥𝑑𝑦
𝑏

𝑎

≥ (2𝑎𝑏 − 𝑎 − 𝑏 + 2)(𝑏 − 𝑎)2 

AN.064. 𝐺(𝑛) −Barnes 𝐺-function, 𝐾(𝑛) − 𝑘 function. Find: 

Ω = ∑ √
𝑛!

𝐾(𝑛 + 1) ⋅ 𝐺(𝑛 + 2)

𝑛
∞

𝑛=2

 

AN.065. Find: 

Ω = lim
𝑛→∞

(∑
(2𝑛 + 1)!

(2𝑛 + 1 − 𝑘)!

𝑛

𝑘=0

)(∑
((2𝑛 + 1)!)

2

𝑘! ((2𝑛 + 1 − 𝑘)!)
2

𝑛

𝑘=0

)

−1

 

AN.066. Find: 

Ω = lim
𝑛→∞

(1 + 𝑛)−𝑛∑((
𝑛

𝑘
) ∑

𝑚𝑛

𝑚𝑘

𝑛

𝑚=1

)

𝑛−1

𝑘=1

 

AN.067. Find: 

Ω = lim
𝑛→∞

(
2𝑛 − 2

𝑛 − 1
)
−1

∑(1−
2𝑘

𝑛
(
𝑛

𝑘
))

2𝑛

𝑘=0

 

AN.068.  

Ω(𝛼, 𝛽) = ∫
(1 + 𝑥)2𝛼−1(1 − 𝑥)2𝛽−1

(1 + 𝑥2)𝛼+𝛽
𝑑𝑥

1

−1

, 𝛼, 𝛽 > 0 

Find a closed form and prove that:  Ω(3,5) > √Ω(4,5) ⋅ Ω(3,6) 

AN.069. Find: 

Ω = lim
𝑛→∞

√(2𝑛)! ⋅ (2∑
1

(𝑛 − 𝑘)! ⋅ (𝑛 + 𝑘)!

𝑛

𝑘=0

−
4𝑛

(2𝑛)!
)

𝑛

 



DANIEL SITARU                      CLAUDIA NĂNUȚI 

 

MATH ACCENT Page 40 
 

AN.070. Find a closed form: 

Ω = lim
𝜀→0
𝜀>0

∫ log ((cos 𝑥)cot𝑥 ⋅ (sin 𝑥)
cos𝑥
1+sin𝑥)

sin−1(1−𝜀)

sin−1 𝜀

𝑑𝑥 

AN.071. 

Ω(𝑛) = ∑𝑒4(2−
𝑘
𝑛
) ⋅

𝑛

𝑘=1

∑𝑒6(2−
𝑘
𝑛
)

𝑛

𝑘=1

− (∑𝑒5(2−
𝑘
𝑛
)

𝑛

𝑘=1

)

2

 

Find: 

Ω = lim
𝑛→∞

𝑛7 ⋅ Ω(𝑛) ⋅ sin (
1

𝑛4
) ⋅ tan (

1

𝑛5
) 

 

AN.072. If 1 < 𝑎 ≤ 𝑏 then: 

∫ ∫
𝑑𝑥𝑑𝑦

1 + 𝑥𝑦

𝑏

𝑎

𝑏

𝑎

≤ (𝑏 − 𝑎) tan−1 (
𝑏 − 𝑎

1 + 𝑎𝑏
) 

AN.073. Find a closed form: 

Ω = ∑
𝑛(𝑛 + 1)2(2𝑛 + 1)

4𝑛 ⋅ 𝑛!

∞

𝑛=1

 

AN.074. Prove without any software: 

4𝑒 |1 − ∫ 𝑒𝑥
2

1

0

𝑑𝑥∫ 𝑒−𝑥
2

1

0

𝑑𝑥| < (𝑒 − 1)2 

AN.075. 𝑓, 𝑔, ℎ, 𝑡: ℝ → ℝ, 𝑓, 𝑔, ℎ, 𝑡 −continuous, 𝑓(1) = 11,  

𝑔(0) = 2, ℎ(0) = 3, 𝑡(0) = 4, 

𝑓(𝑥 + 𝑦 + 𝑧) = 𝑔(𝑥) + ℎ(𝑦) + 𝑡(𝑧), ∀𝑥, 𝑦, 𝑧 ∈ ℝ 

Solve for real numbers: 𝑓(𝑥) ⋅ 𝑔(𝑥) = ℎ(𝑥) ⋅ 𝑡(𝑥). 
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AN.076. Find: 

Ω = lim
𝑛→∞

1

𝑛
∑ |(

sin 𝑥

𝑥
)
(𝑘)

|

𝑘=1

, 𝑥 ∈ (0,
𝜋

2
) , (∗)(𝑘) − 𝑘𝑡ℎderivative. 

AN.077. Find: 

Ω = lim
𝑛→∞

√𝐻1 +√
1
2𝐻2 +

√1
3𝐻3 +⋯+

√1
𝑛𝐻𝑛

𝑛√𝐻𝑛(𝐻1 + 𝐻2 +⋯+𝐻𝑛)
 

 

AN.078. Solve for real numbers: 

𝑒𝑖𝑥 + 𝑒2𝑖𝑥 + 𝑒3𝑖𝑥 +
1

𝑒𝑖𝑥
+
1

𝑒2𝑖𝑥
+
1

𝑒3𝑖𝑥
= −1 

AN.079. Find: 

Ω(𝑛) = ∫ log(√𝑛 + 𝑥 + √𝑛 − 𝑥)
𝑛

0

𝑑𝑥, 𝑛 ∈ ℕ − {0} 

AN.080. If 0 < 𝑎 ≤ 𝑏 <
𝜋

10
 then: 

∫
sin 3𝑥 ⋅ sin 5𝑥 ⋅ sin2 𝑥

(1 − cos 𝑥)2
𝑑𝑥

𝑏

𝑎

< 60(𝑏 − 𝑎) 

AN.081. Find: 

Ω = lim
𝑛→∞

1

𝑛
√∑(−1)𝑘 (

𝑛

𝑘
) (𝑛 − 𝑘)𝑛

𝑛−1

𝑘=0

𝑛

 

AN.082. Find: 

Ω = ∫
cos 𝑥 ⋅ sinh 𝑥

5 + 𝑒𝑥 sin (𝑥 +
𝜋
4) + 𝑒

−𝑥 cos (𝑥 +
𝜋
4)
𝑑𝑥

𝜋
4

0
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AN.083. If 𝑎, 𝑏 > 0 then: 

2𝑎

2𝑎 + 3𝑏
log (1 +

3𝑏

2𝑎
) +

3𝑏

2𝑎 + 3𝑏
log (1 +

2𝑎

3𝑏
) ≤ log 2 

 
AN.084. If 0 < 𝑎 ≤ 𝑏 then: 

∫ (
1

𝑥
⋅ tan−1 𝑥)

𝑏

𝑎

𝑑𝑥 ≥ log (
𝑏 + √1 + 𝑏2

𝑎 + √1 + 𝑎2
) 

AN.085. If 𝑎 ≥ 0 then find: 

Ω = ∫ ∫ sin−1 (
𝑥

√𝑥2 + 𝑦2
)𝑑𝑥𝑑𝑦

𝑎+1

𝑎

𝑎+1

𝑎

+∫ ∫ sin−1 (
𝑦

√𝑥2 + 𝑦2
)𝑑𝑥𝑑𝑦

𝑎+1

𝑎

𝑎+1

𝑎

 

AN.086. Find without any software: 

Ω = ∫
3𝑥𝑒𝑥 + 2

(2 log 𝑥 + 3𝑒𝑥 − 1)(2 log 𝑥𝑥 + 3𝑥𝑒𝑥 + 𝑥)
𝑑𝑥 

 
AN.087. Find: 

Ω = lim
𝑛→∞

1

𝑛!
∫

𝑥𝑛 sin (𝑥 +
𝜋
4)

𝑒𝑥

∞

0

𝑑𝑥 

AN.088. Find: 

Ω = ∫
sin 𝑥 + √3 cos 𝑥

sin(3𝑥)
𝑑𝑥 

 
AN.089. Find: 

Ω = lim
𝑛→∞

(2𝑛 − 5)!

(𝑛 + 1) ⋅ (2𝑛)! ⋅ 𝐵(6,2𝑛 − 4)
 

AN.090. If 0 < 𝑎 ≤ 𝑏 ≤ 1 then: 

∫ ∫ ∫
𝑑𝑥 𝑑𝑦 𝑑𝑧

𝑥2 + 𝑦2 + 𝑧2 + 3

𝑏

𝑎

𝑏

𝑎

𝑏

𝑎

≤
(𝑏 − 𝑎)2

3
∫

𝑑𝑥

𝑥 + 𝑥𝑥

𝑏

𝑎
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AN.091. If 0 < 𝑥 ≤ 𝑦 ≤ 𝑒 ≤ 𝑧 ≤ 𝑡 then: 

𝑒𝑥 + 𝑒𝑦 + 𝑒𝑧 + 𝑒𝑡 ≥ 𝑒𝑥+𝑦−𝑒 + 3 ⋅ √𝑒𝑧+𝑡+𝑒
3

 
 
AN.092. Find: 

Ω = lim
𝑛→∞

1

𝑛
∑

(𝑛 − 𝑘 + 1)𝐻𝑘
𝑘(𝑛 − 𝑘 + 1)2 + 𝑘

𝑛

𝑘=1

 

AN.093. 

𝜔 = ∑cos−1 (
𝑛2 − 𝑛 + 1

√1 + (𝑛2 − 𝑛 + 1)2
)

∞

𝑛=1

 

Find: 

Ω = (∫
𝑑𝑥

3 + sin 𝑥

4𝜔

0

)(∫
𝑥3

√1 + 𝑥 + 𝑥2

2𝜔
𝜋

0

𝑑𝑥) 

AN.094. Let be 𝑓:ℝ → (0,∞) continuous , 0 < 𝑎 ≤ 𝑏 and  

𝑓2(𝑥)

𝑓(𝑦) + 𝑓(𝑧)
+

𝑓2(𝑦)

𝑓(𝑧) + 𝑓(𝑥)
+

𝑓2(𝑧)

𝑓(𝑥) + 𝑓(𝑦)
= 𝑓(𝑥) + 𝑓(𝑦) + 𝑓(𝑧); 

∀𝑥, 𝑦, 𝑧 ∈ ℝ. Find: 

Ω(𝑎, 𝑏) = (∫ 𝑓(𝑥)
𝑏

𝑎

𝑑𝑥)(∫ ∫
𝑑𝑦𝑑𝑧

𝑓(𝑦) + 𝑓(𝑧)

𝑏

𝑎

𝑏

𝑎

) 

AN.095. If 0 < 𝑥, 𝑦 < 1 then: 

𝑥

4√𝑥 + 𝑦 − √𝑥𝑦 + 𝑦2
+

𝑦

4√𝑥 + 𝑦 − √𝑥𝑦 + 𝑥2
≤

𝑥 + 𝑦

4√𝑥 + 𝑦 − √2𝑥𝑦
 

 
 

AN.096. If 0 < 𝑎 ≤ 𝑏 then: 

∫ 𝑒−𝑥
2
𝑑𝑥

𝑎+𝑏
2

√𝑎𝑏

≤ tan−1 (
𝑎 + 𝑏

2
) − tan−1(√𝑎𝑏) 
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AN.097. If 𝑎, 𝑏 > 0 then: 

4

𝑎 + 𝑏
≤ ∫

𝑑𝑥

𝑎𝑥 + (1 − 𝑥)𝑏

1

0

+∫
𝑑𝑥

(𝑥 + 𝑎)(𝑥 + 𝑏)

∞

0

≤
2

√𝑎𝑏
 

 

AN.098. Find: 

Ω = ∫cosh(3𝑥) ⋅ cosh (
3𝑥

2
) ⋅ cosh (

13𝑥

2
) 𝑑𝑥 

 
AN.099. If 𝑎, 𝑏, 𝑐, 𝑑 > 0, 0 ≤ 𝑥 ≤ 1 then: 

((1 − 𝑥)𝑎 + 𝑥𝑐)
2
− ((1 − 𝑥)𝑏 + 𝑥𝑑)

2
≥ (𝑎2 − 𝑏2)1−𝑥(𝑐2 − 𝑑2)𝑥 

 
 

 
SOLUTIONS 

ALGEBRA 
 

A.001. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐵𝑦 𝐴𝑀 − 𝐺𝑀 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 𝑤𝑒 ℎ𝑎𝑣𝑒 ∶   (𝑥 + 𝑦 + 𝑧)(𝑥𝑦 + 𝑦𝑧 + 𝑧𝑥)
≥ 9𝑥𝑦𝑧 

𝑇ℎ𝑒𝑛 𝑤𝑒 ℎ𝑎𝑣𝑒 ∶ 9(𝑥 + 𝑦)(𝑦 + 𝑧)(𝑧 + 𝑥)
= 9(𝑥 + 𝑦 + 𝑧)(𝑥𝑦 + 𝑦𝑧 + 𝑧𝑥) − 9𝑥𝑦𝑧 ≥ 

≥ 9(𝑥 + 𝑦 + 𝑧)(𝑥𝑦 + 𝑦𝑧 + 𝑧𝑥) − (𝑥 + 𝑦 + 𝑧)(𝑥𝑦 + 𝑦𝑧 + 𝑧𝑥)
= 8(𝑥 + 𝑦 + 𝑧)(𝑥𝑦 + 𝑦𝑧 + 𝑧𝑥) = 

= 4[(𝑥 + 𝑦) + (𝑦 + 𝑧) + (𝑧 + 𝑥)](𝑥𝑦 + 𝑦𝑧

+ 𝑧𝑥) ≥⏞
𝐶𝐵𝑆

 4.
(√𝑥 + 𝑦 + √𝑦 + 𝑧 + √𝑧 + 𝑥)

2

3
. (𝑥𝑦 + 𝑦𝑧 + 𝑧𝑥) 
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𝑇ℎ𝑒𝑛 ∶   27(𝑥 + 𝑦)(𝑦 + 𝑧)(𝑧 + 𝑥)

≥ 4(√𝑥 + 𝑦 + √𝑦 + 𝑧 + √𝑧 + 𝑥)
2
(𝑥𝑦 + 𝑦𝑧 + 𝑧𝑥) 

𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒,   3√3(𝑥 + 𝑦)(𝑦 + 𝑧)(𝑧 + 𝑥)

≥ 2(√𝑥 + 𝑦 +√𝑦 + 𝑧 + √𝑧 + 𝑥)√𝑥𝑦 + 𝑦𝑧 + 𝑧𝑥. 

A.002. Solution by Tapas Das-India 

|𝑠𝑖𝑛ℎ 𝑧|4

𝑒2𝑥
+
|𝑐𝑜𝑠ℎ 𝑧|4

𝑒−2𝑥
≥
𝐴𝐺𝑀

2|𝑠𝑖𝑛ℎ 𝑧|2 ⋅ |𝑐𝑜𝑠ℎ 𝑧|2 

We know that: |𝑧1 ⋅ 𝑧2| = |𝑧1| ⋅ |𝑧2|; ∀𝑧1, 𝑧2 ∈ ℂ 

|𝑠𝑖𝑛ℎ 𝑧|2 ⋅ |𝑐𝑜𝑠ℎ 𝑧|2 = |𝑠𝑖𝑛ℎ 𝑧 ⋅ 𝑐𝑜𝑠ℎ 𝑧|2 = |
𝑒𝑧 − 𝑒−𝑧

2
⋅
𝑒𝑧 + 𝑒−𝑧

2
|

=
1

4
|
𝑒2𝑧 − 𝑒−2𝑧

2
|

2

=
1

4
|𝑠𝑖𝑛ℎ(2𝑧)|2 

𝑠𝑖𝑛ℎ(2𝑧) = 𝑠𝑖𝑛ℎ(2𝑥 + 2𝑖𝑦) = 𝑠𝑖𝑛ℎ(2𝑥) 𝑐𝑜𝑠 2𝑦 + 𝑖 𝑐𝑜𝑠ℎ(2𝑥) 𝑠𝑖𝑛(2𝑦) 

|𝑠𝑖𝑛ℎ(2𝑧)|2 = 𝑠𝑖𝑛ℎ2(2𝑥) 𝑐𝑜𝑠2(2𝑦) + 𝑐𝑜𝑠ℎ2(2𝑥) 𝑠𝑖𝑛2(2𝑦) = 

= (𝑐𝑜𝑠ℎ2 2𝑥 − 1) 𝑐𝑜𝑠2(2𝑦) + 𝑐𝑜𝑠ℎ2(2𝑥) 𝑠𝑖𝑛2(2𝑦) = 

= 𝑐𝑜𝑠ℎ2(2𝑥) (𝑐𝑜𝑠2(2𝑦) + 𝑠𝑖𝑛2(2𝑦)) − 𝑐𝑜𝑠ℎ2(2𝑦) = 

= 𝑐𝑜𝑠ℎ2(2𝑥) − 𝑐𝑜𝑠ℎ2(2𝑦) 

𝑐𝑜𝑠ℎ(2𝑥) =
𝑒2𝑥 + 𝑒−2𝑥

2
≥ √𝑒2𝑥 ⋅ 𝑒−2𝑥 = 1 𝑎𝑛𝑑 𝑐𝑜𝑠 2𝑦 ≤ 1, 𝑡ℎ𝑒𝑛 

𝑐𝑜𝑠ℎ2(2𝑥) − 𝑐𝑜𝑠2(2𝑦) ≥ 1 ⇒ |𝑠𝑖𝑛ℎ(2𝑧)| > 1 

Therefore, 

|𝑠𝑖𝑛ℎ 𝑧|4

𝑒2𝑥
+
|𝑐𝑜𝑠ℎ 𝑧|4

𝑒−2𝑥
≥ 2 ⋅

1

4
|𝑠𝑖𝑛ℎ(2𝑧)|2 =

1

2
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A.003. Solution by Ravi Prakash-New Delhi-India 

𝛥 = |
𝑐𝑜𝑠 𝑥 𝑐𝑜𝑠 𝑥 𝑐𝑜𝑠 2𝑥
𝑐𝑜𝑠 3𝑥 𝑐𝑜𝑠 5𝑥 𝑐𝑜𝑠 4𝑥
𝑠𝑖𝑛 3𝑥 𝑠𝑖𝑛 5𝑥 𝑠𝑖𝑛 4𝑥

| 

If 𝑐𝑜𝑠 𝑥 = 0 ⇒ 𝑐𝑜𝑠 2𝑥 = −1, 𝑐𝑜𝑠 3𝑥 = 0, 𝑐𝑜𝑠 5𝑥 = 0, 𝑐𝑜𝑠 4𝑥 = 1 and  

𝛥 = |
0 0 −1
0 0 1
±1 ±1 0

| = 0. 

Thus, 𝛥 = 0 if 𝑥 = (2𝑛 + 1)
𝜋

2
, 𝑛 ∈ ℤ. Assume that 𝑐𝑜𝑠 𝑥 ≠ 0 ⇒ 𝑥 ∈ ℝ, 

if 𝑥 ≠ (2𝑛 + 1)
𝜋

2
, 𝑛 ∈ ℤ 

(2 𝑐𝑜𝑠 𝑥)𝛥 = |
𝑐𝑜𝑠 𝑥 𝑐𝑜𝑠 𝑥 2 𝑐𝑜𝑠 𝑥 𝑐𝑜𝑠 2𝑥
𝑐𝑜𝑠 3𝑥 𝑐𝑜𝑠 5𝑥 2 𝑐𝑜𝑠 𝑥 𝑐𝑜𝑠 4𝑥
𝑠𝑖𝑛 3𝑥 𝑠𝑖𝑛 5𝑥 2 𝑐𝑜𝑠 𝑥 𝑠𝑖𝑛 4𝑥

| =
𝐶3→𝐶3−𝐶1−𝐶2

 

= |
𝑐𝑜𝑠 𝑥 𝑐𝑜𝑠 𝑥 −2𝑠𝑖𝑛 2𝑥𝑠𝑖𝑛 𝑥
𝑐𝑜𝑠 3𝑥 𝑐𝑜𝑠 5𝑥 0
𝑠𝑖𝑛 3𝑥 𝑠𝑖𝑛 5𝑥 0

|

= −2𝑠𝑖𝑛 2𝑥 𝑠𝑖𝑛 𝑥 |
𝑐𝑜𝑠 3𝑥 𝑐𝑜𝑠 5𝑥
𝑠𝑖𝑛 3𝑥 𝑠𝑖𝑛 5𝑥

| =

= −4𝑠𝑖𝑛3 𝑥 𝑐𝑜𝑠 𝑥 ; (𝑐𝑜𝑠 𝑥 ≠ 0) 

Now, 𝛥 = 0 ⇒ 𝑠𝑖𝑛 𝑥 = 0 ⇒ 𝑥 = 𝑛𝜋, 𝑛 ∈ ℤ 

Hence, 𝛥 = 0 ⇔ 𝑥 ∈ {𝑛𝜋, (2𝑚 + 1)
𝜋

2
|𝑚, 𝑛 ∈ ℤ} 

A.004. Solution by Ravi Prakash-New Delhi-India 

𝛺(𝑎, 𝑏) = ∫ 𝑡𝑎𝑛−1 (
3𝑥

1 − 2𝑥2
)

𝑏

𝑎

𝑑𝑥 = ∫ 𝑡𝑎𝑛−1 (
2𝑥 + 𝑥

1 − 2𝑥 ⋅ 𝑥
) 𝑑𝑥

𝑏

𝑎

= 

= ∫ [𝑡𝑎𝑛−1(2𝑥) + 𝑡𝑎𝑛−1 𝑥 − 𝜋]
𝑏

𝑎

𝑑𝑥 = 𝐼1 + 𝐼2 + 𝜋(𝑎 − 𝑏) 

𝐼1 = ∫ 𝑡𝑎𝑛−1(2𝑥)
𝑏

𝑎

𝑑𝑥 =
1

2
∫ 𝑡𝑎𝑛−1 𝑦
2𝑏

2𝑎

𝑑𝑦 
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𝐼2 = ∫ 𝑡𝑎𝑛−1 𝑥
𝑏

𝑎

𝑑𝑥 − [𝑥 𝑡𝑎𝑛−1 𝑥]𝑎
𝑏 −∫

𝑥𝑑𝑥

1 + 𝑥2

𝑏

𝑎

= 

= 𝑏 𝑡𝑎𝑛−1 𝑏 − 𝑎 𝑡𝑎𝑛−1 𝑎 − [
1

2
𝑙𝑜𝑔(1 + 𝑥2)]

𝑎

𝑏

= 

= 𝑏 𝑡𝑎𝑛−1 𝑏 − 𝑎 𝑡𝑎𝑛−1 𝑎 +
1

2
𝑙𝑜𝑔 (

1 + 𝑎2

1 + 𝑏2
) 

𝐼1 =
1

2
[2𝑏 𝑡𝑎𝑛−1(2𝑏) − 2𝑎 𝑡𝑎𝑛−1(2𝑎)] +

1

4
𝑙𝑜𝑔 (

1 + 4𝑎2

1 + 4𝑏2
) 

Hence, 

𝛺(𝑎, 𝑏) = 𝑏 𝑡𝑎𝑛−1 (
3𝑏

1 − 2𝑏2
) − 𝑎 𝑡𝑎𝑛−1 (

3𝑎

1 − 2𝑎2
) −

1

4
𝑙𝑜𝑔 (

1 + 4𝑏2

1 + 4𝑎2
)

−
1

2
𝑙𝑜𝑔 (

1 + 𝑏2

1 + 𝑎2
) + 𝜋(𝑎 − 𝑏) 

A.005. Solution by Ravi Prakash-New Delhi-India 

5 +∑(|𝑧1 − 𝑧2| + |3 + 4𝑖 − 2𝑧3|)

𝑐𝑦𝑐

≥ 2∑|𝑧1|

𝑐𝑦𝑐

 

⇔ 10 + 2∑|𝑧1|

𝑐𝑢𝑐

≤ 15 +∑(|𝑧1 − 𝑧2| + |3 + 4𝑖 − 2𝑧3|)

𝑐𝑦𝑐

⇔ 

10 + 2∑|𝑧1|

𝑐𝑦𝑐

≤∑(|𝑧1 − 𝑧2| + |3 + 4𝑖 − 2𝑧3| + 5); (1)

𝑐𝑦𝑐

 

Consider: |𝑧1 − 𝑧2| + |3 + 4𝑖 − 2𝑧3| + 5 = 

= |𝑧1 − 𝑧2| + |𝑧1 + 𝑧2 + 𝑧3 − 2𝑧3| + |𝑧1 + 𝑧2 + 𝑧3| ≥ 

≥ |𝑧1 − 𝑧2| + |𝑧1 + 𝑧2 − 𝑧3 + 𝑧1 + 𝑧2 + 𝑧3| ≥ 

≥ |𝑧1 − 𝑧2| + 2|𝑧1 + 𝑧2| ≥ |𝑧1 − 𝑧2| + |𝑧1 + 𝑧2| + |𝑧1 + 𝑧2| ≥ 

≥ 2|𝑧1| + |𝑧1 + 𝑧2| 



DANIEL SITARU                      CLAUDIA NĂNUȚI 

 

MATH ACCENT Page 48 
 

⇒∑(|𝑧1 − 𝑧2| + |3 + 4𝑖 − 2𝑧3| + 5)

𝑐𝑦𝑐

≥ 2∑|𝑧1|

𝑐𝑦𝑐

+ |𝑧1 + 𝑧2| + |𝑧2 + 𝑧3| + |𝑧3 + 𝑧1| ≥ 

≥ 2∑|𝑧1|

𝑐𝑦𝑐

+ 2|𝑧1 + 𝑧2 + 𝑧3| = 2∑|𝑧1|

𝑐𝑦𝑐

+ 10 

A.006. Solution by Nikos Ntorvas-Greece 

We consider the function 𝑓(𝑡) =
1

√1+𝑡
3 ; 𝑡 ≥ 0, then 

𝑓′′(𝑡) =
4

9
⋅

1

√(1 + 𝑡)7
3

> 0; ∀𝑡 > 0 

Then function 𝑓 os continuous on [0,∞) and 𝑓′′(𝑡) > 0, so 𝑓 is strictly 
convex on [0,∞) 

From Petrovic Inequality we have for the sequence (𝑥𝑖)𝑖=1,𝑛̅̅̅̅̅, 𝑥𝑖 > 0 for 

𝑖 ∈ {1,2… , 𝑛} 

∑𝑓(𝑥𝑖)

𝑛

𝑖=1

≤ 𝑓 (∑𝑥𝑖

𝑛

𝑖=1

) + (𝑛 − 1)𝑓(0) 

𝑓(0) +∑
1

√1 + 𝑥𝑖
3

𝑛

𝑖=1

≤
1

√1 + 𝑥1 + 𝑥2 +⋯+ 𝑥𝑛
3

+ 𝑛𝑓(0), 𝑓(0) = 1 

1 +∑
1

√1 + 𝑥𝑖
3

𝑛

𝑖=1

≤
1

√1 + 𝑥1 + 𝑥2 +⋯+ 𝑥𝑛
3

+ 𝑛 

A.007. Solution by Adrian Popa-Romania 

If 𝑥𝑘 , 𝑦𝑘 > 0, 𝑘 = 1, 𝑛̅̅ ̅̅ ̅, 𝑛 ∈ ℕ
∗, 𝑚 ∈ ℕ;𝑚 ≥ 3 then: 

𝑦1
𝑚

𝑥1
+
𝑦2
𝑚

𝑦2
+⋯+

𝑦𝑛
𝑚

𝑥𝑛
≥

(𝑦1 + 𝑦2 +⋯+ 𝑦𝑛)
𝑚

𝑛𝑚−2(𝑥1 + 𝑥2 +⋯+ 𝑥𝑛)
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Let 𝑦𝑖 = 𝑠𝑖𝑛
2 (
𝑖𝜋

8
) ; 𝑖 = 0,7̅̅ ̅̅ , 𝑥𝑖 = 𝑥𝑖, 𝑖 = 0,7̅̅ ̅̅  

𝑦𝑘 = 𝑐𝑜𝑠
2 (
𝑖𝜋

8
) ; 𝑘 = 8,15̅̅ ̅̅ ̅̅ , 𝑥𝑘 = 𝑦𝑖, 𝑘 = 8,15̅̅ ̅̅ ̅̅  

Hence, 

∑
𝑠𝑖𝑛6 (

𝑖𝜋
8
)

𝑥𝑖

7

𝑖=0

+∑
𝑐𝑜𝑠6 (

𝑖𝜋
8
)

𝑦𝑖

7

𝑖=0

=∑
(𝑠𝑖𝑛2 (

𝑖𝜋
8
))
3

𝑥𝑖

7

𝑖=0

+∑
(𝑐𝑜𝑠2 (

𝑖𝜋
8
))
3

𝑦𝑖

7

𝑖=0

≥ 

≥
∑ (𝑠𝑖𝑛2 (

𝑖𝜋
8 ) + 𝑐𝑜𝑠

2 (
𝑖𝜋
𝑛 ))

3
7
𝑖=0

163−2∑ (𝑥𝑖 + 𝑦𝑖)
7
𝑖=0

=
83

16 ⋅
1225
512

=
32768

2450
> 1 

A.008. Solution by Ravi Prakash-New Delhi-India 

𝛥 =
|
|

0 𝑎2    𝑏2               𝑐2              1
𝑎2 0 𝑎2 + 𝑏2    𝑎2 + 𝑐2       1
𝑏2

𝑐2

1

𝑎2 + 𝑏2

𝑎2 + 𝑐2

  1

    0                𝑏2 + 𝑐2    1
    𝑏2 + 𝑐2           0            1   
       1                     1            0    

|
|
= 

(𝑐2 → 𝑐2 − 𝑐1; 𝑐3 → 𝑐3 − 𝑐1; 𝑐4 → 𝑐4 − 𝑐1) 

= |
|

0 𝑎2    𝑏2               𝑐2              1
𝑎2 −𝑎2    𝑏2                𝑐2               1 
𝑏2

𝑐2

1

𝑎2

𝑎2

  0

    −𝑏2             𝑐2              1   
    𝑏2               0                 1   
       0                0                  0    

|
|
= 

= 𝑎2𝑏2𝑐2 |

1 1
−1 1

1 1
1 1

1 −1
1 1

1 1
−1 1

| = 𝑎2𝑏2𝑐2 |

0 0
−2 0

0 1
0 1

0 −2
0 0

0 1
−2 1

| = 8𝑎2𝑏2𝑐2 

Now,2√2(𝑎 + 𝑏)(𝑏 + 𝑐)(𝑐 + 𝑎) ≥ 2√𝑎𝑏 ⋅ 2√𝑏𝑐 ⋅ 2√𝑐𝑎 

𝑎𝑏𝑐 ≤
1

2√2
⇒ 𝛥 = 𝑎2𝑏2𝑐2 ≤ 1 
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A.009. Solution by Sanong Huayrerai-Nakon Pathom-Thailand 

𝑎120 + 𝑏120 + 𝑐120

𝑎40 + 𝑏40 + 𝑐40
≥
(𝑎40 + 𝑏40 + 𝑐40)3

32(𝑎40 + 𝑏40 + 𝑐40)

=
(𝑎40 + 𝑏40 + 𝑐40)2

32
≥
(∗) 1

(𝑎4 + 𝑏4 + 𝑐4)10
 

(∗) ⇔
(𝑎40 + 𝑏40 + 𝑐40)10(𝑎40 + 𝑏40 + 𝑐40)2

32
≥ 1 

⇔
(𝑎40 + 𝑏40 + 𝑐40)12

32
≥
(𝑎
120
12 + 𝑏

120
12 + 𝑏

120
12 )

12

32
≥ 1 

⇔ 𝑎10 + 𝑏10 + 𝑐10 ≥ √9
12

= √3
6

 

⇔ 3√(𝑎𝑏𝑐)10
3

≥ √3
6
⇔ 𝑎𝑏𝑐 ≥

1

√3
4  𝑡𝑟𝑢𝑒. 

A.010. Solution by Ravi Prakash-New Delhi-India 

If 𝑧 = 0 ⇒ 𝑥 + 𝑦 = 0 ⇒ 𝑦 = −𝑥. In this case, the 2nd equation is 
satisfied. 

Assume, 𝑥𝑦𝑧 ≠ 0 and put 𝑥 = 𝑡𝑎𝑛 𝐴 ; 𝑦 = 𝑡𝑎𝑛 𝐵 ; 𝑧 = 𝑡𝑎𝑛 𝐶 , 0 <

, |𝐵|, |𝐶| <
𝜋

2
 

The first equation becomes: 

𝑡𝑎𝑛 𝐴 + 𝑡𝑎𝑛 𝐵 + 𝑡𝑎𝑛 𝐶 = 𝑡𝑎𝑛 𝐴 𝑡𝑎𝑛 𝐵 𝑡𝑎𝑛 𝐶 

⇒
𝑡𝑎𝑛𝐴 + 𝑡𝑎𝑛 𝐵

1 − 𝑡𝑎𝑛 𝐴 𝑡𝑎𝑛 𝐵
= − 𝑡𝑎𝑛 𝐶 ⇒ 𝑡𝑎𝑛(𝐴 + 𝐵) = 𝑡𝑎𝑛(−𝐶) 

𝐴 + 𝐵 = 𝑛𝜋 − 𝐶; 𝑛 ∈ ℤ ⇒ 3𝐴 + 3𝐵 = 3𝑛𝜋 − 3𝐶 

⇒ 𝑡𝑎𝑛(3𝐴 + 3𝐵) = 𝑡𝑎𝑛(3𝑛𝜋 − 3𝐶) = − 𝑡𝑎𝑛(3𝐶) 

⇒
𝑡𝑎𝑛(3𝐴) + 𝑡𝑎𝑛(3𝐵)

1 − 𝑡𝑎𝑛(3𝐴) 𝑡𝑎𝑛(3𝐵)
= − 𝑡𝑎𝑛(3𝐶) 
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⇒ 𝑡𝑎𝑛(3𝐴) + 𝑡𝑎𝑛(3𝐵) + 𝑡𝑎𝑛(3𝐶) = 𝑡𝑎𝑛(3𝐴) 𝑡𝑎𝑛(3𝐵) 𝑡𝑎𝑛(3𝐶) 

⇒
𝑥(3 − 𝑥2)

1 − 3𝑥2
+
𝑦(3 − 𝑦2)

1 − 3𝑦2
+
𝑧(3 − 𝑧2)

1 − 3𝑧2

=
𝑥𝑦𝑧(3 − 𝑥2)(3 − 𝑦2)(3 − 𝑧2)

(1 − 3𝑥2)(1 − 3𝑦2)(1 − 3𝑧2)
 

Using 2nd equation, we get: 

(3 − 𝑥2)(3 − 𝑦2)(3 − 𝑧2) = 0; (∵ 𝑥𝑦𝑧 ≠ 0) 

Hence, 𝑥 = ±√3 or 𝑦 = ±√3 or 𝑧 = ±√3 

𝑆 = {(0, 𝑥, −𝑥), (𝑥, 0, −𝑥), (𝑥, −𝑥, 0)} ∪ 

∪ {(√3, 𝑡𝑎𝑛 𝐵 , 𝑡𝑎𝑛 𝐶), (𝑡𝑎𝑛𝐵 , √3, 𝑡𝑎𝑛 𝐶), (𝑡𝑎𝑛 𝐵 , 𝑡𝑎𝑛 𝐶 , √3)|𝐵 + 𝐶

= 𝑛𝜋 −
𝜋

3
, 𝑛 ∈ ℤ} ∪ 

∪ {(−√3, 𝑡𝑎𝑛 𝐵 , 𝑡𝑎𝑛 𝐶), (𝑡𝑎𝑛 𝐵 ,−√3, 𝑡𝑎𝑛 𝐶), (𝑡𝑎𝑛 𝐵 , 𝑡𝑎𝑛 𝐶 , −√3)|𝐵

+ 𝐶 = 𝑛𝜋 +
𝜋

3
, 𝑛 ∈ ℤ} 

A.011. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

(∗)  ↔  √2. 𝑒√3 [2(𝑎 + 𝑏) − (√𝑎 + √𝑏)
2
]

≥ √3. 𝑒√2 [(√𝑎 + √𝑏)
2
− 4√𝑎𝑏] 

↔ √2. 𝑒√3(√𝑎 − √𝑏)
2
≥ √3. 𝑒√2(√𝑎 − √𝑏)

2
 

↔  (
𝑒√3

√3
−
𝑒√2

√2
) (√𝑎 − √𝑏)

2
≥ 0  (1) 

𝐿𝑒𝑡 𝑓(𝑥) =
𝑒𝑥

𝑥
, 𝑥 > 1.𝑊𝑒 ℎ𝑎𝑣𝑒 ∶  𝑓′(𝑥) =

(𝑥 − 1)𝑒𝑥

𝑥2
> 0  

→ 𝑓 𝑖𝑠 𝑠𝑟𝑖𝑐𝑡𝑙𝑦 𝑖𝑛𝑐𝑟𝑒𝑎𝑠𝑖𝑛𝑔 𝑜𝑛 (1,∞) → 
𝑒√3

√3
>
𝑒√2

√2
 →  (1) 𝑖𝑠 𝑡𝑟𝑢𝑒. 
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4√3𝑎𝑏. 𝑒√2 + 2√2(𝑎 + 𝑏). 𝑒√3 ≥ (√𝑎 + √𝑏)
2
(√3. 𝑒√2 + √2. 𝑒√3). 

 𝐸𝑞𝑢𝑎𝑙𝑖𝑡𝑦 ℎ𝑜𝑙𝑑𝑠 𝑖𝑓𝑓 𝑎 = 𝑏. 

A.012. Solution by Amir Sofi-Kosovo 

{
2𝑥2 + 3𝑦2 + 𝑧2 = 7

𝑥2 + 𝑦2 + 𝑧2 = √2𝑧(𝑥 + 𝑦)
⇒ {

2𝑥2 + 3𝑦2 + 𝑧2 = 7

𝑥2 −√2𝑥𝑧 +
𝑧2

2
+ 𝑦2 − √2𝑦𝑧 +

𝑧2

2
= 0

 

{

2𝑥2 + 3𝑦2 + 𝑧2 = 7

(𝑥 −
𝑧

√2
)
2

+ (𝑦 −
𝑧

√2
)
2

= 0
⇒ {

𝑧2 +
3

2
𝑧2 + 𝑧2 = 7

𝑥 = 𝑦 =
𝑧

√2

 

{ 𝑧 = √2
𝑥 = 𝑦 = 1

  𝑎𝑛𝑑  { 𝑧 = −√2
𝑥 = 𝑦 = −1

  

(𝑥, 𝑦, 𝑧) ∈ {(1,1, −√2); (1,1, √2)} 

A.013. Solution by Surjeet Singhania-India 

𝑠𝑖𝑛 𝑧 = 𝑠𝑖𝑛(𝑥 + 𝑖𝑦) = 𝑠𝑖𝑛 𝑥 𝑐𝑜𝑠ℎ 𝑦 + 𝑖 𝑠𝑖𝑛ℎ 𝑦 𝑐𝑜𝑠 𝑥 

|𝑠𝑖𝑛 𝑧|2 = 𝑠𝑖𝑛2 𝑥 𝑐𝑜𝑠ℎ2 𝑦 + 𝑠𝑖𝑛ℎ2 𝑦 𝑐𝑜𝑠2 𝑥 

Similarly: 

|𝑠𝑖𝑛ℎ 𝑧|2 = 𝑠𝑖𝑛ℎ2 𝑥 𝑐𝑜𝑠2 𝑦 + 𝑐𝑜𝑠ℎ2 𝑥 𝑠𝑖𝑛2 𝑦 

|𝑐𝑜𝑠 𝑧|2 = 𝑐𝑜𝑠2 𝑥 𝑐𝑜𝑠ℎ2 𝑦 + 𝑠𝑖𝑛2 𝑥 𝑠𝑖𝑛ℎ2 𝑦 

Hence: 

|𝑠𝑖𝑛 𝑧|2 + |𝑠𝑖𝑛ℎ 𝑧|2 + |𝑐𝑜𝑠 𝑧|2 + |𝑐𝑜𝑠ℎ 𝑧|2 = 

= 𝑠𝑖𝑛ℎ2 𝑥 + 𝑐𝑜𝑠ℎ2 𝑥 + 𝑠𝑖𝑛ℎ2 𝑦 + 𝑐𝑜𝑠ℎ2 𝑦 = 

= 𝑐𝑜𝑠ℎ(2𝑥) + 𝑐𝑜𝑠ℎ(2𝑦) ≥ 𝑠𝑖𝑛ℎ(2𝑥) + 𝑐𝑜𝑠ℎ(2𝑦) 
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A.014. Solution by Amir Sofi-Kosovo 

𝑥𝑦 + 𝑦𝑧 + 𝑧𝑥 = 3𝑥𝑦𝑧 ⇒
1

𝑥
+
1

𝑦
+
1

𝑧
= 3 

(𝑥 + 𝑦) (
1

𝑥
+
1

𝑦
) = 2√𝑥𝑦 ⋅

2

√𝑥𝑦
= 2 ⇒

1

𝑥 + 𝑦
≤
1

4
(
1

𝑥
+
1

𝑦
) =

1

4
(3 −

1

𝑧
) 

∑
1

𝑥 + 𝑦
𝑐𝑦𝑐

≤
1

4
(3 −

1

𝑧
) +

1

4
(3 −

1

𝑦
) +

1

4
(3 −

1

𝑥
) =

9

4
−
3

4
=
3

2
 

1

2𝑥 + 𝑦 + 𝑧
=

1

𝑥 + 𝑦 + 𝑥 + 𝑧
≤
1

4
(
1

𝑥 + 𝑦
+

1

𝑥 + 𝑧
)

≤
1

16
(
1

𝑥
+
1

𝑦
+
1

𝑧
+
1

𝑥
) =

1

16
(3 +

1

𝑥
) 

∑
1

2𝑥 + 𝑦 + 𝑧
𝑐𝑦𝑐

≤
1

16
(3 +

1

𝑥
) +

1

16
(3 +

1

𝑦
) +

1

16
(3 +

1

𝑧
) =

9

16
+
3

16
=
3

4
 

Therefore, 

(∑
1

𝑥 + 𝑦
𝑐𝑦𝑐

)(∑
1

2𝑥 + 𝑦 + 𝑧
𝑐𝑦𝑐

) ≤
9

8
 

A.015. Solution by Adrian Popa-Romania 

𝑑𝑒𝑡(𝐴) = |

𝑠𝑖𝑛2 𝑥 − 𝑐𝑜𝑠2 𝑦 𝑐𝑜𝑠2 𝑧 𝑐𝑜𝑠2 𝑧

𝑐𝑜𝑠2 𝑥 𝑠𝑖𝑛2 𝑦 − 𝑐𝑜𝑠2 𝑧 𝑐𝑜𝑠2 𝑥

𝑐𝑜𝑠2 𝑦 𝑐𝑜𝑠2 𝑦 𝑠𝑖𝑛2 𝑧 − 𝑐𝑜𝑠2 𝑥

| = 

= |

1 1 1
𝑐𝑜𝑠2 𝑥 𝑠𝑖𝑛2 𝑦 − 𝑐𝑜𝑠2 𝑧 𝑐𝑜𝑠2 𝑥

𝑐𝑜𝑠2 𝑦 𝑐𝑜𝑠2 𝑦 𝑠𝑖𝑛2 𝑧 − 𝑐𝑜𝑠2 𝑥
| = 

= |

1 0 0
𝑐𝑜𝑠2 𝑥 𝑠𝑖𝑛2 𝑦 − 𝑐𝑜𝑠2 𝑧 − 𝑐𝑜𝑠2 𝑥 0

𝑐𝑜𝑠2 𝑦 0 𝑠𝑖𝑛2 𝑧 − 𝑐𝑜𝑠2 𝑥 − 𝑐𝑜𝑠2 𝑦
| = 
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= (𝑠𝑖𝑛2 𝑦 − 𝑐𝑜𝑠2 𝑧 − 𝑐𝑜𝑠2 𝑥)(𝑠𝑖𝑛2 𝑧 − 𝑐𝑜𝑠2 𝑥 − 𝑐𝑜𝑠2 𝑦) = 

= (1 − 𝑐𝑜𝑠2 𝑥 − 𝑐𝑜𝑠2 𝑦 − 𝑐𝑜𝑠2 𝑧)(1 − 𝑐𝑜𝑠2 𝑧 − 𝑐𝑜𝑠2 𝑥 − 𝑐𝑜𝑠2 𝑦) = 

= (1 − 𝑐𝑜𝑠2 𝑥 − 𝑐𝑜𝑠2 𝑦 − 𝑐𝑜𝑠2 𝑧)2 ≥ 0 

𝑑𝑒𝑡(𝐵) = |

𝑐𝑜𝑠2 𝑥 − 𝑠𝑖𝑛2 𝑦 𝑠𝑖𝑛2 𝑧 𝑠𝑖𝑛2 𝑧

𝑠𝑖𝑛2 𝑥 𝑐𝑜𝑠2 𝑦 − 𝑠𝑖𝑛2 𝑧 𝑠𝑖𝑛2 𝑥

𝑠𝑖𝑛2 𝑦 𝑠𝑖𝑛2 𝑦 𝑐𝑜𝑠2 𝑧 − 𝑠𝑖𝑛2 𝑥

| = 

= |

1 1 1
𝑠𝑖𝑛2 𝑥 𝑐𝑜𝑠2 𝑦 − 𝑠𝑖𝑛2 𝑧 𝑠𝑖𝑛2 𝑥

𝑠𝑖𝑛2 𝑦 𝑠𝑖𝑛2 𝑦 𝑐𝑜𝑠2 𝑧 − 𝑠𝑖𝑛2 𝑥
| = 

= |

1 0 0
𝑠𝑖𝑛2 𝑥 𝑐𝑜𝑠2 𝑦 − 𝑠𝑖𝑛2 𝑧 − 𝑠𝑖𝑛2 𝑥 0

𝑠𝑖𝑛2 𝑦 0 𝑐𝑜𝑠2 𝑧 − 𝑠𝑖𝑛2 𝑥 − 𝑠𝑖𝑛2 𝑦
| = 

= (1 − 𝑠𝑖𝑛2 𝑦 − 𝑠𝑖𝑛2 𝑧 − 𝑠𝑖𝑛2 𝑥)(𝑐𝑜𝑠2 𝑧 − 𝑠𝑖𝑛2 𝑥 − 𝑠𝑖𝑛2 𝑦) = 

= (1 − 𝑠𝑖𝑛2 𝑦 − 𝑠𝑖𝑛2 𝑧 − 𝑠𝑖𝑛2 𝑥)(1 − 𝑠𝑖𝑛2 𝑧 − 𝑠𝑖𝑛2 𝑥 − 𝑠𝑖𝑛2 𝑦) = 

= (1 − 𝑠𝑖𝑛2 𝑥 − 𝑠𝑖𝑛2 𝑦 − 𝑠𝑖𝑛2 𝑧)2 ≥ 0 

So, 𝑑𝑒𝑡(𝐴𝐵) = 𝑑𝑒𝑡(𝐴) ⋅ 𝑑𝑒𝑡(𝐵) ≥ 0 

A.016. Solution by Ravi Prakash-New Delhi-India 

The given equation can be written as: 

1

5
𝑥5 + 𝑥4 + 2𝑥3 + 2𝑥2 + 𝑥 +

1

5
= 0 

𝑥5 + 5𝑥4 + 10𝑥3 + 10𝑥2 + 5𝑥 + 1 = 0 ⟺ (𝑥 + 1)5 = 0 ⟺ 𝑥 = −1 

So, the only real solution is 𝑥 = −1.  

 A.017. Solution by Ravi Prakash-New Delhi-India 

For 𝑘 ≥ 4, [(𝑘 + 1)𝑎 + (𝑘 − 1)𝑏](𝑐 + 𝑑) − [(𝑘 + 1)𝑐 + (𝑘 − 1)𝑑](𝑎 +
𝑏) = 
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= (𝑘 + 1)𝑎𝑐 + (𝑘 − 1)𝑏𝑐 + (𝑘 + 1)𝑎𝑑 + (𝑘 − 1)𝑏𝑑 − 

−[(𝑘 + 1)𝑎𝑐 + (𝑘 − 1)𝑑𝑎 + (𝑘 + 1)𝑏𝑐 + (𝑘 − 1)𝑏𝑑] = 2(𝑎𝑑 − 𝑏𝑐) > 0 

Thus, 

(𝑘 + 1)𝑎 + (𝑘 − 1)𝑏

(𝑘 + 1)𝑐 + (𝑘 − 1)𝑑
>
𝑎 + 𝑏

𝑐 + 𝑑
 

Taking 𝑘 = 4,6,8, we get: 

5𝑎 + 3𝑏

5𝑐 + 3𝑑
>
𝑎 + 𝑏

𝑐 + 𝑑
,
7𝑎 + 5𝑏

7𝑐 + 5𝑑
>
𝑎 + 𝑏

𝑐 + 𝑑
,
9𝑎 + 7𝑏

9𝑐 + 7𝑑
>
𝑎 + 𝑏

𝑐 + 𝑑
 

Multiplying these three inequalities, we get: 

(5𝑎 + 3𝑏)(7𝑎 + 5𝑏)(9𝑎 + 7𝑏)

(5𝑐 + 3𝑑)(7𝑐 + 5𝑑)(9𝑐 + 7𝑑)
> (
𝑎 + 𝑏

𝑐 + 𝑑
)
3

 

A.018. Solution by Tapas Das-India 

𝑏4 + 𝑐4

𝑏3 + 𝑏2𝑐 + 𝑏𝑐2 + 𝑐3
≥

𝑏4 + 𝑐4

(𝑏 + 𝑐)(𝑏2 + 𝑐2)
≥

(𝑏2 + 𝑐2)2

2(𝑏 + 𝑐)(𝑏2 + 𝑐2)
 

∵
𝑏4 + 𝑐4

2
≥ (
𝑏2 + 𝑐2

2
)

2

 

𝑏4 + 𝑐4

𝑏3 + 𝑏2𝑐 + 𝑏𝑐2 + 𝑐3
≥
(𝑏 + 𝑐)2

4(𝑏 + 𝑐)
 

∵
𝑏2 + 𝑐2

2
≥ (
𝑏 + 𝑐

2
)
2

 

𝑏4 + 𝑐4

𝑏3 + 𝑏2𝑐 + 𝑏𝑐2 + 𝑐3
≥
𝑏 + 𝑐

4
⇔

𝑎(𝑏4 + 𝑐4)

𝑏3 + 𝑏2𝑐 + 𝑏𝑐2 + 𝑐3
≥
𝑎(𝑏 + 𝑐)

4
 

Therefore, 

∑
𝑎(𝑏4 + 𝑐4)

𝑏3 + 𝑏2𝑐 + 𝑏𝑐2 + 𝑐3
𝑐𝑦𝑐

≥∑
𝑎(𝑏 + 𝑐)

4
𝑐𝑦𝑐

=
2(𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎)

4
= 1 
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A.019. Solution by Tran Quoc Thinh-Vietnam 

According to the Dirichlet’s principle, we have 3 numbers 𝑎 − 2; 𝑏 −
2; 𝑐 − 2 has at least 2 numbers with the same sign. Suppose that 

(𝑎 − 2)(𝑏 − 2) ≥ 0 it follows 

𝑎𝑏 − 2(𝑎 + 𝑏) + 4 ≥ 0, 𝑎𝑏 + 4 ≥ 2(𝑎 + 𝑏) 

𝑎𝑏𝑐 + 4𝑐 ≥ 2(𝑏𝑐 + 𝑐𝑎), 𝑎𝑏𝑐 ≥ 2(𝑏𝑐 + 𝑐𝑎)  − 4𝑐; (1) 

Need to prove that: 

𝑎2 + 𝑏2 + 𝑐2 + 4 − 4𝑐 ≥ 2𝑎𝑏; (2) 

(𝑎 − 𝑏)2 + (𝑐 − 2)2 ≥ 0 which is true.From (1) and (2) we get: 

𝑎𝑏𝑐 + 𝑎2 + 𝑏2 + 𝑐2 + 4 ≥ 2(𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎) 

Equality holds if 𝑎 = 𝑏 = 𝑐 = 2. 

A.020. Solution by Tapas Das-India 

2∑𝑥2(𝑥2 + 𝑦2)

𝑐𝑦𝑐

= 2(∑𝑥4

𝑐𝑦𝑐

+∑𝑥2𝑦2

𝑐𝑦𝑐

) = 

= (𝑥4 + 𝑥2𝑦2) + (𝑦4 + 𝑦2𝑧2) + (𝑧4 + 𝑧2𝑥2) + (𝑦2𝑧2 + 𝑧4)
+ (𝑧2𝑥2 + 𝑥4) + (𝑥2𝑦2 + 𝑦4) 

≥
𝐴𝐺𝑀

2√𝑥4𝑦2𝑧2 + 2√𝑦4𝑦2𝑧2 + 2√𝑧4𝑧2𝑧2 + 2√𝑦2𝑧2𝑧4 + 2√𝑧2𝑥2𝑥4

+ 2√𝑥2𝑦2𝑦4 = 

= 𝑥(𝑦3 + 𝑧3) + 𝑦(𝑧3 + 𝑥3) + 𝑧(𝑥3 + 𝑦3) + (𝑥3𝑦 + 𝑥𝑦3)
+ (𝑦3𝑧 + 𝑦𝑧3) + (𝑧3𝑥 + 𝑧𝑥3) 

≥
𝐴𝐺𝑀

 𝑥(𝑦3 + 𝑧3) + 𝑦(𝑧3 + 𝑥3) + 𝑧(𝑥3 + 𝑦3) + 2𝑥2𝑦2 + 2𝑦2𝑧2

+ 2𝑧2𝑥2 = 

=∑𝑥(𝑦3 + 𝑧3)

𝑐𝑦𝑐

+ 2∑𝑥2𝑦2

𝑐𝑦𝑐

≥∑𝑥(𝑦3 + 𝑧3)

𝑐𝑦𝑐

+ 2∑𝑥𝑦 ⋅ 𝑦𝑧

𝑐𝑦𝑐

≥ 
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≥∑𝑥(𝑦3 + 𝑧3)

𝑐𝑦𝑐

+ 2𝑥𝑦𝑧(𝑥 + 𝑦 + 𝑧) 

A.021. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑇ℎ𝑒 𝑑𝑒𝑠𝑖𝑟𝑒𝑑 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 𝑖𝑠 𝑠𝑢𝑐𝑐𝑒𝑠𝑖𝑣𝑒𝑙𝑦 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 𝑡𝑜 

(𝑎 + 𝑏 + 𝑐)[(1 + 𝑏)(1 + 𝑐) + (1 + 𝑐)(1 + 𝑎) + (1 + 𝑎)(1 + 𝑏)]

≤ (
1

𝑎6
+
1

𝑏6
+
1

𝑐6
) (∑ 𝑎7(1 + 𝑏)(1 + 𝑐)

𝑐𝑦𝑐
) 

↔ ∑ (𝑏 + 𝑐)(1 + 𝑏)(1 + 𝑐)
𝑐𝑦𝑐

≤∑ 𝑎7 (
1

𝑏6
+
1

𝑐6
) (1 + 𝑏)(1 + 𝑐)

𝑐𝑦𝑐
 

↔  0 ≤∑ (
𝑎7

𝑏6
− 𝑏 +

𝑎7

𝑐6
− 𝑐) (1 + 𝑏)(1 + 𝑐)

𝑐𝑦𝑐
 

↔  0 ≤∑ (
𝑎7 − 𝑏7

𝑏6
) (1 + 𝑏)(1 + 𝑐)

𝑐𝑦𝑐
−∑ (

𝑐7 − 𝑎7

𝑐6
) (1 + 𝑏)(1 + 𝑐)

𝑐𝑦𝑐
 

↔  0 ≤∑ (
𝑎7 − 𝑏7

𝑏6
) (1 + 𝑏)(1 + 𝑐)

𝑐𝑦𝑐
−∑ (

𝑎7 − 𝑏7

𝑎6
) (1 + 𝑐)(1 + 𝑎)

𝑐𝑦𝑐
 

↔  0 ≤∑ (1 + 𝑐)(𝑎7 − 𝑏7) (
1 + 𝑏

𝑏6
−
1 + 𝑎

𝑎6
)

𝑐𝑦𝑐
 

𝑊ℎ𝑖𝑐ℎ 𝑖𝑠 𝑡𝑟𝑢𝑒 𝑏𝑒𝑐𝑎𝑢𝑠𝑒 𝑎7 − 𝑏7 𝑎𝑛𝑑 

 
1 + 𝑏

𝑏6
−
1 + 𝑎

𝑎6
 ℎ𝑎𝑣𝑒 𝑡ℎ𝑒 𝑠𝑎𝑚𝑒 𝑠𝑖𝑔𝑛. 

(∴ 𝐼𝑓 𝑎 ≥ 𝑏 𝑤𝑒 ℎ𝑎𝑣𝑒 ∶  𝑎7 ≥ 𝑏7  𝑎𝑛𝑑  
1 + 𝑏

𝑏6
≥
1 + 𝑎

𝑎6
) 

𝑆𝑜 𝑡ℎ𝑒 𝑝𝑟𝑜𝑜𝑓 𝑖𝑠 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒𝑑.  𝐸𝑞𝑢𝑎𝑙𝑖𝑡𝑦 ℎ𝑜𝑙𝑑𝑠 𝑖𝑓𝑓 𝑎 = 𝑏 = 𝑐 = 1. 

A.022. Solution by Ravi Prakash-New Delhi-India 

𝛺 = 𝑙𝑜𝑔2(𝑙𝑜𝑔2 𝑒) + 𝑙𝑜𝑔(𝑙𝑜𝑔 𝜋) + 𝑙𝑜𝑔𝜋(𝑙𝑜𝑔𝜋 2) = 
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= − 𝑙𝑜𝑔2 (
1

𝑙𝑜𝑔 2
) + 𝑙𝑜𝑔(𝑙𝑜𝑔 𝜋) + 𝑙𝑜𝑔𝜋(𝑙𝑜𝑔 2) − 𝑙𝑜𝑔𝜋(𝑙𝑜𝑔 𝜋) = 

=
𝑙𝑜𝑔(𝑙𝑜𝑔 2)

𝑙𝑜𝑔 𝜋
−
𝑙𝑜𝑔(𝑙𝑜𝑔 2)

𝑙𝑜𝑔 2
+ 𝑙𝑜𝑔(𝑙𝑜𝑔 𝜋) −

𝑙𝑜𝑔(𝑙𝑜𝑔 𝜋)

𝑙𝑜𝑔 𝜋
= 

= 𝑙𝑜𝑔(𝑙𝑜𝑔 2) [
1

𝑙𝑜𝑔 𝜋
−

1

𝑙𝑜𝑔 2
] + 𝑙𝑜𝑔(𝑙𝑜𝑔 𝜋) [1 −

1

𝑙𝑜𝑔 𝜋
] 

Because 𝑙𝑜𝑔(𝑙𝑜𝑔 2) < 0, 𝑙𝑜𝑔 2 < 𝑙𝑜𝑔 𝜋 , 𝑙𝑜𝑔 𝜋 > 1 we get 𝛺 > 0. 

A.023. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐿𝑒𝑡 𝑎′ = √
𝑎2 + 𝑏2

2
,   𝑏′ =

𝑎 + 𝑏

2
,   𝑐′ = √𝑎𝑏,   𝑥′ = √

𝑥2 + 𝑦2

2
,   𝑦′

=
𝑥 + 𝑦

2
,   𝑧′ = √𝑥𝑦. 

𝐵𝑦 𝑄𝑀 − 𝐴𝑀 − 𝐺𝑀 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑖𝑒𝑠 𝑤𝑒 ℎ𝑎𝑣𝑒 ∶ 

  𝑎′ ≥ 𝑏′ ≥ 𝑐′  𝑎𝑛𝑑  𝑥′ ≥ 𝑦′ ≥ 𝑧′  (1) 

𝑇ℎ𝑒 𝑑𝑒𝑠𝑖𝑟𝑒𝑑 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 𝑖𝑠 𝑠𝑢𝑐𝑐𝑒𝑠𝑖𝑣𝑒𝑙𝑦 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 𝑡𝑜 

(𝑐′ + 𝑧′)(𝑏′ + 𝑦′)(𝑎′ + 𝑥′) ≤ (𝑐′ + 𝑦′)(𝑏′ + 𝑥′)(𝑎′ + 𝑧′) 

𝑎′𝑏′𝑧′ + 𝑐′𝑎′𝑦′ + 𝑏′𝑐′𝑥′ + 𝑥′𝑦′𝑐′ + 𝑧′𝑥′𝑏′ + 𝑦′𝑧′𝑎′

≤ 𝑎′𝑏′𝑦′ + 𝑐′𝑎′𝑥′ + 𝑏′𝑐′𝑧′ + 𝑥′𝑦′𝑎′ + 𝑧′𝑥′𝑐′ + 𝑦′𝑧′𝑏′ 

𝐹𝑟𝑜𝑚 (1) 𝑤𝑒 ℎ𝑎𝑣𝑒 ∶   {
𝑎′𝑏′ ≥ 𝑐′𝑎′ ≥ 𝑏′𝑐′

𝑧′ ≤ 𝑦′ ≤ 𝑥′
  𝑎𝑛𝑑   {

𝑥′𝑦′ ≥ 𝑧′𝑥′ ≥ 𝑦′𝑧′

𝑐′ ≤ 𝑏′ ≤ 𝑎′
 

𝑇ℎ𝑒𝑛 𝑏𝑦 𝑅𝑒𝑎𝑟𝑟𝑎𝑛𝑔𝑒𝑚𝑒𝑛𝑡 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 𝑤𝑒 ℎ𝑎𝑣𝑒 

{
𝑎′𝑏′. 𝑧′ + 𝑐′𝑎′. 𝑦′ + 𝑏′𝑐′. 𝑥′ ≤ 𝑎′𝑏′. 𝑦′ + 𝑐′𝑎′. 𝑥′ + 𝑏′𝑐′. 𝑧′

𝑥′𝑦′. 𝑐′ + 𝑧′𝑥′. 𝑏′ + 𝑦′𝑧′. 𝑎′ ≤ 𝑥′𝑦′. 𝑎′ + 𝑧′𝑥′. 𝑐′ + 𝑦′𝑧′. 𝑏′
 

𝑆𝑢𝑚𝑚𝑖𝑛𝑔 𝑡ℎ𝑒𝑠𝑒 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑖𝑒𝑠 𝑦𝑖𝑒𝑙𝑑𝑠 𝑡ℎ𝑒 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦. 

𝐸𝑞𝑢𝑎𝑙𝑖𝑡𝑦 ℎ𝑜𝑙𝑑𝑠 𝑖𝑓𝑓 𝑎′ = 𝑏′ = 𝑐′ 𝑎𝑛𝑑 𝑥′ = 𝑦′ = 𝑧′  ↔ 
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 𝑎 = 𝑏 𝑎𝑛𝑑 𝑥 = 𝑦. 

A.024. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑥

𝑥2 − 𝑥 + 1
+

𝑦

𝑦2 − 𝑦 + 1
+

𝑥𝑦

𝑥2𝑦2 − 𝑥𝑦 + 1
≤⏞
(∗)

𝑥2

𝑥2 − 𝑥 + 1
+

𝑦2

𝑦2 − 𝑦 + 1

+
1

𝑥2𝑦2 − 𝑥𝑦 + 1
 

𝐿𝑒𝑚𝑚𝑎 ∶   𝐼𝑓 𝑎, 𝑏, 𝑐 > 0 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡  𝑎𝑏𝑐 = 1 𝑡ℎ𝑒𝑛 ∶   

1

𝑎2 + 𝑎 + 1
+

1

𝑏2 + 𝑏 + 1
+

1

𝑐2 + 𝑐 + 1
≥ 1  (1) 

𝐿𝑒𝑡 𝐴 = 𝑎2 + 𝑎,   𝐵 = 𝑏2 + 𝑏,   𝐶 = 𝑐2 + 𝑐.  𝑊𝑒 ℎ𝑎𝑣𝑒 ∶  (1) ↔  

∑ (𝐴 + 1)(𝐵 + 1)
𝑐𝑦𝑐

≥ (𝐴 + 1)(𝐵 + 1)(𝐶 + 1) 

↔  𝐴 + 𝐵 + 𝐶 + 2 ≥ 𝐴𝐵𝐶 ↔ 

 (𝑎2 + 𝑏2 + 𝑐2) + (𝑎 + 𝑏 + 𝑐) + 2 ≥ (𝑎 + 1)(𝑏 + 1)(𝑐 + 1) 

↔ 𝑎2 + 𝑏2 + 𝑐2 ≥ 𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎  𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑡𝑟𝑢𝑒.   

 𝑆𝑜 𝑡ℎ𝑒 𝑝𝑟𝑜𝑜𝑓 𝑜𝑓 𝑙𝑒𝑚𝑚𝑎 𝑖𝑠 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒𝑑. 

𝑁𝑜𝑤 𝐿𝑒𝑡 𝑧 =
1

𝑥𝑦
.  𝑊𝑒 ℎ𝑎𝑣𝑒 ∶   (∗) ↔

𝑥

𝑥2 − 𝑥 + 1
+

𝑦

𝑦2 − 𝑦 + 1
+

𝑧

𝑧2 − 𝑧 + 1

≤
𝑥2

𝑥2 − 𝑥 + 1
+

𝑦2

𝑦2 − 𝑦 + 1
+

𝑧2

𝑧2 − 𝑧 + 1
 

↔  3 ≤ (
𝑥2 − 𝑥

𝑥2 − 𝑥 + 1
+ 1) + (

𝑦2 − 𝑦

𝑦2 − 𝑦 + 1
+ 1) + (

𝑧2 − 𝑧

𝑧2 − 𝑧 + 1
+ 1) 

𝑆𝑖𝑛𝑐𝑒  
𝑥2 − 𝑥

𝑥2 − 𝑥 + 1
+ 1 =

(2𝑥2 − 2𝑥 + 1)(𝑥2 + 𝑥 + 1)

(𝑥2 − 𝑥 + 1)(𝑥2 + 𝑥 + 1)

=
2𝑥4 + (𝑥2 − 𝑥 + 1)

(𝑥2 − 𝑥 + 1)(𝑥2 + 𝑥 + 1)

=
2𝑥4

𝑥4 + 𝑥2 + 1
+

1

𝑥2 + 𝑥 + 1
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𝑇ℎ𝑒𝑛 𝑤𝑒 ℎ𝑎𝑣𝑒 ∶   (∗)  ↔ 

3 ≤ 2(
𝑥4

𝑥4 + 𝑥2 + 1
+

𝑦4

𝑦4 + 𝑦2 + 1
+

𝑧4

𝑧4 + 𝑧2 + 1
)

+ (
1

𝑥2 + 𝑥 + 1
+

1

𝑦2 + 𝑦 + 1
+

1

𝑧2 + 𝑧 + 1
) 

𝑆𝑖𝑛𝑐𝑒 𝑥𝑦𝑧 = 1  𝑡ℎ𝑒𝑛 𝑏𝑦 𝑡ℎ𝑒 𝑙𝑒𝑚𝑚𝑎 𝑤𝑒 ℎ𝑎𝑣𝑒 ∶ 

  
1

𝑥2 + 𝑥 + 1
+

1

𝑦2 + 𝑦 + 1
+

1

𝑧2 + 𝑧 + 1
≥ 1  (2) 

𝐴𝑙𝑠𝑜 𝑡𝑎𝑘𝑖𝑛𝑔 𝑖𝑛 𝑡ℎ𝑒 𝑙𝑒𝑚𝑚𝑎 (𝑎, 𝑏, 𝑐) = (
1

𝑥2
,
1

𝑦2
,
1

𝑧2
)  𝑤𝑒 𝑔𝑒𝑡 ∶ 

 
𝑥4

𝑥4 + 𝑥2 + 1
+

𝑦4

𝑦4 + 𝑦2 + 1
+

𝑧4

𝑧4 + 𝑧2 + 1
≥ 1  (3) 

𝐹𝑟𝑜𝑚 (2) 𝑎𝑛𝑑 (3) 𝑦𝑖𝑒𝑙𝑑𝑠 𝑡ℎ𝑒 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦. 

𝐸𝑞𝑢𝑎𝑙𝑖𝑡𝑦 ℎ𝑜𝑙𝑑𝑠 𝑖𝑓𝑓  𝑥 = 𝑦 = 1. 

A.025. Solution by Asmat Qatea-Afghanistan 

(𝑥 − 𝑦)4 + (𝑦 − 𝑧)4 + (𝑧 − 𝑥)4

=
((𝑥 − 𝑦)2)2

1
+
((𝑦 − 𝑧)2)2

1
+
((𝑧 − 𝑥)2)2

1
≥

𝐵𝑒𝑟𝑔𝑠𝑡𝑟𝑜𝑚

 

≥
4(𝑥2 + 𝑦2 + 𝑧2 − 𝑥𝑦 − 𝑦𝑧 − 𝑧𝑥)2

3

=
4((𝑥 + 𝑦 + 𝑧)2 − 3(𝑥𝑦 + 𝑦𝑧 + 𝑧𝑥))

2

3
≥

𝐴𝑀−𝐺𝑀
 

≥
4((3√𝑥𝑦𝑧

3 )
2
− 3(𝑥𝑦 + 𝑦𝑧 + 𝑧𝑥))

2

3
=
4(9 − 3(𝑥𝑦 + 𝑦𝑧 + 𝑧𝑥))

2

3
= 

= 12 (3 −
𝑥𝑦 + 𝑦𝑧 + 𝑧𝑥

𝑥𝑦𝑧
⋅ 𝑥𝑦𝑧)

2

= 12 (3 −
1

𝑥
−
1

𝑦
−
1

𝑧
)
2
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(𝑥 − 𝑦)4 + (𝑦 − 𝑧)4 + (𝑧 − 𝑥)4 ≥ 2(3 −
1

𝑥
−
1

𝑦
−
1

𝑧
)
2

 

A.026. Solution by Asmat Qatea-Afghanistan 

𝑎

𝑏√1 + 𝑏
3 +

𝑏

𝑐√1 + 𝑐
3 +

𝑐

𝑑√1 + 𝑑
3 +

𝑑

𝑎√1 + 𝑎
3 ≥

𝐴𝑀−𝐺𝑀
 

≥
𝐴𝑀−𝐺𝑀

4 ⋅ √
1

√(1 + 𝑎)(1 + 𝑏)(1 + 𝑐)(1 + 𝑑)
3

4
≥

𝐴𝑀−𝐺𝑀
4 ⋅ √

1

𝑎 + 𝑏 + 𝑐 + 𝑑 + 4
4

3

= 4 ⋅ √
4

5

3

 

𝑎

𝑏√1 + 𝑏
3 +

𝑏

𝑐√1 + 𝑐
3 +

𝑐

𝑑√1 + 𝑑
3 +

𝑑

𝑎√1 + 𝑎
3 ≥ 4 ⋅ √

4

5

3

 

A.027. Solution by Amir Sofi-Kosovo 

10
𝑥3+6𝑥2+𝑥
2(𝑥+1) + 102𝑥√𝑥 = 10𝑥√𝑥 (10

𝑥2+𝑥
2 + 10

2𝑥2

𝑥+1) 

𝐿𝑒𝑡 10
𝑥2+𝑥
2 = 𝑎; 10

2𝑥2

𝑥+1 = 𝑏, 10𝑥√𝑥 = 𝑐; 𝑎, 𝑏, 𝑐 > 0, 𝑡ℎ𝑒𝑛  

𝑎𝑏 + 𝑐2 = 𝑐(𝑎 + 𝑏) ⇔ (𝑎 − 𝑐)(𝑏 − 𝑐) = 0 

𝑎 = 𝑐 ⇒
𝑥2 + 𝑥

2
= 𝑥√𝑥 ⇔ 𝑥2 − 2𝑥√𝑥 + 𝑥 = 0 ⇔ (𝑥 − √𝑥)

2
= 0 ⇔ 𝑥

= 0, 𝑥 = 1 

𝑏 = 𝑐 ⇒
2𝑥2

𝑥 + 1
= 𝑥√𝑥 ⇔ 2𝑥2 − 𝑥2√𝑥 − 𝑥√𝑥 = 0

⇔ 𝑥√𝑥(2√𝑥 − 𝑥 − 1) = 0 

𝑥√𝑥 = 0 𝑜𝑟  (√𝑥 − 1)
2
= 0 ⇔ 𝑥 = 0, 𝑥 = 1. So, 𝑥 ∈ {0,1}. 
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A.028. Solution by Nguyen Van Canh-Ben Tre-Vietnam 

4𝑎𝑏. 𝑒(
𝑎𝑥+𝑏𝑦
𝑎+𝑏

) ≤ 2𝑎𝑏. √𝑒𝑥+𝑦 + 𝑎2𝑒𝑥 + 𝑏2𝑒𝑦; 

⇔ 4𝑎𝑏. 𝑒(
𝑎𝑥+𝑏𝑦
𝑎+𝑏

) ≤ 2𝑎𝑏. 𝑒
1
2
𝑥. 𝑒

1
2
𝑦 + 𝑎2𝑒𝑥 + 𝑏2𝑒𝑦; 

⇔ 4𝑎𝑏. 𝑒(
𝑎𝑥+𝑏𝑦
𝑎+𝑏

) ≤ (𝑎𝑒
1
2
𝑥 + 𝑏𝑒

1
2
𝑦)
2

; 

⇔ 2√𝑎𝑏. 𝑒
1
2
(
𝑎𝑥+𝑏𝑦
𝑎+𝑏

) ≤ 𝑎𝑒
1
2
𝑥 + 𝑏𝑒

1
2
𝑦; 

⇔ 2. 𝑒
1
2
(
𝑎𝑥+𝑏𝑦
𝑎+𝑏

) ≤ √
𝑎

𝑏
. 𝑒
1
2
𝑥 +√

𝑏

𝑎
. 𝑒
1
2
𝑦; 

Let  𝑓(𝑡) = 𝑒𝑡 ⇒ 𝑓′′(𝑡) = 𝑒𝑡 > 0. Using Jensen’s inequalitywe have: 

√
𝑎

𝑏
. 𝑒
1
2
𝑥 +√

𝑏

𝑎
. 𝑒
1
2
𝑦 = √

𝑎

𝑏
. 𝑓 (
1

2
𝑥) + √

𝑏

𝑎
. 𝑓 (
1

2
𝑦)

≥ (√
𝑎

𝑏
+ √

𝑏

𝑎
) . 𝑓

(

 
 √
𝑎
𝑏
.
1
2 𝑥 +

√𝑏
𝑎 .
1
2 𝑦

√
𝑎
𝑏
+ √

𝑏
𝑎 )

 
 

 

=
𝑎 + 𝑏

√𝑎𝑏
. 𝑓 (

1

2
(
𝑎𝑥 + 𝑏𝑦

𝑎 + 𝑏
)) =

𝑎 + 𝑏

√𝑎𝑏
. 𝑒
1
2
(
𝑎𝑥+𝑏𝑦
𝑎+𝑏

) ≥⏞
𝐶𝑎𝑢𝑐ℎ𝑦

2. 𝑒
1
2
(
𝑎𝑥+𝑏𝑦
𝑎+𝑏

) 

A.029. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐿𝑒𝑡  𝑎′ = 2𝑐 + 𝑎,   𝑏′ = 2𝑎 + 𝑏,   𝑐′ = 2𝑏 + 𝑐. 

𝑊𝑒 ℎ𝑎𝑣𝑒 ∶ 𝑎′ + 𝑏′ = 3𝑎 + 𝑏 + 2𝑐

= 2𝑎 + (𝑎 + 𝑐) + 𝑏 + 𝑐 >⏞
𝑎+𝑐 > 𝑏

2𝑎 + 2𝑏 + 𝑐
> 𝑐′  (𝑎𝑛𝑑 𝑎𝑛𝑎𝑙𝑜𝑔𝑠) 

𝑇ℎ𝑒𝑛 𝑎′, 𝑏′, 𝑐′𝑐𝑎𝑛 𝑏𝑒 𝑡ℎ𝑒 𝑠𝑖𝑑𝑒 𝑙𝑒𝑛𝑔𝑡ℎ𝑠 𝑜𝑓 𝑎 𝑡𝑟𝑖𝑎𝑛𝑔𝑙𝑒 ∆′ 𝑤𝑖𝑡ℎ  
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𝑠𝑒𝑚𝑖𝑝𝑒𝑟𝑖𝑚𝑒𝑡𝑒𝑟 𝑠′, 𝑖𝑛𝑟𝑎𝑑𝑖𝑢𝑠 𝑟′, 𝑐𝑖𝑟𝑐𝑢𝑚𝑟𝑎𝑑𝑖𝑢𝑠 𝑅′. 

𝑊𝑒 ℎ𝑎𝑣𝑒 ∶ 2𝑠′ = 𝑎′ + 𝑏′ + 𝑐′ = 3(𝑎 + 𝑏 + 𝑐) 

𝑇ℎ𝑒𝑛  𝑎 + 3𝑏 − 𝑐 = 3(𝑎 + 𝑏 + 𝑐) − 2(2𝑐 + 𝑎) = 2𝑠′ − 2𝑎′

= 2(𝑠′ − 𝑎′)  (𝐴𝑛𝑑 𝑎𝑛𝑎𝑙𝑜𝑔𝑠) 

𝑆𝑜 𝑤𝑒 𝑛𝑒𝑒𝑑 𝑡𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 ∶ 

  
𝑎′

𝑏′
+
𝑏′

𝑎′
≤

2𝑎′𝑏′𝑐′

2(𝑠′ − 𝑎′). 2(𝑠′ − 𝑏′). 2(𝑠′ − 𝑐′)
=
2.4𝑠′𝑟′𝑅′

8𝑠′𝑟′ 2
=
𝑅′

𝑟′
 

𝑊ℎ𝑖𝑐ℎ 𝑖𝑠 𝐵𝑎𝑛𝑑𝑖𝑙𝑎′𝑠 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 𝑖𝑛 𝑡𝑟𝑖𝑎𝑛𝑔𝑙𝑒 ∆′. 

𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒,
2𝑐 + 𝑎

2𝑎 + 𝑏
+
2𝑎 + 𝑏

2𝑐 + 𝑎

≤
2(2𝑎 + 𝑏)(2𝑏 + 𝑐)(2𝑐 + 𝑎)

(𝑎 + 3𝑏 − 𝑐)(𝑏 + 3𝑐 − 𝑎)(𝑐 + 3𝑎 − 𝑏)
. 

A.030. Solution by Vivek Kumar-India 

𝐿𝑒𝑡: 𝑢 = √
𝑎2 + 𝑏2

2
 𝑎𝑛𝑑 𝑣 =

𝑎 + 𝑏

2
, 𝑡ℎ𝑒𝑛: 

𝑥2

𝑢
+
𝑦2

𝑣
≥
2(𝑥 + 𝑦)2

2𝑣 + 2𝑢
+
𝑣

2
(
𝑥

𝑢
−
𝑦

𝑣
)
2

⇔ 

2𝑢𝑣(𝑢 + 𝑣)(𝑣𝑥2 + 𝑢𝑦2) ≥ 2𝑢2𝑣2(𝑥 + 𝑦)2 + 𝑣(𝑢 + 𝑣)(𝑣𝑥 − 𝑢𝑦)2 ⇔ 

2𝑢(𝑢 + 𝑣)(𝑣𝑥2 + 𝑢𝑦2) ≥ 2𝑢2𝑣(𝑥 + 𝑦)2 + (𝑢 + 𝑣)(𝑣𝑥 − 𝑢𝑦)2 ⇔ 

2𝑢[(𝑢 + 𝑣)(𝑣𝑥2 + 𝑢𝑦2) − 𝑢𝑣(𝑥 + 𝑦)2] ≥ (𝑢 + 𝑣)(𝑣𝑥 − 𝑢𝑦)2⇔ 

2𝑢(𝑢𝑣𝑥2 + 𝑢2𝑦2 + 𝑣2𝑥2 + 𝑢𝑣𝑦2 − 𝑢𝑣𝑥2 − 𝑢𝑣𝑦2 − 2𝑢𝑣𝑥𝑦) ≥ 

≥ (𝑢 + 𝑣)(𝑣𝑥 − 𝑢𝑦)2 ⇔ 

2𝑢(𝑣2𝑥2 + 𝑢2𝑦2 − 2𝑢𝑣𝑥𝑦) ≥ (𝑢 + 𝑣)(𝑣𝑥 − 𝑢𝑦)2⇔ 

2𝑢(𝑣𝑥 − 𝑢𝑦)2 ≥ (𝑢 + 𝑣)(𝑣𝑥 − 𝑢𝑦)2 ⇔ 

(𝑢 − 𝑣)(𝑣𝑥 − 𝑢𝑦)2 ≥ 0 true as 𝑢 ≥ 𝑣 
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A.031. Solution by Ravi Prakash-New Delhi-India 

The equation is defined for −1 ≤ 𝑥 ≤ 1. 

Let 𝑓(𝑥) = 5[√1 + 𝑥
5

+ √1 − 𝑥
5

] − 4[√1 + 𝑥
4

+ √1 − 𝑥
4

];−1 ≤ 𝑥 ≤ 1 

𝑓′(𝑥) =
1

√(1 + 𝑥)4
5

−
1

√(1 − 𝑥)4
5

−
1

√(1 + 𝑥)3
4

+
1

√(1 − 𝑥)3
4

= 

=
√(1 + 𝑥)3
4

− √(1 + 𝑥)4
5

√(1 + 𝑥)31
20

+
√(1 − 𝑥)4
5

− √(1 − 𝑥)3
4

√(1 − 𝑥)31
20

 

For −1 < 𝑥 < 0;  0 < 1 + 𝑥 < 1;  1 < 1 − 𝑥 < 2 ⇒ √(1 + 𝑥)3
4

<

√(1 + 𝑥)4
5

 and  

√(1 − 𝑥)4
5

> √(1 − 𝑥)3
4

 as 
3

4
<
4

5
. Thus, 𝑓′(𝑥) < 0 for −1 < 𝑥 < 0. 

For 0 < 𝑥 < 1; 1 < 1 + 𝑥 < 2; 1 < 1 − 𝑥 < 1 

√(1 + 𝑥)3
4

< √(1 + 𝑥)4
5

 and √(1 − 𝑥)3
4

> √(1 − 𝑥)4
5

 as 
3

4
<
4

5
⇒ 

𝑓′(𝑥) < 0 for 0 < 𝑥 < 1. Also, 𝑓′(𝑥) < 0 for 0 < 𝑥 < 1. 

Thus, 𝑓(𝑥) < 𝑓(0) = 2 for −1 ≤ 𝑥 < 0 and 𝑓′(𝑥) < 𝑓(0) = 2 for 0 <
𝑥 ≤ 1. 

Therefore, 

𝑓(𝑥) = 𝑓(0) = 2 has only one solution, 𝑥 = 0. 

A.032. Solution  by George Florin Şerban-Romania 

∑
75𝑥 + 36(𝑦 + 𝑧)

𝑦 + 𝑧 + 𝑡
𝑐𝑦𝑐

= 39∑
𝑥

𝑦 + 𝑧 + 𝑡
𝑐𝑦𝑐

+ 36∑
𝑥 + 𝑦 + 𝑧

𝑦 + 𝑧 + 𝑡
𝑐𝑦𝑐

≥
(1)

196 

∑
𝑥 + 𝑦 + 𝑧

𝑦 + 𝑧 + 𝑡
𝑐𝑦𝑐

≥
𝐴𝑀−𝐺𝑀

4 ⋅ √∏
𝑥 + 𝑦 + 𝑧

𝑦 + 𝑧 + 𝑡
𝑐𝑦𝑐

4
= 4 
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We prove that: 

∑
𝑥

𝑦 + 𝑧 + 𝑡
𝑐𝑦𝑐

≥
4

3
; (2) ⇔∑

𝑥 + 𝑦 + 𝑧 + 𝑡

𝑦 + 𝑧 + 𝑡
𝑐𝑦𝑐

≥
16

3
⇔ 

(∑𝑥

𝑐𝑦𝑐

)(∑
1

𝑦 + 𝑧 + 𝑡
𝑐𝑦𝑐

) ≥
𝐴𝑀−𝐻𝑀

(∑𝑥

𝑐𝑦𝑐

)(
16

∑(𝑦 + 𝑧 + 𝑡
) =

16

3
 

Hence, (2) is true. From (1),(2) it follows thet: 

∑
75𝑥 + 36(𝑦 + 𝑧)

𝑦 + 𝑧 + 𝑡
𝑐𝑦𝑐

≥ 39 ⋅
4

3
+ 36 ⋅ 4 = 196 

A.033. Solution by Theodoros Sampas-Greece 

(𝑥 + 𝑦)4

𝑥4 + 𝑥2𝑦2 + 𝑦4
=

𝑦=𝑘𝑥;𝑘>0 (1 + 𝑘)4

1 + 𝑘2 + 𝑘4
≤
16

3
⇔ 

13𝑘4 − 12𝑘3 − 2𝑘2 − 12𝑘 + 13 ≥ 0
⇔ (𝑘 − 1)2(13𝑘2 + 14𝑘 + 13) ≥ 0(𝑡𝑟𝑢𝑒) 

Equality holds for 𝑘 = 1 ⇔ 𝑥 = 𝑦. So, we get: 

(𝑥 + 𝑦)4

𝑥4 + 𝑥2𝑦2 + 𝑦4
≤
16

3
 (𝑎𝑛𝑑 𝑎𝑛𝑎𝑙𝑜𝑔𝑠) 

Therefore, 

∑
(𝑥 + 𝑦)4

𝑥4 + 𝑥2𝑦2 + 𝑦4
𝑐𝑦𝑐

≤ 16 

Equality holds for 𝑥 = 𝑦 = 𝑧. 

A.034. Solution by George Florin Şerban-Romania 

𝜑 =
1 + √5

2
, 𝜑2 = 𝜑 + 1 
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1 +
√𝜑 + 𝜑 + 𝜑√𝜑

2
= 1 +

(1 + 𝜑)√𝜑 + 𝜑

2
= 1 +

𝜑2√𝜑 + 𝜑

2
>
𝐴𝐺𝑀

 

> 1 +√𝜑2√𝜑𝜑 = 1 + 𝜑√𝜑√𝜑
4 >

(1) 2

√𝜑
4

+ √𝜑 

(1) ⇔ √𝜑
4 + 𝜑√𝜑√𝜑 > 2 + √𝜑3

4
 

Let √𝜑
4 = 𝑥, then 𝑥8 = 𝜑2 = 𝜑 + 1 = 𝑥4 + 1. Hence, 

𝑥 + 𝑥8 >
(2)

2 + 𝑥3 ⇔ 𝑥4 + 𝑥 + 1 > 𝑥3 + 2 ⇔ 

(𝑥3 + 1)(𝑥 − 1) > 0 true because 𝑥 > 0 ⇒ (2) ⇒ (1) it’s true. 

Therefore, 

2

√𝜑
4

+√𝜑 < 1 +
√𝜑 + 𝜑 + 𝜑√𝜑

2
 

A.035. Solution by George Florin Şerban-Romania 

Lemma. 𝑑𝑒𝑡(𝑋 + 𝑌) + 𝑑𝑒𝑡(𝑋 − 𝑌) = 2(𝑑𝑒𝑡 𝑋 + 𝑑𝑒𝑡 𝑌), ∀𝑋, 𝑌 ∈ 𝑀2(ℝ) 

𝑑𝑒𝑡(𝐴 + 𝐵 + 𝐶) + 𝑑𝑒𝑡(−𝐴 + 𝐵 + 𝐶) + 𝑑𝑒𝑡(𝐴 − 𝐵 + 𝐶)
+ 𝑑𝑒𝑡(𝐴 + 𝐵 − 𝐶) = 

= 2(𝑑𝑒𝑡(𝐵 + 𝐶) + 𝑑𝑒𝑡 𝐴) + 2(𝑑𝑒𝑡 𝐴 + 𝑑𝑒𝑡(𝐵 − 𝐶)) = 

= 2𝑑𝑒𝑡(𝐵 + 𝐶) + 2𝑑𝑒𝑡 𝐴 + 2𝑑𝑒𝑡(𝐵 − 𝐶) = 

= 4𝑑𝑒𝑡 𝐴 + 2(𝑑𝑒𝑡(𝐵 + 𝐶) + 𝑑𝑒𝑡(𝐵 − 𝐶)) = 

= 4𝑑𝑒𝑡 𝐴 + 4𝑑𝑒𝑡 𝐵 + 4𝑑𝑒𝑡 𝐶 ≥
𝐴𝑀−𝐺𝑀

4 ⋅ 3√𝑑𝑒𝑡 𝐴 ⋅ 𝑑𝑒𝑡 𝐵 ⋅ 𝑑𝑒𝑡 𝐶
3

= 12√2
3
= 24 

A.036. Solution by Ruxandra Daniela Tonila-Romania 

We have 𝑎2 + 𝑏2 + 𝑐2 ≥
𝐵𝑒𝑟𝑔𝑠𝑡𝑟𝑜𝑚

(𝑎+𝑏+𝑐)2

3
≥

𝐴𝑀−𝐺𝑀
3√𝑎2𝑏2𝑐2
3
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So it is enough to prove that: 

(3√𝑎2𝑏2𝑐2
3

)
𝑎+𝑏+𝑐

≥ (3𝑎𝑏)𝑐 ⋅ (3𝑏𝑐)2 ⋅ (3𝑐𝑎)𝑏 

⇔ (𝑎𝑏𝑐)
2
3
(𝑎+𝑏+𝑐) ≥ (𝑎𝑏)𝑐 ⋅ (𝑏𝑐)𝑎 ⋅ (𝑐𝑎)𝑏 

⇔
(𝑎𝑏𝑐)𝑎+𝑏+𝑐

(𝑎𝑏𝑐)
𝑎+𝑏+𝑐
3

≥
(𝑎𝑏𝑐)𝑎+𝑏+𝑐

𝑎𝑎 ⋅ 𝑏𝑏 ⋅ 𝑐𝑐
⇔ 𝑎𝑎 ⋅ 𝑏𝑏 ⋅ 𝑐𝑐 ≥ (𝑎𝑏𝑐)

𝑎+𝑏+𝑐
3  

Let 𝑓: (0, +∞) → ℝ, 𝑓(𝑥) = 𝑥 𝑙𝑜𝑔 𝑥 with 𝑓′(𝑥) = 𝑙𝑜𝑔 𝑥 + 1, 

𝑓′′(𝑥) >
1

𝑥
> 0, ∀𝑥 > 0 ⇒ 𝑓 convex function. Then 

𝑓 (
𝑎 + 𝑏 + 𝑐

3
) ≤
𝐽𝑒𝑛𝑠𝑒𝑛 𝑓(𝑎) + 𝑓(𝑏) + 𝑓(𝑐)

3
 

𝑎 + 𝑏 + 𝑐

3
𝑙𝑜𝑔

𝑎 + 𝑏 + 𝑐

3
≤
𝑎 𝑙𝑜𝑔 𝑎 + 𝑏 𝑙𝑜𝑔 𝑏 + 𝑐 𝑙𝑜𝑔 𝑐

3
 

3 𝑙𝑜𝑔 (
𝑎 + 𝑏 + 𝑐

3
)

𝑎+𝑏+𝑐
3

≤ 𝑙𝑜𝑔(𝑎𝑎 ⋅ 𝑏𝑏 ⋅ 𝑐𝑐) 

3 𝑙𝑜𝑔(√𝑎𝑏𝑐
3

)
𝑎+𝑏+𝑐
3 ≤

𝐴𝑀−𝐺𝑀
3 𝑙𝑜𝑔 (

𝑎 + 𝑏 + 𝑐

3
)

𝑎+𝑏+𝑐
3

 

⇒ 𝑙𝑜𝑔(𝑎𝑏𝑐)
𝑎+𝑏+𝑐
3 ≤ 𝑙𝑜𝑔(𝑎𝑎 ⋅ 𝑏𝑏 ⋅ 𝑐𝑐) ⇔ 𝑎𝑎 ⋅ 𝑏𝑏 ⋅ 𝑐𝑐 ≥ (𝑎𝑏𝑐)

𝑎+𝑏+𝑐
3  

Therefore, 

(3𝑎𝑏)𝑐 ⋅ (3𝑏𝑐)𝑎 ⋅ (3𝑐𝑎)𝑏 ≤ (𝑎2 + 𝑏2 + 𝑐2)𝑎+𝑏+𝑐 , ∀𝑎, 𝑏, 𝑐 > 0 

A.037. Solution by Ravi Prakash-New Delhi-India 

32(2𝑥12 + 𝑥8 + 𝑥6 + 𝑥4) + 19 = 64𝑥2(𝑥8 + 1) 

64𝑥12 − 64𝑥10 + 32𝑥8 + 32𝑥6 + 32𝑥4 − 64𝑥2 + 19 = 0 ⟺ 

(2𝑥6)2 − 2(2𝑥2)5 + 2(2𝑥2)4 + 4(2𝑥2)3 + 8(2𝑥2)2 − 32(2𝑥2) + 19 = 0 
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Put 2𝑥2 = 𝑦 ⇒ 𝑦6 − 2𝑦5 + 2𝑦4 + 4𝑦3 + 8𝑦2 − 32𝑦 + 19 = 0 

(𝑦2 − 2𝑦 + 1)𝑦4 + (𝑦2 − 2𝑦 + 1)𝑦2 + 6(𝑦2 − 2𝑦 + 1)𝑦 + 19(𝑦2 − 2𝑦 + 1) = 0 

(𝑦 − 1)2(𝑦4 + 𝑦2 + 6𝑦 + 19) = 0, (𝑦 − 1)2(𝑦4 + (𝑦 + 3)2 + 10) = 0 

As 𝑦 ∈ ℝ, 𝑦4 + (𝑦 + 3)2 + 10 > 0 ⇒ (𝑦 − 1)2 = 0 ⇒ 𝑦 = 1 ⇒ 2𝑥2 = 1 ⇒

𝑥 = ±
1

√2
. 

A.038. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

(𝑎 + 𝑏)4(8𝑎2𝑥4 + 𝑎𝑏(𝑥 + 𝑦)4 + 8𝑏2𝑦4) ≥
𝐴𝐺𝑀

 

≥ (𝑎 + 𝑏)4 (8𝑎2𝑥4 + 𝑎𝑏(2√𝑥𝑦)
4
+ 8𝑏2𝑦4) = 

= 8(𝑎 + 𝑏)2(𝑎2 + 2𝑎𝑏 + 𝑏2)(𝑎2𝑥4 + 2𝑎𝑏𝑥2𝑦2 + 𝑏2𝑦4) ≥
𝐶𝐵𝑆

 

≥ 8(𝑎 + 𝑏)2(𝑎2𝑥2 + 2𝑎𝑏𝑥𝑦 + 𝑏2𝑦2)2 ≥
𝐴𝐺𝑀

 

≥ 8 ⋅ 4𝑎𝑏(𝑎𝑥 + 𝑏𝑦)4 = 32𝑎𝑏(𝑎𝑥 + 𝑏𝑦)4 

Therefore, 

32𝑎𝑏(𝑎𝑥 + 𝑏𝑦)4 ≤ (𝑎 + 𝑏)4(8𝑎2𝑥4 + 𝑎𝑏(𝑥 + 𝑦)4 + 8𝑏2𝑦4) 

Equality holds for 𝑎 = 𝑏. 

A.039. Solution by Ravi Prakash-New Delhi-India 

Let {
𝑥⃗ = 𝑎𝑖 + 𝑏𝑗 + 𝑐𝑘⃗⃗

𝑦⃗ = 𝑑𝑖 + 𝑒𝑗 + 𝑓𝑘⃗⃗
⇒ {
|𝑥⃗|2 = 𝑎2 + 𝑏2 + 𝑐2

|𝑦⃗|2 = 𝑑2 + 𝑒2 + 𝑓2
 

𝑥⃗ ∙ 𝑗 = 𝑎𝑑 + 𝑏𝑒 + 𝑐𝑓 

|𝑥⃗|2 ∙ |𝑦⃗|2 − (𝑥⃗ ∙ 𝑦⃗)2 = (𝑥⃗ × 𝑦⃗)2 

(𝑎2 + 𝑏2 + 𝑐2)(𝑑2 + 𝑒2 + 𝑓2) − (𝑎𝑑 + 𝑏𝑒 + 𝑐𝑓)2 = |
𝑖 𝑗 𝑘⃗⃗
𝑎 𝑏 𝑐
𝑑 𝑒 𝑓

|

2

= 
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= (𝑏𝑓 − 𝑐𝑒)2 + (𝑐𝑑 − 𝑎𝑓)2 + (𝑎𝑒 − 𝑏𝑑)2 

But 1 ≤ 𝑏, 𝑐, 𝑒, 𝑓 ≤ 2, then 1 ≤ 𝑏𝑓, 𝑐𝑒 ≤ 4 and −3 ≤ 𝑏𝑓 − 𝑐𝑒 ≤ 3,  

|𝑏𝑓 − 𝑐𝑒| ≤ 3, then (𝑏𝑓 − 𝑐𝑒)2 ≤ 9 

Similarly, (𝑐𝑑 − 𝑎𝑓)2 ≤ 9 and (𝑎𝑒 − 𝑏𝑑)2 ≤ 9. Thus, 

(𝑎2 + 𝑏2 + 𝑐2)(𝑑2 + 𝑒2 + 𝑓2) − (𝑎𝑑 + 𝑏𝑒 + 𝑐𝑓)2 ≤ 27 

Therefore, 

(𝑎2 + 𝑏2 + 𝑐2)(𝑑2 + 𝑒2 + 𝑓2) ≤ (𝑎𝑑 + 𝑏𝑒 + 𝑐𝑓)2 + 27 

A.040. Solution by Soumava Chakraborty-Kolkata-India 

∀ 𝑚, 𝑛 ≥ 0, (𝑚 − 𝑛)2 ≥ 0 ⇒ 4𝑚𝑛 ≤ (𝑚 + 𝑛)2 ⇒ √4𝑚𝑛 ≤ 𝑚 + 𝑛 

⇒ √4𝑚𝑛
4

≤
(∗)

√𝑚 + 𝑛 𝑎𝑛𝑑 √4𝑚𝑛 ≤ 𝑚 + 𝑛 ⇒ √𝑚𝑛 ≤
(∗∗) 𝑚 + 𝑛

2
 

𝑁𝑜𝑤, √4𝑥𝑦𝑧
4 (√𝑥

4
+ √𝑦

4 )

= √(2𝑦)(2𝑧)
4

. √𝑥 + √(2𝑧)(2𝑥)
4

. √𝑦 ≤
𝑣𝑖𝑎 (∗)

√𝑦 + 𝑧. √𝑥

+ √𝑧 + 𝑥.√𝑦 ≤
𝑣𝑖𝑎 (∗∗) 𝑦 + 𝑧 + 𝑥

2
+
𝑧 + 𝑥 + 𝑦

2
= 𝑥 + 𝑦 + 𝑧 

∴ √4𝑥𝑦𝑧
4 (√𝑥

4
+ √𝑦

4 ) ≤ 𝑥 + 𝑦 + 𝑧 𝑤𝑖𝑡ℎ 𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 𝑖𝑓𝑓 2𝑦 = 2𝑧 𝑎𝑛𝑑 2𝑧

= 2𝑥 𝑎𝑛𝑑 𝑦 + 𝑧 =
(𝑖)
𝑥 𝑎𝑛𝑑 𝑧 + 𝑥 =

(𝑖)
𝑦 ⇒ 𝑖𝑓𝑓 𝑥 = 𝑦

= 𝑧 𝑎𝑛𝑑 𝑦 + 𝑧 = 𝑦 − 𝑧 (𝑓𝑟𝑜𝑚 (𝑖) 𝑎𝑛𝑑 (𝑖𝑖)) 

⇒ 𝑖𝑓𝑓 𝑥 = 𝑦 = 𝑧 𝑎𝑛𝑑 𝑧 = 0 ⇒ 𝑖𝑓𝑓 𝑥 = 𝑦 = 𝑧 = 0 𝑎𝑛𝑑
∵ 𝑔𝑖𝑣𝑒𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑡ℎ𝑎𝑡 𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 𝑐𝑎𝑠𝑒

∴ 𝑥 = 𝑦 = 𝑧 = 0  𝑖𝑠 𝑠𝑜𝑙𝑒 𝑠𝑜𝑙𝑛 𝑡𝑜 𝑔𝑖𝑣𝑒𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 (𝑎𝑛𝑠) 

A.041. Solution by Hikmat Mammadov-Azerbaijan 

𝜑2 = 𝜑 + 1 ⇔
1

𝜑
= 𝜑 − 1 ⇔ 𝜑3 = 𝜑2 + 1 = 2𝜑 + 1 

𝜑√𝜑 + 1

√𝜑(1 + √𝜑)
= 𝜑√𝜑 − 1;

𝜑

1 + 𝜑
= 𝜑 − 1 
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2

√𝜑(1 + √𝜑 + 𝜑)
=  𝜑 + √𝜑(𝜑 − 1) − 2 

𝜑√𝜑 + 1

√𝜑(1 + √𝜑)
+

𝜑

1 + 𝜑
+

2

√𝜑(1 + √𝜑 + 𝜑)

= 𝜑√𝜑 − 1 + 𝜑 − 1 + √𝜑(𝜑 − 1) − 2 = 

= 2𝜑 − 4 + (2𝜑 − 1)√𝜑 ⇒ 2𝜑 − 1 = √5 = √5 − 3 + √5𝜑 

Now, we will prove that: 

√5 − 3 + √5𝜑 > 2 ⇔ √𝜑 > √5 − 1 ⇔ 𝜑 > 6 − 2√5 

1

2
+
√5

2
> 6 − 2√5 ⇒ 1 + √5 > 12 − 4√5 

√5 >
11

5
⇒ 5 >

121

25
⇔
125

25
>
121

25
(𝑡𝑟𝑢𝑒. ) 

A.042. Solution by Tapas Das-India 

Let 𝑓(𝑥) = 𝑠𝑖𝑛 𝑥 − 𝑥, then 𝑓′(𝑥) = 𝑐𝑜𝑠 𝑥 − 1 < 0, ∀𝑥 ∈ (0, 𝜋) ⇒
𝑓 −decreasing 

Let 𝑔(𝑡) = 𝑠𝑖𝑛 𝑡 and 𝑡1, 𝑡1 ∈ (0, 𝜋), 𝑡2 > 𝑡1, hence 

𝑔(𝑡2) − 𝑔(𝑡1) = 𝑠𝑖𝑛 𝑡2 − 𝑠𝑖𝑛 𝑡1 = 2𝑐𝑜𝑠 (
𝑡1 + 𝑡2
2

) 𝑠𝑖𝑛 (
𝑡2 − 𝑡1
2

) > 0 

𝑔(𝑡2) > 𝑔(𝑡1) ⇒ 𝑔 −increasing 

𝑎 + 𝑏

2
≥ √𝑎𝑏 ⇒ 𝑠𝑖𝑛 (

𝑎 + 𝑏

2
) ≥ 𝑠𝑖𝑛(√𝑎𝑏) 

𝑠𝑖𝑛 𝑥 < 𝑥 ⇒ 𝑠𝑖𝑛 (
𝑎 + 𝑏

2
) <

𝑎 + 𝑏

2
 𝑎𝑛𝑑 𝑠𝑖𝑛(√𝑎𝑏) < √𝑎𝑏, ℎ𝑒𝑛𝑐𝑒: 

𝑠𝑖𝑛 (
𝑎 + 𝑏
2 )

𝑎 + 𝑏
2

≤

𝑎 + 𝑏
2

√𝑎𝑏
 𝑜𝑟 
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𝑠𝑖𝑛 √𝑎𝑏

𝑠𝑖𝑛 (
𝑎 + 𝑏
2 )

≥
√𝑎𝑏

𝑎 + 𝑏
2

=
(𝑎 + 𝑏)4√𝑎𝑏

(𝑎 + 𝑏)4(𝑎 + 𝑏)
≥
2√𝑎𝑏(2√𝑏𝑎)

4

(𝑎 + 𝑏)5
 

Therefore, 

𝑠𝑖𝑛(√𝑎𝑏)

𝑠𝑖𝑛 (
𝑎 + 𝑏
2 )

≥
32𝑎2𝑏2√𝑎𝑏

(𝑎 + 𝑏)5
 

A.043.  Solution by Ravi Prakash-New Delhi-India 

For 𝑎, 𝑏, 𝑐 > 0, 3(𝑎2 + 𝑏2 + 𝑐2) − (𝑎 + 𝑏 + 𝑐)2 = 

= 2𝑎2 + 2𝑏2 + 2𝑐2 − 2𝑎𝑏 − 2𝑏𝑐 − 2𝑐𝑎
= (𝑎 − 𝑏)2 + (𝑏 − 𝑐)2 + (𝑐 − 𝑎)2 ≥ 0 

Equality holds when 𝑎 = 𝑏 = 𝑐. 

𝐸 =
𝑎2 + 𝑏2 + 𝑐2

(𝑎 + 𝑏 + 𝑐)2
≥
1

3
 

Now, for 𝑎, 𝑏, 𝑐 > 0, we have: 

𝑒
𝑎2

(𝑎+𝑏+𝑐)2 + 𝑒
𝑏2

(𝑎+𝑏+𝑐)2 + 𝑒
𝑐2

(𝑎+𝑏+𝑐)2 ≥ 3𝑒
𝐸
3 = 3𝑒

1
𝑎 

Equality holds when 𝑎 = 𝑏 = 𝑐. 

 A.044. Solution by Adrian Popa-Romania 

{

𝑙𝑜𝑔 2 + 𝑙𝑜𝑔 5 > 𝑙𝑜𝑔 10 > 𝑙𝑜𝑔 3
𝑙𝑜𝑔 2 + 𝑙𝑜𝑔 3 = 𝑙𝑜𝑔 6 > 𝑙𝑜𝑔 5
𝑙𝑜𝑔 3 + 𝑙𝑜𝑔 5 = 𝑙𝑜𝑔 15 > 𝑙𝑜𝑔 2

 

Let 𝑎 = 𝑙𝑜𝑔 2 ; 𝑏 = 𝑙𝑜𝑔 3 ; 𝑐 = 𝑙𝑜𝑔 5. We see that 𝑎, 𝑏, 𝑐 can be the sides 
of a triangle. 

We must show: 

(𝑎2 + 𝑏2 + 𝑐2)2 > 3(𝑎 + 𝑏 + 𝑐)(𝑏 + 𝑐 − 𝑎)(𝑎 + 𝑏 − 𝑐)(𝑎 + 𝑐 − 𝑏) 
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(𝑎2 + 𝑏2 + 𝑐2)2 > 3 ⋅ 2𝑠[2(𝑠 − 𝑎) ⋅ 2(𝑠 − 𝑏) ⋅ 2(𝑠 − 𝑐)] 

(𝑎2 + 𝑏2 + 𝑐2)2 ≥ 48𝑠(𝑠 − 𝑎)(𝑠 − 𝑏)(𝑠 − 𝑐) ⇔ 

(𝑎2 + 𝑏2 + 𝑐2)2 ≥ 48𝐹2 ⇔ 𝑎2 + 𝑏2 + 𝑐2

≥ 4√3𝐹(𝐼𝑜𝑛𝑒𝑠𝑐𝑢 −𝑊𝑒𝑖𝑡𝑧𝑒𝑛𝑏𝑜𝑐𝑘) 

A.045. Solution by Soumava Chakraborty-Kolkata-India 

𝐼𝑓 𝑎 = 𝑏 = 0, 𝑡ℎ𝑒𝑛,𝑚ℎ =
2𝑎𝑏

𝑎 + 𝑏
 𝑖𝑠 𝑢𝑛𝑑𝑒𝑓𝑖𝑛𝑒𝑑

⇒ 𝑎 = 𝑏 = 0 𝑖𝑠𝑛′𝑡 𝑎 𝑝𝑜𝑠𝑠𝑖𝑏𝑖𝑙𝑖𝑡𝑦  𝑎𝑛𝑑 𝑖𝑓 𝑜𝑛𝑒 𝑜𝑓 𝑎, 𝑏

= 0 (𝑠𝑎𝑦 𝑎 = 0 𝑎𝑛𝑑 𝑏 > 0), 𝑡ℎ𝑒𝑛 ∶ 𝑚ℎ = 𝑚𝑔

= 0 𝑎𝑛𝑑 𝑚𝑎 =
𝑎 + 𝑏

2
=
𝑏

2
 

⇒ (𝑚ℎ +𝑚𝑔 +𝑚𝑎)√
𝑎2 + 𝑏2

2
≤ 𝑚ℎ𝑚𝑔 +𝑚𝑔𝑚𝑎 +𝑚𝑎𝑚ℎ +

𝑎2 + 𝑏2

2

⇔
𝑏

2
.√
𝑏2

2
≤
𝑏2

2
⇔
𝑏2

4
.
𝑏2

2
≤
𝑏4

4
⇔
1

2
≤ 1 → 𝑡𝑟𝑢𝑒 

∴ (𝑚ℎ +𝑚𝑔 +𝑚𝑎)√
𝑎2 + 𝑏2

2
≤ 𝑚ℎ𝑚𝑔 +𝑚𝑔𝑚𝑎 +𝑚𝑎𝑚ℎ +

𝑎2 + 𝑏2

2
 𝑖𝑓 𝑒𝑥𝑎𝑐𝑡𝑙𝑦 𝑜𝑛𝑒 𝑜𝑓 𝑎, 𝑏 = 0 → (1)   

𝑊𝑒 𝑛𝑜𝑤 𝑠ℎ𝑖𝑓𝑡 𝑜𝑢𝑟 𝑎𝑡𝑡𝑒𝑛𝑡𝑖𝑜𝑛 𝑡𝑜 𝑡ℎ𝑒 𝑐𝑎𝑠𝑒 𝑤ℎ𝑒𝑛 𝑎, 𝑏

> 0 𝑎𝑛𝑑 𝑑𝑒𝑛𝑜𝑡𝑖𝑛𝑔 𝑚ℎ 𝑏𝑦 𝐻,𝑚𝑔 𝑏𝑦 𝐺,𝑚𝑎 𝑏𝑦 𝐴 𝑎𝑛𝑑 √
𝑎2 + 𝑏2

2
 𝑏𝑦 𝑄, 

𝑤𝑒 𝑛𝑜𝑡𝑖𝑐𝑒 𝑡ℎ𝑎𝑡 ∶ 𝐴𝐻 =
𝑎 + 𝑏

2
.
2𝑎𝑏

𝑎 + 𝑏
= 𝑎𝑏 = 𝐺2 ⇒ 𝐻 =

(𝑖) 𝐺2

𝐴
 

𝑎𝑛𝑑 𝑄2 + 𝐺2 =
𝑎2 + 𝑏2

2
+ 𝑎𝑏 = 2.

(𝑎 + 𝑏)2

4
= 2𝐴2

⇒ 𝑄2 =
(𝑖𝑖)
2𝐴2 − 𝐺2 𝑎𝑛𝑑 𝐴2 − 𝐺2 =

(𝑎 + 𝑏)2

4
− 𝑎𝑏

=
(𝑎 − 𝑏)2

4
≥ 0 ⇒ 𝐴2 ≥ 𝐺2 ⇒ 𝐴 ≥ 𝐺

⇒
𝐴

𝐺
≥
(𝑖𝑖𝑖)

1 (𝐺 ≠ 0 𝑎𝑠 𝑎, 𝑏 > 0) 
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𝑁𝑜𝑤, 𝑣𝑖𝑎 𝑓𝑜𝑟 𝑚𝑒𝑛𝑡𝑖𝑜𝑛𝑒𝑑 𝑠𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑜𝑛𝑠, 

(𝑚ℎ +𝑚𝑔 +𝑚𝑎)√
𝑎2 + 𝑏2

2
≤ 𝑚ℎ𝑚𝑔 +𝑚𝑔𝑚𝑎 +𝑚𝑎𝑚ℎ +

𝑎2 + 𝑏2

2

⇔ (𝐻 + 𝐺 + 𝐴)𝑄 ≤ 𝐻𝐺 + 𝐺𝐴 + 𝐴𝐻 + 𝑄2 

⇔
𝑣𝑖𝑎 (𝑖),(𝑖𝑖)

(
𝐺2

𝐴
+ 𝐺 + 𝐴) .√2𝐴2 − 𝐺2 ≤

𝐺2

𝐴
. 𝐺 + 𝐺𝐴 + 𝐴.

𝐺2

𝐴
+ 2𝐴2 − 𝐺2

⇔ (𝐺2 + 𝐴𝐺 + 𝐴2). √2𝐴2 − 𝐺2 ≤ 𝐺3 + 𝐺𝐴2 + 2𝐴3

⇔ (𝐺3 + 𝐺𝐴2 + 2𝐴3)2 ≥ (2𝐴2 − 𝐺2)(𝐺2 + 𝐴𝐺 + 𝐴2)2 

⇔
𝑒𝑥𝑝𝑎𝑛𝑑𝑖𝑛𝑔 𝑎𝑛𝑑 𝑟𝑒−𝑎𝑟𝑟𝑎𝑛𝑔𝑖𝑛𝑔

2𝐴6 − 4𝐴4𝐺2 + 2𝐴3𝐺3 + 3𝐴2𝐺4 + 2𝐴𝐺5

+ 2𝐺6 ≥ 0 ⇔ 2𝑡6 − 4𝑡4 + 2𝑡3 + 3𝑡2 + 2𝑡 + 2

≥ 0 (𝑡 =
𝐴

𝐺
) 

⇔ (𝑡 − 1)(2𝑡5 + 2(𝑡 − 1)𝑡3 + 3𝑡 + 5) + 7 ≥ 0 → 

𝑡𝑟𝑢𝑒 ∵ 𝑡 =
𝐴

𝐺
≥

𝑣𝑖𝑎 (𝑖𝑖𝑖)

1

⇒ (𝑚ℎ +𝑚𝑔 +𝑚𝑎)√
𝑎2 + 𝑏2

2
≤ 𝑚ℎ𝑚𝑔 +𝑚𝑔𝑚𝑎 +𝑚𝑎𝑚ℎ +

𝑎2 + 𝑏2

2
 ∀ 𝑎, 𝑏 > 0

→ (2)   

∴ 𝑐𝑜𝑚𝑏𝑖𝑛𝑖𝑛𝑔 (1) 𝑎𝑛𝑑 (2), (𝑚ℎ +𝑚𝑔 +𝑚𝑎)√
𝑎2 + 𝑏2

2

≤ 𝑚ℎ𝑚𝑔 +𝑚𝑔𝑚𝑎 +𝑚𝑎𝑚ℎ +
𝑎2 + 𝑏2

2
 ∀ 𝑎, 𝑏 ≥ 0 (𝑄𝐸𝐷) 

A.046. Solution by Ravi Prakash-New Delhi-India 

(𝑎 + 𝑏)2√𝑎𝑏 ≤ 4√𝑎𝑏(√𝑎𝑏)
𝑎+𝑏
, (𝑎 + 𝑏)2√𝑎𝑏 ≤ 22√𝑎𝑏(𝑎𝑏)

𝑎+𝑏
2  

(
𝑎 + 𝑏

2
)
2√𝑎𝑏

≤ (𝑎𝑏)
𝑎+𝑏
2 , (

𝑎 + 𝑏

2
)

2
𝑎+𝑏

≤ (√𝑎𝑏)
1

√𝑎𝑏; (1) 

Let 𝑓(𝑥) = 𝑥
1

𝑥, 𝑥 ≥ 𝑒 ⇒ 𝑙𝑜𝑔 𝑓(𝑥) =
1

𝑥
𝑙𝑜𝑔 𝑥 
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𝑓′(𝑥)

𝑓(𝑥)
=
1

𝑥2
(1 − 𝑙𝑜𝑔 𝑥) < 0, ∀𝑥 > 𝑒 

𝑓 −is a decreasing function on [𝑒,∞)  

As 𝑎, 𝑏 ≥ 𝑒,
𝑎+𝑏

2
≥ √𝑎𝑏 ≥ 𝑒 ⇒ 𝑓 (

𝑎+𝑏

2
) ≤ 𝑓(√𝑎𝑏) 

(𝑎 + 𝑏)2√𝑎𝑏 ≤ 4√𝑎𝑏 ∙ (√𝑎𝑏)
𝑎+𝑏

 

A.047. Solution by Vivek Kumar-India 

We have: 2𝑥 − 1 ≥ 0, 2𝑦 − 1 ≥ 0, 2𝑧 − 1 ≥ 0, so 

(2𝑥 − 1)(2𝑦 − 1)(2𝑧 − 1) ≥ 0 

2𝑥 + 2𝑦 + 2𝑧 + 2𝑥+𝑦+𝑧 − 2𝑥+𝑦 − 2𝑦+𝑧 − 2𝑧+𝑥 − 1 ≥ 0 

2𝑥 + 2𝑦 + 2𝑧 + 2𝑥+𝑦+𝑧 ≥ 2𝑥+𝑦 + 2𝑦+𝑧 + 2𝑧+𝑥 + 1 

Also, we have: 

2𝑥+𝑦 ≥ 22√𝑥𝑦 = 4√𝑥𝑦 

2𝑦+𝑧 ≥ 22√𝑦𝑧 = 4√𝑦𝑧 

2𝑧+𝑥 ≥ 22√𝑧𝑥 = 4√𝑧𝑥 

Equality holds for 𝑥 = 𝑦 = 𝑧 = 0. Therefore, 

2𝑥 + 2𝑦 + 2𝑧 + 2𝑥+𝑦+𝑧 ≥ 4√𝑥𝑦 + 4√𝑦𝑧 + 4√𝑧𝑥 + 1 

A.048. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐼𝑓 𝑎 = 𝑏 = 1 𝑤𝑒 ℎ𝑎𝑣𝑒 ∶  (𝑎 + 𝑏 − 1)𝑎+𝑏−1 + 1
= 𝑎𝑎 + 𝑏𝑏 .  𝐴𝑠𝑠𝑢𝑚𝑒 𝑛𝑜𝑤 𝑡ℎ𝑎𝑡 𝑎 ≠ 𝑏. 

𝐿𝑒𝑡 𝑓(𝑥) = 𝑥𝑥 ,   𝑥 > 0.  𝑊𝑒 ℎ𝑎𝑣𝑒 ∶ 

 𝑓′′(𝑥) = 𝑥𝑥−1 + (𝑙𝑜𝑔 𝑥 + 1)2. 𝑥𝑥 > 0 𝑡ℎ𝑒𝑛 𝑓 𝑖𝑠 𝑐𝑜𝑛𝑣𝑒𝑥 𝑜𝑛 (0,∞). 
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𝐿𝑒𝑡  𝑡 =
𝑏 − 1

𝑏 − 𝑎
∈ [0, 1].  𝑊𝑒 ℎ𝑎𝑣𝑒 ∶ 1

= 𝑡. 𝑎 + (1 − 𝑡). 𝑏  𝑎𝑛𝑑  𝑎 + 𝑏 − 1 = (1 − 𝑡). 𝑎 + 𝑡. 𝑏. 

𝑇ℎ𝑒𝑛 𝑏𝑦 𝐽𝑒𝑛𝑠𝑒𝑛′𝑠 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 𝑤𝑒 ℎ𝑎𝑣𝑒 ∶ 

1 = 𝑓(1) = 𝑓(𝑡. 𝑎 + (1 − 𝑡). 𝑏) ≤ 𝑡. 𝑓(𝑎) + (1 − 𝑡). 𝑓(𝑏)
= 𝑡. 𝑎𝑎 + (1 − 𝑡). 𝑏𝑏 

𝐴𝑛𝑑 ∶   (𝑎 + 𝑏 − 1)𝑎+𝑏−1 = 𝑓(𝑎 + 𝑏 − 1) = 𝑓((1 − 𝑡). 𝑎 + 𝑡. 𝑏)

≤ (1 − 𝑡). 𝑎𝑎 + 𝑡. 𝑏𝑏 

𝑆𝑢𝑚𝑚𝑖𝑛𝑔 𝑢𝑝 𝑡ℎ𝑒 𝑡𝑤𝑜 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑖𝑒𝑠, 𝑤𝑒 𝑜𝑏𝑡𝑎𝑖𝑛 ∶ 

(𝑎 + 𝑏 − 1)𝑎+𝑏−1 + 1 ≤ 𝑎𝑎 + 𝑏𝑏 ,   𝑡ℎ𝑒 𝑑𝑒𝑠𝑖𝑟𝑒𝑑 𝑟𝑒𝑠𝑢𝑙𝑡. 

A.049.  

𝑥 ∈ [𝑎, 𝑏] ⇒ (𝑥 − 𝑎)(𝑥 − 𝑏) ≤ 0 ⇒ 𝑥2 − (𝑎 + 𝑏)𝑥 + 𝑎𝑏 ≤ 0 

𝑥2 + 𝑎𝑏 ≤ (𝑎 + 𝑏)𝑥 ⇒ 𝑥 +
𝑎𝑏

𝑥
≤ 𝑎 + 𝑏; (1) 

Analogous, 

𝑧 +
𝑎𝑏

𝑧
≤ 𝑎 + 𝑏; (2) 

𝑦 ∈ [𝑐, 𝑑] ⇒ (𝑦 − 𝑐)(𝑦 − 𝑑) ≤ 0 ⇒ 𝑦2 − (𝑐 + 𝑑)𝑦 + 𝑐𝑑 ≤ 0 

𝑦2 + 𝑐𝑑 ≤ (𝑐 + 𝑑)𝑦 ⇒ 𝑦 +
𝑐𝑑

𝑦
≤ 𝑐 + 𝑑; (3) 

Analogous, 

𝑡 +
𝑐𝑑

𝑡
≤ 𝑐 + 𝑑; (4) 

𝑥 + 𝑦 + 𝑧 + 𝑡 + 𝑎𝑏 (
1

𝑥
+
1

𝑦
+
1

𝑧
+
1

𝑡
) ≥
𝐴𝐺𝑀

2√(𝑥 + 𝑦 + 𝑧 + 𝑡)𝑎𝑏 (
1

𝑥
+
1

𝑦
+
1

𝑧
+
1

𝑡
) ; (5) 

By adding (1),(2),(3) and (4), it follows that 
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𝑥 + 𝑦 + 𝑧 + 𝑡 + 𝑎𝑏 (
1

𝑥
+
1

𝑧
) + 𝑐𝑑 (

1

𝑦
+
1

𝑡
) ≤ 2(𝑎 + 𝑏 + 𝑐 + 𝑑); (6) 

By (5) and (6): 

2√(𝑥 + 𝑦 + 𝑧 + 𝑡)𝑎𝑏 (
1

𝑥
+
1

𝑦
+
1

𝑧
+
1

𝑡
) ≤ 2(𝑎 + 𝑏 + 𝑐 + 𝑑) 

𝑎𝑏(𝑥 + 𝑦 + 𝑧 + 𝑡) (
1

𝑥
+
1

𝑦
+
1

𝑧
+
1

𝑡
) ≤ (𝑎 + 𝑏 + 𝑐 + 𝑑)2 

Equality holds for 𝑥 = 𝑡 = 𝑧 = 𝑡; 𝑎𝑏 = 2(𝑎 + 𝑏). 

A.050. Solution by Ruxandra Daniela Tonilă-Romania 

Using: 𝑥2 + 𝑥𝑦 + 𝑦2 ≥
3

4
(𝑥 + 𝑦)2; ∀𝑥, 𝑦 > 0, for 𝑥 = 1 and 𝑦 = √𝜑, we 

get: 

1 + √𝜑 + 𝜑 ≥
3

4
(√𝜑 + 1)

2
⇔ 

1

1 + 𝜑 + √𝜑
≤

4

3(√𝜑 + 1)
2 ≤
𝐴𝐺𝑀 1

3√𝜑
⇔

12√𝜑

1 + √𝜑 + 𝜑
≤
12√𝜑

3√𝜑
= 4 

We must to prove: 

√𝜑(1 + 4𝜑)(4 + 𝜑)
3

> 4 ⇔ (𝜑 + 4𝜑2)(4 + 𝜑) > 64 

Since 𝜑 −is roof of the eqution 𝑥2 − 𝑥 − 1 = 0, we have 𝜑2 = 𝜑 + 1 ⇒ 

(5𝜑 + 4)(4 + 𝜑) > 64 ⇔ 5𝜑2 + 24𝜑 + 16 > 64 ⇔ 

29𝜑 + 21 > 64 ⇔ 𝜑 >
43

29
 

But 𝜑 =
1+√5

2
>
3

2
>
43

29
 

Therefore, √𝜑(1 + 4𝜑)(4 + 𝜑)
3

> 4 ≥
12√𝜑

1+√𝜑+𝜑
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We have: 1 + 4𝜑 ≤
𝐶𝐵𝑆
√(12 + 42)(12 + 𝜑2) = √17(𝜑2 + 1) and 

4 + 𝜑 ≤
𝐶𝐵𝑆
√(42 + 12)(12 + 𝜑2) = √17(𝜑2 + 1). Hence, 

√𝜑(1 + 4𝜑)(4 + 𝜑)
3

≤ √17𝜑(𝜑2 + 1)
3

 

Now, we must to prove √17𝜑(𝜑2 + 1)
3

< 3𝜑 ⇔ 

17𝜑(𝜑2 + 1) < 27𝜑3 ⇔ 10𝜑2 > 17 ⇔ 𝜑2 >
17

10
⇔ 𝜑

> 0,7 𝑡𝑟𝑢𝑒 𝑓𝑟𝑜𝑚 𝜑 > 0,5 

Therefore, 

12√𝜑

1 + √𝜑 + 𝜑
< √𝜑(1 + 4𝜑)(4 + 𝜑)

3
< 3𝜑 

A.051.  

∑(𝑥 +
1

𝑦
)
5

𝑐𝑦𝑐

≥
𝐴𝐺𝑀

3 ∙ √∏(𝑥 +
1

𝑦
)
5

𝑐𝑦𝑐

3

= 3(∏(𝑥 +
1

𝑦
)

𝑐𝑦𝑐

)

5
3

= 

= 3(∏(𝑥 + 9 ∙
1

9𝑦
)

𝑐𝑦𝑐

)

5
3

≥
𝐴𝐺𝑀

3(10∏ √𝑥 ∙ (
1

9𝑦
)
910

𝑐𝑦𝑐

)

5
3

= 

= 3 ∙ 10
5
3
∙3(∏

𝑥
1
10

9
9
10 ∙ 𝑦

9
10𝑐𝑦𝑐

)

5
3

= 3 ∙ 105 ∙
1

9
9
10
∙3∙
5
3

(∏
1

𝑥
8
10𝑐𝑦𝑐

)

5
3

≥
𝐴𝐺𝑀

 

≥ 3 ∙ 105 ∙
1

9
9
2

∙
1

(
𝑥 + 𝑦 + 𝑧

3 )
3∙
8
10
∙
5
3

= 3 ∙ 105 ∙
1

39
∙
1

(
1
3)
4 = 3 ∙ 10

4 ∙
1

35
= 

=
105

81
=
100.000

81
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Equality holds for 𝑥 = 𝑦 = 𝑧 =
1

3
. 

A.052. Solution by Tapas Das-India 

𝑥2

√1 − 𝑥2
+

𝑦2

√1 − 𝑦2
+

𝑧2

√1 − 𝑧2
= 

=
1

2
(

𝑥2

√1 − 𝑥2
+

𝑦2

√1 − 𝑦2
) +

1

2
(

𝑦2

√1 − 𝑦2
+

𝑧2

√1 − 𝑧2
)

+
1

2
(

𝑧2

√1 − 𝑧2
+

𝑥2

√1 − 𝑥2
) ≥ 

≥
1

2
∙

2𝑥𝑦

√(1 − 𝑥2)(1 − 𝑦2)
4

+
1

2
∙

2𝑦𝑧

√(1 − 𝑦2)(1 − 𝑧2)
4

+
1

2

∙
2𝑧𝑥

√(1 − 𝑧2)(1 − 𝑥2)
4

= 

=
𝑥𝑦

√(1 − 𝑥2)(1 − 𝑦2)
4

+
𝑦𝑧

√(1 − 𝑦2)(1 − 𝑧2)
4

+
𝑧𝑥

√(1 − 𝑧2)(1 − 𝑥2)
4

= 

≥
𝑥𝑦

√1 − 𝑥𝑦
+

𝑦𝑧

√1 − 𝑦𝑧
+

𝑧𝑥

√1 − 𝑧𝑥
 

∵ (1 − 𝑥2)(1 − 𝑦2) − (1 − 𝑥𝑦)2 = 2𝑥𝑦 − 𝑥2 − 𝑦2 = −(𝑥 − 𝑦)2

< 0 (𝑎𝑛𝑑 𝑎𝑛𝑎𝑙𝑜𝑔𝑠) 

A.053. Solution by Mohamed Amine Ben ajiba-Tanger-Morocco 

∑
2𝑎3 + 3𝑎2 + 𝑏

(2𝑎 + 1)(𝑎 + 𝑏 + 1)
𝑐𝑦𝑐

≥∑
2𝑎𝑏2 + 𝑏2 + 2𝑎𝑏 + 𝑎

(2𝑎 + 1)(𝑎 + 𝑏 + 1)
𝑐𝑦𝑐

;  (∗) 

𝑊𝑒 ℎ𝑎𝑣𝑒 ∶   (2𝑎3 + 3𝑎2 + 𝑏) − (2𝑎𝑏2 + 𝑏2 + 2𝑎𝑏 + 𝑎)
= 2𝑎(𝑎2 − 𝑏2) + 3𝑎(𝑎 − 𝑏) + 𝑏(𝑎 − 𝑏) − (𝑎 − 𝑏) = 

= (𝑎 − 𝑏)[2𝑎(𝑎 + 𝑏) + 3𝑎 + 𝑏 − 1]
= (𝑎 − 𝑏)[2𝑎(𝑎 + 𝑏 + 1) + (𝑎 + 𝑏 + 1) − 2] = 
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= (𝑎 − 𝑏)(2𝑎 + 1)(𝑎 + 𝑏 + 1) − 2(𝑎 − 𝑏)
= (𝑎 − 𝑏)(2𝑎 + 1)(𝑎 + 𝑏 + 1)
− 2[(2𝑎 + 1) − (𝑎 + 𝑏 + 1)] 

𝑇ℎ𝑒𝑛 ∶   (∗)  ↔  ∑
(2𝑎3 + 3𝑎2 + 𝑏) − (2𝑎𝑏2 + 𝑏2 + 2𝑎𝑏 + 𝑎)

(2𝑎 + 1)(𝑎 + 𝑏 + 1)
𝑐𝑦𝑐

≥ 0 

↔ ∑
(𝑎 − 𝑏)(2𝑎 + 1)(𝑎 + 𝑏 + 1) − 2(2𝑎 + 1) + 2(𝑎 + 𝑏 + 1)

(2𝑎 + 1)(𝑎 + 𝑏 + 1)
𝑐𝑦𝑐

≥ 0  

↔∑((𝑎 − 𝑏) −
2

𝑎 + 𝑏 + 1
+

2

2𝑎 + 1
)

𝑐𝑦𝑐

≥ 0 

↔ ∑
2

2𝑎 + 1
𝑐𝑦𝑐

≥∑
2

𝑎 + 𝑏 + 1
𝑐𝑦𝑐

 ↔ 

 ∑(
1

2𝑎 + 1
+

1

2𝑏 + 1
)

𝑐𝑦𝑐

≥∑
2

𝑎 + 𝑏 + 1
𝑐𝑦𝑐

 

𝑊ℎ𝑖𝑐ℎ 𝑖𝑠 𝑡𝑟𝑢𝑒 𝑓𝑟𝑜𝑚 𝐶𝐵𝑆 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦   

∴  
1

2𝑎 + 1
+

1

2𝑏 + 1
≥

(1 + 1)2

(2𝑎 + 1) + (2𝑏 + 1)
=

2

𝑎 + 𝑏 + 1
 (𝐴𝑛𝑑 𝑎𝑛𝑎𝑙𝑜𝑔𝑠) 

𝐸𝑞𝑢𝑎𝑙𝑖𝑡𝑦 ℎ𝑜𝑙𝑑𝑠 𝑖𝑓 𝑎 = 𝑏 = 𝑐. 

A.054. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑆𝑖𝑛𝑐𝑒  
1

𝑝
+
1

𝑞
+
1

𝑟
= 1 𝑡ℎ𝑒𝑛 𝑏𝑦 𝑊𝑒𝑖𝑔ℎ𝑡𝑒𝑑 𝐴𝑀 − 𝐺𝑀 𝑤𝑒 ℎ𝑎𝑣𝑒 ∶ 

1

𝑝
. 𝑎𝑝 +

1

𝑞
. 𝑏𝑞 +

1

𝑟
. 𝑐𝑟 ≥ (𝑎𝑝)

1
𝑝. (𝑏𝑞)

1
𝑞 . (𝑐𝑟)

1
𝑟 = 𝑎𝑏𝑐. 

𝑀𝑢𝑙𝑡𝑖𝑝𝑙𝑦𝑖𝑛𝑔 𝑡ℎ𝑒 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠 𝑏𝑦 𝑝𝑞𝑟 𝑤𝑒 𝑔𝑒𝑡 ∶ 

𝑞𝑟𝑎𝑝 + 𝑟𝑝𝑏𝑞 + 𝑝𝑞𝑐𝑟 ≥ 𝑎𝑏𝑐𝑝𝑞𝑟 
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A.055. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐵𝑦 𝑅𝑎𝑑𝑜𝑛′𝑠 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 ∶ 

∎  2𝑥2 + 𝑦2 =
𝑥2

1
2

+
𝑦2

1
≥
(𝑥 + 𝑦)2

1
2 + 1

  ⇒   
(𝑥 + 𝑦)2

2𝑥2 + 𝑦2
≤
3

2
 

∎  4𝑥3 + 𝑦3 =
𝑥3

(
1
2)
2 +

𝑦3

12
≥
(𝑥 + 𝑦)3

(
1
2 + 1)

2   ⇒   
(𝑥 + 𝑦)3

4𝑥3 + 𝑦3
≤ (
3

2
)
2

 

∎  16𝑥5 + 𝑦5 =
𝑥5

(
1
2)
4 +

𝑦5

14
≥
(𝑥 + 𝑦)5

(
1
2 + 1)

4   ⇒   
(𝑥 + 𝑦)5

16𝑥5 + 𝑦5
≤ (
3

2
)
4

 

𝑀𝑢𝑙𝑡𝑖𝑝𝑙𝑦𝑖𝑛𝑔 𝑡ℎ𝑒𝑠𝑒 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑖𝑒𝑠 𝑤𝑒 𝑔𝑒𝑡 ∶ 

(𝑥 + 𝑦)10

(2𝑥2 + 𝑦2)(4𝑥3 + 𝑦3)(16𝑥5 + 𝑦5)
≤ (
3

2
)
7

=
2817

128
.  𝐸𝑞𝑢𝑎𝑙𝑖𝑡𝑦 ℎ𝑜𝑙𝑑𝑠 𝑖𝑓𝑓 

𝑥

1
2

=
𝑦

1
 ⇔  𝑦 = 2𝑥. 

𝑁𝑜𝑤 𝑤𝑒 ℎ𝑎𝑣𝑒 ∶   2𝑥 + 𝑙𝑜𝑔6 𝑦 = 9 ⇒  2
𝑥 + 𝑙𝑜𝑔6(2𝑥) = 9. 

𝑇ℎ𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑥 → 2𝑥 + 𝑙𝑜𝑔6(2𝑥)  𝑖𝑠 𝑠𝑡𝑟𝑖𝑐𝑡𝑙𝑦 𝑖𝑛𝑐𝑟𝑒𝑎𝑠𝑖𝑛𝑔 𝑜𝑛 (0,∞) 𝑎𝑛𝑑 

 23 + 𝑙𝑜𝑔6(2.3) = 9. 

𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒, 𝑥 = 3  𝑎𝑛𝑑  𝑦 = 6. 

A.056. Solution by Ruxandra Daniela Tonilă-Romania 

𝑛 +
1

𝑛
∑

(√𝑖 − √𝑗)
2

√𝑖𝑗
1≤𝑖<𝑗≤𝑛

= 𝑛 +
1

𝑛
∑

𝑖 + 𝑗 − 2√𝑖𝑗

√𝑖𝑗
1≤𝑖<𝑗≤𝑛

= 
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= 𝑛 +
1

𝑛
∑ (√

𝑖

𝑗
+ √

𝑗

𝑖
− 2)

1≤𝑖<𝑗≤𝑛

= 𝑛 +
1

𝑛
[ ∑ (√

𝑖

𝑗
+ √

𝑗

𝑖
)

1≤𝑖<𝑗≤𝑛

− 2(
𝑛

2
)]

= 

𝑛 −
1

𝑛
⋅
2𝑛(𝑛 − 1)

2
+
1

𝑛
⋅ ∑ (√

𝑖

𝑗
+ √

𝑗

𝑖
)

1≤𝑖<𝑗≤𝑛

= 

= 1 +
1

𝑛
⋅ ∑ (√

𝑖

𝑗
+ √

𝑗

𝑖
)

1≤𝑖<𝑗≤𝑛

=
1

𝑛
[𝑛 + ∑ (√

𝑖

𝑗
+ √

𝑗

𝑖
)

1≤𝑖<𝑗≤𝑛

] = 

=
1

𝑛
[∑√

𝑖

𝑖

𝑛

𝑖=1

+ ∑ (√
𝑖

𝑗
+ √

𝑗

𝑖
)

1≤𝑖<𝑗≤𝑛

] =
1

𝑛
[∑√𝑘

𝑛

𝑘=1

⋅ ∑
1

√𝑘

𝑛

𝑘=1

] ≥
𝐴𝐺𝑀

 

≥ √∏√𝑘

𝑛

𝑘=1

𝑛

⋅ ∑
1

√𝑘

𝑛

𝑘=1

= √𝑛!
2𝑛

⋅ ∑
1

√𝑘

𝑛

𝑘=1

 

Therefore, 

𝑛 +
1

𝑛
∑

(√𝑖 − √𝑗)
2

√𝑖𝑗
1≤𝑖<𝑗≤𝑛

≥ √𝑛!
2𝑛

⋅ ∑
1

√𝑘

𝑛

𝑘=1

 

A.057. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑥𝑦𝑧𝑡(𝑥 + 𝑦 + 𝑧 + 𝑡)2 ≤ 2(𝑥𝑦 + 𝑧𝑡)(𝑥𝑧 + 𝑦𝑡)(𝑥𝑡 + 𝑦𝑧); (∗) 

𝑅𝐻𝑆(∗) = 2(𝑥
2𝑦𝑧 + 𝑥𝑦2𝑡 + 𝑥𝑧2𝑡 + 𝑦𝑧𝑡2)(𝑥𝑡 + 𝑦𝑧)

= 2𝑥𝑦𝑧𝑡(𝑥2 + 𝑦2 + 𝑧2 + 𝑡2)
+ 2(𝑥2𝑦2𝑧2 + 𝑥2𝑦2𝑡2 + 𝑥2𝑧2𝑡2 + 𝑦2𝑧2𝑡2) 

→ (∗) ↔ 𝑥𝑦𝑧𝑡(𝑥 + 𝑦 + 𝑧 + 𝑡)2

≤ 2𝑥𝑦𝑧𝑡(𝑥2 + 𝑦2 + 𝑧2 + 𝑡2)
+ 2(𝑥2𝑦2𝑧2 + 𝑥2𝑦2𝑡2 + 𝑥2𝑧2𝑡2 + 𝑦2𝑧2𝑡2) 
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↔ 2𝑥𝑦𝑧𝑡(𝑥𝑦 + 𝑥𝑧 + 𝑥𝑡 + 𝑦𝑧 + 𝑦𝑡 + 𝑧𝑡)
≤ 𝑥𝑦𝑧𝑡(𝑥2 + 𝑦2 + 𝑧2 + 𝑡2)
+ 2(𝑥2𝑦2𝑧2 + 𝑥2𝑦2𝑡2 + 𝑥2𝑧2𝑡2 + 𝑦2𝑧2𝑡2) 

↔ 𝑥𝑦𝑧𝑡[(𝑥 − 𝑦)2 + (𝑧 − 𝑡)2] + 𝑥2𝑧2(𝑦 − 𝑡)2 + 𝑥2𝑡2(𝑦 − 𝑧)2

+ 𝑦2𝑧2(𝑥 − 𝑡)2 + 𝑦2𝑡2(𝑥 − 𝑧)2 ≥ 0 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑡𝑟𝑢𝑒. 

𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒,   

𝑥𝑦𝑧𝑡(𝑥 + 𝑦 + 𝑧 + 𝑡)2 ≤ 2(𝑥𝑦 + 𝑧𝑡)(𝑥𝑧 + 𝑦𝑡)(𝑥𝑡 + 𝑦𝑧)  

𝑤𝑖𝑡ℎ 𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 𝑖𝑓𝑓 𝑥 = 𝑦 = 𝑧 = 𝑡. 

A.058. Solution by Adrian Popa-Romania 

Let |𝑥 − 1| = 𝑎, |𝑦 − 2| = 𝑏, |𝑧 − 3| = 𝑐; 𝑎, 𝑏, 𝑐 ≥ 0 

𝑎2

2
+
𝑏2

4
+
𝑐2

6
+ 3 = 𝑎 + 𝑏 + 𝑐 

6𝑎2 + 3𝑏2 + 2𝑐2 + 36 = 12𝑎 + 12𝑏 + 12𝑐 

6(𝑎 − 1)2 + 3(𝑏 − 2)2 + 2(𝑐 − 3)2 = 0 ⇒ 𝑎 = 1; 𝑏 = 2; 𝑐 = 3. 

|𝑥 − 1| = 1 ⇒ 𝑥 = 0, 𝑥 = 2 

|𝑦 − 2| = 0 ⇒ 𝑦 = 0, 𝑦 = 4 

|𝑧 − 3| = 3 ⇒ 𝑧 = 0, 𝑧 = 6. 

𝑆 = {(𝑥, 𝑦, 𝑧)|𝑥 ∈ {0,2}, 𝑦 ∈ {0,4}, 𝑧 ∈ {0,6}} 

A.059. Solution by Ravi Prakash-New Delhi-India 

𝑦 =
4𝑥4

𝑥6 + 𝑥4 + 𝑥2 + 1
≥ 0 

𝑧 =
5𝑦5

𝑦8 + 𝑦6 + 𝑦4 + 𝑦2 + 1
≥ 0 

𝑥 =
6𝑧6

𝑧10 + 𝑧8 + 𝑧6 + 𝑧4 + 𝑧2 + 1
≥ 0 
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If 𝑥 = 0, then 𝑦 = 0 and 𝑧 = 0. 

Assume 𝑥 > 0,  

𝑦 =
4𝑥4

𝑥6 + 𝑥4 + 𝑥2 + 1
≤

4𝑥4

4(𝑥6 ⋅ 𝑥4 ⋅ 𝑥2 ⋅ 1)
1
4

⇒ 𝑦 ≤
𝑥4

𝑥3
= 𝑥 

Similarly, 𝑧 ≤ 𝑦 and 𝑥 ≤ 𝑧. 

𝑥 ≤ 𝑦 ≤ 𝑧 ≤ 𝑥 ⇒ 𝑥 = 𝑦 = 𝑧 

𝑦 =
4𝑥4

𝑥6 + 𝑥4 + 𝑥2 + 1
⇒ 4𝑥3 = 𝑥6 + 𝑥4 + 𝑥2 + 1 

(𝑥3 +
1

𝑥3
− 2) + (𝑥 +

1

𝑥
− 2) = 0 

(𝑥
3
2 −

1

𝑥
3
2

)

2

+ (√𝑥 −
1

√𝑥
)
2

= 0 ⇒ 𝑥
3
2 −

1

𝑥
3
2

= 0 𝑎𝑛𝑑 √𝑥 −
1

√𝑥
= 0 

⇒ 𝑥3 = 1 and 𝑥 = 1. 𝑆 = {(0,0,0), (1,1,1)} 

A.060. Solution by Asmat Qatea-Afghanistan 

{

𝑥 + 𝑦 + 3 = 3𝑥𝑦; (∗)

𝑥2 − 𝑦2

𝑥𝑦 − 1
+
𝑥2 − 9

3𝑥 − 1
+
𝑦2 − 9

3𝑦 − 1
= 0; (∗∗)

 

(∗) ⇒ 𝑥 + 𝑦 = 3(𝑥𝑦 − 1) ⇒ 𝑥 =
𝑦 + 3

3𝑦 − 1
, 𝑦 =

𝑥 + 3

3𝑥 − 1
 

(∗∗) ⇒
(𝑥 − 𝑦)(𝑥 + 𝑦)

𝑥𝑦 − 1
+
(𝑥 − 3)(𝑥 + 3)

3𝑥 − 1
+
(𝑦 + 3)(𝑦 − 3)

3𝑦 − 1
= 0 

3(𝑥 − 𝑦) +
(𝑥 − 3)(𝑥 + 3)

3𝑥 − 1
+ 𝑥(𝑦 − 3) = 0 

𝑦(𝑥 − 3) +
(𝑥 − 3)(𝑥 + 3)

3𝑥 − 1
= 0 
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(𝑥 − 3)2 (
𝑥 + 3

3𝑥 − 2
) = 0 ⇒ {

𝑥 = 3
𝑥 = −3

⇒ {
𝑦 =

3

4
𝑦 = 0

 

A.061. Solution by Asmat Qatea-Afghanistan 

(1 + 1 + 1)(𝑥2 + 1 + 𝑦2 + 1 + 𝑧2 + 1) ≥
𝐻𝑜𝑙𝑑𝑒𝑟

(√𝑥2 + 1 + √𝑦2 + 1 + √𝑧2 + 1)
2

= (3√2)
2
 

𝑥2 + 𝑦2 + 𝑧2 + 3 ≥ 6 ⇒ 𝑥2 + 𝑦2 + 𝑧2 + 6 ≥ 9 ≥
(?)

3(𝑥 + 𝑦 + 𝑧) 

𝑥 + 𝑦 + 𝑧 ≤
?
3; (1) 

We have: √𝑥2 + 1 ≥
𝑅𝑀𝑆−𝐴𝑀 𝑥+1

√2
 

∑√𝑥2 + 1

𝑐𝑦𝑐

≥
𝑥 + 𝑦 + 𝑧 + 3

√2
⇒ 3√2 ≥

𝑥 + 𝑦 + 𝑧 + 3

√2
 

𝑥 + 𝑦 + 𝑧 ≤ 3 ⇒ (1) 𝑖𝑠 𝑡𝑟𝑢𝑒. 

 A.062. Solution by Ravi Prakash-New Delhi-India 

𝑥 +
9

[𝑥]
=

6

1 + 𝑥 − [𝑥]
; (1) 

As 𝑥 ≥ [𝑥], 1 + 𝑥 − [𝑥] ≥ 1 ⇒
6

1+𝑥−[𝑥]
≤ 6 ⇒ 𝑥 +

9

[𝑥]
≤ 6; (2) 

Also, 
6

1+𝑥−[𝑥]
> 0 ⇒ 𝑥 +

9

[𝑥]
> 0 ⇒ 𝑥 > 0. 

[𝑥] = 0, ∀𝑥 ∈ [0,1) 

∵ 𝑥 ≥ 1. As [𝑥] ≤ 𝑥,
9

[𝑥]
≥
9

𝑥
. Thus, 𝑥 +

9

[𝑥]
≥ 𝑥 +

9

𝑥
≥ 6; (3) 

From (1),(2),(3) we get 𝑥 +
9

[𝑥]
=

6

1+𝑥−[𝑥]
⇒ 𝑥 = [𝑥]. 

From (1), 𝑥 +
9

𝑥
= 6 ⇒ 𝑥 = 3. Similarly, 
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𝑦 +
16

[𝑦]
=

8

1 + 𝑦 − [𝑦]
⇒ 𝑦 = 4 

Now, 𝑧 + 2𝑧 + 𝑙𝑜𝑔2 𝑧 = 𝑥 + 𝑦 ⇒ 𝑧 + 2
𝑧 + 𝑙𝑜𝑔2 𝑧 = 7; (4) ⇒ 𝑧 > 0 and 

if 1 < 𝑧 < 2,  

we have 𝑧 + 2𝑧 + 𝑙𝑜𝑔2 𝑧 ≤ 3 ≠ 7. 

For 𝑧 = 2, 𝑧 + 2𝑧 + 𝑙𝑜𝑔2 𝑧 = 7. For 𝑧 > 2, 𝑧 + 2𝑧 + 𝑙𝑜𝑔2 𝑧 > 7. 

Therefore, 𝑥 = 3, 𝑦 = 4, 𝑧 = 2. 

A.063. Solution by Ravi Prakash-New Delhi-India 

We show that if 𝑥 ≥ 1, then 
𝑥3+1

√𝑥2−𝑥+1
≥ 𝑥2 + 1 ⇔ 

(𝑥 + 1)(𝑥2 − 𝑥 + 1)

√𝑥2 − 𝑥 + 1
≥ 𝑥2 + 1 ⇔ (𝑥 + 1)2(𝑥2 − 𝑥 + 1) ≥ (𝑥2 + 1)2

⇔ 

(𝑥 + 1)(𝑥3 + 1) ≥ 𝑥4 + 2𝑥2 + 1 ⇒3+ 𝑥 ≥ 2𝑥2, which is true as AM-
GM inequality.Thus, 

𝑥3 + 1

√𝑥2 − 𝑥 + 1
+

𝑦3 + 1

√𝑦2 − 𝑦 + 1
+

𝑧3 + 1

√𝑧2 − 𝑧 + 1
≥ 𝑥2 + 𝑦2 + 𝑧2 + 3 = 6 

A.064. Solution by Adrian Popa-Romania 

4(𝑥 + 1)𝑥+1 ⋅ (𝑦 + 1)𝑦+1 ⋅ (𝑥 + 𝑦)𝑥+𝑦 ≤ 𝑥𝑥 ⋅ 𝑦𝑦 ⋅ (𝑥 + 𝑦 + 2)𝑥+𝑦+2 

(
𝑥 + 1

𝑥
)
𝑥

⋅ (
𝑦 + 1

𝑦
)
𝑦

⋅ (𝑥 + 1) ⋅ (𝑦 + 1) ≤ (
𝑥 + 𝑦 + 2

𝑥 + 𝑦
)
𝑥+𝑦

⋅ (
𝑥 + 𝑦 + 2

2
)
2

 

Now,  

(
𝑥 + 1

𝑥
)
𝑥

⋅ (
𝑦 + 1

𝑦
)
𝑦

≤
𝐴𝐺𝑀

(
𝑥 ⋅
𝑥 + 1
𝑥 + 𝑦 ⋅

𝑦 + 1
𝑦

𝑥 + 𝑦
)

𝑥+𝑦

= (
𝑥 + 𝑦 + 2

𝑥 + 𝑦
)
𝑥+𝑦

; (1) 
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(𝑥 + 1)(𝑦 + 1) ≤
𝐴𝐺𝑀

(
𝑥 + 1 + 𝑦 + 1

2
)
2

= (
𝑥 + 𝑦 + 2

2
)
2

; (2) 

By multiply (1) and (2) it follows  

4(𝑥 + 1)𝑥+1 ⋅ (𝑦 + 1)𝑦+1 ⋅ (𝑥 + 𝑦)𝑥+𝑦 ≤ 𝑥𝑥 ⋅ 𝑦𝑦 ⋅ (𝑥 + 𝑦 + 2)𝑥+𝑦+2 

A.065. Solution by Soumava Chakraborty-Kolkata-India 

((
𝑎 + 2𝑏

3
)
2𝑎+𝑏

. (
2𝑎 + 𝑏

3
)
𝑎+2𝑏

)

3𝑎𝑏

≤ (𝑎𝑏 . 𝑏𝑎)
(2𝑎+𝑏)(𝑎+2𝑏)

⇔ 𝑙𝑛(((
𝑎 + 2𝑏

3
)
2𝑎+𝑏

. (
2𝑎 + 𝑏

3
)
𝑎+2𝑏

)

3𝑎𝑏

)

≤ 𝑙𝑛 ((𝑎𝑏 . 𝑏𝑎)
(2𝑎+𝑏)(𝑎+2𝑏)

) 

⇔ 3𝑎𝑏 ((2𝑎 + 𝑏)𝑙𝑛 (
𝑎 + 2𝑏

3
) + (𝑎 + 2𝑏)𝑙𝑛 (

2𝑎 + 𝑏

3
))

≤ (2𝑎 + 𝑏)(𝑎 + 2𝑏)(𝑏𝑙𝑛𝑎 + 𝑎𝑙𝑛𝑏)

⇔
𝑙𝑛𝑚

𝑚
+
𝑙𝑛𝑛

𝑛
≤⏞
(∗)
𝑙𝑛𝑎

𝑎
+
𝑙𝑛𝑏

𝑏
 (𝑚 =

𝑎 + 2𝑏

3
, 𝑛 =

2𝑎 + 𝑏

3
) 

𝐶𝑎𝑠𝑒 1  𝑎 ≥ 𝑏 𝑎𝑛𝑑 𝑡ℎ𝑒𝑛 ∶ 𝑎 + 2𝑏 ≥ 3𝑏 ⇒ 𝑚 ≥ 𝑏 𝑎𝑛𝑑 𝑎𝑙𝑠𝑜 ∶ 3𝑎 ≥ 2𝑎 + 𝑏
⇒ 𝑎 ≥ 𝑛 𝑎𝑛𝑑 𝑚𝑜𝑟𝑒𝑜𝑣𝑒𝑟 ∶ 2𝑎 + 𝑏 ≥ 𝑎 + 2𝑏 ⇒ 𝑛 ≥ 𝑚
∴ 𝑤𝑒 𝑐𝑎𝑛 𝑐ℎ𝑜𝑜𝑠𝑒 𝑐1, 𝑐2 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∶  

𝑏 ≤ 𝑐1 ≤ 𝑚 𝑎𝑛𝑑 𝑛 ≤ 𝑐2 ≤ 𝑎 ∴ 𝑤𝑒 𝑎𝑟𝑟𝑖𝑣𝑒 𝑎𝑡 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑐ℎ𝑎𝑖𝑛

∶ 𝑒√𝑒 ≤ 𝑏 ≤ 𝑐1 ≤ 𝑚 ≤ 𝑛 ≤ 𝑐2 ≤ 𝑎  

𝑁𝑜𝑤, (∗) ⇔
𝑙𝑛𝑚

𝑚
−
𝑙𝑛𝑏

𝑏
≤
𝑙𝑛𝑎

𝑎
−
𝑙𝑛𝑛

𝑛
⇔⏞

𝑣𝑖𝑎 𝑀𝑉𝑇

(𝑚 − 𝑏)𝐹′(𝑐1)

≤ (𝑎 − 𝑛)𝐹′(𝑐2) (𝑤ℎ𝑒𝑟𝑒 𝐹(𝑥) =
𝑙𝑛𝑥

𝑥
 ∀ 𝑥 ∈  [𝑒√𝑒,∞)

⇒ 𝐹′(𝑥) =
1 − 𝑙𝑛𝑥

𝑥2
) ⇔ 𝜉 (

1 − 𝑙𝑛𝑐2

𝑐2
2 − 

1 − 𝑙𝑛𝑐1

𝑐1
2 ) ≥ 0  
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(∵ 𝑚 + 𝑛 = 𝑎 + 𝑏 ⇒ 𝑚 − 𝑏 = 𝑎 − 𝑛 = 𝜉 (𝑠𝑎𝑦)) ⇔⏞
∵ 𝜉 ≥ 0

1 − 𝑙𝑛𝑐2

𝑐2
2 − 

1 − 𝑙𝑛𝑐1

𝑐1
2

≥ 0 ⇔
𝑙𝑛𝑐1 − 1

𝑐1
2 ≥

𝑙𝑛𝑐2 − 1

𝑐2
2

⇔
𝑐2
2

𝑙𝑛𝑐2 − 1
≥⏞
(𝑖)

𝑐1
2

𝑙𝑛𝑐1 − 1
 (∵ 𝑙𝑛𝑐1 − 1, 𝑙𝑛𝑐2 − 1 ≥

3

2
> 0

∵ 𝑐1, 𝑐2 ≥ 𝑒√𝑒) 

𝑁𝑜𝑤, 𝑙𝑒𝑡 𝑓(𝑥) =
𝑥2

𝑙𝑛𝑥 − 1
 ∀ 𝑥 ∈  [𝑒√𝑒,∞) ∴ 𝑓′(𝑥) =

𝑥(2𝑙𝑛𝑥 − 3)

(𝑙𝑛𝑥 − 1)2

≥ 0(∵ 𝑥 ≥ 𝑒√𝑒 ⇒ 𝑙𝑛𝑥 ≥
3

2
) ⇒ 𝑓(𝑥) 𝑖𝑠 ↑ 𝑜𝑛 [𝑒√𝑒,∞) ∴ 𝑎𝑠 𝑐2

≥ 𝑐1 ≥ 𝑒√𝑒, 𝑠𝑜, 𝑓(𝑐2) ≥ 𝑓(𝑐1) ⇒ (𝑖) ⇒ (∗) 𝑖𝑠 𝑡𝑟𝑢𝑒 

∴ ∀ 𝑎 ≥ 𝑏 ≥ 𝑒√𝑒 ∶ ((
𝑎 + 2𝑏

3
)
2𝑎+𝑏

. (
2𝑎 + 𝑏

3
)
𝑎+2𝑏

)

3𝑎𝑏

≤ (𝑎𝑏 . 𝑏𝑎)
(2𝑎+𝑏)(𝑎+2𝑏)

   

𝐶𝑎𝑠𝑒 2  𝑎 ≤ 𝑏 𝑎𝑛𝑑 𝑡ℎ𝑒𝑛 ∶ 𝑎 + 2𝑏 ≤ 3𝑏 ⇒ 𝑚 ≤ 𝑏 𝑎𝑛𝑑 𝑎𝑙𝑠𝑜 ∶ 3𝑎 ≤ 2𝑎 + 𝑏
⇒ 𝑎 ≤ 𝑛 𝑎𝑛𝑑 𝑚𝑜𝑟𝑒𝑜𝑣𝑒𝑟 ∶ 2𝑎 + 𝑏 ≤ 𝑎 + 2𝑏 ⇒ 𝑛 ≤ 𝑚
∴ 𝑤𝑒 𝑐𝑎𝑛 𝑐ℎ𝑜𝑜𝑠𝑒 𝑐1, 𝑐2 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∶  

𝑚 ≤ 𝑐1 ≤ 𝑏 𝑎𝑛𝑑 𝑎 ≤ 𝑐2 ≤ 𝑛 ∴ 𝑤𝑒 𝑎𝑟𝑟𝑖𝑣𝑒 𝑎𝑡 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑐ℎ𝑎𝑖𝑛

∶ 𝑒√𝑒 ≤ 𝑎 ≤ 𝑐2 ≤ 𝑛 ≤ 𝑚 ≤ 𝑐1 ≤ 𝑏  

𝑁𝑜𝑤, (∗) ⇔
𝑙𝑛𝑏

𝑏
−
𝑙𝑛𝑚

𝑚
≥
𝑙𝑛𝑛

𝑛
−
𝑙𝑛𝑎

𝑎
⇔⏞

𝑣𝑖𝑎 𝑀𝑉𝑇

(𝑏 − 𝑚)𝐹′(𝑐1)

≥ (𝑛 − 𝑎)𝐹′(𝑐2) (𝑤ℎ𝑒𝑟𝑒 𝐹(𝑥) =
𝑙𝑛𝑥

𝑥
 ∀ 𝑥 ∈  [𝑒√𝑒,∞)

⇒ 𝐹′(𝑥) =
1 − 𝑙𝑛𝑥

𝑥2
) ⇔ 𝜉 (

1 − 𝑙𝑛𝑐1

𝑐1
2 −

1 − 𝑙𝑛𝑐2

𝑐2
2  ) ≥ 0  

(∵ 𝑚 + 𝑛 = 𝑎 + 𝑏 ⇒ 𝑏 −𝑚 = 𝑛 − 𝑎 = 𝜉 (𝑠𝑎𝑦)) ⇔⏞
∵ 𝜉 ≥ 0

1 − 𝑙𝑛𝑐1

𝑐1
2 −

1 − 𝑙𝑛𝑐2

𝑐2
2

≥ 0 ⇔
𝑙𝑛𝑐2 − 1

𝑐2
2 ≥

𝑙𝑛𝑐1 − 1

𝑐1
2

⇔
𝑐2
2

𝑙𝑛𝑐2 − 1
≤⏞
(𝑖𝑖)

𝑐1
2

𝑙𝑛𝑐1 − 1
 (∵ 𝑙𝑛𝑐1 − 1, 𝑙𝑛𝑐2 − 1 ≥

3

2
> 0

∵ 𝑐1, 𝑐2 ≥ 𝑒√𝑒) 
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𝑁𝑜𝑤, 𝑙𝑒𝑡 𝑓(𝑥) =
𝑥2

𝑙𝑛𝑥 − 1
 ∀ 𝑥 ∈  [𝑒√𝑒,∞) ∴ 𝑓′(𝑥) =

𝑥(2𝑙𝑛𝑥 − 3)

(𝑙𝑛𝑥 − 1)2

≥ 0(∵ 𝑥 ≥ 𝑒√𝑒 ⇒ 𝑙𝑛𝑥 ≥
3

2
) ⇒ 𝑓(𝑥) 𝑖𝑠 ↑ 𝑜𝑛 [𝑒√𝑒,∞) ∴ 𝑎𝑠 𝑐1

≥ 𝑐2 ≥ 𝑒√𝑒, 𝑠𝑜, 𝑓(𝑐1) ≥ 𝑓(𝑐2) ⇒ (𝑖𝑖) ⇒ (∗) 𝑖𝑠 𝑡𝑟𝑢𝑒 

∴ ∀ 𝑏 ≥ 𝑎 ≥ 𝑒√𝑒 ∶ ((
𝑎 + 2𝑏

3
)
2𝑎+𝑏

. (
2𝑎 + 𝑏

3
)
𝑎+2𝑏

)

3𝑎𝑏

≤ (𝑎𝑏 . 𝑏𝑎)
(2𝑎+𝑏)(𝑎+2𝑏)

  

∴ 𝑐𝑜𝑚𝑏𝑖𝑛𝑖𝑛𝑔 𝑐𝑎𝑠𝑒𝑠 (1), (2), ∀ 𝑎, 𝑏 ≥ 𝑒√𝑒, 𝑡ℎ𝑒𝑛

∶ ((
𝑎 + 2𝑏

3
)
2𝑎+𝑏

. (
2𝑎 + 𝑏

3
)
𝑎+2𝑏

)

3𝑎𝑏

≤ (𝑎𝑏 . 𝑏𝑎)
(2𝑎+𝑏)(𝑎+2𝑏)

 (𝑄𝐸𝐷) 

A.066. Solution by Khaled Abd Imouti-Damascus-Syria 

𝐸(𝑛): 1 +∑
1

√1 + 𝑥𝑖
3

𝑛

𝑖=1

≤ 𝑛 +
1

√1 + 𝑥1 + 𝑥2 +⋯+ 𝑥𝑛
3

 

𝐸(1): 1 +
1

√1 + 𝑥1
3

≤ 1 +
1

√1 + 𝑥1
3

 (𝑡𝑟𝑢𝑒. ) 

Suppose that above issue is true for 𝑛 ≥ 1 and let us prove is true for 
𝑛 + 1. 

𝐸(𝑛 + 1): 1 +∑
1

√1 + 𝑥𝑖
3

𝑛+1

𝑖=1

≤ 𝑛 + 1 +
1

√1 + 𝑥1 + 𝑥2 +⋯+ 𝑥𝑛 + 𝑥𝑛+1
3

 

1 +∑
1

√1 + 𝑥𝑖
3

𝑛+1

𝑖=1

= (1 +∑
1

√1 + 𝑥𝑖
3

𝑛

𝑖=1

) +
1

√1 + 𝑥𝑛+1
3

≤ 

≤ 𝑛 +
1

√1 + 𝑥1 + 𝑥2 +⋯+ 𝑥𝑛
3

+
1

√1 + 𝑥𝑛+1
3

≤
(1)

𝑛 + 1

+
1

√1 + 𝑥1 + 𝑥2 +⋯+ 𝑥𝑛 + 𝑥𝑛+1
3

 

Let 𝑎 = 𝑥1 + 𝑥2 +⋯+ 𝑥𝑛 and 𝑏 = 𝑥𝑛+1, then: 
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(1) ⇔
1

√1 + 𝑎
3 +

1

√1 + 𝑏
3 ≤

1

√1 + 𝑎 + 𝑏
3 + 1 

Let be the function: 𝑓(𝑎) =
1

√1+𝑎
3 +

1

√1+𝑏
3 −

1

√1+𝑎+𝑏
3 ; 𝑎, 𝑏 ≥ 0, 𝑓(0) = 1 

𝑙𝑖𝑚
𝑎→∞

𝑓(𝑎) =
1

√1 + 𝑏
3 ≤ 1 

 

𝑓′(𝑎) =
1

3
(−

1

√(1 + 𝑎)4
3

+
1

√(1 + 𝑎 + 𝑏)4
3

) < 0 ⇒ (2) ⇒ (1)(𝑡𝑟𝑢𝑒. ) 

1 +∑
1

√1 + 𝑥𝑖
3

𝑛

𝑖=1

≤ 𝑛 +
1

√1 + 𝑥1 + 𝑥2 +⋯+ 𝑥𝑛
3

 

A.067. Solution by Tapas Das-India 

√𝑎 + √𝑏 + √𝑐 + √𝑏 + √𝑐 + √𝑎 +√𝑐 + √𝑎 + √𝑏 ≤ 

≤ √3 [𝑎 + 𝑏 + 𝑐 + (√𝑏 + √𝑐 + √𝑐 + √𝑎 +√𝑎 + √𝑏)]

1
2

 

= √3 [3 + (√𝑏 + √𝑐 + √𝑐 + √𝑎 + √𝑎 + √𝑏)]

1
2

 

(∵ 𝑎 + 𝑏 + 𝑐 = 3)     (1) 

Now, √𝑏 + √𝑐 + √𝑐 + √𝑎 + √𝑎 + √𝑏 ≤ 
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≤ √3[(𝑎 + 𝑏 + 𝑐) + (√𝑐 + √𝑎 + √𝑏)]
1
2 = √3[3 + (√𝑐 + √𝑎 + √𝑏)]

1
2 

≤ √3 [3 + √3(𝑎 + 𝑏 + 𝑐)
1
2]

1
2
≤ √3[3 + √3 ⋅ √3]

1
2 

≤ √3(6)
1
2 = √3 ⋅ √3 ⋅ √2 = 3√2 

From (1) 

√𝑎 + √𝑏 + √𝑐 + √𝑏 + √𝑐 + √𝑎 +√𝑐 + √𝑎 + √𝑏 ≤ 

≤ √3[3 + 3√2]
1
2 = √3 ⋅ √3(1 + √2)

1
2 = 3√1 + √2 

Note: 

𝑥1
𝑚 + 𝑥2

𝑚 +⋯+ 𝑥𝑛
𝑚

𝑛
≤ (
𝑥1 + 𝑥2 +⋯+ 𝑥𝑛

𝑛
)
𝑚

 

when 𝑚 was between 0 and 1. 

A.068.  

𝑥4 + 𝑦4

𝑥2 + 𝑦2
≥ 𝑥2 − 𝑥𝑦 + 𝑦2⇔ 𝑥4 + 𝑦4 ≥ (𝑥2 − 𝑥𝑦 + 𝑦2)(𝑥2 + 𝑦2) ⇔ 

𝑥4 + 𝑦64 ≥ 𝑥4 + 𝑥2𝑦2 − 𝑥3𝑦 − 𝑥𝑦3 + 𝑥2𝑦2 + 𝑦4 

𝑥3𝑦 + 𝑥𝑦3 − 2𝑥2𝑦2 ≥ 0 ⇔ 𝑥𝑦(𝑥2 − 2𝑥𝑦 + 𝑦2) ≥ 0 

𝑥4 + 𝑦4

𝑥2 + 𝑦2
≥ 𝑥2 − 𝑥𝑦 + 𝑦2;   (1) 

Analogous: 

𝑦4 + 𝑧4

𝑦2 + 𝑧2
≥ 𝑦2 − 𝑦𝑧 + 𝑧2;   (2) 
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𝑧4 + 𝑥4 

𝑧2 + 𝑥2
≥ 𝑧2 − 𝑧𝑥 + 𝑥2;   (3) 

By adding (1),(2) and (3), we get: 

𝑥4 + 𝑦4

𝑥2 + 𝑦2
+
𝑦4 + 𝑧4

𝑦2 + 𝑧2
+
𝑧4 + 𝑥4 

𝑧2 + 𝑥2
≥ 2(𝑥2 + 𝑦2 + 𝑧2) − (𝑥𝑦 + 𝑦𝑧 + 𝑧𝑥) 

𝑥4 + 𝑦4

𝑥2 + 𝑦2
+
𝑦4 + 𝑧4

𝑦2 + 𝑧2
+
𝑧4 + 𝑥4 

𝑧2 + 𝑥2
+ 𝑥𝑦 + 𝑦𝑧 + 𝑧𝑥 ≥ 2(𝑥2 + 𝑦62 + 𝑧2)

= 2 ⋅ 3 = 6 

Equality holds for 𝑥 = 𝑦 = 𝑧 = 1. 

A.069.   

(𝑥 + 3)(𝑥 − 1) 𝑑𝑒𝑡 (

1000 100
100 10

10 1
1 1000

10 1
1 1000

1000 100
100 10

)(

𝑥 1
1 𝑥

1 1
1 1

1 1
1 1

𝑥 1
1 𝑥

) + 

+(𝑦 + 3)(𝑦 − 1)(

1000 100
100 10

10 1
1 1000

10 1
1 1000

1000 100
100 10

)(

𝑦 1
1 𝑦

1 1
1 1

1 1
1 1

𝑦 1
1 𝑦

) = 0 

((𝑥 + 3)(𝑥 − 1)(𝑥 + 3)(𝑥 − 1)3 + (𝑦 + 3)(𝑦 − 1)(𝑦 + 3)(𝑦 − 1)3)

⋅ |

1000 100
100 10

10 1
1 1000

10 1
1 1000

1000 100
100 10

| = 0 

((𝑥 + 3)(𝑥 − 1)2)
2
+ ((𝑦 + 3)(𝑦 − 1)2)

2
= 0 

𝑥 − 1 = 𝑦 − 1 = 0 ⇒ 𝑥 = 𝑦 = 1. 

A.070.  Let be 𝑓: (0,∞) → ℝ, 𝑓(𝑥) = 𝑥 − 𝑒𝑥−1, 𝑓′(𝑥) = 1 − 𝑒𝑥−1 

𝑓′(𝑥) = 0 ⇒ 1 − 𝑒𝑥−1 = 0 ⇔ 𝑒𝑥−1 = 1 ⇔ 𝑥 − 1 = 0 ⇔ 𝑥 = 1 
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𝑀 = 𝑚𝑎𝑥
𝑥>0

𝑓(𝑥) = 𝑓(1) = 1 − 𝑒1−1 = 1 − 1 = 0 

⇒ 𝑓(𝑥) ≤ 0 ⇒ 𝑥 ≤ 𝑒𝑥−1 ⇒ 𝑥 ≤
1

𝑒
𝑒𝑥 ⇒

𝑒𝑥
2

𝑥2
≥ 𝑒 

For 𝑥 =
𝑐

𝑎
⇒

𝑒
(
𝑐
𝑎
)
2

(
𝑐

𝑎
)
2 ≥ 𝑒 ⇒ (

𝑎

𝑐
)
2

𝑒(
𝑐

𝑎
)
2

≥ 𝑒; (1) 

Analogous: 

(
𝑏

𝑎
)
2

𝑒(
𝑎
𝑏
)
2

≥ 𝑒;  (2) 

(
𝑐

𝑏
)
2

𝑒(
𝑏
𝑐
)
2

≥ 𝑒;  (3) 

By adding (1), (2) and (3), we get: 

(
𝑎

𝑐
)
2

𝑒(
𝑐
𝑎
)
2

+ (
𝑏

𝑎
)
2

𝑒(
𝑎
𝑏
)
2

+ (
𝑐

𝑏
)
2

𝑒(
𝑏
𝑐
)
2

≥ 3𝑒 

Equality holds for 𝑎 = 𝑏 = 𝑐. 

A.071. (𝑎2 + 𝑐2)(𝑏2 + 𝑐2) = 𝑎2𝑏2 + (𝑎2 + 𝑏2)𝑐2 + 𝑐4 ≥
𝐴𝐺𝑀

 

≥ 𝑎2𝑏2 + 2𝑎𝑏𝑐2 + 𝑐4 = (𝑎𝑏 + 𝑐2)2 

(𝑎2 + 𝑐2 )(𝑏2 + 𝑐2) ≥ (𝑎𝑏 + 𝑐2)2; (1) 

(𝑎2 + 𝑐2 )(𝑏2 + 𝑐2) = 𝑎2𝑏2 + (𝑎2 + 𝑏2 )𝑐2 + 𝑐4 ≥
𝐴𝐺𝑀

 

≥ 2𝑎𝑏𝑐2 + 𝑎2𝑐2 + 𝑏2𝑐2 = (𝑎𝑐 + 𝑏𝑐)2; (2) 
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By (1) and (1), we get: 

((𝑎2 + 𝑐2)(𝑏2 + 𝑐2))
2
≥ (𝑎𝑏 + 𝑐2)2(𝑎𝑐 + 𝑏𝑐)2 

(𝑎2 + 𝑐2)(𝑏2 + 𝑐2) ≥ (𝑎𝑏 + 𝑐2)(𝑎𝑏 + 𝑏𝑐) 

(𝑎2 + 𝑐2)(𝑏2 + 𝑐2)

(𝑎𝑏 + 𝑐2)(𝑎𝑐 + 𝑏𝑐)
≥ 1, ∑

(𝑎2 + 𝑐2)(𝑏2 + 𝑐2)

(𝑎𝑏 + 𝑐2)(𝑎𝑐 + 𝑏𝑐)
𝑐𝑦𝑐

≥ 3 

Equality holds for 𝑎 = 𝑏 = 𝑐. 

A.072. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐿𝑒𝑡 𝑥 =
𝑎 + 𝑏

2
, 𝑦 = √𝑎𝑏, 𝑧 =

2𝑎𝑏

𝑎 + 𝑏
. 

𝑊𝑒 ℎ𝑎𝑣𝑒   𝑥 ≥ 𝑦 ≥ 𝑧   𝑤𝑖𝑡ℎ 𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 ℎ𝑜𝑙𝑑𝑠 𝑤ℎ𝑒𝑛 𝑎 = 𝑏. 

𝐼𝑓 𝑎 = 𝑏 = 1 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦.  

 𝐴𝑠𝑠𝑢𝑚𝑒 𝑡ℎ𝑎𝑡 𝑎 ≠ 1 𝑜𝑟 𝑏 ≠ 1 𝑡ℎ𝑒𝑛 𝑎 ≠ 𝑏 𝑎𝑛𝑑 𝑥 > 𝑦 > 𝑧. 

𝐿𝑒𝑡 𝑓(𝑡) = 𝑒𝑡
2
, 𝑡 ≥ 0.   

𝑊𝑒 ℎ𝑎𝑣𝑒 ∶  𝑓′′(𝑡) = 2(2𝑡2 + 1)𝑒𝑡
2
> 0 𝑡ℎ𝑒𝑛 𝑓 𝑖𝑠 𝑐𝑜𝑛𝑣𝑒𝑥 𝑜𝑛 (0,∞) 

𝑇ℎ𝑒 𝑝𝑟𝑜𝑏𝑙𝑒𝑚 𝑏𝑒𝑐𝑜𝑚𝑒𝑠 𝑡𝑜 𝑝𝑟𝑜𝑣𝑒 ∶ 

  𝑓(𝑥 − 𝑦 + 𝑧) + 𝑓(𝑦) ≤ 𝑓(𝑥) + 𝑓(𝑧) 

𝐵𝑦 𝐽𝑒𝑛𝑠𝑒𝑛′𝑠 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦, 𝑤𝑒 ℎ𝑎𝑣𝑒 ∶ 

𝑓(𝑦) = 𝑓 (
𝑦 − 𝑧

𝑥 − 𝑧
. 𝑥 +

𝑥 − 𝑦

𝑥 − 𝑧
. 𝑧) ≤

𝑦 − 𝑧

𝑥 − 𝑧
. 𝑓(𝑥) +

𝑥 − 𝑦

𝑥 − 𝑧
. 𝑓(𝑧)  

 (∴
𝑦 − 𝑧

𝑥 − 𝑧
,
𝑥 − 𝑦

𝑥 − 𝑧
> 0 & 

𝑦 − 𝑧

𝑥 − 𝑧
+
𝑥 − 𝑦

𝑥 − 𝑧
= 1) 

𝑓(𝑥 − 𝑦 + 𝑧) = 𝑓 (
𝑥 − 𝑦

𝑥 − 𝑧
. 𝑥 +

𝑦 − 𝑧

𝑥 − 𝑧
. 𝑧) ≤

𝑥 − 𝑦

𝑥 − 𝑧
. 𝑓(𝑥) +

𝑦 − 𝑧

𝑥 − 𝑧
. 𝑓(𝑧) 

𝑆𝑢𝑚𝑚𝑖𝑛𝑔 𝑢𝑝 𝑡ℎ𝑒𝑠𝑒 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦, 𝑤𝑒 𝑜𝑏𝑡𝑎𝑖𝑛 ∶ 𝑓(𝑥 − 𝑦 + 𝑧) + 𝑓(𝑦)
≤ 𝑓(𝑥) + 𝑓(𝑧) 
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𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒, 𝑒(
𝑎+𝑏
2
−√𝑎𝑏+

2𝑎𝑏
𝑎+𝑏

)
2

+ 𝑒𝑎𝑏 ≤ √𝑒(𝑎+𝑏)
24
+ 𝑒

4𝑎2𝑏2

(𝑎+𝑏)2 . 

A.073. Solution by Fayssal Abdelli-Bejaia-Algerie 

Let 𝑎 = √307 − 𝑥
5

; 𝑏 = √𝑥 − 63
5

⇒
𝑎5𝑏−𝑎𝑏5

𝑎−𝑏
= 120 ⇒

𝑎𝑏(𝑎4−𝑏4)

𝑎−𝑏
= 120 

⇒
𝑎𝑏(𝑎 − 𝑏)

𝑎 − 𝑏
(𝑎3 + 𝑎2𝑏 + 𝑎𝑏2 + 𝑏3) = 120 

𝑎𝑏(𝑎3 + 𝑎2𝑏 + 𝑎𝑏2 + 𝑏3) = 120 

𝑎𝑏((𝑎 + 𝑏)3 − 2𝑎2𝑏 − 2𝑎𝑏2) = 120 

𝑎𝑏[(𝑎 + 𝑏)3 − 2𝑎𝑏(𝑎 + 𝑏)] = 120 

𝑎𝑏[(𝑎 + 𝑏)[(𝑎 + 𝑏)2 − 2𝑎𝑏] = 120 

⇒ 𝑎𝑏(𝑎 + 𝑏)(𝑎2 + 𝑏2) = 120 = (1 ⋅ 3)(1 + 3)(12 + 32)⇒ (𝑎, 𝑏) ∈
{(1,3); (3,1)} 

{
𝑎 = 1
𝑏 = 3

⇒ {√307 − 𝑥
5

= 1

√𝑥 − 63
5

= 3
⇒ 𝑥 = 306 

{
𝑎 = 3
𝑏 = 1

⇒ {√307 − 𝑥
5

= 3

√𝑥 − 63
5

= 1
⇒ 𝑥 = 64 

A.074. Solution by Ravi Prakash-New Delhi-India 

Adding all the equations, we get 2(𝑥3 + 𝑦3 + 𝑧3) = 40404 −

(√𝑥
3
+ √𝑦

3 + √𝑧
3
) ⇒ 

𝑥3 + 𝑦3 + 𝑧3 = 20202 − (√𝑥
3
+ √𝑦

3 + √𝑧
3
); (1) 

From this equation and second equation, we get 𝑥3 = 2 − √𝑥
3 3

+ √𝑥
3
=

2; (2) 

For 𝑥 ≤ 0, 𝐿𝐻𝑆 ≤ 0 ≠ 𝑅𝐻𝑆. For 0 < 𝑥 < 1, 𝐿𝐻𝑆 < 2 < 𝑅𝐻𝑆. 

For 𝑥 = 1, 𝐿𝐻𝑆 = 2 = 𝑅𝐻𝑆. 
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For 𝑥 > 1, 𝐿𝐻𝑆 > 2 = 𝑅𝐻𝑆. 

So, the only solution for (2) is 𝑥 = 1. From (1) and the third equation, we 
get 

𝑦3 = 514 − √𝑦
3 ⇒ 𝑦3 + √𝑦

3 = 514; (3) 

For 𝑦 ≤ 0, 𝐿𝐻𝑆(3) ≤ 0 ≠ 𝑅𝐻𝑆. 

For 0 < 𝑦 < 8, 𝐿𝐻𝑆(3) < 514 = 𝑅𝐻𝑆. 

For 𝑦 = 8, 𝐿𝐻𝑆(3) = 514 = 𝑅𝐻𝑆. 

For 𝑦 > 8, 𝐿𝐻𝑆(3) > 514 = 𝑅𝐻𝑆. 

Thus, the only solution of (3) is 𝑦 = 8. Lastly, from (1) and the first 
equation, 

𝑧3 = 19686 − √𝑧
3
. As above, it can shown, 𝑧 = 27. 

Therefore: 𝑆 = {𝑥 = 1, 𝑦 = 8. 𝑧 = 27} 

A.075. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐼𝑓 𝑎 ≥ 𝑏 →  𝑎5 ≥ 𝑏5 𝑎𝑛𝑑 𝑎2 ≥ 𝑏2  

→  2(𝑎7 + 𝑏7) ≥⏞
𝐶ℎ𝑒𝑏𝑦𝑠ℎ𝑒𝑣

 (𝑎5 + 𝑏5)(𝑎2 + 𝑏2) 

→  
𝑎2 + 𝑏2

𝑎7 + 𝑏7
≤

2

𝑎5 + 𝑏5
 ≤⏞
𝐴𝑀−𝐺𝑀

 
1

√𝑎5𝑏5
= √𝑐5  (𝐴𝑛𝑑 𝑎𝑛𝑎𝑙𝑜𝑔𝑠) 

→  ∑
𝑎2 + 𝑏2

𝑎7 + 𝑏7
𝑐𝑦𝑐

≤∑√𝑎5

𝑐𝑦𝑐

 ≤⏞
𝐶𝐵𝑆

 √3∑𝑎5

𝑐𝑦𝑐

 ≤⏞
?

 ∑𝑎5

𝑐𝑦𝑐

 ↔  3 ≤∑𝑎5

𝑐𝑦𝑐

 

𝑊ℎ𝑖𝑐ℎ 𝑖𝑠 𝑡𝑟𝑢𝑒 𝑓𝑟𝑜𝑚 𝐴𝑀 − 𝐺𝑀, ∑𝑎5

𝑐𝑦𝑐

≥ 3√(𝑎𝑏𝑐)5
3

= 3 

𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒, ∑
𝑎2 + 𝑏2

𝑎7 + 𝑏7
𝑐𝑦𝑐

≤∑𝑎5

𝑐𝑦𝑐

. 
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A.076. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

(∗)  ↔  312𝑎𝑎𝑏𝑏𝑐𝑐𝑑𝑑

≥ (𝑏 + 𝑐 + 𝑑)𝑏+𝑐+𝑑. (𝑐 + 𝑑 + 𝑎)𝑐+𝑑+𝑎. (𝑑 + 𝑎
+ 𝑏)𝑑+𝑎+𝑏. (𝑎 + 𝑏 + 𝑐)𝑎+𝑏+𝑐 

↔ 312 ≥ ∏ (
(𝑎 + 𝑏 + 𝑐)(𝑎 + 𝑏 + 𝑑)(𝑎 + 𝑐 + 𝑑)

𝑎
)

𝑎

𝑎,𝑏,𝑐,𝑑

 

↔  33 ≥⏞
(1)

 √ ∏ (
(𝑎 + 𝑏 + 𝑐)(𝑎 + 𝑏 + 𝑑)(𝑎 + 𝑐 + 𝑑)

𝑎
)

𝑎

𝑎,𝑏,𝑐,𝑑

𝑎+𝑏+𝑐+𝑑  

 

𝐵𝑦 𝑊𝑒𝑖𝑔ℎ𝑡𝑒𝑑 𝐴𝑀 − 𝐺𝑀,𝑤𝑒 ℎ𝑎𝑣𝑒 ∶  𝑅𝐻𝑆(1)

≤
1

𝑎 + 𝑏 + 𝑐 + 𝑑
∑ 𝑎.

(𝑎 + 𝑏 + 𝑐)(𝑎 + 𝑐 + 𝑑)(𝑎 + 𝑏 + 𝑑)

𝑎
𝑎,𝑏,𝑐,𝑑

= 

=
1

4
∑ (𝑎 + 𝑏 + 𝑐)(𝑎 + 𝑐 + 𝑑)(𝑎 + 𝑏 + 𝑑)

𝑎,𝑏,𝑐,𝑑

 

𝐵𝑦 𝑀𝑎𝑐𝑙𝑎𝑢𝑟𝑖𝑛′𝑠 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦, 𝑤𝑒 𝑘𝑛𝑜𝑤 𝑡ℎ𝑎𝑡 ∶ 

 
𝑥𝑦𝑧 + 𝑥𝑦𝑡 + 𝑥𝑧𝑡 + 𝑦𝑧𝑡

4
≤ (
𝑥 + 𝑦 + 𝑧 + 𝑡

4
)
3

, ∀𝑥, 𝑦, 𝑧, 𝑡 > 0 

→ 
1

4
∑ (𝑎 + 𝑏 + 𝑐)(𝑎 + 𝑐 + 𝑑)(𝑎 + 𝑏 + 𝑑)

𝑎,𝑏,𝑐,𝑑

≤ (
(𝑎 + 𝑏 + 𝑐) + (𝑎 + 𝑐 + 𝑑) + (𝑎 + 𝑏 + 𝑑) + (𝑏 + 𝑐 + 𝑑)

4
)

3

= 

= (
3

4
(𝑎 + 𝑏 + 𝑐 + 𝑑))

3

= 33   →   𝑅𝐻𝑆(1) ≤ 3
3   →   (1) 𝑖𝑠 𝑡𝑟𝑢𝑒. 

𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒, 312𝑎𝑎𝑏𝑏𝑐𝑐𝑑𝑑

≥ (4 − 𝑎)4−𝑎. (4 − 𝑏)4−𝑏 . (4 − 𝑐)4−𝑐. (4 − 𝑑)4−𝑑. 
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A.077. Solution by Ravi Prakash-New Delhi-India 

1

4
=
1

4
(256𝑥

2−𝑦 + 256𝑦
2−𝑧 + 256𝑧

2−𝑡 + 256𝑡
2−𝑥) 

1

256
≥ 256𝑥

2+𝑦2+𝑧2+𝑡2−𝑥−𝑦−𝑧−𝑡 

𝑥2 + 𝑦2 + 𝑧2 + 𝑡2 − 𝑥 − 𝑦 − 𝑧 − 𝑡 ≤ −1 ⇔ 

(𝑥 −
1

2
)
2

+ (𝑦 −
1

2
)
2

+ (𝑧 −
1

2
)
2

+ (𝑡 −
1

2
)
2

≤ 0 

⇒ 𝑥 = 𝑦 = 𝑧 = 𝑡 =
1

2
 

A.078. Solution by Ravi Prakash-New Delhi-India 

For 𝑛 = 0 we take 𝑥 > 0, 𝑦 > 0 then, 

𝐿𝐻𝑆 = (𝑥 + 𝑦)−1(𝑥 + 𝑦)1 ≤
1

2
⋅ 2 ⇔ 1 ≤ 1 𝑡𝑟𝑢𝑒. 

We now take 𝑛 ≥ 1, 𝑥 ≥ 0, 𝑦 ≥ 0. If 𝑥 = 0, the inequality becomes 

𝑦𝑛
2−1𝑦𝑛+1 ≤ 2𝑛−1𝑦𝑛(𝑛+1) which is true. Similarly for 𝑦 = 0. 

So, we assume that 0 < 𝑦 ≤ 𝑥, 𝑛 ≥ 1. We can rewrite the inequality as 

𝑥𝑛
2−1(1 + 𝑡𝑛+1)𝑛−1(1 + 𝑡)𝑛+1𝑥𝑛+1 ≤ 2𝑛−1𝑥𝑛(𝑛+1)(1 + 𝑡𝑛)𝑛+1 

(1 + 𝑡𝑛+1)𝑛−1(1 + 𝑡)𝑛+1

(1 + 𝑡𝑛)𝑛+1
≤ 2𝑛−1; (𝑖), 0 < 𝑡 =

𝑦

𝑥
≤ 1 

𝐿𝑒𝑡: 𝑓(𝑡) =
(1 + 𝑡𝑛+1)𝑛−1(1 + 𝑡)𝑛+1

(1 + 𝑡𝑛)𝑛+1
, 0 ≤ 𝑡 ≤ 1 

𝑙𝑜𝑔 𝑓(𝑡) = (𝑛 − 1) 𝑙𝑜𝑔(1 + 𝑡𝑛+1) + (𝑛 + 1) 𝑙𝑜𝑔(1 + 𝑡)
− (𝑛 + 1) 𝑙𝑜𝑔(1 + 𝑡𝑛) 

𝑓′(𝑡)

𝑓(𝑡)
=
(𝑛 − 1)(𝑛 + 1)𝑡𝑛

1 + 𝑡𝑛+1
+
𝑛 + 1

1 + 𝑡
−
𝑛(𝑛 + 1)𝑡𝑛−1

1 + 𝑡𝑛
= 
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= (𝑛 + 1) [
(𝑛 − 1)𝑡𝑛

1 + 𝑡𝑛+1
−
𝑛𝑡𝑛−1

1 + 𝑡𝑛
+
𝑛 + 1

1 + 𝑡
] = 

= (𝑛 + 1) ⋅ [
(𝑛 − 1)𝑡𝑛(1 + 𝑡𝑛) − 𝑛𝑡𝑛−1(1 + 𝑡𝑛+1)

(1 + 𝑡𝑛+1)(1 + 𝑡𝑛)
−

1

1 + 𝑡
] = 

= (𝑛 + 1) ⋅ [
(𝑛 − 1)𝑡𝑛 + (𝑛 − 1)𝑡2𝑛 − 𝑛𝑡𝑛−1 − 𝑛𝑡2𝑛

(1 + 𝑡𝑛+1)(1 + 𝑡𝑛)
+

1

1 + 𝑡
] = 

=
(𝑛 + 1){[(𝑛 − 1)𝑡𝑛 − 𝑡2𝑛 − 𝑛𝑡𝑛−1](1 + 𝑡) + (1 + 𝑡𝑛+1)(1 + 𝑡𝑛)}

(1 + 𝑡𝑛+1)(1 + 𝑡𝑛)(1 + 𝑡)
= 

=
(𝑛 + 1)[𝑛𝑡𝑛−1(𝑡2 − 1) + (1 − 𝑡2𝑛)]

(1 + 𝑡𝑛+1)(1 + 𝑡𝑛)(1 + 𝑡)
= 

=
(𝑛 + 1)[(1 − 𝑡2)(1 + 𝑡2 + 𝑡4 +⋯+ 𝑡2𝑛−2 − 𝑛𝑡𝑛−1)

(1 + 𝑡𝑛+1)(1 + 𝑡𝑛)(1 + 𝑡)
 

But: 1 + 𝑡2 + 𝑡4 +⋯+ 𝑡2𝑛−2 ≥ 𝑛(𝑡2 ⋅ 𝑡4 ⋅ 𝑡6 ⋅ … ⋅ 𝑡2𝑛−2)
1

𝑛 = 𝑛𝑡𝑛−1 

Thus,  
𝑓′(𝑡)

𝑓(𝑡)
≥ 0, ∀𝑡 ∈ (0,1) ⇒ 𝑓 −is maximum when 𝑡 = 1. 

⇒ 𝑓(𝑡) ≤
2𝑛−12𝑛+1

2𝑛+1
= 2𝑛−1 

A.079. Solution by Ravi Prakash-New Delhi-India 

Let 𝑓(𝑥) = 𝑒𝑥 − 𝑥 − 1, 𝑥 ∈ ℝ, then 𝑓′(𝑥) = 𝑒𝑥 − 1, 

𝑓′(𝑥) < 0 if 𝑥 > 0; 𝑓′(𝑥) = 0 if 𝑥 = 0 and 𝑓′(𝑥) > 0 if 𝑥 > 0. 

𝑓(𝑥) ≥ 𝑓(0) for 𝑥 ≤ 0 and 𝑓(𝑥) ≥ 𝑓(0)  

for 𝑥 ≥ 0 ⇒ 𝑓(𝑥) ≥ 0, ∀𝑥 ∈ ℝ 

Hence, 𝑒𝑥 ≥ 𝑥 + 1, ∀𝑥 ∈ ℝ. 

Now, 𝑎(𝑒2𝑏 + 𝑒−2𝑐) + 𝑏(𝑒2𝑐 + 𝑒−2𝑎) + 𝑐(𝑒2𝑎 + 𝑒−2𝑏) ≥ 

≥ 𝑎(1 + 2𝑏 + 1 − 2𝑐) + 𝑏(1 + 2𝑐 + 1 − 2𝑎) + 𝑐(1 + 2𝑎 + 1 − 2𝑏) = 



DANIEL SITARU                      CLAUDIA NĂNUȚI 

 

MATH ACCENT Page 99 
 

= 2(𝑎 + 𝑏 + 𝑐) + 2𝑎(𝑏 − 𝑐) + 2𝑏(𝑐 − 𝑎) + 2𝑐(𝑎 − 𝑏) = 2(𝑎 + 𝑏 + 𝑐) 

 A.080. Solution by Ravi Prakash-New Delhi-India 

𝑡𝑎𝑛
11𝜋

24
= 𝑡𝑎𝑛 (

12𝜋

24
−
𝜋

24
) = 𝑐𝑜𝑡

𝜋

24
 

𝑡𝑎𝑛
7𝜋

24
= 𝑡𝑎𝑛 (

12𝜋

24
−
5𝜋

24
) = 𝑐𝑜𝑡

5𝜋

24
 

Hence, 𝑡𝑎𝑛
𝜋

24
⋅ 𝑡𝑎𝑛

11𝜋

24
= 1 and 𝑡𝑎𝑛

5𝜋

24
⋅ 𝑡𝑎𝑛

5𝜋

24
= 1. The equation 

becomes as: 

4𝑥4 − 𝑥3 + 5𝑥2 − 𝑥 + 4 = 0; (𝑥2 ≠ 0) ⇒ 4𝑥2 − 𝑥 + 5 −
1

𝑥
+
4

𝑥2
= 0

⇔ 

4 (𝑥2 +
1

𝑥2
) − (𝑥 +

1

𝑥
) + 5 = 0; (𝑦 = 𝑥 +

1

𝑥
⇒ 𝑦2 = 𝑥2 +

1

𝑥2
− 2) 

⇒ 4𝑦2 − 𝑦 − 3 = 0 ⇒ 𝑦 ∈ {1,−
3

4
} ⇒ 𝑥 +

1

𝑥
∈ {1,−

3

4
} 

𝑥 +
1

𝑥
= 1 ⇒ 𝑥2 − 𝑥 + 1 = 0 ⇒ 𝑥 ∈ {−𝜔,−𝜔2}, where 𝜔 ≠ 1 is cube 

root of unity. 

𝑥 +
1

𝑥
= −

3

4
⇒ 4𝑥2 + 3𝑥 + 4 = 0 ⇒ 𝑥3,4 =

−3 ± 𝑖√55

8
 

A.081. Solution by Khaled Abd Imouti-Damascus-Syria 

4𝑥2

𝑥 + 𝑦
+
8𝑦2

𝑦 + 𝑧
+
4𝑧2

𝑧 + 𝑥
= 4(

𝑥2

𝑥 + 𝑦
+
2𝑦2

𝑦 + 𝑧
+

𝑧2

𝑧 + 𝑥
) ≥ 

≥ 4 ⋅
(𝑥 + 𝑦 + 𝑦 + 𝑧)2

(2(𝑥 + 𝑦 + 𝑧) + 𝑦 + 𝑧)
≥
?
2𝑥 + 5𝑦 + 𝑧 

(2𝑥 + 4𝑦 + 2𝑧)2 ≥
?
(2𝑥 + 2𝑦 + 2𝑧)(2𝑥 + 5𝑦 + 𝑧) 

⇔ 6𝑦2 + 2𝑧2 + 2𝑥𝑦 + 4𝑦𝑧 + 2𝑥𝑧 ≥ 
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Equality holds for 𝑥 = 𝑦 = 𝑧 = 1. 

A.082. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑥

1 + 𝑥
+

𝑦

1 + 𝑦
+

𝑧

1 + 𝑧
≥ 3√

𝑥

1 + 𝑥
⋅
𝑦

1 + 𝑦
⋅
𝑧

1 + 𝑧

3

≥
3√𝑥𝑦𝑧
3

(1 + 𝑥) + (1 + 𝑦) + (1 + 𝑧)
3

=
√𝑥𝑦𝑧
3

1 +
𝑥 + 𝑦 + 𝑧

3

; (1) 

By QM-AM inequality, we have: 

√𝑥2 + 𝑦2 + 𝑧2 ≥ √3 ⋅
𝑥 + 𝑦 + 𝑧

3
; (2) 

1 + 𝑥𝑦𝑧 = 13 + √(𝑥𝑦𝑧)3
3

≥
(1 + √𝑥𝑦𝑧

3 )
3

22
≥
4 ⋅ 1 ⋅ √𝑥𝑦𝑧

3 (1 + √𝑥𝑦𝑧
3 )

4
= √𝑥𝑦𝑧

3 (1 + √𝑥𝑦𝑧
3 ); (3) 

Multiplying (1),(2) and (3), we obtain: 

(1 + 𝑥𝑦𝑧)√𝑥2 + 𝑦2 + 𝑧2 (
𝑥

1 + 𝑥
+

𝑦

1 + 𝑦
+

𝑧

1 + 𝑧
)

≥ 3√3√(𝑥𝑦𝑧)2
3

(1 + √𝑥𝑦𝑧
3 ) ⋅

𝑥 + 𝑦 + 𝑧
3

1 +
𝑥 + 𝑦 + 𝑧

3

 

So it suffices to prove that: 

𝑥 + 𝑦 + 𝑧
3

1 +
𝑥 + 𝑦 + 𝑧

3

≥
√𝑥𝑦𝑧
3

1 + √𝑥𝑦𝑧
3

⇔
𝑥 + 𝑦 + 𝑧

3
≥ √𝑥𝑦𝑧

3 ; (𝐴𝑀 − 𝐺𝑀) 

Equality holds for 𝑥 = 𝑦 = 𝑧 = 1. 

A.083. Solution by Ruxandra Daniela Tonilă-Romania 

𝑎2 + 𝑐𝑜𝑠 𝑎 + 𝑙𝑜𝑔 (
𝑐𝑜𝑠 𝑎

𝑐𝑜𝑠 𝑏
) ≥ 𝑏2 + 𝑐𝑜𝑠 𝑏 ⇔ 
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𝑎2 + 𝑐𝑜𝑠 𝑎 + 𝑙𝑜𝑔(𝑐𝑜𝑠 𝑎) ≥ 𝑏2 + 𝑐𝑜𝑠 𝑏 + 𝑙𝑜𝑔(𝑐𝑜𝑠 𝑏) 

We must to prove that: 

∫ (2𝑥 − 𝑠𝑖𝑛 𝑥 − 𝑡𝑎𝑛 𝑥)
𝑏

𝑎

𝑑𝑥 ≤ 0 

Let be the function 𝑓(𝑥) = 2𝑥 − 𝑡𝑎𝑛 𝑥 − 𝑠𝑖𝑛 𝑥, then 

 𝑓′(𝑥) = 2 −
1

𝑐𝑜𝑠2 𝑥
− 𝑐𝑜𝑠 𝑥. We have: 

1

𝑐𝑜𝑠2 𝑥
+ 𝑐𝑜𝑠 𝑥 ≥

1

𝑐𝑜𝑠2 𝑥
+ 𝑐𝑜𝑠2 𝑥 ≥

𝐴𝐺𝑀
2; ∀𝑥 ∈ (0,

𝜋

2
) ⇔ 

2 − 𝑐𝑜𝑠 𝑥 −
1

𝑐𝑜𝑠2 𝑥
≤ 0 ⇔ 𝑓′(𝑥) ≤ 0; ∀𝑥

∈ (0,
𝜋

2
) , 𝑡ℎ𝑒𝑛 𝑓(𝑥) 𝑑𝑒𝑐𝑟𝑒𝑎𝑠𝑖𝑛𝑔.𝑁𝑎𝑚𝑒𝑙𝑦, 

𝑓(𝑥) ≤ 𝑓(0) = 0; ∀𝑥 ∈ (0,
𝜋

2
) ⇔ ∫ 𝑓(𝑥)

𝑏

𝑎

𝑑𝑥 ≤ 0; 0 < 𝑎 ≤ 𝑏 <
𝜋

2
 

𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒, 𝑎2 + 𝑐𝑜𝑠 𝑎 + 𝑙𝑜𝑔 (
𝑐𝑜𝑠 𝑎

𝑐𝑜𝑠 𝑏
) ≥ 𝑏2 + 𝑐𝑜𝑠 𝑏 

A.084. Solution by Tapas Das-India 

It is well known 𝑒𝑥 > 𝑥. Need to prove that: 

𝑒𝑥+𝑒
−𝑥
+ 𝑒−𝑥+𝑒

𝑥
≥ 2𝑐𝑜𝑠ℎ 𝑥 ⋅ 𝑠𝑒𝑐ℎ 𝑥 ⇔ 

𝑒𝑥+𝑒
−𝑥
+ 𝑒−𝑥+𝑒

𝑥
≥ 2 

𝑁𝑜𝑤,  𝑒𝑥+𝑒
−𝑥
+ 𝑒−𝑥+𝑒

𝑥
≥ 2√𝑒𝑥+𝑒

−𝑥
⋅ 𝑒−𝑥+𝑒

𝑥
= 2√𝑒𝑒

−𝑥+𝑒𝑥 = 2𝑒
𝑒−𝑥+𝑒𝑥

2

= 2𝑒𝑐𝑜𝑠ℎ 𝑥 

𝑒𝑥+𝑒
−𝑥
+ 𝑒−𝑥+𝑒

𝑥
≥ 2𝑐𝑜𝑠ℎ 𝑥 ≥ 2, where 𝑐𝑜𝑠ℎ 𝑥 ≥ 1 and 

 𝑒𝑐𝑜𝑠ℎ 𝑥 ≥ 𝑐𝑜𝑠ℎ 𝑥 
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Let 𝑓(𝑦) = 𝑒𝑦 − 𝑦; 𝑦 > 0, 𝑡ℎ𝑒𝑛 𝑓′(𝑦) = 𝑒𝑦 − 1 > 0; ∀𝑦 ∈
(2,3), namely 

𝑓(𝑦) increasing function and then 𝑓(𝑦) > 𝑓(0)𝑜𝑟 𝑒𝑦 > 𝑦. 

A.085.  

3(𝑎 − 𝑏)2 + (7𝑎 + 19𝑏)2

= 3(𝑎2 − 2𝑎𝑏 + 𝑏2) + 49𝑎2 + 361𝑏2 + 266𝑎𝑏 = 

= 52𝑎2 + 260𝑎𝑏 + 364𝑏2 = 52(𝑎2 + 5𝑎𝑏 + 7𝑏2) 

𝑎2 + 5𝑎𝑏 + 7𝑏2 =
1

52
(3(𝑎 − 𝑏)2 + (7𝑎 + 19𝑏)2) ≥

1

52
(7𝑎 + 19𝑏)2 

√𝑎2 + 5𝑎𝑏 + 7𝑏2 ≥
1

√52
(7𝑎 + 19𝑏) 

∑√𝑎2 + 5𝑎𝑏 + 7𝑏2

𝑐𝑦𝑐

≥
1

2√13
(7∑𝑎

𝑐𝑦𝑐

+ 19∑𝑏

𝑐𝑦𝑐

) = 

=
1

2√13
(7(𝑎 + 𝑏 + 𝑐) + 19(𝑎 + 𝑏 + 𝑐)) =

26

2√13
(𝑎 + 𝑏 + 𝑐)

= √13(𝑎 + 𝑏 + 𝑐) 

Equality holds for 𝑎 = 𝑏 = 𝑐. 

A.086. Solution by Ravi Prakash-New Delhi-India 

𝑓(𝑥)𝑓(𝑦𝑧) + 9 ≤ 𝑓(𝑥𝑦) + 5𝑓(𝑥𝑧); (1) 

Put 𝑥 = 𝑦 = 𝑧 = 1, then 𝑓2(1) + 9 ≤ 6𝑓(1) ⇒ (𝑓(1) − 3)2 ≤ 0 ⇒
𝑓(1) = 3 

Put 𝑦 = 𝑧 = 1, then 𝑓(𝑥)𝑓(1) + 9 ≤ 6𝑓(𝑥) ⇒ 3𝑓(𝑥) + 9 ≤ 6𝑓(𝑥) 

⇒ 𝑓(𝑥) ≥ 3; (2) 

Next, put 𝑥 = 𝑦 = 𝑧 = 0 in (1)  

𝑓2(0) + 9 ≤ 6𝑓(0) ⇒ (𝑓(0) − 3)2 ≤ 0 ⇒ 𝑓(0) = 3 
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In (1) put 𝑦 = 𝑧 = 0, we get: 𝑓(𝑥)𝑓(0) + 9 ≤ 6𝑓(0) 

3𝑓(𝑥) + 9 ≤ 18 ⇒ 𝑓(3) ≤ 3; (3) 

From (2) and (3), we get: 𝑓(𝑥) = 3, ∀𝑥 ∈ ℝ 

A.087. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

{

𝑥,   𝑦,   𝑧 > 1

𝑙𝑜𝑔𝑥 𝑧 + 𝑙𝑜𝑔𝑦 𝑥 + 𝑙𝑜𝑔𝑧 𝑦 = 𝑙𝑜𝑔𝑥𝑦(𝑦𝑧) + 𝑙𝑜𝑔𝑦𝑧(𝑧𝑥) + 𝑙𝑜𝑔𝑧𝑥(𝑥𝑦)  (1)

𝑥 + 𝑦 + 𝑧 = 6   (2)
 

𝐿𝑒𝑡  𝑎 = 𝑙𝑜𝑔𝑦 𝑥 ,   𝑏 = 𝑙𝑜𝑔𝑧 𝑦 ,   𝑐 = 𝑙𝑜𝑔𝑥 𝑧 ,   𝑎, 𝑏, 𝑐 > 0   𝑎𝑛𝑑   𝑎𝑏𝑐 = 1. 

𝑊𝑒 ℎ𝑎𝑣𝑒 ∶  𝑙𝑜𝑔𝑥𝑦(𝑦𝑧) =
𝑙𝑜𝑔 𝑦 + 𝑙𝑜𝑔 𝑧

𝑙𝑜𝑔 𝑥 + 𝑙𝑜𝑔 𝑦
=
1 + 𝑙𝑜𝑔𝑦 𝑧

𝑙𝑜𝑔𝑦 𝑥 + 1

=
1 + 𝑐𝑎

𝑎 + 1
  (𝑎𝑛𝑑 𝑎𝑛𝑎𝑙𝑜𝑔𝑠) 

𝑇ℎ𝑒𝑛 ∶  (1)  ↔  𝑎 + 𝑏 + 𝑐 =
1 + 𝑐𝑎

𝑎 + 1
+
1 + 𝑎𝑏

𝑏 + 1
+
1 + 𝑏𝑐

𝑐 + 1

↔ (𝑎 −
1 + 𝑎𝑏

𝑏 + 1
) + (𝑏 −

1 + 𝑏𝑐

𝑐 + 1
) + (𝑐 −

1 + 𝑐𝑎

𝑎 + 1
) = 0 

↔ 
𝑎 − 1

𝑏 + 1
+
𝑏 − 1

𝑐 + 1
+
𝑐 − 1

𝑎 + 1
= 0 

↔  (𝑐 + 1)(𝑎2 − 1) + (𝑎 + 1)(𝑏2 − 1)
+ (𝑏 + 1)(𝑐2 − 1) = 0 

↔ (𝑐𝑎2 + 𝑎𝑏2 + 𝑏𝑐2) + (𝑎2 + 𝑏2 + 𝑐2) = (𝑎 + 𝑏 + 𝑐) + 3 

𝐵𝑦 𝐴𝑀 − 𝐺𝑀 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 𝑤𝑒 ℎ𝑎𝑣𝑒 ∶   𝑐𝑎2 + 𝑎𝑏2 + 𝑏𝑐2 ≥ 3𝑎𝑏𝑐 = 3 

𝐴𝑛𝑑 𝑏𝑦 𝐶𝐵𝑆 & 𝐴𝑀 − 𝐺𝑀 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑖𝑒𝑠 𝑤𝑒 ℎ𝑎𝑣𝑒 ∶  𝑎2 + 𝑏2 + 𝑐2

≥
(𝑎 + 𝑏 + 𝑐)2

3
≥ √𝑎𝑏𝑐

3
(𝑎 + 𝑏 + 𝑐) = 𝑎 + 𝑏 + 𝑐. 

𝑇ℎ𝑒𝑛 ∶  (𝑐𝑎2 + 𝑎𝑏2 + 𝑏𝑐2) + (𝑎2 + 𝑏2 + 𝑐2) ≥ (𝑎 + 𝑏 + 𝑐) + 3   

𝑤𝑖𝑡ℎ 𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 ℎ𝑜𝑙𝑑𝑠 𝑖𝑓𝑓 𝑎 = 𝑏 = 𝑐 = 1. 

𝑇ℎ𝑢𝑠,     𝑥 = 𝑦 = 𝑧  𝑎𝑛𝑑 𝑓𝑟𝑜𝑚 (2) 𝑤𝑒 𝑔𝑒𝑡 ∶   𝑥 = 𝑦 = 𝑧 = 2. 
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A.088. Solution by Michael Sterghiou-Greece 

∑(𝐻𝑘 + √𝑘𝑘−1
𝑘

)

𝑛

𝑘=2

<
(𝑛 − 1)(𝑛 + 4)

2
; (1) 

(1) holds for 𝑛 = 2 as 𝐻2 + √2 < 3 or 
1

2
+ √2 < 3 which is true. 

Let (1) holds for 𝑛 = 𝑛,  that is  

∑(𝐻𝑘 + √𝑘
𝑘−1𝑘
)

𝑛

𝑘=2

<
(𝑛 − 1)(𝑛 + 4)

2
 

We will show that (1) holds for 𝑛 + 1 or  

∑(𝐻𝑘 + √𝑘𝑘−1
𝑘

)

𝑛+1

𝑘=2

<
𝑛(𝑛 + 5)

2
; (3) 

(3) ⇒ (∑𝐻𝑘

𝑛

𝑘=2

) + (∑ √𝑘𝑘−1
𝑘

𝑛

𝑘=2

) +
1

𝑛 + 1
+ (𝑛 + 1)

𝑛
𝑛+1

<
(𝑛 − 1)(𝑛 + 4)

2
+ 𝑛 + 2 

So, as (2) holds by the induction assumption, it is enough to prove that  

1

𝑛 + 1
+ (𝑛 + 1)

𝑛
𝑛+1 < (𝑛 + 2); (4) 

But (𝑛 + 1)
𝑛

𝑛+1 < 𝑛 + 1 so we get the stronger inequality 
1

𝑛+1
+ 𝑛 + 1 <

𝑛 + 2 or –
𝑛

𝑛+1
< 0, which is true. Therefore, by induction (1) holds. 

A.089. Solution by Bedri Hajrizi-Mitrovica-Kosovo 

𝑙𝑜𝑔𝑎𝑏(1 + √𝑎𝑏)
2
+ 𝑙𝑜𝑔𝑎+𝑏

2
2 ≥ 𝑙𝑜𝑔𝑎+𝑏

2
(𝑎 + 𝑏 + 2) 

𝑙𝑜𝑔𝑎𝑏(1 + √𝑎𝑏)
2
≥ 𝑙𝑜𝑔𝑎+𝑏

2
(
𝑎 + 𝑏 + 2

2
) 
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Let 𝑓(𝑥) = 𝑙𝑜𝑔𝑥(1 + 𝑥) , 𝑥 > 1 then 

𝑓′(𝑥) = (
𝑙𝑜𝑔(1 + 𝑥)

𝑙𝑜𝑔 𝑥
)

′

=
𝑙𝑜𝑔

𝑥𝑥

(1 + 𝑥)1+𝑥

𝑥(1 + 𝑥) 𝑙𝑜𝑔2 𝑥
< 0 

Hence, 𝑓 −decreasing function, then 𝑓(𝑥1) ≤ 𝑓(𝑥2); 1 < 𝑥2 ≤ 𝑥1. 

Therefore, 

𝑓 (
𝑎 + 𝑏

2
) ≤ 𝑓(√𝑎𝑏). 

A.090.  

1 = |1| = |1 + 𝑎 − (𝑎 + 𝑏) + 𝑏| ≤ |1 + 𝑎| + |𝑎 + 𝑏| + |𝑏| 

1

|1 + 𝑎| + |𝑎 + 𝑏| + |𝑏|
≤ 1 ⇒

|𝑐 + 1|

|1 + 𝑎| + |𝑎 + 𝑏| + |𝑏|
≤ |𝑐 + 1|

≤ |𝑐| + 1; (1) 

Analogous: 

|𝑎 + 1|

|𝑏 + 1| + |𝑏 + 𝑐| + |𝑐|
≤ |𝑎 + 1| ≤ |𝑎| + 1; (2) 

|𝑏 + 1|

|𝑐 + 1| + |𝑐 + 𝑎| + |𝑎|
≤ |𝑏 + 1| ≤ |𝑏| + 1; (3) 

By adding (1),(2) and (3), we get: 

|𝑎 + 1|

|𝑏 + 1| + |𝑏 + 𝑐| + |𝑐|
+

|𝑏 + 1|

|𝑐 + 1| + |𝑐 + 𝑎| + |𝑎|

+
|𝑐 + 1|

|𝑎 + 1| + |𝑎 + 𝑏| + |𝑏|
≥ 

≥ 3 + |𝑎| + |𝑏| + |𝑐| 

Equality holds for 𝑎 = 𝑏 = 𝑐. 

 



DANIEL SITARU                      CLAUDIA NĂNUȚI 

 

MATH ACCENT Page 106 
 

A.091.  

𝑎2

𝑏2
+
𝑏2

𝑐2
+
𝑐2

𝑎2
= 3; (1) 

𝑏2

𝑎2
+
𝑐2

𝑏2
+
𝑎2

𝑐2
= 3; (2) 

By adding (1) and (2), we get: 

𝑎2

𝑏2
+
𝑏2

𝑐2
+
𝑐2

𝑎2
+
𝑏2

𝑎2
+
𝑐2

𝑏2
+
𝑎2

𝑐2
= 6 

(
𝑎

𝑏
)
2

− 2 + (
𝑏

𝑎
)
2

+ (
𝑐

𝑎
)
2

− 2 + (
𝑎

𝑐
)
2

+ (
𝑏

𝑐
)
2

− 2 + (
𝑐

𝑏
)
2

= 0 

(
𝑎

𝑏
−
𝑏

𝑎
)
2

+ (
𝑏

𝑐
−
𝑐

𝑏
)
2

+ (
𝑐

𝑎
−
𝑎

𝑐
)
2

= 0 ⇔ 

𝑎

𝑏
=
𝑏

𝑎
,
𝑏

𝑐
=
𝑐

𝑏
,
𝑐

𝑎
=
𝑎

𝑐
⇒ 𝑎2 = 𝑏2 = 𝑐2 ⇒ |𝑎| = |𝑏| = |𝑐| 

⇒ |
𝑥

𝑦
| = 1; ∀𝑥, 𝑦 ∈ 𝐴 ⇒ ∑ |

𝑥

𝑦
|

𝑎,𝑦∈𝐴

⋅ ∏ |
𝑥

𝑦
|

𝑥,𝑦∈𝐴

= 9 ⋅ 1 = 9 

Analogous: 

(
𝑢

𝑣
−
𝑣

𝑢
)
2

+ (
𝑣

𝑤
−
𝑤

𝑣
)
2

+ (
𝑤

𝑡
−
𝑡

𝑤
)
22

+ (
𝑡

𝑢
−
𝑢

𝑡
)
2

= 0 

⇒
𝑢

𝑣
=
𝑣

𝑢
,
𝑣

𝑤
=
𝑤

𝑣
,
𝑤

𝑡
=
𝑡

𝑤
,
𝑡

𝑢
=
𝑢

𝑡
⇒ 𝑢2 = 𝑣2 = 𝑡2 = 𝑤2 ⇒ 

|𝑢| = |𝑣| = |𝑤| = |𝑡| ⇒ |
𝑥

𝑦
| = 1; ∀𝑥, 𝑦 ∈ 𝐵 

⇒ ∑ |
𝑥

𝑦
|

𝑎,𝑦∈𝐵

⋅ ∏ |
𝑥

𝑦
|

𝑥,𝑦∈𝐵

= 4 ⋅ 4 ⋅ 1 = 16 

Therefore, 
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𝛺 = ∑ |
𝑥

𝑦
|

𝑎,𝑦∈𝐴

⋅ ∏ |
𝑥

𝑦
|

𝑥,𝑦∈𝐴

+ ∑ |
𝑥

𝑦
|

𝑎,𝑦∈𝐵

⋅ ∏ |
𝑥

𝑦
|

𝑥,𝑦∈𝐵

= 9 + 16 = 25 

A.092. Let 𝑓: ℝ → (0,∞), 𝑓(𝑥) = 𝑒𝑥,  

then 𝑓′(𝑥) = 𝑒𝑥, 𝑓′′(𝑥) = 𝑒𝑥 > 0, 𝑓 −convexe. 

By Jensen’s inequality, we have: 

𝑎𝑥

𝑎𝑥 + 𝑏𝑥
𝑓(𝑎2𝑥) +

𝑏𝑥

𝑎𝑥 + 𝑏𝑥
𝑓(𝑏2𝑥) ≥ 𝑓 (

𝑎𝑥

𝑎𝑥 + 𝑏𝑥
⋅ 𝑎2𝑥 +

𝑏𝑥

𝑎𝑥 + 𝑏𝑥
⋅ 𝑏2𝑥) 

𝑎𝑥𝑓(𝑎2𝑥) + 𝑏𝑥𝑓(𝑏2𝑥)

𝑎𝑥 + 𝑏𝑥
≥ 𝑓 (

𝑎3𝑥 + 𝑏3𝑥

𝑎𝑥 + 𝑏𝑥
) 

𝑎𝑥 ⋅ 𝑒𝑎
2𝑥
+ 𝑏𝑥 ⋅ 𝑒𝑏

2𝑥

𝑎𝑥 + 𝑏𝑥 
≥ 𝑒

(𝑎𝑥+𝑏𝑥)(𝑎2𝑥−𝑎𝑥𝑏𝑥+𝑏2𝑥)

𝑎𝑥+𝑏𝑥  

𝑎𝑥 ⋅ 𝑒𝑎
2𝑥
+ 𝑏𝑥 ⋅ 𝑒𝑏

2𝑥
≥ (𝑎𝑥 + 𝑏𝑥) ⋅ 𝑒𝑎

2𝑥+𝑏2𝑥 ⋅ 𝑒−𝑎
𝑥𝑏𝑥 

Therefore, 

(𝑎𝑥 ⋅ 𝑒𝑎
2𝑥
+ 𝑏𝑥 ⋅ 𝑒𝑏

2𝑥
) ⋅ 𝑒𝑎

𝑥⋅𝑏𝑥 ≥ (𝑎𝑥 + 𝑏𝑥) ⋅ 𝑒𝑎
2𝑥+𝑏2𝑥; ∀𝑥 ∈ ℝ 

Equality holds for 𝑥 = 0. 

A.093.  2𝑥6 − 2𝑥5 + 𝑥4 + 𝑥3 + 𝑥2 − 2𝑥 + 2 = 

= 2𝑥6 − 2𝑥5 + 2𝑥4 − 𝑥4 + 𝑥3 − 𝑥2 + 2𝑥2 − 2𝑥 + 2 = 

= 2𝑥64 (𝑥2 − 𝑥 + 1) − 𝑥2(𝑥2 − 𝑥 + 1) + 2(𝑥2 − 𝑥 + 1) = 

= (𝑥2 − 𝑥 + 1)(2𝑥4 − 𝑥2 + 2) = 

= ((𝑥 −
1

2
)
2

+
1

4
)(2 (𝑥2 −

1

4
)
2

+
15

8
) ≥

1

4
⋅
15

8
=
15

32
 

Hence, 

2𝑥6 + 𝑥4 + 𝑥3 + 𝑥2 + 2 ≥
15

32
+ 2𝑥5 + 2𝑥 
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2𝑥6 + 𝑥4 + 𝑥3 + 𝑥2 +
19

32
≥ 2𝑥5 + 2𝑥 

∑(2𝑥6 + 𝑥4 + 𝑥3 + 𝑥2)

𝑐𝑦𝑐

+
57

32
≥ 2∑𝑥5

𝑐𝑦𝑐

+ 2(𝑥 + 𝑦 + 𝑧) = 

= 2 ⋅
3

32
+ 2(𝑥 + 𝑦 + 𝑧) 

∑(2𝑥6 + 𝑥4 + 𝑥3 + 𝑥2)

𝑐𝑦𝑐

+
57 − 6

32
≥ 2(𝑥 + 𝑦 + 𝑧) 

∑(2𝑥6 + 𝑥4 + 𝑥3 + 𝑥2)

𝑐𝑦𝑐

+
51

32
≥ 2(𝑥 + 𝑦 + 𝑧) 

Equality holds for 𝑥 = 𝑦 = 𝑧 =
1

2
. 

A.094. Solution by George Florin Șerban-Romania 

Let 𝑙𝑜𝑔 𝑥 = 𝑎; 𝑙𝑜𝑔 𝑦 = 𝑏; 𝑙𝑜𝑔 𝑧 = 𝑐; 𝑥, 𝑦, 𝑧 > 0 

⇒ (𝑏 + 𝑐 − 𝑎)[𝑎2 − (𝑎 + 𝑐 − 𝑏)(𝑎 + 𝑏 − 𝑐)]
= 𝑏2(𝑏 − 𝑎 − 𝑐) + 𝑐2(𝑐 − 𝑎 − 𝑏) 

(𝑏 + 𝑐 − 𝑎)(𝑏 − 𝑐)2 = 𝑏3 − 𝑎𝑏2 − 𝑏2𝑐 + 𝑐3 − 𝑎𝑐2 − 𝑏𝑐2⟺ 

(𝑏 + 𝑐 − 𝑎)(𝑏2 − 2𝑏𝑐 + 𝑐2) = 𝑏3 − 𝑎𝑏2 − 𝑏2𝑐 + 𝑐3 − 𝑎𝑐2 − 𝑏𝑐2⟺ 

2𝑎𝑏𝑐 = 0 ⇒ 𝑎 = 0 or 𝑏 = 0 or 𝑐 = 0. 

If 𝑎 = 0 ⇒ 𝑙𝑜𝑔 𝑥 = 0 ⇒ 𝑥 = 1 ⇒ (1; 𝑦; 𝑧) −solution. 

If 𝑏 = 0 ⇒ 𝑙𝑜𝑔 𝑦 = 0 ⇒ 𝑦 = 1 ⇒ (𝑥; 1; 𝑧) −solution. 

If 𝑐 = 0 ⇒ 𝑙𝑜𝑔 𝑧 = 0 ⇒ (𝑥; 𝑦; 1) −solution. 

A.095. Solution by Tapas Das-India 

Let 𝑓(𝑥) = (2𝑥 + 3𝑥 + 5𝑥)(2−𝑥 + 3−𝑥 + 5−𝑥) = 
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= 3 + (
2

3
)
𝑥

+ (
2

5
)
𝑥

+ (
3

2
)
𝑥

+ (
3

5
)
𝑥

+ (
5

3
)
𝑥

+ (
5

2
)
𝑥

 

𝑓′(𝑥) = (
2

3
)
𝑥

𝑙𝑜𝑔 (
2

3
) + (

2

5
)
𝑥

𝑙𝑜𝑔 (
2

5
) + (

3

2
)
𝑥

𝑙𝑜𝑔 (
3

2
) + (

3

5
)
𝑥

𝑙𝑜𝑔 (
3

5
)

+ (
5

3
)
𝑥

𝑙𝑜𝑔 (
5

3
) + (

5

2
)
𝑥

𝑙𝑜𝑔 (
5

2
) = 

= −(
2

3
)
𝑥

𝑙𝑜𝑔 (
3

2
) − (

2

5
)
𝑥

𝑙𝑜𝑔 (
5

2
) + (

3

2
)
𝑥

𝑙𝑜𝑔 (
3

2
) − (

3

5
)
𝑥

𝑙𝑜𝑔 (
5

3
)

+ (
5

3
)
𝑥

𝑙𝑜𝑔 (
5

3
) + (

5

2
)
𝑥

𝑙𝑜𝑔 (
5

2
) = 

= [(
3

2
)
𝑥

− (
2

3
)
𝑥

] 𝑙𝑜𝑔 (
3

2
) + [(

5

2
)
𝑥

− (
2

5
)
𝑥

] 𝑙𝑜𝑔 (
5

2
)

+ [(
5

3
)
𝑥

− (
3

5
)
𝑥

] 𝑙𝑜𝑔 (
5

3
) ≥ 0 

Because (
3

2
)
𝑥

≥ (
2

3
)
𝑥

, (
5

3
)
𝑥

≥ (
3

5
)
𝑥

, (
5

2
)
𝑥

≥ (
2

5
)
𝑥

 for all 𝑥 ≥ 0. 

So, 𝑓 −increasing function and from 
𝑎+𝑏

2
≥ √𝑎𝑏 we get: 

𝑓 (
𝑎 + 𝑏

2
) ≥ 𝑓(√𝑎𝑏) ⇔ 

(√2𝑎+𝑏 +√3𝑎+𝑏 +√5𝑎+𝑏) (
1

√2𝑎+𝑏
+

1

√3𝑎+𝑏
+

1

√5𝑎+𝑏
) ≥ 

≥ (2√𝑎𝑏 + 3√𝑎𝑏 + 5√𝑎𝑏) (
1

2√𝑎𝑏
+

1

3√𝑎𝑏
+

1

5√𝑎𝑏
) 

Therefore, 

√2𝑎+𝑏 + √3𝑎+𝑏 + √5𝑎+𝑏

2√𝑎𝑏 + 3√𝑎𝑏 + 5√𝑎𝑏
≥

1

2√𝑎𝑏
+

1

3√𝑎𝑏
+

1

5√𝑎𝑏

1

√2𝑎+𝑏
+

1

√3𝑎+𝑏
+

1

√5𝑎+𝑏
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A.096. Solution by Ravi Prakash-New Delhi-India 

(𝑎√𝑎𝑏 + 𝑏√𝑎𝑏)√(𝑎 + 𝑏)𝑎+𝑏 ≥ (√𝑎𝑎+𝑏 +√𝑏𝑎+𝑏) (𝑎 + 𝑏)√𝑎𝑏 ⇔ 

(
𝑎

𝑎 + 𝑏
)
√𝑎𝑏

+ (
𝑏

𝑎 + 𝑏
)
√𝑎𝑏

≥ (
𝑎

𝑎 + 𝑏
)

𝑎+𝑏
2
+ (

𝑏

𝑎 + 𝑏
)

𝑎+𝑏
2
; (1) 

𝐴𝑠 0 <
𝑎

𝑎 + 𝑏
,
𝑏

𝑎 + 𝑏
< 1 𝑎𝑛𝑑 

𝑎 + 𝑏

2
≥ √𝑎𝑏,𝑤𝑒 𝑔𝑒𝑡: 

(
𝑎

𝑎 + 𝑏
)
√𝑎𝑏

≥ (
𝑎

𝑎 + 𝑏
)

𝑎+𝑏
2
; (2) 𝑎𝑛𝑑 (

𝑏

𝑎 + 𝑏
)
√𝑎𝑏

≥ (
𝑏

𝑎 + 𝑏
)

𝑎+𝑏
2
; (3) 

By adding (2) and (3), we get (1). 

A.097. Let be the function: 

 𝑓: (0,∞) → ℝ; 𝑓(𝑥) = (𝑎𝑥 + 𝑏𝑥 + 𝑐𝑥)(𝑎−𝑥 + 𝑏−𝑥 + 𝑐−𝑥) 

𝑓(𝑥) = 3 +∑((
𝑎

𝑏
)
𝑥

+ (
𝑏

𝑎
)
𝑥

)

𝑐𝑦𝑐

 

𝑓′(𝑥) =∑((
𝑎

𝑏
)
𝑥

𝑙𝑜𝑔 (
𝑎

𝑏
) + (

𝑏

𝑎
)
𝑥

𝑙𝑜𝑔 (
𝑏

𝑎
))

𝑐𝑦𝑐

 

𝑓′′(𝑥) =∑((
𝑎

𝑏
)
𝑥

𝑙𝑜𝑔2 (
𝑎

𝑏
) + (

𝑏

𝑎
)
𝑥

𝑙𝑜𝑔2 (
𝑏

𝑎
))

𝑐𝑦𝑐

> 0 

⇒ 𝑓′ −increasing ⇒ 𝑚𝑖𝑛 𝑓′(𝑥) = 𝑙𝑖𝑚
𝑥→0+

𝑓′(𝑥) = 0 ⇒ 𝑓′(𝑥) > 0 

⇒ 𝑓 −increasing 

√𝑥𝑦 ≤
𝑥 + 𝑦

2
⇒ 𝑓(√𝑥𝑦) ≤ 𝑓 (

𝑥 + 𝑦

2
) 

(𝑎√𝑥𝑦 + 𝑏√𝑥𝑦 + 𝑐√𝑥𝑦) ( 
1

𝑎√𝑥𝑦
+

1

𝑏√𝑥𝑦
+

1

𝑐√𝑥𝑦
) ≤ 
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≤ (√𝑎𝑥+𝑦 + √𝑏𝑥+𝑦 + √𝑐𝑥+𝑦) ( 
1

√𝑎𝑥+𝑦
+

1

√𝑏𝑥+𝑦
+

1

√𝑐𝑥+𝑦
) 

Therefore, 

𝑎√𝑥𝑦 + 𝑏√𝑥𝑦 + 𝑐√𝑥𝑦

1

√𝑎𝑥+𝑦
+

1

√𝑏𝑥+𝑦
+

1

√𝑐𝑥+𝑦

≤
√𝑎𝑥+𝑦 + √𝑏𝑥+𝑦 + √𝑐𝑥+𝑦

1

𝑎√𝑥𝑦
+

1

𝑏√𝑥𝑦
+

1

𝑐√𝑥𝑦

 

A.098. Solution by Ravi Prakash-New Delhi-India 

(𝑥 + 1)𝑥+1 ≤ 2𝑥𝑥2𝑥 , 𝑥 > 0 

Let 𝑓(𝑥) = (𝑥 + 1) 𝑙𝑜𝑔(𝑥 + 1) − 𝑥 𝑙𝑜𝑔 𝑥 − 𝑥 𝑙𝑜𝑔 2 − 𝑙𝑜𝑔 2, then  

𝑓′(𝑥) = 1 + 𝑙𝑜𝑔(𝑥 + 1) − 1 − 𝑙𝑜𝑔 𝑥 − 𝑙𝑜𝑔 2 = 𝑙𝑜𝑔 (1 +
1

𝑥
) − 𝑙𝑜𝑔 2 

𝑓′(𝑥) = {

> 0; 𝑖𝑓 0 < 𝑥 < 1
= 0; 𝑖𝑓 𝑥 = 1
< 0; 𝑖𝑓 𝑥 > 1

 

Thus, 𝑓 is increasing on [0,1] and decreasing on [1,∞). 

For 0 < 𝑥 ≤ 1, then 𝑓(𝑥) ≤ 𝑓(1) and for 𝑥 ≥ 1, 𝑓(𝑥) ≤ 𝑓(1). 

Thus, 𝑓(𝑥) ≤ 𝑓(1); ∀𝑥 > 0 and hence, 

(𝑥 + 1) 𝑙𝑜𝑔(𝑥 + 1) − 𝑥 𝑙𝑜𝑔 𝑥 − 𝑥 𝑙𝑜𝑔 2 − 𝑙𝑜𝑔 2 ≤ 0; ∀𝑥 > 0 ⇔ 

(𝑥 + 1)𝑥+1 ≤ 2𝑥𝑥2𝑥 , 𝑥 > 0 

Therefore, 

8𝑥𝑥𝑦𝑦𝑧𝑧2𝑥+𝑦+𝑧 ≥ (𝑥 + 1)𝑥+1(𝑦 + 1)𝑦+1(𝑧 + 1)𝑧+1 

A.099. Solution by George Florin Șerban-Romania 

𝐿𝑒𝑡’𝑠 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡:
𝑥 + 𝑦

√𝑥𝑦
+
√𝑥𝑦

𝑥 + 𝑦
≥
5

2
, 𝑙𝑒𝑡 𝑥 + 𝑦 = 𝑠, 𝑥𝑦 = 𝑝 
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𝑠

√𝑝
+
√𝑝

𝑠
≥
5

2
⇔ 2𝑠2 + 2𝑝 − 5𝑠√𝑝 ≥ 0 ⇔ (𝑠 − 2√𝑝)(2𝑠 − √𝑝) ≥ 0 

true, because 𝑠 ≥
𝐴𝐺𝑀

2√𝑠 and 2𝑠 − √𝑝 ≥ 4√𝑝 −√𝑝 = 3√𝑝 ≥ 0 

Equality holds for 𝑠 = 2√𝑝 ⇔ 𝑥 = 𝑦. 

𝐿𝑒𝑡′𝑠𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡:
𝑥 + 𝑦 + 𝑧

√𝑥𝑦𝑧
3

+
√𝑥𝑦𝑧
3

𝑥 + 𝑦 + 𝑧
≥
10

3
,  

𝑙𝑒𝑡 𝑥 + 𝑦 + 𝑧 = 𝑆, 𝑥𝑦𝑧 = 𝑃 

𝑆

√𝑃
3 +

√𝑃
3

𝑆
≥
10

3
⇒ 3𝑆2 + 3√𝑃2

3
≥ 10𝑆√𝑃

3
⇒ 3𝑆2 − 10𝑆√𝑃

3
+ 3√𝑃2

3

≥ 0 

(𝑆 − 3√𝑃
3
)(3𝑆 − 3√𝑃

3
) ≥ 0 true because 𝑆 ≥

𝐴𝐺𝑀
3√𝑃
3

 and 

 3𝑆 − √𝑃
3

≥ 8√𝑃
3

> 0 

Equality holds for 𝑥 = 𝑦 = 𝑧.Therefore, 

6(𝑥 + 𝑦)

√𝑥𝑦
+
6(𝑥 + 𝑦 + 𝑧)

√𝑥𝑦𝑧
3

+
6√𝑥𝑦

𝑥 + 𝑦
+
6√𝑥𝑦𝑧
3

𝑥 + 𝑦 + 𝑧
≥ 35 

Equality holds for 𝑥 = 𝑦 = 𝑧 = 1. 

A.100. Solution by Tapas Das-India 

𝑥7 + 2𝑥6 + 5𝑥5 + 3𝑥4 − 16𝑥3 − 11𝑥2 − 20𝑥 − 12 = 0 

𝑥6(𝑥 + 2) + 5𝑥4(𝑥 + 2) − 7𝑥3(𝑥 + 2) − 2𝑥2(𝑥 + 2) − 7𝑥(𝑥 + 2)
− 6(𝑥 + 2) = 0 

(𝑥 + 2)(𝑥6 + 5𝑥4 − 7𝑥3 − 2𝑥2 − 7𝑥 − 6) = 0 

(𝑥 + 2)(𝑥6 + 𝑥4 + 4𝑥4 + 4𝑥2 − 7𝑥3 − 7𝑥 − 6𝑥2 − 6) = 0 

(𝑥 + 2)(𝑥4(𝑥2 + 1) + 4𝑥2(𝑥2 + 1) − 7𝑥(𝑥2 + 1) − 6(𝑥2 + 1)) = 0 
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(𝑥 + 2)(𝑥2 + 1)(𝑥4 + 4𝑥2 − 7𝑥 − 6) = 0 

(𝑥 + 2)(𝑥2 + 1)(𝑥4 − 𝑥3 − 𝑥2 + 𝑥3 − 𝑥2 − 𝑥 + 6𝑥2 − 6𝑥 − 6) = 0 

(𝑥 + 2)(𝑥2 + 1)(𝑥2 − 𝑥 − 1)(𝑥2 + 𝑥 + 6) = 0 

𝑥 + 2 = 0 ⇒ 𝑥1 = −2 

𝑥2 + 1 = 0 ⇒ 𝑥2 = −1 ⇒ 𝑥2,3 = ±𝑖 

𝑥2 − 𝑥 − 1 = 0 ⇒ 𝑥4,5 =
1 ± √5

2
 

𝑥2 + 𝑥 + 6 = 0 ⇒ 𝑥6,7 =
−1 ± 𝑖√23

2
 

Complex roots are: 

{±𝑖; 
−1 ± 𝑖√23

2
} 

A.101. Solution by Vivek Kumar-India 

(𝑎 + 𝑥)2 − (𝑏 + 𝑦)2 − (𝑐 + 𝑧)2

𝑎 + 𝑥
≥
𝑎2 − 𝑏2 − 𝑐2

𝑎
+
𝑥2 − 𝑦2 − 𝑧2

𝑥
 

𝑎 + 𝑥 −
(𝑏 + 𝑦)2 + (𝑐 + 𝑧)2

𝑎 + 𝑥
≥ 𝑎 −

𝑏2 + 𝑐2

𝑎
+ 𝑥 −

𝑦2 + 𝑧2

𝑥
 

𝑏2 + 𝑐2

𝑎
+
𝑦2 + 𝑧2

𝑥
≥
(𝑏 + 𝑦)2 + (𝑐 + 𝑧)2

𝑎 + 𝑥
 

𝑏2 + 𝑐2

𝑎
+
𝑦2 + 𝑧2

𝑥
= (
𝑏2

𝑎
+
𝑦2

𝑥
) + (

𝑐2

𝑎
+
𝑧2

𝑥
) ≥ 

≥
(𝑏 + 𝑦)2

𝑎 + 𝑥
+
(𝑐 + 𝑧)2

𝑎 + 𝑥
=
(𝑏 + 𝑦)2 + (𝑐 + 𝑧)2

𝑎 + 𝑥
 

A.102. Solution by Ravi Prakash-New Delhi-India 

Let 𝑏 + 𝑖𝑐 = 𝑏1, then 𝑋 = (𝑎1
𝑏̅1
  𝑏1
𝑎1
). Let 𝑌 = (𝑎2

𝑏̅2
  𝑏2
𝑎2
), then 
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𝑋𝑌 = (
𝑎1𝑎2 + 𝑏1𝑏̅2 𝑎1𝑏2 + 𝑏1𝑎2
𝑎2𝑏̅1 + 𝑎1𝑏̅2 𝑏̅1𝑏2 + 𝑎1𝑎2

) 

𝑇𝑟(𝑋𝑌) = 2𝑎1𝑎2 + 𝑏1𝑏̅2 + 𝑏̅1𝑏2 = 2𝑎1𝑎2 + 2𝑅𝑒(𝑏1𝑏̅2) 

𝑇𝑟(𝑋2) = 2𝑎1
2 + 2𝑅𝑒(𝑏1𝑏̅2) = 2𝑎1

2 + 2|𝑏1|
2  

𝑇𝑟(𝑋𝑌) = 2𝑎1
2 + 2|𝑏1|

2 

𝑇𝑟(𝑋𝑌) ≤
1

2
[𝑇𝑟(𝑋2) + 𝑇𝑟(𝑌2)] 

Similarly, 

𝑇𝑟(𝑌𝑍) ≤
1

2
[𝑇𝑟(𝑌2) + 𝑇𝑟(𝑍2)] 

𝑇𝑟(𝑍𝑋) ≤
1

2
[𝑇𝑟(𝑍2) + 𝑇𝑟(𝑋2)] 

Adding three above inequalities, we get: 

𝑇𝑟(𝑋𝑌) + 𝑇𝑟(𝑌𝑍) + 𝑇𝑟(𝑍𝑋) ≤ 𝑇𝑟(𝑋2) + 𝑇𝑟(𝑌2) + 𝑇𝑟(𝑍2) 

A.103. Solution by Ravi Prakash-New Delhi-India 

Let 𝑏 + 𝑖𝑐 = 𝑏1, then 𝑋 = (𝑎1
𝑏̅1
  𝑏1
𝑎1
). Let 𝑌 = (𝑎2

𝑏̅2
  𝑏2
𝑎2
), then 

𝑋𝑌 = (
𝑎1𝑎2 + 𝑏1𝑏̅2 𝑎1𝑏2 + 𝑏1𝑎2
𝑎2𝑏̅1 + 𝑎1𝑏̅2 𝑏̅1𝑏2 + 𝑎1𝑎2

) 

𝑇𝑟(𝑋𝑌) = 2𝑎1𝑎2 + 𝑏1𝑏̅2 + 𝑏̅1𝑏2 = 2𝑎1𝑎2 + 2𝑅𝑒(𝑏1𝑏̅2) 

𝑇𝑟(𝑋2) = 2𝑎1
2 + 2𝑅𝑒(𝑏1𝑏̅2) = 2𝑎1

2 + 2|𝑏1|
2  

Similarly, 

𝑇𝑟(𝑌2) = 2𝑎2
2 + 2|𝑏2|

2 

𝑇𝑟(𝑋2)𝑇𝑟(𝑌2) − 𝑇𝑟(𝑋𝑌)2 = 
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= 4(𝑎1
2 + |𝑏1|

2)(𝑎2
2 + |𝑏2|

2) − 4 (𝑎1𝑎2 + 𝑅𝑒(𝑏1𝑏̅2))
2

= 

= 4 [𝑎1
2𝑎2
2 + 𝑎1

2|𝑏2|
2 + 𝑎2

2|𝑏1|
2 + |𝑏1𝑏2|

2 − 𝑎1
2𝑎2
2 − 2𝑎1𝑎2𝑅𝑒(𝑏1𝑏̅2)

− (𝑅𝑒(𝑏1𝑏̅2))
2
] = 

= 4 [𝑎2
2|𝑏2|

2 + 𝑎2
2|𝑏1|

2 − 2𝑎1𝑎2𝑅𝑒(𝑏1𝑏̅2) + |𝑏1𝑏2|
2 − (𝑅𝑒(𝑏1𝑏̅2))

2

] = 

= 4 [(𝑎1|𝑏2| − 𝑎2|𝑏1|)
2 + 2𝑎1𝑎2 (|𝑏1||𝑏2| − 𝑅𝑒(𝑏1𝑏̅2))

+ (|𝑏1𝑏2| − 𝑅𝑒(𝑏1𝑏̅2)) (|𝑏1𝑏2| + 𝑅𝑒(𝑏1𝑏̅2))] 

As |𝑅𝑒(𝑏1𝑏̅2)| ≤ |𝑏1||𝑏2|, we get: 

𝑇𝑟(𝑋2)𝑇𝑟(𝑌2) ≥ (𝑇𝑟(𝑋𝑌))
2
⇒ |𝑇𝑟(𝑋𝑌)| ≤ √𝑇𝑟(𝑋2)𝑇𝑟(𝑌2) 

𝑇𝑟(𝑋𝑌) ≤ √𝑇𝑟(𝑋2)𝑇𝑟(𝑌2);   (1) 

Similarly, 

𝑇𝑟(𝑌𝑍) ≤ √𝑇𝑟(𝑌2)𝑇𝑟(𝑍2);  (2) and 𝑇𝑟(𝑍𝑋) ≤ √𝑇𝑟(𝑍2)𝑇𝑟(𝑋2);  (3) 

By adding (1),(2) and (3), we get: 

𝑇𝑟(𝑋𝑌) + 𝑇𝑟(𝑌𝑍) + 𝑇𝑟(𝑍𝑋)

≤ √𝑇𝑟(𝑋2)𝑇𝑟(𝑌2) + √𝑇𝑟(𝑌2)𝑇𝑟(𝑍2)

+ √𝑇𝑟(𝑍2)𝑇𝑟(𝑋2) 

A.104. Solution by Ravi Prakash-New Delhi-India 

𝐴 + 𝐵 = (
5

2
   
2

5
) , 𝐴−1 =

1

4
(

3

−1 + 𝑖
  
−1 − 𝑖

2
), 

 𝐵−1 =
1

4
(

2

−1 − 𝑖
  
−1 + 𝑖

3
) 

𝐴−1 + 𝐵−1 =
1

4
(
5

−2
  
−2

5
) , (𝐴−1 + 𝐵−1)−1 =

4

21
(
5

2
   
2

5
) 
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1

2
(𝐴 + 𝐵) − 2(𝐴−1 + 𝐵−1) =

1

2
(
5

2
 
2

5
) −

8

21
(
5

2
  
2

5
) =

5

42
(
5

2
 
2

5
) 

(𝑥, 𝑦) (
1

2
(𝐴 + 𝐵) − 2(𝐴−1 + 𝐵−1)−1) (

𝑥

𝑦
) = 

=
5

42
(5𝑥2 + 4𝑥𝑦 + 5𝑦2) =

25

42
[(𝑥 +

2

5
𝑦)
2

+
21

25
𝑦2] ≥ 0 

Equality holds when 𝑥 = 𝑦 = 0. 

A.105. Solution by Soumava Chakraborty-Kolkata-India 

 √
𝑎2 + 𝑏2

2
= 𝑄,

𝑎 + 𝑏

2
= 𝐴, √𝑎𝑏 = 𝐺 ⇒

𝑎2 + 𝑏2

𝑎 + 𝑏
=
𝑎2 + 𝑏2

2𝑎𝑏
.
2𝑎𝑏

𝑎 + 𝑏
=
𝑄2𝐻

𝐺2

∴ (√
𝑎2 + 𝑏2

2
)

5

+ (
𝑎2 + 𝑏2

𝑎 + 𝑏
− √

𝑎2 + 𝑏2

2
+ √𝑎𝑏)

5

≤ (
𝑎2 + 𝑏2

𝑎 + 𝑏
)

5

+ (√𝑎𝑏)
5
 

⇔ 𝑄5 − 𝐺5 ≤ (
𝑄2𝐻

𝐺2
)

5

− (
𝑄2𝐻

𝐺2
− (𝑄 − 𝐺))

5

⇔ (𝑄 − 𝐺)(𝑄4 + 𝑄3𝐺 + 𝑄2𝐺2 + 𝑄𝐺3 + 𝐺4)

≤ (
𝑄2𝐻

𝐺2
− (
𝑄2𝐻

𝐺2
− (𝑄 − 𝐺)))(𝑚4 +𝑚3𝑛 +𝑚2𝑛2 +𝑚𝑛3

+ 𝑛4) 

(𝑎𝑠𝑠𝑖𝑔𝑛𝑖𝑛𝑔 
𝑄2𝐻

𝐺2
= 𝑚,

𝑄2𝐻

𝐺2
− (𝑄 − 𝐺) = 𝑛)

⇔ (𝑄 − 𝐺)(𝑄4 + 𝑄3𝐺 + 𝑄2𝐺2 + 𝑄𝐺3 + 𝐺4) ≤⏞
(∗)

(𝑄 − 𝐺)(𝑚4

+𝑚3𝑛 +𝑚2𝑛2 +𝑚𝑛3 + 𝑛4) 

⇔𝑚4 +𝑚3𝑛 +𝑚2𝑛2 +𝑚𝑛3 + 𝑛4 ≥⏞
(∗)

𝑄4 + 𝑄3𝐺 + 𝑄2𝐺2 + 𝑄𝐺3

+ 𝐺4 (∵ 𝑄 − 𝐺 ≥ 0) 
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𝑁𝑜𝑤,𝑚 =
𝑄2𝐻

𝐺2
=
𝑄2𝐻

𝐴𝐻
=
𝑄2

𝐴
= 𝑄 (

𝑄

𝐴
) ≥ 𝑄 ⇒ 𝑚 ≥⏞

(𝑖)

𝑄 𝑎𝑛𝑑 𝑛

=
𝑄2𝐻

𝐺2
− (𝑄 − 𝐺) = 𝑚 − 𝑄 + 𝐺 ≥⏞

𝑣𝑖𝑎 (𝑖)

𝐺 ⇒ 𝑛 ≥⏞
(𝑖𝑖)

𝐺

∴ (𝑖), (𝑖𝑖) ⇒ 𝑚4 ≥ 𝑄4, 𝑚3𝑛 ≥ 𝑄3𝐺,𝑚2𝑛2 ≥ 𝑄2𝐺2, 𝑚𝑛3

≥ 𝑄𝐺3   

𝑎𝑛𝑑 𝑛4 ≥ 𝐺4 ⇒⏞
𝑠𝑢𝑚𝑚𝑖𝑛𝑔 𝑢𝑝

𝑚4 +𝑚3𝑛 +𝑚2𝑛2 +𝑚𝑛3 + 𝑛4

≥ 𝑄4 + 𝑄3𝐺 + 𝑄2𝐺2 + 𝑄𝐺3 + 𝐺4 ⇒ (∗) 𝑖𝑠 𝑡𝑟𝑢𝑒 

∴ (√
𝑎2 + 𝑏2

2
)

5

+ (
𝑎2 + 𝑏2

𝑎 + 𝑏
− √

𝑎2 + 𝑏2

2
+ √𝑎𝑏)

5

≤ (
𝑎2 + 𝑏2

𝑎 + 𝑏
)

5

+ (√𝑎𝑏)
5
 (𝑄𝐸𝐷) 

A.106. Solution by George Florin Șerban-Romania 

𝑎𝑏𝑐 ≤ (
𝑎 + 𝑏 + 𝑐

3
)
3

 

(𝑎 + 𝑏)(𝑏 + 𝑐)(𝑐 + 𝑎) ≤ [
2(𝑎 + 𝑏 + 𝑐)

3
]

3

⇒ 

(𝑎 + 𝑏)2(𝑏 + 𝑐)2(𝑐 + 𝑎)2 ≤ 64 (
𝑎 + 𝑏 + 𝑐

3
)
6

 

Therefore, 

𝑎𝑏𝑐(𝑎 + 𝑏)2(𝑏 + 𝑐)2(𝑐 + 𝑎)2 ≤ 64 (
𝑎 + 𝑏 + 𝑐

3
)
9

 

A.107. Solution by Hikmat Mammadov-Azerbaijan 

𝑥

1 − 𝑥2
+

𝑦

1 − 𝑦2
+

𝑧

1 − 𝑧2
= 0; (𝑥, 𝑦, 𝑧 ∉ {±1}) 

⇒ 𝑥(1 − 𝑦2)(1 − 𝑧2) + 𝑦(1 − 𝑧2)(1 − 𝑥2) + 𝑧(1 − 𝑥2)(1 − 𝑦2) = 0 
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𝑥(1 + 𝑦2𝑧2 − 𝑦2 − 𝑧2) + 𝑦(1 + 𝑧2𝑥2 − 𝑧2 − 𝑥2)
+ 𝑧(1 + 𝑥2𝑦2 − 𝑥2 − 𝑦2) = 0 

⇒ (𝑥 + 𝑦 + 𝑧) + 𝑥𝑦𝑧(𝑥𝑦 + 𝑦𝑧 + 𝑧𝑥)
− (𝑥2𝑦 + 𝑥𝑦2 + 𝑦2𝑧 + 𝑦𝑧2 + 𝑧2𝑥 + 𝑧𝑥2) = 0 

⇒ (𝑥 + 𝑦 + 𝑧) + (𝑥2𝑦 + 𝑦2𝑧 + 𝑧2𝑥 + 𝑥𝑦2 + 𝑦𝑧2 + 𝑧𝑥2 + 3𝑥𝑦𝑧) − 

−(𝑥2𝑦 + 𝑦2𝑧 + 𝑧2𝑥 + 𝑥𝑦2 + 𝑦𝑧2 + 𝑧𝑥2) = 0 

⇒ (𝑥 + 𝑦 + 𝑥) + 3𝑥𝑦𝑧 = 0 ⇒ 𝑥𝑦𝑧 = 0; (∵ 𝑥𝑦𝑧 = 𝑥 + 𝑦 + 𝑧) 

𝑥 = 0 ⇒ 𝑦 = −𝑧; 𝑦 = 0 ⇒ 𝑧 = −𝑥; 𝑧 = 0 ⇒ 𝑥 = −𝑦. 

𝑆 = (0, 𝑎, −𝑎), (𝑎, 0, −𝑎), (𝑎, −𝑎, 0)|𝑎 ∈ ℝ − {±1}} 

A.108. Solution by Bedri Hajrizi-Mitrovica-Kosovo 

(1) 𝑥 ≥ 𝑦 > 0 ⇒ 2(𝑥 − 𝑦) = (𝑥 + 𝑦)(1 − 1) ⇒ 𝑥 = 𝑦 ⇒ 𝑥 = 𝑦 = 2 

(2) 𝑥 < 0, 𝑦 > 0 ⇒ 2(𝑦 − 𝑥) = (−𝑥 + 𝑦)(−1 − 1) ⇒ 

𝑥 = 𝑦 impossible. 

(3) 𝑥 ≤ 𝑦 < 0 ⇒ 2(𝑦 − 𝑥) = −(𝑥 + 𝑦)(−1 + 1) ⇒ 

(𝑥 = 𝑦 impossible. 

(4) 𝑥 > 0, 𝑦 < 0 ⇒ 2(𝑥 − 𝑦) = (𝑥 − 𝑦)(1 + 1) ⇒ 𝑥 + 𝑦 = 4 

𝑥 > 0, 4 − 𝑥 > 0 ⇒ 𝑥 < 4 

Therefore, 

(𝑥, 𝑦) ∈ {(𝑎, 4 − 𝑎)|0 < 𝑎 < 4} 

A.109. Solution by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

(𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎)(𝑑𝑒 + 𝑒𝑓 + 𝑓𝑑)

= (𝑎𝑏𝑐)(𝑑𝑒𝑓) (
1

𝑎
+
1

𝑏
+
1

𝑐
) (
1

𝑑
+
1

𝑒
+
1

𝑓
) ≥
𝐴𝐺𝑀
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≥ (𝑎𝑏𝑐)(𝑑𝑒𝑓) ∙
9

√(𝑎𝑏𝑐)(𝑑𝑒𝑓)
3

≥
(∗)

 

Let 𝑎𝑏𝑐 = 𝑥, 𝑑𝑒𝑓 = 𝑦; (∗) 

≥
(∗)

3𝑥𝑦(𝑥 + 𝑦 − 5) +
9𝑥𝑦

√𝑥𝑦
3

= 3𝑥𝑦 (𝑥 + 𝑦 − 5 +
3

√𝑥𝑦
3

) = 

= 3𝑥𝑦 (𝑥 + 𝑦 +
1

√𝑥𝑦
3

+
1

√𝑥𝑦
3

+
1

√𝑥𝑦
3

− 5) ≥
𝐴𝐺𝑀

3𝑥𝑦(5√𝑥𝑦 (
1

√𝑥𝑦
3

)

3
5

− 5) = 

= 3𝑥𝑦(5 − 5) = 0 

Equality holds for 𝑎 = 𝑏 = 𝑐 = 𝑑 = 𝑒 = 𝑓 = 1. 

A.110. Solution by Kamel Gandouli Rezgui-Tunisia 

𝑒𝑥

√1 + 𝑒−𝑥
3 +

𝑒−𝑥

√1 + 𝑒𝑥
3 ≥

𝐴𝐺𝑀
2√

𝑒𝑥

√1 + 𝑒−𝑥
3 ⋅

𝑒−𝑥

√1 + 𝑒𝑥
3 =

2

√𝑒
𝑥
2 + 𝑒−

𝑥
2

3
 

𝑥 ≥ 0 ⇒ 𝑒
𝑥
2 + 𝑒−

𝑥
2 ≥ 2 ⇒ 𝑒

𝑥
2 + 𝑒−

𝑥
2 − 1 ≥ 1 

(𝑒
𝑥
2 + 𝑒−

𝑥
2 − 1) (𝑒𝑥 + 𝑒−𝑥) ≥ (𝑒𝑥 + 𝑒−𝑥) ≥ 2 

⇒ (𝑒
𝑥
2 + 𝑒−

𝑥
2) (𝑒𝑥 + 𝑒−𝑥) ≥ 𝑒𝑥 + 𝑒−𝑥 + 2 

1 +
2

𝑒𝑥 + 𝑒−𝑥
≤ 𝑒

𝑥
2 + 𝑒−

𝑥
2 ⇒ 1 + 𝑠𝑒𝑐ℎ 𝑥 ≤ 𝑒

𝑥
2 + 𝑒−

𝑥
2 ⇒ 

2

√𝑒
𝑥
2 + 𝑒−

𝑥
2

3
≥

2

√1 + 𝑠𝑒𝑐ℎ 𝑥
3  

Therefore, 

𝑒𝑥

√1 + 𝑒−𝑥
3 +

𝑒−𝑥

√1 + 𝑒𝑥
3 ≥

2

√1 + 𝑠𝑒𝑐ℎ 𝑥
3  
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A.111. Solution by Vivek Kumar-India 

𝑎𝑐3

(𝑐4 + 1)(𝑐2 + 𝑐 + 1)
≤
𝐴𝐺𝑀 𝑎𝑐3

2√𝑐4 ⋅ 1 ⋅ 3√𝑐2 ⋅ 𝑐 ⋅ 1
3 =

𝑎𝑐3

𝑏𝑐2 ⋅ 𝑐
=
𝑎

6
 

Analogously, 

𝑏𝑎3

(𝑎4 + 1)(𝑎2 + 𝑎 + 1)
≤
𝑏

6
 and 

𝑐𝑏3

(𝑏4 + 1)(𝑏2 + 𝑏 + 1)
≤
𝑐

6
 

Therefore, 

𝑎𝑐3

(𝑐4 + 1)(𝑐2 + 𝑐 + 1)
+

𝑏𝑎3

(𝑎4 + 1)(𝑎2 + 𝑎 + 1)
+

𝑐𝑏3

(𝑏4 + 1)(𝑏2 + 𝑏 + 1)

≤
𝑎 + 𝑏 + 𝑐

6
=
1

2
 

A.112. Solution by Ravi Prakash-New Delhi-India 

Put 𝑥 = 5𝑡1, 𝑦 = 6𝑡2. The equation becomes: 

25𝑡1
2

5
+
36𝑡2

2

6
=
1

11
(5𝑡1 + 6𝑡2)

2 +
5

2
(𝑡1 − 𝑡2)

2 

𝑡1
2 (5 −

25

11
−
5

2
) + 𝑡2

2 (6 −
36

11
−
5

2
) = (

60

11
− 5) 𝑡1𝑡2 

5𝑡1
2 + 5𝑡2

2 − 10𝑡1𝑡2 = 0 ⇔ (𝑡1 − 𝑡2)
2 = 0 

So, 𝑆 = {(𝛼,
6

5
𝛼) |𝛼 ∈ ℝ}. 
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A.113. Solution by Ravi Prakash-New Delhi-India 

Let 𝐴 =
𝑎+𝑏

2
, 𝐺 = √𝑎𝑏, 𝑥 = 𝐺𝑡1, 𝑦 = 𝐴𝑡2. The inequality becomes: 

2(𝐺𝑡1)
2

𝐺
+
4(𝐴𝑡2)

2

2𝐴
≥
4(𝐺𝑡1 + 𝐴𝑡2)

2

2𝐴 + 2𝐺
+ 𝐺 (

𝐺𝑡1
𝐺
−
2𝐴𝑡2
2𝐴

)
2

 

2(𝐺𝑡1
2 + 𝐴𝑡2

2) − 𝐺(𝑡1 − 𝑡2)
2 ≥

2(𝐺𝑡1 + 𝐴𝑡2)
2

𝐴 + 𝐺
 

2(𝐺𝑡1
2 + 𝐴𝑡2

2) − 𝐺(𝑡1
2 + 𝑡2

2 − 2𝑡1𝑡2) ≥
2(𝐺2𝑡1

2 + 𝐴2𝑡2
2 − 2𝑡1𝑡2)

𝐴 + 𝐺
 

(𝐴 + 𝐺)[𝐺𝑡1
2 + (2𝐴 − 𝐺)𝑡2

2] + 2(𝐴 + 𝐺)𝐺𝑡1𝑡2 − 2𝐺
2𝑡1
2 − 2𝐴2𝑡2

2 − 4𝐺𝐴𝑡1𝑡2 ≥ 0 

𝐺(𝐴 − 𝐺)𝑡1
2 + 𝐺(𝐴 − 𝐺)𝑡2

2 + 2𝐺(𝐺 − 𝐴)𝑡1𝑡2 ≥ 0 

𝐺(𝐴 − 𝐺)(𝑡1 − 𝑡2)
2 ≥ 0, which is true as 𝐺 > 0 and 𝐴 ≥ 𝐺. 

A.114. Solution by Ravi Prakash-New Delhi-India 

𝐿𝑒𝑡: 𝛥 = |

1 3
5 9

𝑥 𝑥
𝑥 𝑥

𝑥 𝑥
𝑥 𝑥

1 3
5 9

| = 𝑥𝛥1 + 𝛥2, 𝑤ℎ𝑒𝑟𝑒 

𝛥1 = |

1 3
1 9

𝑥 𝑥
𝑥 𝑥

1 𝑥
1 𝑥

1 3
5 9

|   𝑎𝑛𝑑 𝛥2 = |

1 − 𝑥   3
5 − 𝑥    9

𝑥 𝑥
𝑥 𝑥

     0       𝑥
     0      𝑥

1 3
5 9

| 

Using 𝑟2 → 𝑟2 − 𝑟1; 𝑟3 = 𝑟1; 𝑟4 − 𝑟1 
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𝛥1 = |

1 3
0 6

𝑥 𝑥
0 0

0 𝑥 − 3
0 𝑥 − 3

1 − 𝑥 3 − 𝑥
5 − 𝑥 9 − 𝑥

| = |
6 0 0

𝑥 − 3 1 − 𝑥 3 − 𝑥
𝑥 − 3 5 − 𝑥 9 − 𝑥

| = 

= 6 |
1 − 𝑥 3 − 𝑥
5 − 𝑥 9 − 𝑥

| = 6 |
1 − 𝑥 2
5 − 𝑥 4

| = 6 |
1 − 𝑥 2
4 2

| = 12 |
1 − 𝑥 1
4 1

|

= −12𝑥 − 36, 

𝛥2 = (1 − 𝑥) |
9 𝑥 𝑥
𝑥 1 3
𝑥 5 9

| − (5 − 𝑥) |
3 𝑥 𝑥
𝑥 1 3
𝑥 5 9

| = 

= (1 − 𝑥) |
9 𝑥 𝑥
𝑥 1 3
0 4 6

| − (5 − 𝑥) |
3 𝑥 0
𝑥 1 2
0 4 2

| = 

= (1 − 𝑥) |
9 𝑥 0
𝑥 1 2
0 4 2

| − (5 − 𝑥) |
3 𝑥 0
𝑥 1 2
0 4 2

| = 

= (1 − 𝑥)(18 − 72 − 2𝑥2) − (5 − 𝑥)(6 − 24 − 2𝑥2) = 

= (1 − 𝑥)(−2𝑥2 − 54) − (5 − 𝑥)(−18 − 2𝑥2) = 

= 2[(𝑥 − 1)(𝑥2 + 27) − (𝑥 − 5)(𝑥2 + 9)] = 4(2𝑥2 + 9𝑥 + 9) 

Thus, 

𝛥 = 𝑥(−12𝑥 − 36) + 4(2𝑥2 + 9𝑥 + 9) = −4𝑥2 + 36. 

Therefore, 𝛥 = 0 ⇒ 𝑥 = ±3. 
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A.115. Solution by Ravi Prakash-New Delhi-India 

𝐹𝑜𝑟 𝑥, 𝑦, 𝑧 > 0: √
𝑥

𝑦
+ √

𝑦

𝑧

3
=
𝑥2

4𝑦2
+
𝑦2

6𝑧2
+
19

12
= 

= (
𝑥4

4𝑦4
+
1

4
+
1

4
+
1

4
) + (

𝑦3

6𝑧3
+
1

6
+
1

6
+
1

6
+
1

6
+
1

6
) ≥ 

≥ 4 ⋅ (
𝑥2

4𝑦2
⋅
1

43
)

1
4

+ 6 ⋅ (
𝑦3

6𝑧3
⋅ (
1

6
)
5

)

1
6

= √
𝑥

𝑦
+ √

𝑦

𝑧

6
 

Equality holds for 
𝑥

4𝑦
=
1

4
,
𝑦

6𝑧
=
1

6
⇒ 𝑥 = 𝑦 = 𝑧. 

So, 2nd equation becomes 

2𝑥4 + 18𝑥 + 54 = 𝑥3 + 39𝑥2 

2𝑥4 − 𝑥3 − 39𝑥2 + 18𝑥 + 54 = 0 ⇒ 𝑥 ∈ {−3√2;−1; 1.5; 3√2} 

Thus, 

(𝑥, 𝑦, 𝑧) = {(1.5; 1.5; 1.5), (3√2, 3√2, 3√2)} 

A.116.  𝑥 + 𝑦 + 𝑧 ≥
𝐴𝐺𝑀

3√𝑥𝑦𝑧
3  

⇒ 2√𝑥𝑦𝑧
3 +

3𝑥𝑦𝑧

𝑥𝑦 + 𝑦𝑧 + 𝑧𝑥
≥ 3√𝑥𝑦𝑧

3 ⇒
3𝑥𝑦𝑧

𝑥𝑦 + 𝑦𝑧 + 𝑧𝑥
≥ √𝑥𝑦𝑧

3  

⇒ 𝑀ℎ ≥ 𝑀𝑔 

But 𝑀ℎ ≤ 𝑀𝑔 ⇒ 𝑀𝑔 = 𝑀ℎ ⇒ 𝑥 = 𝑦 = 𝑧. Hence, 
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𝑥5 − 560𝑥2 + 𝑥 = 56𝑥4 + 10𝑥3 + 56 

𝑥5 − 56𝑥4 − 10𝑥3 + 560𝑥2 + 𝑥 − 56 = 0 

𝑥4(𝑥 − 56) − 10𝑥2(𝑥 − 56) + (𝑥 − 56) = 0 

(𝑥 − 56)(𝑥4 − 10𝑥2 + 1) = 0,  

(𝐼) 𝑥 − 56 = 0 ⇒ 𝑥1 = 56 

(𝐼𝐼) 𝑥4 − 10𝑥2 + 1 = 0 ⇔ 𝑥4 − 2𝑥2 + 1 − 8𝑥2 = 0 ⇔ 

(𝑥2 − 1)2 − (2√2𝑥)
2
= 0 ⇔ (𝑥2 − 1 − 2√2𝑥)(𝑥2 − 1 + 2√2𝑥) = 0 

⇔ (𝑥2 − 2√2𝑥 + 2 − 3)(𝑥2 + 2√2𝑥 + 2 − 3) = 0 

((𝑥 − √2)
2
− (√3)

2
) ((𝑥 + √2)

2
− (√3)

2
) = 0 ⇔ 

(𝑥 − √2 − √3)(𝑥 − √2 + √3)(𝑥 + √2 − √3)(𝑥 + √2 + √3) = 0 

Hence, we have: 

𝑥2 = √2 + √3, 𝑥3 = √2 − √3, 𝑥4 = √3 − √2, 𝑥5 = −√3 − √2 

Therefore, 

𝑆 = {
(56,56,56); (√2 + √3, √2 + √3, √2 + √3); (√2 − √3, √2 − √3, √2 − √3);

(√3 − √2, √3 − √2, √3 − √2); (−√3 − √2,−√3 − √2,−√3 − √2)
} 

A.117. Solution by Sanong Huayrerai-Nakon Pathom-Thailand 

𝑥8 + 𝑦8 + 𝑧8 + 15 ≥ 𝑥3 + 𝑦3 + 𝑧3 + 5√3(𝑥𝑦 + 𝑦𝑧 + 𝑧𝑥) 
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𝑥8 + 𝑦8 + 𝑧8 + 15 ≥ 𝑥3 + 𝑦3 + 𝑧3 + 5(𝑥 + 𝑦 + 𝑧) 

(𝑥8 + 1) + (𝑦8 + 1) + (𝑧8 + 1) + 12 ≥ 𝑥3 + 𝑦3 + 𝑧3 + 5(𝑥 + 𝑦 + 𝑧) 

2(𝑥4 + 𝑦4 + 𝑧4) + 12 ≥ 𝑥3 + 𝑦3 + 𝑧3 + 5(𝑥 + 𝑦 + 𝑧) 

(2𝑥4 − 𝑥3 − 5𝑥 + 4) + (2𝑦4 − 𝑦3 − 5𝑦 + 4) + (2𝑧4 − 𝑧3 − 5𝑧 + 4) ≥ 0  

which is true, because 

 2𝑥4 − 𝑥3 − 5𝑥 + 4 = (𝑥 − 1)(2𝑥3 + 𝑥2 + 𝑥 − 4) ≥ 0 

2𝑦4 − 𝑦3 − 5𝑦 + 4 = (𝑦 − 1)(2𝑦3 + 𝑦2 + 𝑦 − 4) ≥ 0 

2𝑧4 − 𝑧3 − 5𝑧 + 4 = (𝑧 − 1)(2𝑧3 + 𝑧2 + 𝑧 − 4) ≥ 0 

A.118. Solution by Tapas Das-India 

 Using AM-GM inequality, we have: 𝑥3 + 𝑦3 + 𝑧3 ≥ 3𝑥𝑦𝑧 

3(√𝑥
3
+ √𝑦

3 + √𝑧
3
) ≥ 3 ⋅ 3√√𝑥𝑦𝑧

33
= 9√𝑥𝑦𝑧

9  

Hence, 

𝑥3 + 𝑦3 + 𝑧3 + 3(√𝑥
3
+ √𝑦

3 + √𝑧
3
) ≥ 3𝑥𝑦𝑧 + 9√𝑥𝑦𝑧

9 = 12 

Equality holds when 𝑥 = 𝑦 = 𝑧. But 𝑥𝑦𝑧 = 1 ⇒ 𝑥 = 𝑦 = 𝑧 = 1. 

A.119. Solution by Ravi Prakash-New Delhi-India 

𝑙𝑜𝑔𝑥 𝑒 ⋅ (𝑙𝑜𝑔 𝑥)
−1 + 𝑙𝑜𝑔𝑒

𝑥
𝑒 ⋅ (𝑙𝑜𝑔 (

𝑒

𝑥
))
−1

= 8 
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𝑙𝑜𝑔𝑥 𝑒

𝑙𝑜𝑔 𝑥
+
𝑙𝑜𝑔𝑒

𝑥
𝑒

𝑙𝑜𝑔
𝑒
𝑥

= 8,
1

𝑙𝑜𝑔 𝑥 ⋅ 𝑙𝑜𝑔 𝑥
+

1

𝑙𝑜𝑔
𝑒
𝑥 ⋅ 𝑙𝑜𝑔

𝑒
𝑥

= 8 

1

𝑙𝑜𝑔2 𝑥
+

1

𝑙𝑜𝑔2 (
𝑒
𝑥)
= 8,

1

𝑙𝑜𝑔2 𝑥
+

1

(𝑙𝑜𝑔 𝑥 − 1)2
= 8; (1) 

Put 𝑙𝑜𝑔 𝑥 = 𝑡 +
1

2
 the equation becomes: 

1

(𝑡 +
1
2)
2 +

1

(
1
2 − 𝑡)

2 = 8 ⇒ 2(
1

4
+ 𝑡2) = 8 (

1

4
− 𝑡2)

2

 

1

2
+ 2𝑡2 = 8(

1

16
−
1

2
𝑡2 + 𝑡4) 

1

2
+ 2𝑡2 =

1

2
− 4𝑡2 + 8𝑡4 ⇔ 8𝑡4 = 6𝑡2 ⇔ 𝑡2(4𝑡2 − 3) = 0 

𝑡1 = 0, 𝑡2,3 = ±
√3

2
, 𝑙𝑜𝑔 𝑥 ∈ {

1

2
;
1 ± √3

2
} 

𝐵𝑢𝑡
1

2
(1 ± √3) = √2(

1

2√2
±
√3

2√2
) = √2 𝑠𝑖𝑛 (

𝜋

4
±
𝜋

3
) 

Therefore, 

𝑥1 = 𝑒
𝑠𝑖𝑛
𝜋
6 , 𝑥2 = 𝑒

√2𝑠𝑖𝑛
7𝜋
12 , 𝑥3 = 𝑒

−√2𝑠𝑖𝑛
𝜋
12 

A.120. Solution by Ravi Prakash-New Delhi-India 

∵ 𝑥2 + 𝑥𝑦 + 𝑦2 = |𝑥 − 𝑦𝜔|2, where 𝜔 ≠ 1, is cube root of unit. 
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∑√(𝑎 + 3𝑏)2 + (𝑎 + 3𝑏)(3𝑎 + 𝑏) + (3𝑎 + 𝑏)2

𝑐𝑦𝑐

=∑|𝑎 + 3𝑏 − (3𝑎 + 𝑏)𝜔|

𝑐𝑦𝑐

= 

= |∑(𝑎 + 3𝑏)

𝑐𝑦𝑐

−𝜔∑(3𝑎 + 𝑏)

𝑐𝑦𝑐

| = |4(𝑎 + 𝑏 + 𝑐) − 4𝜔(𝑎 + 𝑏 + 𝑐)| 

= 12|1 − 𝜔| = 12 |
3

2
−
√3

2
𝑖| = 12√3 |

√3

2
−
𝑖

2
| = 12√3. 

A.121. Solution by Christos Tsifakis-Greece 

𝑥32 + 𝑥16 + 𝑦2 = 2√2𝑥12𝑦, 𝑦2 − 2√2𝑥12𝑦 + 𝑥32 + 𝑥16 = 0 

𝛥𝑦 = 8𝑥
24 − 4(𝑥32 + 𝑥16) = −4(𝑥16 − 𝑥8)2 ≤ 0 

If 𝛥 < 0 no solution in ℝ 

If 𝛥 = 0 ⇒ 𝑥8(𝑥8 − 1) = 0 ⇒ 𝑥 ∈ {−1,0,1} 

(𝑥, 𝑦) ∈ {(0,0), (1, √2), (−1, √2)} 

A.122.  𝑥 ∈ [𝑎, 𝑏] ⇒ (𝑥 − 𝑎)(𝑥 − 𝑏) ≤ 0 ⇒ 𝑥2 − (𝑎 + 𝑏)𝑥 + 𝑎𝑏 ≤ 0 

𝑥2 + 𝑎𝑏 ≤ (𝑎 + 𝑏)𝑥 ⇒ 𝑥 +
𝑎𝑏

𝑥
≤ 𝑎 + 𝑏; (1) 

Analogous:  𝑧 +
𝑎𝑏

𝑧
≤ 𝑎 + 𝑏; (2) 

𝑦 ∈ [𝑐, 𝑑] ⇒ (𝑦 − 𝑐)(𝑦 − 𝑑) ≤ 0 ⇒ 𝑦2 − (𝑐 + 𝑑)𝑦 + 𝑐𝑑 ≤ 0 
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𝑦2 + 𝑐𝑑 ≤ (𝑐 + 𝑑)𝑦 ⇒ 𝑦 +
𝑐𝑑

𝑦
≤ 𝑐 + 𝑑; (3) 

Analogous: 𝑡 +
𝑐𝑑

𝑡
≤ 𝑐 + 𝑑; (4) 

𝑥 + 𝑦 + 𝑧 + 𝑡 + 𝑎𝑏 (
1

𝑥
+
1

𝑦
+
1

𝑧
+
1

𝑡
) ≥
𝐴𝐺𝑀

2√(𝑥 + 𝑦 + 𝑧 + 𝑡)𝑎𝑏 (
1

𝑥
+
1

𝑦
+
1

𝑧
+
1

𝑡
) ; (5) 

By adding (1),(2),(3) and (4), it follows that 

𝑥 + 𝑦 + 𝑧 + 𝑡 + 𝑎𝑏 (
1

𝑥
+
1

𝑧
) + 𝑐𝑑 (

1

𝑦
+
1

𝑡
) ≤ 2(𝑎 + 𝑏 + 𝑐 + 𝑑); (6) 

By (5) and (6): 

2√(𝑥 + 𝑦 + 𝑧 + 𝑡)𝑎𝑏 (
1

𝑥
+
1

𝑦
+
1

𝑧
+
1

𝑡
) ≤ 2(𝑎 + 𝑏 + 𝑐 + 𝑑) 

𝑎𝑏(𝑥 + 𝑦 + 𝑧 + 𝑡) (
1

𝑥
+
1

𝑦
+
1

𝑧
+
1

𝑡
) ≤ (𝑎 + 𝑏 + 𝑐 + 𝑑)2 

Equality holds for 𝑥 = 𝑡 = 𝑧 = 𝑡; 𝑎𝑏 = 2(𝑎 + 𝑏). 

A.123. Solution by Ravi Prakash-New Delhi-India 

2𝑚ℎ +√
1

2
((𝑚𝑎 −𝑚𝑔)

2
+ (𝑚𝑔 −𝑚ℎ)

2
+ (𝑚ℎ −𝑚𝑎)2) ≤ 𝑚𝑔 +𝑚𝑎 

𝑚𝑎 +𝑚𝑔 − 2𝑚ℎ ≥ √
1

2
((𝑚𝑎 −𝑚𝑔)

2
+ (𝑚𝑔 −𝑚ℎ)

2
+ (𝑚ℎ −𝑚𝑎)2) 
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𝑚𝑎
2 +𝑚𝑔

2 + 4𝑚ℎ
2 + 2𝑚𝑎𝑚𝑔 − 4𝑚𝑎𝑚ℎ − 4𝑚𝑔𝑚ℎ ≥ 

≥ 𝑚𝑎
2 +𝑚𝑔

2 +𝑚ℎ
2 −𝑚𝑎𝑚𝑔 −𝑚𝑎𝑚ℎ −𝑚𝑔𝑚ℎ 

3𝑚ℎ
2 + 3𝑚𝑎𝑚𝑔 − 3𝑚𝑎𝑚ℎ − 3𝑚𝑔𝑚ℎ ≥ 0 

𝑚ℎ
2 −𝑚ℎ(𝑚𝑎 +𝑚𝑔) + 𝑚𝑎𝑚𝑔 ≥ 0, (𝑚𝑎 −𝑚ℎ)(𝑚𝑔 −𝑚ℎ) ≥ 0 true. 

Equality holds for 𝑚𝑎 = 𝑚ℎ = 𝑚𝑔 ⇔ 𝑎 = 𝑏. 

A.124. Solution by Kamel  Gandouli Rezgui-Tunisia 

𝛺(𝑎) =∏(1 +
𝑘

𝑎𝑛2
)

𝑛

𝑘=1

≤
𝐴𝐺𝑀

(
1

𝑛
∑(1 +

𝑘

𝑎𝑛2
)

𝑛

𝑘=1

)

𝑛

= (
𝑛 +

𝑛2 + 𝑛
2𝑎𝑛2

𝑛
)

= (1 +
𝑛2 + 𝑛

2𝑎𝑛3
)

𝑛

= 𝑒
𝑛 𝑙𝑜𝑔(1+

𝑛2+𝑛
2𝑎𝑛3

)
.  

𝐿𝑒𝑡 𝑎𝑛 = 𝑒
𝑛 𝑙𝑜𝑔(1+

𝑛2+𝑛
2𝑎𝑛3

)
↗ 𝑎𝑛𝑑  𝑎𝑛 ≥ 0 ⇒ 

𝑒
𝑛 𝑙𝑜𝑔(1+

𝑛2+𝑛
2𝑎𝑛3

)
≤ 𝑙𝑖𝑚
𝑛→∞

𝑒
𝑛 𝑙𝑜𝑔(1+

𝑛2+𝑛
2𝑎𝑛3

)
≤ 𝑒

1
2𝑎 

𝛺(𝑎) ≤ 𝑒
1

2𝑎. Analogous, 𝛺(𝑏) ≤ 𝑒
1

2𝑏 and 𝛺(𝑐) ≤ 𝑒
1

2𝑐. 

If 𝑎 ≤ 𝑏 ≤ 𝑐 ⇒ 𝛺(𝑎) ≥ 𝛺(𝑏) ≥ 𝛺(𝑐) 

𝑎𝛺(𝑎) + 𝑏𝛺(𝑏) + 𝑐𝛺(𝑐) ≤
𝐶ℎ𝑒𝑏𝑦𝑠ℎ𝑒𝑣 𝑎 + 𝑏 + 𝑐

3
(𝛺(𝑎) + 𝛺(𝑏) + 𝛺(𝑐)) 

𝑎𝛺(𝑎) + 𝑏𝛺(𝑏) + 𝑐𝛺(𝑐) ≤ 𝑒
1
2𝑎 + 𝑒

1
2𝑏 + 𝑒

1
2𝑐 
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A.125. Solution by Sanong Huayrerai-Nakon Pathom-Thailand 

∑(√𝑎(𝑎 + 2𝑏) + √𝑏(𝑏 + 2𝑎))

𝑐𝑦𝑐

=
1

√3
∑(√3𝑎(𝑎 + 2𝑏) + √3𝑏(𝑏 + 2𝑎))

𝑐𝑦𝑐

≤ 

≤
1

√3
∑(

3𝑎 + 𝑎 + 2𝑏

2
+
3𝑏 + 𝑏 + 2𝑎

2
)

𝑐𝑦𝑐

=
1

√3
⋅
12(𝑎 + 𝑏 + 𝑐)

2
= 

=
1

√3
⋅ 6(𝑎 + 𝑏 + 𝑐) =

6 ⋅ 3

√3
= 6√3 

A.126. Solution by Kamel Gandouli Rezgui-Tunisia 

√𝑥7 ⋅ 27𝑥−7(𝑥 + 2𝑥−1) = 𝑥8 + 28𝑥−8 

(𝑥 + 2𝑥−1)2𝑥727𝑥−7 = 𝑥16 + 𝑥828𝑥−7 + 216𝑥−16 

(𝑥 + 2𝑥−1)2𝑥727𝑥 = 𝑥16 + 𝑥828𝑥−7 + 216𝑥−9 

(𝑥2 + 𝑥2𝑥 + 22𝑥−2)𝑥727𝑥 = 27𝑥16 + 𝑥828𝑥 + 216𝑥−9 

𝑥927𝑥 + 𝑥828𝑥 + 𝑥729𝑥−2 = 27𝑥16 + 𝑥828𝑥 + 216𝑥−9 

Let 2𝑥 = 𝑦 and 2𝑥 = 𝑧 ⇒ 𝑥927𝑥 + 𝑥729𝑥−2 = 27𝑥16 + 216𝑥−9 

29𝑥9𝑦7 + 27𝑥7𝑦9 = 216𝑥16 + 𝑦16 ⇒ (2𝑥)9𝑦7 + (2𝑥)7𝑦9

= (2𝑥)16 + 𝑦16 

𝑧9𝑦7 + 𝑧7𝑦9 = 𝑧16 + 𝑦16 ⇒ 𝑧9(𝑦7 − 𝑧7) = 𝑦9(𝑦7 − 𝑧7) 

(𝑦7 − 𝑧7)(𝑧9 − 𝑦9) = 0 ⇒ 𝑦7 = 𝑧7 or 𝑦9 = 𝑧9 

ℎ(𝑡) = 𝑡7 and 𝑘(𝑡) = 𝑡9 are bijective on ℝ ⇒ 2𝑥 = 2𝑥 ⇒ 𝑥 ∈ {1,2}. 
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A.127. Solution by Sanong Huayrerai-Nakon Pathom-Thailand 

8

𝑎 + 𝑏
+
24

𝑏 + 𝑐
+
12

𝑐 + 𝑎
≤ 8(

1

4𝑎
+
1

4𝑏
) + 24 (

1

4𝑏
+
1

4𝑐
) + 12 (

1

4𝑐
+
1

4𝑎
)

=
2

𝑎
+
2

𝑏
+
6

𝑏
+
6

𝑐
+
3

𝑐
+
3

𝑎
=
5

𝑎
+
8

𝑏
+
9

𝑐
 

 
SOLUTIONS 
GEOMETRY 

 
G.001. Solution by Ravi Prakash-India 

Let 𝐸 = 𝑎1𝑏1 𝑠𝑖𝑛
2 𝑥 + 𝑎2𝑏2 𝑐𝑜𝑠

2 𝑥 − (𝑎1 𝑠𝑖𝑛
2 𝑥 + 𝑎2 𝑐𝑜𝑠

2 𝑥)(𝑏1 𝑠𝑖𝑛
2 𝑥 +

𝑏2 𝑐𝑜𝑠
2 𝑥) = 𝑎1𝑏1 𝑠𝑖𝑛

2 𝑥 + 𝑎2𝑏2 𝑐𝑜𝑠
2 𝑥 − 

−(𝑎1𝑏1 𝑠𝑖𝑛
4 𝑥 + 𝑎1𝑏2 𝑠𝑖𝑛

2 𝑥 𝑐𝑜𝑠2 𝑥 + 𝑎2𝑏1 𝑠𝑖𝑛
2 𝑥 𝑐𝑜𝑠2 𝑥

+ 𝑎2𝑏2 𝑐𝑜𝑠
4 𝑥) =

= (𝑎1𝑏1 𝑠𝑖𝑛
2 𝑥 − 𝑎1𝑏1 𝑠𝑖𝑛

4 𝑥) + 𝑎2𝑏2 𝑐𝑜𝑠
2 𝑥

− 𝑎2𝑏2 𝑐𝑜𝑠
4 𝑥 − (𝑎2𝑏1 + 𝑎1𝑏2) 𝑠𝑖𝑛

2 𝑥 𝑐𝑜𝑠2 𝑥 = 

= 𝑎1𝑏1 𝑠𝑖𝑛
2 𝑥 (1 − 𝑠𝑖𝑛2 𝑥) + 𝑎2𝑏2 𝑐𝑜𝑠

2 𝑥 (1 − 𝑐𝑜𝑠2 𝑥)
− (𝑎2𝑏1 + 𝑎1𝑏2) 𝑠𝑖𝑛

2 𝑥 𝑐𝑜𝑠2 𝑥 = 

= (𝑎1𝑏1 + 𝑎2𝑏2 − 𝑎1𝑏2 − 𝑎2𝑏1) 𝑠𝑖𝑛
2 𝑥 𝑐𝑜𝑠2 𝑥 = 

= (𝑎1 − 𝑎2)(𝑏1 − 𝑏2) 𝑠𝑖𝑛
2 𝑥 𝑐𝑜𝑠2 𝑥 =

1

4
(𝑎1 − 𝑎2)(𝑏1 − 𝑏2) 𝑠𝑖𝑛

2 2𝑥 

Therefore, 

|𝐸| ≤
1

4
|𝑎1 − 𝑎2| ∙ |𝑏1 − 𝑏2| ≤

1

4
,𝑤ℎ𝑒𝑟𝑒 |𝑎1 − 𝑎2| ≤ 1, |𝑏1 − 𝑏2| ≤ 1 

G.002. Solution  by Tapas Das-India 

∑𝑎2𝑐𝑑 𝑐𝑜𝑡−1(𝑏) = 
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= 𝑎2𝑐𝑑 𝑐𝑜𝑡−1(𝑏) + 𝑏2𝑑𝑎 𝑐𝑜𝑡−1(𝑐) + 𝑐2𝑎𝑏 𝑐𝑜𝑡−1(𝑑) + 𝑑2𝑏𝑐 𝑐𝑜𝑡−1(𝑎) 

= 𝑎𝑏𝑐𝑑 [
𝑎

𝑏
𝑐𝑜𝑡−1(𝑏) +

𝑏

𝑐
𝑐𝑜𝑡−1(𝑐) +

𝑐

𝑑
𝑐𝑜𝑡−1(𝑑) +

𝑑

𝑎
𝑐𝑜𝑡−1(𝑎)]    (1) 

Let 𝑓(𝑥) = 𝑐𝑜𝑡−1 𝑥 , 𝑥 > 0 

∴ 𝑓′(𝑥) = −
1

1+𝑥2
< 0 ∴ 𝑐𝑜𝑡−1 𝑥 is a decreasing function 

Again,  

Let 𝑓(𝑡) = 𝑐𝑜𝑡−1(𝑡) , 𝑡 > 0 

∴ 𝑓′(𝑡) = −
1

1 + 𝑡2
 

𝑓′′(𝑡) =
2𝑡

(1 + 𝑡2)2
> 0 

∴ 𝑓 is convex; using Jensen’s inequality 

𝑎

𝑏
𝑓(𝑏) +

𝑏

𝑐
𝑓(𝑐) +

𝑐

𝑑
𝑓(𝑑) +

𝑑

𝑎
𝑓(𝑎) ≥ 

≥ (
𝑎

𝑏
+
𝑏

𝑐
+
𝑐

𝑑
+
𝑑

𝑎
)𝑓 (

𝑏 ⋅
𝑎
𝑏
+ 𝑐 ⋅

𝑏
𝑐 + 𝑑 ⋅

𝑐
𝑑
+ 𝑎 ⋅

𝑑
𝑎

𝑎
𝑏
+
𝑏
𝑐 +

𝑐
𝑑
+
𝑑
𝑎

) 

= (
𝑎

𝑏
+
𝑏

𝑐
+
𝑐

𝑑
+
𝑑

𝑎
)𝑓 (

𝑎 + 𝑏 + 𝑐 + 𝑑

𝑎
𝑏
+
𝑏
𝑐 +

𝑐
𝑑
+
𝑑
𝑎

) 

≥
𝐴𝑀−𝐺𝑀

4 (
𝑎

𝑏
⋅
𝑏

𝑐
⋅
𝑐

𝑑
⋅
𝑑

𝑎
)

1
4
𝑐𝑜𝑡−1(

1

𝑎
𝑏
+
𝑏
𝑐
+
𝑐
𝑑
+
𝑑
𝑎

) 

[∵ 𝑎 + 𝑏 + 𝑐 + 𝑑 = 1] 

= 4𝑐𝑜𝑡−1(
1

𝑎
𝑏
+
𝑏
𝑐 +

𝑐
𝑑
+
𝑑
𝑎

) ≥ 4 𝑐𝑜𝑡−1 (
1

4
) 

Since 𝑐𝑜𝑡−1 𝑥 is decreasing function and 
𝑎

𝑏
+
𝑏

𝑐
+
𝑐

𝑑
+
𝑑

𝑎
≥ 4 (AM-GM) 
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𝑎

𝑏
𝑓(𝑏) +

𝑏

𝑐
𝑓(𝑐) +

𝑐

𝑑
𝑓(𝑑) +

𝑑

𝑎
𝑓(𝑎) ≥ 4 𝑐𝑜𝑡−1 (

1

4
) 

⇒
𝑎

𝑏
𝑐𝑜𝑡−1(𝑏) +

𝑏

𝑐
𝑐𝑜𝑡−1(𝑐) +

𝑐

𝑑
𝑐𝑜𝑡−1(𝑑) +

𝑑

𝑎
𝑐𝑜𝑡−1(𝑎) ≥ 4 𝑐𝑜𝑡−1 (

1

4
)    (2) 

Now, from (1) 

∑𝑎2𝑐𝑑 𝑐𝑜𝑡−1(𝑏) = 

= 𝑎𝑏𝑐𝑑 [
𝑎

𝑏
𝑐𝑜𝑡−1(𝑏) +

𝑏

𝑐
𝑐𝑜𝑡−1 𝑐 +

𝑐

𝑑
𝑐𝑜𝑡−1 𝑑 +

𝑑

𝑎
𝑐𝑜𝑡−1(𝑎)] ≥ 4𝑎𝑏𝑐𝑑 𝑐𝑜𝑡−1

1

4
    

(using (2)) 

G.003. Solution  by Tapas Das-India 

 

𝛤 −Toricelli’s point for triangle 𝐴𝐵𝐶, then ∠𝐴𝛤𝐵 = ∠𝐵𝛤𝐶 = ∠𝐶𝛤𝐴 

(𝛤𝐴3 + 𝛤𝐵3 + 𝛤𝐶3) (
1

𝛤𝐴
+
1

𝛤𝐵
+
1

𝛤𝐶
) = 

= ((𝛤𝐴
3
2)
2

+ (𝛤𝐵
3
2)
2

+ (𝛤𝐶
3
2)
2

) (
1

𝛤𝐴
+
1

𝛤𝐵
+
1

𝛤𝐶
) ≥ 

≥ (𝛤𝐴 + 𝛤𝐵 + 𝛤𝐶)2 ≥ 3(𝛤𝐴 ∙ 𝛤𝐵 + 𝛤𝐵 ∙ 𝛤𝐶 + 𝛤𝐶 ∙ 𝛤𝐴) ≥ 

≥ 3 ∙ 12𝑟2 = 36𝑟2 
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[𝐴𝐵𝛤] =
1

2
𝛤𝐴 ∙ 𝛤𝐵 ∙ 𝑠𝑖𝑛 120° =

√3

4
∙ 𝛤𝐴 ∙ 𝛤𝐵 

[𝐵𝐶𝛤] =
√3

4
∙ 𝛤𝐵 ∙ 𝛤𝐶 𝑎𝑛𝑑 [𝐶𝐴𝛤] =

√3

4
∙ 𝛤𝐴 ∙ 𝛤𝐶 

[𝐴𝐵𝐶] = [𝛤𝐴𝐵] + [𝛤𝐵𝐶] + [𝛤𝐶𝐴] =
√3

4
(𝛤𝐴 ∙ 𝛤𝐵 + 𝛤𝐵 ∙ 𝛤𝐶 + 𝛤𝐶 ∙ 𝛤𝐴) 

𝑟𝑠 =
√3

4
(𝛤𝐴 ∙ 𝛤𝐵 + 𝛤𝐵 ∙ 𝛤𝐶 + 𝛤𝐶 ∙ 𝛤𝐴) 

𝛤𝐴 ∙ 𝛤𝐵 + 𝛤𝐵 ∙ 𝛤𝐶 + 𝛤𝐶 ∙ 𝛤𝐴 =
4𝑟𝑠

√3
≥

𝑀𝑖𝑡𝑟𝑖𝑛𝑜𝑣𝑖𝑐 4𝑟 ∙ 3√3𝑟

√3
= 12𝑟2 

G.004. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑊𝑒 ℎ𝑎𝑣𝑒 ∶   
𝑎𝑎′

𝑎 + 𝑎′
+
𝑏𝑏′

𝑏 + 𝑏′
+
𝑐𝑐′

𝑐 + 𝑐′

= (𝑎 −
𝑎2

𝑎 + 𝑎′
) + (𝑏 −

𝑏2

𝑏 + 𝑏′
) + (𝑐 −

𝑐2

𝑐 + 𝑐′
) = 

= 2𝑠 − (
𝑎2

𝑎 + 𝑎′
+

𝑏2

𝑏 + 𝑏′
+

𝑐2

𝑐 + 𝑐′
) ≤⏞
𝐵𝑒𝑟𝑔𝑠𝑡𝑟ӧ𝑚

 2𝑠 −
(𝑎 + 𝑏 + 𝑐)2

(𝑎 + 𝑏 + 𝑐) + (𝑎′ + 𝑏′ + 𝑐′)
= 

= 2𝑠 −
4𝑠2

2𝑠 + 2𝑠′
=
2𝑠. 2𝑠′

2(𝑠 + 𝑠′)
 ≤⏞
𝑀𝑖𝑡𝑟𝑖𝑛𝑜𝑣𝑖𝑐

 
3√3𝑅. 3√3𝑅′

2(3√3𝑟 + 3√3𝑟′)
=
3√3𝑅𝑅′

2(𝑟 + 𝑟′)
. 

𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒,   
𝑎𝑎′

𝑎 + 𝑎′
+
𝑏𝑏′

𝑏 + 𝑏′
+
𝑐𝑐′

𝑐 + 𝑐′
≤
3√3𝑅𝑅′

2(𝑟 + 𝑟′)
. 

G.005.  

∑
𝑎2 + 𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎

2𝑠 + 𝑎
𝑐𝑦𝑐

=∑
𝑎(𝑎 + 𝑏) + 𝑐(𝑎 + 𝑏)

(𝑎 + 𝑏 + 𝑐) + 𝑎
𝑐𝑦𝑐

=∑
(𝑎 + 𝑏)(𝑎 + 𝑐)

(𝑎 + 𝑏) + (𝑎 + 𝑐)
𝑐𝑦𝑐

= 
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=
1

2
∑

2

1
𝑎 + 𝑏

+
1

𝑎 + 𝑐𝑐𝑦𝑐

≤
𝐴𝐻−𝐴𝑀 1

2
∑
(𝑎 + 𝑏) + (𝑎 + 𝑐)

2
𝑐𝑦𝑐

= 

=
1

4
∑(2𝑎 + 𝑏 + 𝑐)

𝑐𝑦𝑐

=
1

4
⋅ 4∑𝑎

𝑐𝑦𝑐

= 2𝑠 ≤
𝑀𝑖𝑡𝑟𝑖𝑛𝑜𝑣𝑖𝑐

2 ⋅
3√3𝑅

2
= 3√3𝑅 

Equality holds for 𝑎 = 𝑏 = 𝑐. 

G.006. Solution  by Tapas Das-India 

sin4 𝑥 + cos2 𝑥 = sin4 𝑥 + 1 − sin2 𝑥 = 1 − sin2 𝑥 cos2 𝑥 

cos4 𝑥 + sin2 𝑥 = 1 − cos2 𝑥 + cos4 𝑥 = 1 − sin2 𝑥 cos2 𝑥 

√sin4 𝑥 + cos2 𝑥 + √sin2 𝑥 + cos4 𝑥 + √1 + sin2 𝑥 cos2 𝑥 = 3 

√cos4 𝑥 − cos2 𝑥 + 1 + √cos4 𝑥 − cos2 𝑥 + 1 + √1 + sin2 𝑥 cos2 𝑥 = 3 

2√cos4 𝑥 − cos2 𝑥 + 1 + √1 + sin2 𝑥 cos2 𝑥 = 3. Let sin2 𝑥 cos2 𝑥 = 𝑝, 
then: 

2√1 − 𝑝 + √1 + 𝑝 = 3, 4(1 − 𝑝) = 9 + (1 + 𝑝) − 6√1 + 𝑝 

25𝑝2 + 24𝑝 = 0 ⇔ 𝑝 = 0 ⇒ sin 2𝑥 = 0 ⇔ 𝑥 ∈ {
𝑘𝜋
2 |𝑘 ∈ ℤ} 

G.007. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐹𝑟𝑜𝑚 𝑡ℎ𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑐𝑜𝑡 𝜔 = 𝑐𝑜𝑡 𝐴 + 𝑐𝑜𝑡 𝐵 + 𝑐𝑜𝑡 𝐶 =
𝑎2 + 𝑏2 + 𝑐2

4𝐹
, 

𝑡ℎ𝑒 𝑑𝑒𝑠𝑖𝑟𝑒𝑑 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 𝑖𝑠 𝑠𝑢𝑐𝑐𝑒𝑠𝑖𝑣𝑒𝑙𝑦 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 𝑡𝑜 ∶ 

𝑎2 + 𝑏2 + 𝑐2 − 4√3𝐹

≥ 2∑ (𝑎2 − 𝑏𝑐)
𝑐𝑦𝑐

+
4𝑎𝑏𝑐

𝑠
∑ (

𝑠(𝑠 − 𝑎)

𝑏𝑐
− √

𝑠2(𝑠 − 𝑏)(𝑠 − 𝑐)

𝑎2𝑏𝑐
)

𝑐𝑦𝑐
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∑ (𝑎𝑏 + 𝑐𝑎 − 𝑎2)
𝑐𝑦𝑐

− 4√3𝐹

≥ 4∑ 𝑎(𝑠 − 𝑎)
𝑐𝑦𝑐

− 4∑ √𝑏𝑐(𝑠 − 𝑏)(𝑠 − 𝑐)
𝑐𝑦𝑐

 

2∑ 𝑎(𝑠 − 𝑎)
𝑐𝑦𝑐

≥ 2∑ (√𝑏(𝑠 − 𝑏) − √𝑐(𝑠 − 𝑐))
2

𝑐𝑦𝑐
+ 4√3𝐹 

∑ √𝑎(𝑠 − 𝑎)
 2

𝑐𝑦𝑐
≥∑ (√𝑏(𝑠 − 𝑏) − √𝑐(𝑠 − 𝑐))

2

𝑐𝑦𝑐
+ 2√3𝐹  (1) 

𝑁𝑜𝑤 𝑙𝑒𝑡′𝑠 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡  𝑎′ = √𝑎(𝑠 − 𝑎), 𝑏′ = √𝑏(𝑠 − 𝑏), 𝑐′

= √𝑐(𝑠 − 𝑐)  𝑐𝑎𝑛 𝑏𝑒 𝑡ℎ𝑒 𝑠𝑖𝑑𝑒𝑠 𝑜𝑓 𝑎 𝑡𝑟𝑖𝑎𝑛𝑔𝑙𝑒 ∶ 

𝐿𝑒𝑡 𝑥 = (𝑠 − 𝑏)(𝑠 − 𝑐),   𝑦 = (𝑠 − 𝑐)(𝑠 − 𝑎),   𝑧 = (𝑠 − 𝑎)(𝑠 − 𝑏) 

𝑆𝑖𝑛𝑐𝑒 ∶  𝑎′ 2 = 𝑦 + 𝑧 (𝑎𝑛𝑑 𝑎𝑛𝑎𝑙𝑜𝑔𝑠)  𝑤𝑒 ℎ𝑎𝑣𝑒 ∶  𝑎′
 2
+ 𝑏′

 2
− 𝑐′

 2
= 2𝑧

> 0  𝑡ℎ𝑒𝑛 ∶   𝑎′ + 𝑏′ > 𝑐′ (𝑎𝑛𝑑 𝑎𝑛𝑎𝑙𝑜𝑔𝑠) 

𝑆𝑜 𝑎′, 𝑏′, 𝑐′𝑐𝑎𝑛 𝑏𝑒 𝑡ℎ𝑒 𝑠𝑖𝑑𝑒𝑠 𝑜𝑓 𝑎 𝑡𝑟𝑖𝑎𝑛𝑔𝑙𝑒 ∆′ 𝑤𝑖𝑡ℎ 𝑎𝑟𝑒𝑎 𝐹′ 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡  

16𝐹′
 2
= 2∑ 𝑎′

 2
𝑏′
 2

𝑐𝑦𝑐
−∑ 𝑎′

 4

𝑐𝑦𝑐

= 2∑ (𝑦 + 𝑧)(𝑧 + 𝑥)
𝑐𝑦𝑐

−∑ (𝑦 + 𝑧)2
𝑐𝑦𝑐

= 4∑ 𝑦𝑧
𝑐𝑦𝑐

= 4(𝑠 − 𝑎)(𝑠 − 𝑏)(𝑠 − 𝑐)∑ (𝑠 − 𝑎)
𝑐𝑦𝑐

= 4𝑠𝑟2. 𝑠

= 4𝐹2  𝑡ℎ𝑒𝑛 ∶ 

  𝐹′ =
𝐹

2
. 

𝐴𝑝𝑝𝑙𝑦𝑖𝑛𝑔 𝑛𝑜𝑤 𝐻𝑎𝑑𝑤𝑖𝑔𝑒𝑟 − 𝐹𝑖𝑛𝑠𝑙𝑒𝑟 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 𝑖𝑛 ∆′ 𝑤𝑒 𝑔𝑒𝑡 ∶ 

∑ 𝑎′ 2
𝑐𝑦𝑐

≥∑ (𝑏′ − 𝑐′)2
𝑐𝑦𝑐

+ 4√3𝐹′ 

⇔∑ √𝑎(𝑠 − 𝑎)
 2

𝑐𝑦𝑐
≥∑ (√𝑏(𝑠 − 𝑏) − √𝑐(𝑠 − 𝑐))

2

𝑐𝑦𝑐
+ 2√3𝐹 

𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 (1) 𝑎𝑛𝑑 𝑡ℎ𝑒 𝑝𝑟𝑜𝑜𝑓 𝑖𝑠 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒. 
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G.008.  

𝑎

𝑏 + 𝑐
+

𝑏

𝑐 + 𝑎
+

𝑐

𝑎 + 𝑏
= 1 ⇒

𝑎2

𝑏 + 𝑐
+
𝑎𝑏

𝑐 + 𝑎
+
𝑐𝑎

𝑎 + 𝑏
= 𝑎; (1) 

𝑎

𝑏 + 𝑐
+

𝑏

𝑐 + 𝑎
+

𝑐

𝑎 + 𝑏
= 1 ⇒

𝑎𝑏

𝑏 + 𝑐
+
𝑏2

𝑐 + 𝑎
+

𝑏𝑐

𝑎 + 𝑏
= 𝑏; (2) 

𝑎

𝑏 + 𝑐
+

𝑏

𝑐 + 𝑎
+

𝑐

𝑎 + 𝑏
= 1 ⇒

𝑎𝑐

𝑏 + 𝑐
+
𝑏𝑐

𝑐 + 𝑎
+

𝑐2

𝑎 + 𝑏
= 𝑐; (3) 

By adding (1),(2) and (3), we get: 

𝑎2

𝑏 + 𝑐
+
𝑏2

𝑐 + 𝑎
+

𝑐2

𝑎 + 𝑏
+
𝑎𝑏 + 𝑏𝑐

𝑐 + 𝑎
+
𝑐𝑎 + 𝑏𝑐

𝑎 + 𝑏
+
𝑎𝑐 + 𝑎𝑏

𝑏 + 𝑐
= 𝑎 + 𝑏 + 𝑐 

𝑠𝑖𝑛 𝑥 ⋅ 𝑠𝑖𝑛 𝑦 ⋅ 𝑠𝑖𝑛 𝑧 +
𝑏(𝑎 + 𝑐)

𝑎 + 𝑐
+
𝑐(𝑎 + 𝑏)

𝑎 + 𝑏
+
𝑎(𝑏 + 𝑐)

𝑏 + 𝑐
= 𝑎 + 𝑏 + 𝑐 

𝑠𝑖𝑛 𝑥 ⋅ 𝑠𝑖𝑛 𝑦 ⋅ 𝑠𝑖𝑛 𝑧 + 𝑎 + 𝑏 + 𝑐 = 𝑎 + 𝑏 + 𝑐 

𝑠𝑖𝑛 𝑥 ⋅ 𝑠𝑖𝑛 𝑦 ⋅ 𝑠𝑖𝑛 𝑧 = 0 

(𝑥, 𝑦, 𝑧) ∈ {(𝑚𝜋, 𝑛𝜋, 𝑝𝜋)|𝑚, 𝑛, 𝑝 ∈ ℤ} 

G.009.  

{

𝑠𝑖𝑛3 𝑥 + 𝑐𝑜𝑠3 𝑦 + 𝑧3 + 3𝑧 = 3𝑧2 + 2

𝑠𝑖𝑛2 𝑥 + 𝑐𝑜𝑠2 𝑦 + 𝑧2 = 2𝑧 + 2
𝑠𝑖𝑛 𝑥 + 𝑐𝑜𝑠 𝑦 + 𝑧 = 2

. Denote: {
𝑠𝑖𝑛 𝑥 = 𝑢
𝑐𝑜𝑠 𝑦 = 𝑣
𝑧 − 1 = 𝑤

 

{

𝑆1 = 𝑢 + 𝑣 +𝑤        
𝑆2 = 𝑢𝑣 + 𝑣𝑤 + 𝑤𝑢
𝑆3 = 𝑢𝑣𝑤                   

 

{
𝑢3 + 𝑣3 + 𝑧3 = 1
𝑢2 + 𝑣2 + 𝑧2 = 1
𝑢 + 𝑣 + 𝑤 = 1

⇒ {

𝑆1
3 − 3𝑆3 = 𝑆1(𝑆1

2 − 3𝑆2)

𝑆1
2 − 2𝑆2 = 1
𝑆1 = 1

⇒ {

𝑆1 = 1
𝑆2 = 0
𝑆3 = 0

⇒ 𝑢𝑣𝑤 = 0 

Hence, 𝑠𝑖𝑛 𝑥 ⋅ 𝑐𝑜𝑠 𝑦 ⋅ (𝑧 − 1) = 0 

𝑠𝑖𝑛 𝑥 = 0 ⇒ 𝑥 ∈ {𝑘𝜋|𝑘 ∈ ℤ} 

𝑐𝑜𝑠 𝑦 = 0 ⇒ 𝑦 ∈ {±
𝜋
2 + 2𝑘𝜋|𝑘 ∈ ℤ} 
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𝑧 − 1 = 0 ⇒ 𝑧 = 1. 

G.010. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

 

√𝑛(𝑛 + 1). 𝑐𝑜𝑠 (𝐴 −
𝜋

7
) + √𝑛(𝑛 + 2). 𝑐𝑜𝑠 (𝐵 −

𝜋

7
) + √(𝑛 + 1)(𝑛 + 2). 𝑐𝑜𝑠 (𝐶 −

𝜋

7
) 

<⏞
(∗)

3(𝑛 + 1) 𝑐𝑜𝑠
𝜋

21
 

𝑊𝑒 ℎ𝑎𝑣𝑒

∶  𝐿𝐻𝑆(∗) ≤⏞
𝐶𝐵𝑆

√[𝑛(𝑛 + 1) + 𝑛(𝑛 + 2) + (𝑛 + 1)(𝑛 + 2)] [∑𝑐𝑜𝑠2 (𝐴 −
𝜋

7
)

𝑐𝑦𝑐

] 

𝑊𝑖𝑡ℎ ∶ 𝑛(𝑛 + 1) + 𝑛(𝑛 + 2) + (𝑛 + 1)(𝑛 + 2)
< (𝑛 + 1)[𝑛 + (𝑛 + 2)] + [𝑛(𝑛 + 2) + 1] = 3(𝑛 + 1)2 

→ 𝐼𝑡′𝑠 𝑠𝑢𝑓𝑓𝑖𝑐𝑒𝑠 𝑡𝑜 𝑝𝑟𝑜𝑣𝑒 ∶ ∑𝑐𝑜𝑠2 (𝐴 −
𝜋

7
)

𝑐𝑦𝑐

≤ 3𝑐𝑜𝑠2 (
𝜋

21
) 

𝐿𝑒𝑡 𝑓(𝑥) = 𝑐𝑜𝑠2 (𝑥 −
𝜋

7
) , 𝑥 ∈ (0, 𝜋) → 𝑓′(𝑥)

= −𝑠𝑖𝑛 (2𝑥 −
2𝜋

7
)  𝑎𝑛𝑑 𝑓′′(𝑥) = −2𝑐𝑜𝑠 (2𝑥 −

2𝜋

7
) 

→  𝑓 − 𝑐𝑜𝑛𝑐𝑎𝑣𝑒 𝑜𝑛 ]0,
11𝜋

28
]  𝑎𝑛𝑑 [

25𝜋

28
, 𝜋[ , 𝑐𝑜𝑛𝑣𝑒𝑥 𝑜𝑛 [

11𝜋

28
,
25𝜋

28
]. 

𝑊𝐿𝑂𝐺,𝑤𝑒 𝑚𝑎𝑦 𝑎𝑠𝑠𝑢𝑚𝑒 𝑡ℎ𝑎𝑡 𝐴 ≥ 𝐵 ≥ 𝐶. 

∎  𝐼𝑓 𝐴 ≥
25𝜋

28
 → 𝐵, 𝐶 ∈ ]0,

11𝜋

28
] (∴

25𝜋

28
+
11𝜋

28
> 𝜋)  

→  𝐵𝑦 𝐽𝑒𝑛𝑠𝑒𝑛′𝑠 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦, 𝑤𝑒 ℎ𝑎𝑣𝑒 ∶ 

𝑐𝑜𝑠2 (𝐵 −
𝜋

7
) + 𝑐𝑜𝑠2 (𝐶 −

𝜋

7
) = 𝑓(𝐵) + 𝑓(𝐶) ≤ 2𝑓 (

𝐵 + 𝐶

2
)

= 2𝑓 (
𝜋

2
−
𝐴

2
) = 2 𝑐𝑜𝑠2 (

5𝜋

14
−
𝐴

2
) 
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𝑆𝑖𝑛𝑐𝑒 
25𝜋

28
≤ 𝐴 < 𝜋 →  

3𝜋

4
≤ 𝐴 −

𝜋

7
<
6𝜋

7
< 𝜋 −

𝜋

21
 𝑎𝑛𝑑 

𝜋

21
<
5𝜋

56

≤
𝐴

2
−
5𝜋

14
<
𝜋

7
 →  − 𝑐𝑜𝑠

𝜋

21
< 𝑐𝑜𝑠 (𝐴 −

𝜋

7
) < 0 

𝐴𝑛𝑑 0 < 𝑐𝑜𝑠 (
𝐴

2
−
5𝜋

14
) ≤ 𝑐𝑜𝑠

𝜋

21
 →  𝑐𝑜𝑠2 (𝐴 −

𝜋

7
) , 𝑐𝑜𝑠2 (

𝐴

2
−
5𝜋

14
)

< 𝑐𝑜𝑠2 (
𝜋

21
)  →  ∑𝑐𝑜𝑠2 (𝐴 −

𝜋

7
)

𝑐𝑦𝑐

≤ 3𝑐𝑜𝑠2 (
𝜋

21
). 

∎  𝐼𝑓 
11𝜋

28
≤ 𝐴 ≤

25𝜋

28
 →  

𝜋

4
≤ 𝐴 −

𝜋

7
≤
3𝜋

4
 →  𝑐𝑜𝑠2 (𝐴 −

𝜋

7
)

≤ 𝑐𝑜𝑠2 (
𝜋

4
) =

1

2
 

→ ∑𝑐𝑜𝑠2 (𝐴 −
𝜋

7
)

𝑐𝑦𝑐

 ≤⏞
𝑐𝑜𝑠 𝑥 ≤ 1

 
1

2
+ 1 + 1 =

5

2
 𝑎𝑛𝑑 𝑐𝑜𝑠

𝜋

21
> 𝑐𝑜𝑠

𝜋

12

= 𝑐𝑜𝑠 (
𝜋

3
−
𝜋

4
) =

√2 + √6

4
 

→  3 𝑐𝑜𝑠2 (
𝜋

21
) > 3(

√2 + √6

4
)

2

= 3.
2 + √3

4
 >⏞

√3 > 
3
2

 
21

8
>
5

2

≥∑𝑐𝑜𝑠2 (𝐴 −
𝜋

7
)

𝑐𝑦𝑐

. 

∎  𝐼𝑓 𝐴 ≤
11𝜋

28
 →  𝐴, 𝐵, 𝐶 ∈ ]0,

11𝜋

28
]  

→  𝐵𝑦 𝐽𝑒𝑛𝑠𝑒𝑛′𝑠 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦, 𝑤𝑒 ℎ𝑎𝑣𝑒 ∶ 

∑𝑐𝑜𝑠2 (𝐴 −
𝜋

7
)

𝑐𝑦𝑐

= 𝑓(𝐴) + 𝑓(𝐵) + 𝑓(𝐶) ≤ 3𝑓 (
𝜋

3
) = 3 𝑐𝑜𝑠2 (

𝜋

3
−
𝜋

7
)

= 3 𝑐𝑜𝑠2 (
4𝜋

21
) < 3 𝑐𝑜𝑠2 (

𝜋

21
). 

→ ∑𝑐𝑜𝑠2 (𝐴 −
𝜋

7
)

𝑐𝑦𝑐

≤ 3𝑐𝑜𝑠2 (
𝜋

21
) , ∀∆𝐴𝐵𝐶  →   (∗) 𝑖𝑠 𝑡𝑟𝑢𝑒. 
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𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒, 

√𝑛(𝑛 + 1). 𝑐𝑜𝑠 (𝐴 −
𝜋

7
) + √𝑛(𝑛 + 2). 𝑐𝑜𝑠 (𝐵 −

𝜋

7
)

+ √(𝑛 + 1)(𝑛 + 2). 𝑐𝑜𝑠 (𝐶 −
𝜋

7
) < 3(𝑛 + 1) 𝑐𝑜𝑠

𝜋

21
 

G.011. Solution by Amir Sofi-Kosovo 

1

1 + 𝑡𝑎𝑛4 𝑥
+
1

10
=

2

1 + 3 𝑡𝑎𝑛2 𝑥
 

10(1 + 3 𝑡𝑎𝑛2 𝑥) + (1 + 3 𝑡𝑎𝑛2 𝑥)(1 + 𝑡𝑎𝑛4 𝑥) = 20(1 + 𝑡𝑎𝑛4 𝑥) 

3 𝑡𝑎𝑛6 𝑥 − 19 𝑡𝑎𝑛4 𝑥 + 33 𝑡𝑎𝑛2 𝑥 − 9 = 0 

(3 𝑡𝑎𝑛6 𝑥 − 18 𝑡𝑎𝑛4 𝑥 + 27 𝑡𝑎𝑛2 𝑥) − (𝑡𝑎𝑛4 𝑥 − 6 𝑡𝑎𝑛2 𝑥 + 9) = 0 

3 𝑡𝑎𝑛2 𝑥 (𝑡𝑎𝑛2 𝑥 − 3)2 − (𝑡𝑎𝑛2 𝑥 − 3)2 = 0 

(𝑡𝑎𝑛2 𝑥 − 3)2(3 𝑡𝑎𝑛2 𝑥 − 1) = 0 

𝑡𝑎𝑛2 𝑥 − 3 = 0 ⇒ 𝑡𝑎𝑛 𝑥 = ±√3 ⇒ 

𝑥1 =
𝜋

3
+ 𝑛𝜋, 𝑥2 = −

𝜋

3
+𝑚𝜋;𝑚, 𝑛 ∈ ℤ 

3 𝑡𝑎𝑛2 𝑥 − 1 = 0 ⇒ 𝑡𝑎𝑛 𝑥 = ±
√3

3
⇒ 

𝑥3 =
𝜋

6
+ 𝑝𝜋, 𝑥4 = −

𝜋

6
+ 𝑞𝜋; 𝑝, 𝑞 ∈ ℤ 

G.012. Solution by George Florin Șerban-Romania 

𝑚𝑎
2 =

2(𝑏2 + 𝑐2) − 𝑎2

4
⇒ 4𝑎2 = 2(𝑏2 + 𝑐2) − 𝑎2 ⇒ 5𝑎2 = 2(𝑏2 + 𝑐2) 

𝑐𝑜𝑠 𝐴 =
𝑏2 + 𝑐2 − 𝑎2

2𝑏𝑐
=

5𝑎2

2 − 𝑎2

2𝑏𝑐
=
5𝑎2 − 2𝑎2

4𝑏𝑐
=
3𝑎2

4𝑏𝑐
 𝑎𝑛𝑑 

 𝑠𝑖𝑛 𝐴 =
𝑎

2𝑅
, 𝑡𝑎𝑛 𝐴 =

𝑠𝑖𝑛 𝐴

𝑐𝑜𝑠 𝐴
=
𝑎

2𝑅
⋅
4𝑏𝑐

3𝑎2
=
2𝑎𝑏𝑐

3𝑅𝑎2
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𝑎2 𝑡𝑎𝑛 𝐴 = 𝑎2 ⋅
2𝑎𝑏𝑐

3𝑅𝑎2
=
3𝑎𝑏𝑐

3𝑅
=
8𝑟𝑠

3
≥

𝑀𝑖𝑡𝑟𝑖𝑛𝑜𝑣𝑖𝑐 8𝑟 ⋅ 3√3𝑟

3
= 8√3𝑟2

> 2√3𝑟2 

G.013. Solution by Adrian Popa-Romania 

∑(𝑏 + 𝑐) ⋅ 𝑐𝑠𝑐
𝐴

2
𝑐𝑦𝑐

=∑
𝑏 + 𝑐

𝑠𝑖𝑛
𝐴
2𝑐𝑦𝑐

=∑
𝑏 + 𝑐

√(𝑠 − 𝑏)(𝑠 − 𝑐)
𝑏𝑐

𝑐𝑦𝑐

≥
𝐴𝐺𝑀

 

≥∑
2𝑏𝑐

√(𝑠 − 𝑏)(𝑠 − 𝑐)
𝑐𝑦𝑐

≥
𝐴𝐺𝑀

∑
2𝑏𝑐

𝑠 − 𝑏 + 𝑠 − 𝑐
2𝑐𝑦𝑐

=∑
4𝑏𝑐

𝑎
𝑐𝑦𝑐

= 

= 4𝑎𝑏𝑐∑
1

𝑎2
𝑐𝑦𝑐

≥
𝑅𝑎𝑑𝑜𝑛

16𝑅𝐹 ⋅
27

(𝑎 + 𝑏 + 𝑐)2
= 16𝑅𝐹 ⋅

27

4𝑠2
= 

=
4𝑅𝑟 ⋅ 27

𝑠
≥

𝑀𝑖𝑡𝑟𝑖𝑛𝑜𝑣𝑖𝑐 4𝑅𝑟 ⋅ 27 ⋅ 2

3√3𝑅
=
72𝑟

√3
=
27𝑟√3

3
= 24√3𝑟. 

Equality holds if and only if 𝑎 = 𝑏 = 𝑐. 

G.014. Solution by Ravi Prakash-New Delhi-India 

𝑠𝑒𝑐4 𝑥 + 𝑐𝑠𝑐4 𝑥

2
≥ (
𝑠𝑒𝑐2 𝑥 + 𝑐𝑠𝑐2 𝑥

2
)

2

 

⇒ 𝑠𝑒𝑐4 𝑥 + 𝑐𝑠𝑐4 𝑥 ≥
1

2
(
1

𝑐𝑜𝑠2 𝑥
+

1

𝑠𝑖𝑛2 𝑥
)
2

=
1

2
(

4

𝑠𝑖𝑛2 2𝑥
)
2

≥ 23 

Equality holds for 𝑥 =
𝜋

4
. 

1

2
(𝑠𝑒𝑐6 𝑦 + 𝑐𝑠𝑐6 𝑦) ≥ (

𝑠𝑒𝑐2 𝑦 + 𝑐𝑠𝑐2 𝑦

2
)

3

 

⇒ 𝑠𝑒𝑐6 𝑦 + 𝑐𝑠𝑐6 𝑦 ≥
1

4
(
1

𝑠𝑖𝑛2 𝑦
+

1

𝑐𝑜𝑠2 𝑦
)
3

=
1

4
(

4

𝑠𝑖𝑛2 2𝑦
)
3

= 42 = 24 
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Equality holds for 𝑦 =
𝜋

4
. 

Similarly, 𝑠𝑒𝑐8 𝑧 + 𝑐𝑠𝑐8 𝑧 ≥ 25 

Equality holds for 𝑧 =
𝜋

4
. Now, 

16 = √(𝑠𝑒𝑐4 𝑥 + 𝑐𝑠𝑐4 𝑥)(𝑠𝑒𝑐6 𝑦 + 𝑐𝑠𝑐6 𝑦)(𝑠𝑒𝑐8 𝑧 + 𝑐𝑠𝑐8 𝑧)
3

≥ 

≥ √23 ⋅ 24 ⋅ 25
3

= 16 ⇔ 𝑠𝑒𝑐4 𝑥 + 𝑐𝑠𝑐4 𝑥 = 23 

𝑠𝑒𝑐6 𝑦 + 𝑐𝑠𝑐6 𝑦 = 24 

𝑠𝑒𝑐8 𝑧 + 𝑐𝑠𝑐8 𝑧 = 25 ⇔ 𝑥 = 𝑦 = 𝑧 =
𝜋

4
. 

G.015. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑊𝑒 ℎ𝑎𝑣𝑒 ∶ 

 (2𝑎3 + 3𝑏3 + 5𝑐3)(2𝑎 + 3𝑏 + 5𝑐) ≥⏞
𝐶𝐵𝑆

(2𝑎2 + 3𝑏2 + 5𝑐2)2 ≥⏞
𝐶𝐵𝑆

(2𝑎2

+ 3𝑏2 + 5𝑐2).
(2𝑎 + 3𝑏 + 5𝑐)2

2 + 3 + 5
 

𝑇ℎ𝑒𝑛 ∶   
2𝑎3 + 3𝑏3 + 5𝑐3

2𝑎2 + 3𝑏2 + 5𝑐2
≥
2𝑎 + 3𝑏 + 5𝑐

10
. 

𝑆𝑖𝑚𝑖𝑙𝑎𝑟𝑙𝑦 𝑤𝑒 ℎ𝑎𝑣𝑒 ∶ 

  
3𝑎3 + 5𝑏3 + 2𝑐3

3𝑎2 + 5𝑏2 + 2𝑐2
≥
3𝑎 + 5𝑏 + 2𝑐

10
   &   

5𝑎3 + 2𝑏3 + 3𝑐3

5𝑎2 + 2𝑏2 + 3𝑐2

≥
5𝑎 + 2𝑏 + 3𝑐

10
 

𝑆𝑢𝑚𝑚𝑖𝑛𝑔 𝑢𝑝 𝑡ℎ𝑒𝑠𝑒 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑖𝑒𝑠 𝑤𝑒 𝑔𝑒𝑡 ∶ 

2𝑎3 + 3𝑏3 + 5𝑐3

2𝑎2 + 3𝑏2 + 5𝑐2
+
3𝑎3 + 5𝑏3 + 2𝑐3

3𝑎2 + 5𝑏2 + 2𝑐2
+
5𝑎3 + 2𝑏3 + 3𝑐3

5𝑎2 + 2𝑏2 + 3𝑐2
≥ 𝑎 + 𝑏 + 𝑐

= 2𝑠 ≥⏞
𝑀𝑖𝑡𝑟𝑖𝑛𝑜𝑣𝑖𝑐

 2.3√3𝑟 = 6√3𝑟. 
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G.016. Solution 2 by Surjeet Singhania-India 

𝐿𝑒𝑡: 𝑓(𝑥) =
𝑥2

1 + 𝑥2
𝑡𝑎𝑛−1 𝑥 , 𝑥 ≥ 0 

𝑓′(𝑥) =
𝑥2

(1 + 𝑥2)2
+

2𝑥

(1 + 𝑥2)2
𝑡𝑎𝑛−1 𝑥 > 0, ∀𝑥 > 0 ⇒ 𝑓

↗ 𝑎𝑛𝑑 𝑠𝑖𝑛𝑐𝑒
𝑎 + 𝑏

2
≥ √𝑎𝑏 ⇒ 

𝑓 (
𝑎 + 𝑏

2
) ≥ 𝑓(√𝑎𝑏) ⇒

(𝑎 + 𝑏)2

4 (1 +
(𝑎 + 𝑏)2

4
)
𝑡𝑎𝑛−1 (

𝑎 + 𝑏

2
) ≥

𝑎𝑏

1 + 𝑎𝑏
𝑡𝑎𝑛−1(√𝑎𝑏) 

Hence, 

𝑎𝑏(4 + (𝑎 + 𝑏)2) 𝑡𝑎𝑛−1(√𝑎𝑏) ≤ (1 + 𝑎𝑏)(𝑎 + 𝑏)2 𝑡𝑎𝑛−1 (
𝑎 + 𝑏

2
) , ∀𝑎, 𝑏 ≥ 0 

 G.017. Solution by Adrian Popa-Romania 

√∑𝑎𝑚𝑎
2

𝑐𝑦𝑐

⋅ √∑𝑎𝑚𝑎
3

𝑐𝑦𝑐

3 ⋅ √∑𝑎𝑚𝑎
6

𝑐𝑦𝑐

6 = √(∑𝑎𝑚𝑎
2

𝑐𝑦𝑐

)

3
6

⋅ √(∑𝑎𝑚𝑎
3

𝑐𝑦𝑐

)

2
6

⋅ √∑𝑎𝑚𝑎
6

𝑐𝑦𝑐

6 = 

= √(𝑎𝑚𝑎
3 + 𝑏𝑚𝑏

3 + 𝑐𝑚𝑐
3)(𝑎𝑚𝑎

6 + 𝑏𝑚𝑏
6 + 𝑐𝑚𝑐

6)
6

≥
𝐻𝑜𝑙𝑑𝑒𝑟

 

≥ √(𝑎𝑚𝑎
3 + 𝑏𝑚𝑏

3 + 𝑐𝑚𝑐
3)6

6
= 𝑎𝑚𝑎

3 + 𝑏𝑚𝑏
3 + 𝑐𝑚𝑐

3 

(𝑎𝑚𝑎 + 𝑏𝑚𝑏 + 𝑐𝑚𝑐)
3

𝑎𝑚𝑎
3 + 𝑏𝑚𝑏

3 + 𝑐𝑚𝑐
3 ≤ 4𝑠2 = (𝑎 + 𝑏 + 𝑐)2 

But: (𝑎𝑚𝑎
3 + 𝑏𝑚𝑏

3 + 𝑐𝑚𝑐
3)(𝑎 + 𝑏 + 𝑐)2 ≥

𝐻𝑜𝑙𝑑𝑒𝑟
(𝑎𝑚𝑎 + 𝑏𝑚𝑏 + 𝑐𝑚𝑐)

3 

G.018. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐿𝑒𝑚𝑚𝑎 ∶   𝐼𝑓 𝑥, 𝑦, ∈ (0, 1)  𝑡ℎ𝑒𝑛 ∶ 

  
1

1 + 𝑥
+

1

1 + 𝑦
≤

2

1 + √𝑥𝑦
 𝑤𝑖𝑡ℎ 𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 ℎ𝑜𝑙𝑑𝑠 𝑖𝑓𝑓 𝑥 = 𝑦. 



DANIEL SITARU                      CLAUDIA NĂNUȚI 

 

MATH ACCENT Page 144 
 

𝑃𝑟𝑜𝑜𝑓 ∶   𝑊𝑒 ℎ𝑎𝑣𝑒  
2

1 + √𝑥𝑦
− (

1

1 + 𝑥
+

1

1 + 𝑦
)

=
2(1 + 𝑥)(1 + 𝑦) − (1 + √𝑥𝑦)(2 + 𝑥 + 𝑦)

(1 + √𝑥𝑦)(1 + 𝑥)(1 + 𝑦)
= 

=
(𝑥 + 𝑦 − 2√𝑥𝑦) − (𝑥√𝑥𝑦 + 𝑦√𝑥𝑦 − 2𝑥𝑦)

(1 + √𝑥𝑦)(1 + 𝑥)(1 + 𝑦)
=
(√𝑥 − √𝑦)

2
− √𝑥𝑦. (√𝑥 − √𝑦)

2

(1 + √𝑥𝑦)(1 + 𝑥)(1 + 𝑦)

=
(1 − √𝑥𝑦). (√𝑥 − √𝑦)

2

(1 + √𝑥𝑦)(1 + 𝑥)(1 + 𝑦)
≥ 0 

𝑆𝑜 𝑡ℎ𝑒 𝑝𝑟𝑜𝑜𝑓 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑒𝑚𝑚𝑎 𝑖𝑠 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒𝑑.  

 𝐸𝑞𝑢𝑎𝑙𝑖𝑡𝑦 ℎ𝑜𝑙𝑑𝑠 𝑖𝑓𝑓 𝑥 = 𝑦.𝑁𝑜𝑤,𝑤𝑒 ℎ𝑎𝑣𝑒 ∶ 

 ∑
1

(𝑠𝑖𝑛
𝛼
2 + 𝑐𝑜𝑠

𝛼
2)
2

𝑐𝑦𝑐
=∑

1

1 + 𝑠𝑖𝑛 𝛼𝑐𝑦𝑐

= (
1

1 + 𝑠𝑖𝑛 𝛼
+

1

1 + 𝑠𝑖𝑛 𝛽
) + (

1

1 + 𝑠𝑖𝑛 𝛾
+

1

1 + 𝑠𝑖𝑛 𝛿
) ≤ 

≤⏞
𝐿𝑒𝑚𝑚𝑎

 
2

1 + √𝑠𝑖𝑛 𝛼 . 𝑠𝑖𝑛 𝛽
+

2

1 + √𝑠𝑖𝑛 𝛾 . 𝑠𝑖𝑛 𝛿
 ≤⏞
𝐿𝑒𝑚𝑚𝑎

 

≤   2.
2

1 + √√𝑠𝑖𝑛 𝛼 . 𝑠𝑖𝑛 𝛽 .√𝑠𝑖𝑛 𝛾 . 𝑠𝑖𝑛 𝛿

=
4

1 + √
9
16

4
=

8

2 + √3
= 8(2 − √3) 

𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒,   8√3 +∑
1

(𝑠𝑖𝑛
𝛼
2 + 𝑐𝑜𝑠

𝛼
2)
2

𝑐𝑦𝑐
≤ 16.   

𝐸𝑞𝑢𝑎𝑙𝑖𝑡𝑦 ℎ𝑜𝑙𝑑𝑠 𝑖𝑓𝑓  𝛼 = 𝛽 = 𝛾 = 𝛿 =
𝜋

3
. 

G.019. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐿𝑒𝑚𝑚𝑎 (𝐾𝑙𝑎𝑚𝑘𝑖𝑛, 1975) ∶    𝐼𝑓 𝑥, 𝑦, 𝑧
∈ 𝑅 𝑎𝑛𝑑 𝑀 𝑎𝑛 𝑎𝑟𝑏𝑖𝑡𝑟𝑎𝑟𝑦 𝑝𝑜𝑖𝑛𝑡 𝑡ℎ𝑒𝑛 ∶ 

(𝑥 + 𝑦 + 𝑧)(𝑥.𝑀𝐴2 + 𝑦.𝑀𝐵2 + 𝑧.𝑀𝐶2) ≥ 𝑦𝑧𝑎2 + 𝑧𝑥𝑏2 + 𝑥𝑦𝑐2. 
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𝑃𝑟𝑜𝑜𝑓 ∶ 𝐹𝑜𝑟 𝑎𝑛𝑦 𝑝𝑜𝑖𝑛𝑡 𝑀 𝑤𝑒 ℎ𝑎𝑣𝑒 ∶  (𝑥.𝑀𝐴⃗⃗⃗⃗ ⃗⃗ ⃗ + 𝑦.𝑀𝐵⃗⃗ ⃗⃗ ⃗⃗ ⃗ + 𝑧.𝑀𝐶⃗⃗⃗⃗ ⃗⃗⃗)
2
≥ 0 

𝑇ℎ𝑒𝑛 ∑𝑥2. 𝑀𝐴2 +∑𝑥𝑦. (2𝑀𝐴⃗⃗⃗⃗ ⃗⃗ ⃗. 𝑀𝐵⃗⃗ ⃗⃗ ⃗⃗ ⃗) ≥ 0 

↔∑𝑥2. 𝑀𝐴2 +∑𝑥𝑦(𝑀𝐴2 +𝑀𝐵2 − 𝐴𝐵2) ≥ 0 

↔∑𝑥(𝑥 + 𝑦 + 𝑧).𝑀𝐴2 ≥∑𝑦𝑧. 𝐵𝐶2 ↔ 

(𝑥 + 𝑦 + 𝑧)(𝑥.𝑀𝐴2 + 𝑦.𝑀𝐵2 + 𝑧.𝑀𝐶2) ≥ 𝑦𝑧𝑎2 + 𝑧𝑥𝑏2 + 𝑥𝑦𝑐2 

𝑈𝑠𝑖𝑛𝑔 𝑡ℎ𝑒 𝑙𝑒𝑚𝑚𝑎 𝑓𝑜𝑟 𝑀
≡ 𝐻, 𝑡ℎ𝑒 𝑜𝑟𝑡ℎ𝑜𝑐𝑒𝑛𝑡𝑒𝑟 𝑜𝑓 ∆𝐴𝐵𝐶, 𝑎𝑛𝑑 (𝑥, 𝑦, 𝑧)
= (𝑎2, 𝑏2, 𝑐2) 𝑤𝑒 𝑜𝑏𝑡𝑎𝑖𝑛 ∶ 

(𝑎2 + 𝑏2 + 𝑐2)(𝑎2. 𝐻𝐴2 + 𝑏2. 𝐻𝐵2 + 𝑐2. 𝐻𝐶2) ≥ 3𝑎2𝑏2𝑐2 

𝑆𝑖𝑛𝑐𝑒 𝐻𝐴 = 2𝑅|𝑐𝑜𝑠 𝐴|  (𝐴𝑛𝑑 𝑎𝑛𝑎𝑙𝑜𝑔𝑠), 𝑤𝑒 ℎ𝑎𝑣𝑒 ∶ 

(𝑎2 + 𝑏2 + 𝑐2). 4𝑅2(𝑎2 𝑐𝑜𝑠2 𝐴 + 𝑏2 𝑐𝑜𝑠2 𝐵 + 𝑐2 𝑐𝑜𝑠2 𝐶) ≥ 48𝑅2𝐹2 

𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒,  

 (𝑎2 + 𝑏2 + 𝑐2)(𝑎2 𝑐𝑜𝑠2 𝐴 + 𝑏2 𝑐𝑜𝑠2 𝐵 + 𝑐2 𝑐𝑜𝑠2 𝐶) ≥ 12𝐹2. 

G.020. Solution by Tapas Das-India 

𝑠𝑖𝑛2 𝑥 (2 𝑠𝑖𝑛2 𝑥 ⋅ 𝑠𝑖𝑛2 2𝑥 + 4 𝑐𝑜𝑠4 𝑥 + 1)
= 𝑐𝑜𝑠2 𝑥 (2 𝑐𝑜𝑠2 𝑥 ⋅ 𝑠𝑖𝑛2 2𝑥 + 4 𝑠𝑖𝑛4 𝑥 + 1) 

𝑠𝑖𝑛2 𝑥 (2 𝑠𝑖𝑛2 𝑥 ⋅ 4 𝑠𝑖𝑛2 𝑥 𝑐𝑜𝑠2 𝑥 + 4 𝑐𝑜𝑠4 𝑥 + 1) = 

= 𝑐𝑜𝑠2 𝑥 (2 𝑐𝑜𝑠2 𝑥 ⋅ 4 𝑠𝑖𝑛2 𝑥 𝑐𝑜𝑠2 𝑥 + 4 𝑠𝑖𝑛4 𝑥 + 1) 

(8 𝑠𝑖𝑛6 𝑥 𝑐𝑜𝑠2 𝑥 − 8 𝑐𝑜𝑠6 𝑥 𝑠𝑖𝑛2 𝑥) + (4 𝑐𝑜𝑠4 𝑥 𝑠𝑖𝑛2 𝑥 − 4 𝑠𝑖𝑛4 𝑥 𝑐𝑜𝑠2 𝑥) + 

+(𝑠𝑖𝑛2 𝑥 − 𝑐𝑜𝑠2 𝑥) = 0 

8 𝑠𝑖𝑛2 𝑥 𝑐𝑜𝑠2 𝑥 (𝑠𝑖𝑛2 𝑥 + 𝑐𝑜𝑠2 𝑥)(𝑠𝑖𝑛2 𝑥 − 𝑐𝑜𝑠2 𝑥) + 

+4𝑠𝑖𝑛2 𝑥 𝑐𝑜𝑠2 𝑥 (𝑐𝑜𝑠2 𝑥 − 𝑠𝑖𝑛2 𝑥) + (𝑠𝑖𝑛2 𝑥 − 𝑐𝑜𝑠2 𝑥) = 0 

−8𝑠𝑖𝑛2 𝑥 𝑐𝑜𝑠2 𝑥 𝑐𝑜𝑠 2𝑥 + 4 𝑠𝑖𝑛2 𝑥 𝑐𝑜𝑠2 𝑥 𝑐𝑜𝑠 2𝑥 − 𝑐𝑜𝑠 2𝑥 = 0 
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−𝑐𝑜𝑠 2𝑥 (8 𝑠𝑖𝑛2 𝑥 𝑐𝑜𝑠2 𝑥 − 4 𝑠𝑖𝑛2 𝑥 𝑐𝑜𝑠2 𝑥 + 1) = 0 

𝑐𝑜𝑠 2𝑥 (4 𝑠𝑖𝑛2 𝑥 𝑐𝑜𝑠2 𝑥 + 1) = 0 

𝑐𝑜𝑠 2𝑥 (1 + 𝑠𝑖𝑛2 2𝑥) = 0 ⇒ 𝑐𝑜𝑠 2𝑥 = 0; (∵ 1 + 𝑠𝑖𝑛2 2𝑥 ≠ 0) 

𝑥 =
(2𝑛 + 1)𝜋

4
, 𝑛 ∈ ℤ 

G.021. Solution by Tapas Das-India 

𝑎 ≤ 𝑏 ≤ 𝑐 ⇒ 𝑡𝑎𝑛 𝑎 ≤ 𝑡𝑎𝑛 𝑏 ≤ 𝑡𝑎𝑛 𝑐 ⇒
1

𝑡𝑎𝑛 𝑎
≥

1

𝑡𝑎𝑛 𝑏
≥

1

𝑡𝑎𝑛 𝑐
 

(5 + 3 + 1) (
1

𝑡𝑎𝑛 𝑎
+

1

𝑡𝑎𝑛 𝑏
+

1

𝑡𝑎𝑛 𝑐
) ≤
𝐶ℎ𝑒𝑏𝑦𝑠ℎ𝑒𝑣

3 (
5

𝑡𝑎𝑛 𝑎
+

3

𝑡𝑎𝑛 𝑏
+

1

𝑡𝑎𝑛 𝑐
) 

5

𝑡𝑎𝑛 𝑎
+

3

𝑡𝑎𝑛 𝑏
+

1

𝑡𝑎𝑛 𝑐
≥
9

3
(
1

𝑡𝑎𝑛 𝑎
+

1

𝑡𝑎𝑛 𝑏
+

1

𝑡𝑎𝑛 𝑐
) = 

= 3 (
1

𝑡𝑎𝑛𝑎
+

1

𝑡𝑎𝑛 𝑏
+

1

𝑡𝑎𝑛 𝑐
) ≥ 3 ⋅

(1+1+1)2

𝑡𝑎𝑛𝑎+𝑡𝑎𝑛𝑏+𝑡𝑎𝑛 𝑐
=

27

𝑡𝑎𝑛𝑎+𝑡𝑎𝑛𝑏+𝑡𝑎𝑛 𝑐
.  Equality holds for 𝑎 = 𝑏 = 𝑐 =

𝜋

4
. 

G.022. Proposed by George Titakis-Greece 

𝑐 +
𝑎𝑑

𝑏 𝑐𝑜𝑡2
𝜋
20

+
𝑏𝑑

𝑐 𝑐𝑜𝑡2
3𝜋
20

+
𝑑2

𝑒 𝑐𝑜𝑡2
7𝜋
20

+
𝑒𝑑

𝑎 𝑐𝑜𝑡2
9𝜋
20

≥ 

≥ 5 ⋅ √𝑐 ⋅
𝑎𝑑

𝑏 𝑐𝑜𝑡2
𝜋
20

⋅
𝑏𝑑

𝑐 𝑐𝑜𝑡2
3𝜋
20

⋅
𝑑2

𝑒 𝑐𝑜𝑡2
7𝜋
20

⋅
𝑒𝑑

𝑎 𝑐𝑜𝑡2
9𝜋
20

5
= 5𝑑 

Because: 𝑐𝑜𝑡2
𝜋

20
𝑐𝑜𝑡2

3𝜋

20
𝑐𝑜𝑡2

7𝜋

20
𝑐𝑜𝑡2

9𝜋

20
= 1 

This is true, due to the trigonometric identity: 

𝑐𝑜𝑡(𝑎 + 𝑏) (𝑐𝑜𝑡 𝑎 + 𝑐𝑜𝑡 𝑏) = 𝑐𝑜𝑡 𝑎 ⋅ 𝑐𝑜𝑡 𝑏 − 1; (1) 
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If 𝑎 =
𝜋

20
 and 𝑏 =

9𝜋

20
, then the left part of (1) is zero, due to 𝑐𝑜𝑡

𝜋

2
= 0. 

So, from the right part we have that 𝑐𝑜𝑡
𝜋

20
𝑐𝑜𝑡

9𝜋

20
= 1; (2) 

With the same way, if 𝑎 =
7𝜋

20
 and 𝑏 =

3𝜋

20
: 

𝑐𝑜𝑡
7𝜋

20
𝑐𝑜𝑡
3𝜋

20
= 1; (3) 

From (2) and (3) it is obvious that: 𝑐𝑜𝑡2
𝜋

20
𝑐𝑜𝑡2

3𝜋

20
𝑐𝑜𝑡2

7𝜋

20
𝑐𝑜𝑡2

9𝜋

20
= 1 

By AM-GM inequality we have that: 

𝑐 +
𝑎𝑑

𝑏 𝑐𝑜𝑡2
𝜋
20

+
𝑏𝑑

𝑐 𝑐𝑜𝑡2
3𝜋
20

+
𝑑2

𝑒 𝑐𝑜𝑡2
7𝜋
20

+
𝑒𝑑

𝑎 𝑐𝑜𝑡2
9𝜋
20

≥ 

≥ 5 ⋅ √𝑐 ⋅
𝑎𝑑

𝑏 𝑐𝑜𝑡2
𝜋
20

⋅
𝑏𝑑

𝑐 𝑐𝑜𝑡2
3𝜋
20

⋅
𝑑2

𝑒 𝑐𝑜𝑡2
7𝜋
20

⋅
𝑒𝑑

𝑎 𝑐𝑜𝑡2
9𝜋
20

5
= 5𝑑 

G.023. Solution  by George Florin Şerban-Romania 

𝑤𝑎
2 + 𝑤𝑎ℎ𝑎 + ℎ𝑎

2

𝑤𝑎 + ℎ𝑎
≤
3

2
𝑤𝑎 ⇔

(
𝑤𝑎
ℎ𝑎
)
2

+
𝑤𝑎
ℎ𝑎
+ 1

(
𝑤𝑎
ℎ𝑎
)
2

+
𝑤𝑎
ℎ𝑎

≤
3

2
 

𝑤𝑎

ℎ𝑎
= 𝑥 ≥ 1 because 𝑤𝑎 ≥ ℎ𝑎 

𝑥2 + 𝑥 + 1

𝑥2 + 𝑥
≤
3

2
⇔ 2𝑥2 + 2𝑥 + 2 ≤ 3𝑥2 + 3𝑥 

𝑥2 + 𝑥 − 2 ≥ 0 ⇔ (𝑥 − 1)(𝑥 + 2) ≥ 0 true. 

Equality holds if and only if 𝑤𝑎 = ℎ𝑎 . 

G.024. Solution by Togrul Ehmedov-Azerbaijan 

(𝑠𝑖𝑛 𝑥 + 𝑐𝑜𝑠 𝑥) 𝑠𝑖𝑛 𝑥 𝑐𝑜𝑠 𝑥 + 1 = (2 + √2) 𝑠𝑖𝑛 𝑥 𝑐𝑜𝑠 𝑥 │ 𝑠𝑖𝑛 𝑥 𝑐𝑜𝑠 𝑥 ≠ 0 
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𝑠𝑖𝑛 𝑥 + 𝑐𝑜𝑠 𝑥 = 𝑦 ⇒ 𝑠𝑖𝑛 𝑥 𝑐𝑜𝑠 𝑥 =
𝑦2 − 1

2
 

𝑦 ⋅
𝑦2 − 1

2
1 = (2 + √2) ⋅

𝑦2 − 1

2
 

𝑦3 − (2 + √2)𝑦2 − 𝑦 + 4 + √2 = 0 

(𝑦 − √2)(𝑦2 − 2𝑦 − 2√2 − 1) = 0 

𝑦 − √2 = 0 ⇒ 𝑦1 = √2 

𝑦2 − 2𝑦 − 2√2 − 1 = 0 ⇒ 𝑦2,3 = 1 ± √2 + 2√2 

𝑦1 = √2 = 𝑠𝑖𝑛 𝑥 + 𝑐𝑜𝑠 𝑥 ⇒ √2 𝑠𝑖𝑛 (
𝜋

4
+ 𝑥) = √2 

𝑠𝑖𝑛 (
𝜋

4
+ 𝑥) = 1 ⇒ 𝑥1 =

𝜋

6
+ 2𝑘𝜋, 𝑘 ∈ ℤ 

𝑦2 = 1 + √2 + 2√2 = 𝑠𝑖𝑛 𝑥 + 𝑐𝑜𝑠 𝑥 ⇒ 𝑥 ∈ ∅ 

𝑦3 = 1 −√2 + 2√2 = 𝑠𝑖𝑛 𝑥 + 𝑐𝑜𝑠 𝑥 ⇒ √2 𝑠𝑖𝑛 (
𝜋

4
+ 𝑥) = 1 − √2 + 2√2 

𝑠𝑖𝑛 (
𝜋

4
+ 𝑥) =

1

√2
− √1 + √2 ⇒ 𝑥2 = (−1)

𝑘 𝑠𝑖𝑛−1 (
1

√2
− √1 + √2) 

G.025. Solution by George Florin Șerban-Romania 

𝑚𝑎
2 +𝑚𝑎ℎ𝑎 + ℎ𝑎

2

𝑚𝑎 + ℎ𝑎
=
(𝑚𝑎 + ℎ𝑎)

2 −𝑚𝑎ℎ𝑎
𝑚𝑎 + ℎ𝑎

= 𝑚𝑎 + ℎ𝑎 −
𝑚𝑎ℎ𝑎
𝑚𝑎 + ℎ𝑎

≥
𝐴𝐺𝑀

 

≥ 𝑚𝑎 + ℎ𝑎 −
𝑚𝑎 + ℎ𝑎
4

=
3(𝑚𝑎 + ℎ𝑎)

4
≥

𝑚𝑎≥ℎ𝑎 3

2
ℎ𝑎 

𝑚𝑎
2 +𝑚𝑎ℎ𝑎 + ℎ𝑎

2

𝑚𝑎 + ℎ𝑎
≥
3

2
ℎ𝑎 
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G.026. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑇ℎ𝑒 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 𝑖𝑛 𝑡ℎ𝑒 𝑠𝑡𝑎𝑡𝑒𝑚𝑒𝑛𝑡 𝑖𝑠 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 𝑡𝑜 ∶ 

∑√
[2𝑎(𝑠 − 𝑎)]3

𝑏(𝑠 − 𝑏) + 𝑐(𝑠 − 𝑐)
𝑐𝑦𝑐

≥ 2∑𝑎(𝑠 − 𝑎)

𝑐𝑦𝑐

 

𝐵𝑦 𝐻ӧ𝑙𝑑𝑒𝑟 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦, 𝑤𝑒 ℎ𝑎𝑣𝑒 ∶ 

(∑√
[2𝑎(𝑠 − 𝑎)]3

𝑏(𝑠 − 𝑏) + 𝑐(𝑠 − 𝑐)
𝑐𝑦𝑐

)

2

(∑[𝑏(𝑠 − 𝑏) + 𝑐(𝑠 − 𝑐)]

𝑐𝑦𝑐

) ≥ (∑2𝑎(𝑠 − 𝑎)

𝑐𝑦𝑐

)

3

 

𝑆𝑖𝑛𝑐𝑒 ∑[𝑏(𝑠 − 𝑏) + 𝑐(𝑠 − 𝑐)]

𝑐𝑦𝑐

=∑2𝑎(𝑠 − 𝑎)

𝑐𝑦𝑐

 𝑡ℎ𝑒𝑛 ∑√
[2𝑎(𝑠 − 𝑎)]3

𝑏(𝑠 − 𝑏) + 𝑐(𝑠 − 𝑐)
𝑐𝑦𝑐

≥ 2∑𝑎(𝑠 − 𝑎)

𝑐𝑦𝑐

 

𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒,   

∑
𝑠 − 𝑎

𝑏𝑐
√

2𝑎(𝑠 − 𝑎)

𝑏(𝑠 − 𝑏) + 𝑐(𝑠 − 𝑐)
𝑐𝑦𝑐

≥∑
𝑠 − 𝑎

𝑏𝑐
𝑐𝑦𝑐

. 

G.027. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐿𝑒𝑡 𝐴𝐴′, 𝐵𝐵′, 𝐶𝐶′𝑏𝑒 𝑡ℎ𝑒 𝐿𝑒𝑚𝑜𝑖𝑛𝑒 𝑐𝑒𝑣𝑖𝑎𝑛𝑠.   

𝑊𝑒 𝑘𝑛𝑜𝑤 𝑡ℎ𝑎𝑡 ∶  
𝐴𝐵′

𝐵′𝐶
=
𝑐2

𝑎2
  𝑎𝑛𝑑  

𝐴𝐶′

𝐶′𝐵
=
𝑏2

𝑎2
. 

𝐹𝑟𝑜𝑚 𝑉𝑎𝑛 𝐴𝑢𝑏𝑒𝑙′𝑠 𝑡ℎ𝑒𝑜𝑟𝑒𝑚,𝑤𝑒 ℎ𝑎𝑣𝑒 ∶   
𝐾𝐴

𝐾𝐴′
=
𝐴𝐵′

𝐵′𝐶
+
𝐴𝐶′

𝐶′𝐵
=
𝑏2 + 𝑐2

𝑎2
 

𝑇ℎ𝑒𝑛 ∶   
𝑠𝑎
𝐾𝐴

= 1 +
𝐾𝐴′

𝐾𝐴
= 1 +

𝑎2

𝑏2 + 𝑐2
=
𝑎2 + 𝑏2 + 𝑐2

𝑏2 + 𝑐2
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𝑇ℎ𝑢𝑠,   𝐾𝐴 =
𝑏2 + 𝑐2

𝑎2 + 𝑏2 + 𝑐2
. 𝑠𝑎 =

2𝑏𝑐

𝑎2 + 𝑏2 + 𝑐2
. 𝑚𝑎

=
2𝑏𝑐

𝑎2 + 𝑏2 + 𝑐2
.
3

2
𝐺𝐴

=
3𝑏𝑐

𝑎2 + 𝑏2 + 𝑐2
. 𝐺𝐴  (𝐴𝑛𝑑 𝑎𝑛𝑎𝑙𝑜𝑔𝑠) 

𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒, 𝑎2. 𝐾𝐴. 𝐸𝐴 + 𝑏2. 𝐾𝐵. 𝐸𝐵 + 𝑐2. 𝐾𝐶. 𝐸𝐶

=
3𝑎𝑏𝑐

𝑎2 + 𝑏2 + 𝑐2
(𝑎. 𝐺𝐴. 𝐸𝐴 + 𝑏. 𝐺𝐵. 𝐸𝐵 + 𝑐. 𝐺𝐶. 𝐸𝐶) 

𝐿𝑒𝑚𝑚𝑎 ∶ 𝐼𝑓 𝑃 𝑎𝑛𝑑 𝑄 𝑡𝑤𝑜 𝑎𝑟𝑏𝑖𝑡𝑟𝑎𝑟𝑦 𝑝𝑜𝑖𝑛𝑡𝑠 𝑖𝑛 𝑝𝑙𝑎𝑛𝑒 𝑜𝑓 ∆𝐴𝐵𝐶 𝑡ℎ𝑒𝑛
∶   𝑎. 𝑃𝐴. 𝑄𝐴 + 𝑏. 𝑃𝐵. 𝑄𝐵 + 𝑐. 𝑃𝐶. 𝑄𝐶 ≥ 𝑎𝑏𝑐. 

𝑅𝑒𝑓𝑒𝑟𝑒𝑛𝑐𝑒 ∶ 𝐷. 𝑆.𝑀𝑖𝑡𝑟𝑖𝑛𝑜𝑣𝑖𝑐, 𝐽. 𝐸. 𝑃𝑒𝑐𝑎𝑟𝑖𝑐 𝑎𝑛𝑑 𝑉. 𝑉𝑜𝑙𝑒𝑛𝑒𝑐,  

𝑅𝑒𝑐𝑒𝑛𝑡 𝐴𝑑𝑣𝑎𝑛𝑐𝑒𝑠 𝑖𝑛 𝐺𝑒𝑜𝑚𝑒𝑡𝑟𝑖𝑐 𝐼𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑖𝑒𝑠, 

𝐾𝑙𝑢𝑤𝑒𝑟 𝐴𝑐𝑎𝑑𝑒𝑚𝑖𝑐 𝑃𝑢𝑏𝑙𝑖𝑠ℎ𝑒𝑟𝑠, (1989), 298 − 299. 

𝐹𝑜𝑟 𝑃 ≡ 𝐺 𝑎𝑛𝑑 𝑄 ≡ 𝐸 𝑤𝑒 𝑔𝑒𝑡 ∶ 

 𝑎. 𝐺𝐴. 𝐸𝐴 + 𝑏. 𝐺𝐵. 𝐸𝐵 + 𝑐. 𝐺𝐶. 𝐸𝐶 ≥ 𝑎𝑏𝑐. 

𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒,   

𝑎2. 𝐾𝐴. 𝐸𝐴 + 𝑏2. 𝐾𝐵. 𝐸𝐵 + 𝑐2. 𝐾𝐶. 𝐸𝐶 =
3𝑎𝑏𝑐

𝑎2 + 𝑏2 + 𝑐2
. 𝑎𝑏𝑐

=
3𝑎2𝑏2𝑐2

𝑎2 + 𝑏2 + 𝑐2
. 

G.028. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑊𝑒 ℎ𝑎𝑣𝑒 ∶ 𝑎𝑏𝑐 = 4𝑅𝑟𝑠 = 𝑅. 2𝑟. 2𝑠 ≤⏞

𝑀𝑖𝑡𝑟𝑖𝑛𝑜𝑣𝑖𝑐
𝐸𝑢𝑙𝑒𝑟

 𝑅. 𝑅. 3√3𝑅

= (√3𝑅)
3
 (1) 

→∏(1 +
1

√𝑎
3 )

𝑐𝑦𝑐

 ≥⏞
𝐴𝑀−𝐺𝑀

∏2√1.
1

√𝑎
3

𝑐𝑦𝑐

=
8

√𝑎𝑏𝑐
6  ≥⏞

(1)
8

√√3𝑅
. 
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𝑆𝑖𝑚𝑖𝑙𝑎𝑟𝑙𝑦, 𝑤𝑒 ℎ𝑎𝑣𝑒 ∶  ∏(1 +
1

√𝑎′
3 )

𝑐𝑦𝑐

≥
8

√√3𝑅′
 

→∏(1 +
1

√𝑎
3 ) (1 +

1

√𝑎′
3 )

𝑐𝑦𝑐

≥
8

√√3𝑅
.
8

√√3𝑅′

=
64

√3√𝑅𝑅′
 ≥⏞
𝐴𝑀−𝐺𝑀

 
2.64√3

3(𝑅 + 𝑅′)
 

𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒, ∏(1 +
1

√𝑎
3 ) (1 +

1

√𝑎′
3 )

𝑐𝑦𝑐

≥
128√3

3(𝑅 + 𝑅′)
. 

G.029. Solution by Adrian Popa-Romania 

𝑠𝑖𝑛 (4𝑥 −
𝜋

3
) 𝑠𝑖𝑛 (6𝑥 −

𝜋

3
) 𝑠𝑖𝑛 (

8𝜋

3
− 10𝑥) +

√3

8
= 0 

1

2
[𝑐𝑜𝑠(−2𝑥) − 𝑐𝑜𝑠 (10𝑥 −

2𝜋

3
)] 𝑠𝑖𝑛 (

8𝜋

3
− 10𝑥) +

√3

8
= 0 

1

2
(𝑐𝑜𝑠(2𝑥) + 𝑠𝑖𝑛 (

2𝜋

3
− 10𝑥) − 𝑐𝑜𝑠 (10𝑥 −

2𝜋

3
) 𝑠𝑖𝑛 (

2𝜋

3
− 10𝑥)) +

√3

8
= 0 

1

4
(𝑠𝑖𝑛 (

2𝜋

3
− 8𝑥) 𝑠𝑖𝑛 (

2𝜋

3
− 12𝑥) + 𝑠𝑖𝑛 (20𝑥 −

4𝜋

3
)) = 0 

2(
√3

2
𝑐𝑜𝑠 8𝑥 −

1

2
𝑠𝑖𝑛 8𝑥 +

√3

2
𝑐𝑜𝑠 12𝑥 −

1

2
𝑠𝑖𝑛 12𝑥 −

1

2
𝑠𝑖𝑛 20𝑥

+
√3

2
𝑐𝑜𝑠 20𝑥) + √3 = 0 

√3(𝑐𝑜𝑠 8𝑥 + 𝑐𝑜𝑠 12𝑥 + 𝑐𝑜𝑠 20𝑥) − (𝑠𝑖𝑛 8𝑥 + 𝑠𝑖𝑛 12𝑥 + 𝑠𝑖𝑛 20𝑥) + √3 = 0 

√3 𝑐𝑜𝑠 10𝑥 𝑐𝑜𝑠 2𝑥 + √3 𝑐𝑜𝑠2 10𝑥 − 𝑠𝑖𝑛 10𝑥 𝑐𝑜𝑠 2𝑥 − 𝑠𝑖𝑛 10𝑥 𝑐𝑜𝑠 10𝑥 = 0 

2 𝑐𝑜𝑠 2𝑥 (𝑠𝑖𝑛
𝜋

3
𝑐𝑜𝑠 10𝑥 − 𝑐𝑜𝑠

𝜋

3
𝑠𝑖𝑛 10𝑥)

+ 2 𝑐𝑜𝑠 10𝑥 (𝑠𝑖𝑛
𝜋

3
𝑐𝑜𝑠 10𝑥 − 𝑐𝑜𝑠

𝜋

3
𝑠𝑖𝑛 10𝑥) = 0 
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2 𝑐𝑜𝑠 2𝑥 𝑠𝑖𝑛 (
𝜋

3
− 10𝑥) + 2 𝑐𝑜𝑠 10𝑥 𝑠𝑖𝑛 (

𝜋

3
− 10𝑥) = 0 

𝑠𝑖𝑛 (
𝜋

3
− 10𝑥) (2 𝑐𝑜𝑠 2𝑥 + 2 𝑐𝑜𝑠 10𝑥) = 0 

(𝐼) 𝑠𝑖𝑛 (
𝜋

3
− 10𝑥) = 0 ⇒ 𝑥 =

𝜋

30
−
𝑘𝜋

10
; 𝑘 ∈ ℤ 

(𝐼𝐼)  2 𝑐𝑜𝑠 2𝑥 + 2 𝑐𝑜𝑠 10𝑥 = 0 ⇒ 2 𝑐𝑜𝑠 6𝑥 𝑐𝑜𝑠 4𝑥 = 0 ⇒ 𝑥

∈ {
𝑘𝜋
4 +

𝜋
8 ;
𝑘𝜋
6 +

𝜋
12 |𝑘 ∈ ℤ} 

Therefore, 

𝑆 = {
𝜋
30 −

𝑘𝜋
10 ;

𝑘𝜋
4 +

𝜋
8 ;
𝑘𝜋
6 +

𝜋
12 |𝑘 ∈ ℤ} 

G.030. Solution by George Florin Şerban-Romania 

∑𝑠𝑖𝑛2 𝐴

𝑐𝑦𝑐

=∑
𝑎2

4𝑅2
𝑐𝑦𝑐

=
1

4𝑅
∑𝑎2

𝑐𝑦𝑐

≤
𝐿𝑒𝑖𝑏𝑛𝑖𝑧 9𝑅2

4𝑅2
=
9

4
 

𝑠𝑖𝑛 𝐴 +
𝑠𝑖𝑛 𝐵

√𝜑
+
𝑠𝑖𝑛 𝐶

𝜑
≤
𝐶𝐵𝑆

√∑𝑠𝑖𝑛2 𝐴

𝑐𝑦𝑐

⋅ (1 +
1

𝜑
+
1

𝜑2
) ≤ 

≤ √
9

4
⋅
𝜑2 + 𝜑 + 1

𝜑2
=
3

2𝜑
√2𝜑2 =

3√2

2
 

𝑠𝑖𝑛 𝐴 +
𝑠𝑖𝑛 𝐵

√𝜑
+
𝑠𝑖𝑛 𝐶

𝜑
≤
3√2

2
<
(1) 1

𝜑
+
1 + √𝜑 + 𝜑

2√𝜑
 

(1) ⇔
1

𝜑
+
𝜑2

2√𝜑
>
3√2 − 1

2
⇔
1

𝜑
+
𝜑√𝜑

2
>
3√2 − 1

2
 

1

𝜑
+
𝜑√𝜑

4
+
𝜑√𝜑

4
≥
𝐴𝐺𝑀

3√
1

𝜑
⋅
𝜑√𝜑

4
⋅
𝜑√𝜑

4

3

=
3

2
√
𝜑2

2

3

>
(1) 3√2 − 1

2
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⇔
𝜑2

2
>
(3√2 − 1)

3

27
⇔
1 + 𝜑

2
>
54√2 − 54 + 9√2 − 1

27
 

⇔ (27√5)
2
> (252√2 − 301)

2
 true. 

Therefore, 

𝑠𝑖𝑛 𝐴 +
𝑠𝑖𝑛 𝐵

√𝜑
+
𝑠𝑖𝑛 𝐶

𝜑
<
1

𝜑
+
1 + √𝜑 + 𝜑

2√𝜑
 

G.031. Solution by Soumava Chakraborty-Kolkata-India 

2𝜋

√3(𝑐𝑠𝑐𝐴 + 𝑐𝑠𝑐𝐵 + 𝑐𝑠𝑐𝐶)
≤
𝐴−𝐺 2𝜋

3√3. √𝑐𝑠𝑐𝐴𝑐𝑠𝑐𝐵𝑐𝑠𝑐𝐶
3 ≤

?
√𝜇(𝐴)𝜇(𝐵)𝜇(𝐶)
3

⇔ √∏((𝜇(𝐴))𝑐𝑠𝑐𝐴)

𝑐𝑦𝑐

3 ≥
? 2𝜋

3√3

⇔ 𝑙𝑛(√∏((𝜇(𝐴))𝑐𝑠𝑐𝐴)

𝑐𝑦𝑐

3 ) ≥
?
𝑙𝑛 (

2𝜋

3√3
) 

⇔
1

3
. 𝑙𝑛∏((𝜇(𝐴))𝑐𝑠𝑐𝐴)

𝑐𝑦𝑐

≥
?
𝑙𝑛 (

2𝜋

3√3
) ⇔∑𝑙𝑛 ((𝜇(𝐴))𝑐𝑠𝑐𝐴)

𝑐𝑦𝑐

≥
?
⏟
(∗)

3𝑙𝑛 (
2𝜋

3√3
) 

𝐿𝑒𝑡 𝑓(𝑥) = 𝑙𝑛(𝑥𝑐𝑠𝑐𝑥) ∀ 𝑥 ∈ (0, 𝜋) ∴ 𝑓 ′′(𝑥) =
(⦁)

𝑥2

𝑠𝑖𝑛2𝑥
− 1

𝑥2
 𝑎𝑛𝑑 𝑔′(𝑥)

= 1 − 𝑐𝑜𝑠𝑥 ≥ 0 𝑤ℎ𝑒𝑟𝑒 𝑔(𝑥) = 𝑥 − 𝑠𝑖𝑛𝑥 ∀ 𝑥 ∈ [0,𝜋)
⇒ 𝑔(𝑥) 𝑖𝑠 ↑ 𝑜𝑛 [0,𝜋) ⇒ 𝑔(𝑥) ≥ 𝑔(0) = 0  

⇒ ∀ 𝑥 ∈ [0,𝜋), 𝑥 − 𝑠𝑖𝑛𝑥 ≥ 0 𝑎𝑛𝑑 " = " 𝑖𝑓𝑓 𝑥 = 0 ⇒ ∀ 𝑥 ∈ (0, 𝜋), 𝑥 − 𝑠𝑖𝑛𝑥

> 0 ⇒
𝑥

𝑠𝑖𝑛𝑥
> 1 ⇒ 

𝑥2

𝑠𝑖𝑛2𝑥
> 1 ⇒

𝑥2

𝑠𝑖𝑛2𝑥
− 1

𝑥2
> 0 ⇒

𝑣𝑖𝑎 (⦁)

𝑓 ′′(𝑥)

> 0 ⇒ 𝑓(𝑥) 𝑖𝑠 𝑐𝑜𝑛𝑣𝑒𝑥 𝑜𝑛 (0, 𝜋) 
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∴∑𝑙𝑛 ((𝜇(𝐴))𝑐𝑠𝑐𝐴)

𝑐𝑦𝑐

≥
𝐽𝑒𝑛𝑠𝑒𝑛

3𝑙𝑛 ((
𝜇(𝐴) + 𝜇(𝐵) + 𝜇(𝐶)

3
) 𝑐𝑠𝑐 (

𝐴 + 𝐵 + 𝐶

3
))

= 3𝑙𝑛 ((
𝜋

3
) (
2

√3
)) = 3𝑙𝑛 (

2𝜋

3√3
) ⇒ (∗) 𝑖𝑠 𝑡𝑟𝑢𝑒

⇒
2𝜋

√3(𝑐𝑠𝑐𝐴 + 𝑐𝑠𝑐𝐵 + 𝑐𝑠𝑐𝐶)
≤ √𝜇(𝐴)𝜇(𝐵)𝜇(𝐶)

3
 (𝑄𝐸𝐷) 

 

G.032. Solution by Tapas Das-India 

(𝑡𝑎𝑛2 𝑥 + 𝑡𝑎𝑛2 𝑦 + 𝑡𝑎𝑛2 𝑧)(𝑡𝑎𝑛2 𝑢 + 𝑡𝑎𝑛2 𝑣 + 𝑡𝑎𝑛2𝑤) ≥
𝐶𝐵𝑆

 

≥ (𝑡𝑎𝑛 𝑥 𝑡𝑎𝑛 𝑢 + 𝑡𝑎𝑛 𝑦 𝑡𝑎𝑛 𝑣 + 𝑡𝑎𝑛 𝑧 𝑡𝑎𝑛𝑤)2;   (1) 

Now, we know that: 

𝑡𝑎𝑛 𝑥 = 𝑥 +
𝑥3

𝑥
+
2𝑥5

15
+⋯ 

𝑡𝑎𝑛 𝑢 = 𝑢 +
𝑢3

3
+
2𝑢5

15
+⋯ 

𝑡𝑎𝑛 𝑥 𝑡𝑎𝑛 𝑢 = (𝑥 +
𝑥3

𝑥
+
2𝑥5

15
+⋯)(𝑢 +

𝑢3

3
+
2𝑢5

15
+⋯) = 

= 𝑢𝑥 +
𝑢𝑥(𝑥2 + 𝑢2)

3
+
2𝑢𝑥(𝑢4 + 𝑥4)

15
+⋯ 

Now, 

𝑡𝑎𝑛(𝑢𝑥) = 𝑢𝑥 +
(𝑢𝑥)3

3
+
2(𝑢𝑥)5

15
+⋯ 

𝑡𝑎𝑛 𝑥 𝑡𝑎𝑛 𝑢 ≥ 𝑡𝑎𝑛(𝑢𝑥)  

𝑡𝑎𝑛 𝑦 𝑡𝑎𝑛 𝑣 ≥ 𝑡𝑎𝑛(𝑦𝑣) 

𝑡𝑎𝑛 𝑧 𝑡𝑎𝑛𝑤 ≥ 𝑡𝑎𝑛(𝑧𝑤) 
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From (1), we have: 

If 𝑥, 𝑦, 𝑧, 𝑢, 𝑣, 𝑤 ∈ (−1,1) then: 

(𝑡𝑎𝑛2 𝑥 + 𝑡𝑎𝑛2 𝑦 + 𝑡𝑎𝑛2 𝑧)(𝑡𝑎𝑛2 𝑢 + 𝑡𝑎𝑛2 𝑣 + 𝑡𝑎𝑛2𝑤) ≥ 

≥ (𝑡𝑎𝑛(𝑥𝑢) + 𝑡𝑎𝑛(𝑦𝑣) + 𝑡𝑎𝑛(𝑧𝑤))2 

G.033. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑊𝑒 ℎ𝑎𝑣𝑒 ∶ 

𝑠 =∑
𝑎3

𝑏𝑐 + 𝑎2
=∑(𝑎 −

𝑎𝑏𝑐

𝑏𝑐 + 𝑎2
) ≥⏞
𝐴𝑀−𝐺𝑀

 ∑(𝑎 −
𝑎𝑏𝑐

2√𝑏𝑐. 𝑎2
) = 

=∑(𝑎 −
√𝑏𝑐

2
) ≥⏞
𝐴𝑀−𝐺𝑀

 ∑(𝑎 −
𝑏 + 𝑐

2.2
) =

1

2
∑𝑎 = 𝑠 

𝑊𝑖𝑡ℎ 𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 𝑖𝑓𝑓 𝑎 = 𝑏 = 𝑐 ↔   ∆𝐴𝐵𝐶 𝑖𝑠 𝑒𝑞𝑢𝑖𝑙𝑎𝑡𝑒𝑟𝑎𝑙 ↔  2𝑠

= 3√3𝑅. 

𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒, ∑
𝑎3

𝑏𝑐 + 𝑎2
= 𝑠  ↔   2𝑠 = 3√3𝑅. 

G.034. Solution by Jose Ferreira Queiroz-Olinda-Brazil 

Using algebraic identity: 

(𝑥 + 𝑦 + 𝑧)5 = 𝑥5 + 𝑦5 + 𝑧5

+ 5(𝑥 + 𝑦)(𝑦 + 𝑧)(𝑧 + 𝑥)(𝑥2 + 𝑦2 + 𝑧2 + 𝑥𝑦 + 𝑦𝑧
+ 𝑧𝑥); (1) 

Now, replacing 𝑥 = 𝑠 − 𝑎, 𝑦 = 𝑠 − 𝑏, 𝑧 = 𝑠 − 𝑐 we get: 

𝑥 + 𝑦 + 𝑧 = 3𝑠 − (𝑎 + 𝑏 + 𝑐) = 3𝑠 − 2𝑠 = 𝑠; (2) 

𝑥 + 𝑦 = 2𝑠 − (𝑎 + 𝑏) = 2𝑠 − (2𝑠 − 𝑐) = 𝑐 

𝑥 + 𝑧 = 𝑏, 𝑦 + 𝑧 = 𝑎 

Hence, (𝑥 + 𝑦)(𝑦 + 𝑧)(𝑧 + 𝑥) = 𝑎𝑏𝑐; (3) 
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𝑥2 + 𝑦2 + 𝑧2 + 𝑥𝑦 + 𝑦𝑧 + 𝑧𝑥

= 𝑥2 + 𝑦2 + 𝑧2 +
1

2
[(𝑎 + 𝑦 + 𝑧)2 − 𝑥2 − 𝑦2 − 𝑧2] = 

=
1

2
[(𝑥 + 𝑦 + 𝑧)2 + 𝑥2 + 𝑦2 + 𝑧2]

=
1

2
[𝑠2 + (𝑠 − 𝑎)2 + (𝑠 − 𝑏)2 + (𝑠 − 𝑐)2] = 

=
𝑎2 + 𝑏2 + 𝑐2

4
; (4) 

Using (2),(3) and (4) in (1), we have: 

𝑠5 = (𝑠 − 𝑎)5 + (𝑠 − 𝑏)5 + (𝑠 − 𝑐)5 + 5𝑎𝑏𝑐 ⋅
𝑎2 + 𝑏2 + 𝑐2 

2
 

𝑠5 = (𝑠 − 𝑎)5 + (𝑠 − 𝑏)5 + (𝑠 − 𝑐)5 + 5 ⋅ 4𝑅𝑟𝑠 ⋅
𝑎2 + 𝑏2 + 𝑐2 

2
 

Therefore, 

(𝑠 − 𝑎)5 + (𝑠 − 𝑏)5 + (𝑠 − 𝑐)5 + 10𝑅𝑟𝑠(𝑎2 + 𝑏2 + 𝑐2) = 𝑠5 

G.035. Solution by Fayssal Abdelli-Bejaia-Algerie 

Let 𝑎 = 𝑠𝑖𝑛 𝑥 , 𝑏 = 𝑐𝑜𝑠 𝑦 ; 𝑎, 𝑏 ∈ [−1,1] ⇒
1

1+|𝑎|
+

1

1+|𝑏|
= 1 +

1

1+|𝑎+𝑏|
⇒ 

|𝑎|

1 + |𝑎|
+

|𝑏|

1 + |𝑏|
=

|𝑎 + 𝑏|

1 + |𝑎 + 𝑏|
⇒

|𝑎| + 2|𝑎𝑏| + |𝑏|

1 + |𝑎| + |𝑏| + |𝑎𝑏|
=

|𝑎 + 𝑏|

1 + |𝑎 + 𝑏|
 

⇒ |𝑎| + 2|𝑎𝑏| + |𝑏| + |𝑎| ⋅ |𝑎 + 𝑏| + 2|𝑎𝑏| ⋅ |𝑎 + 𝑏| + |𝑏| ⋅ |𝑎 + 𝑏| − |𝑎 + 𝑏| − 

−|𝑎| ⋅ |𝑎 + 𝑏| − |𝑏| ⋅ |𝑎 + 𝑏| − |𝑎𝑏| ⋅ |𝑎 + 𝑏| = 0 

⇒ |𝑎| + |𝑏| + |𝑎𝑏| ⋅ |𝑎 + 𝑏| + 2|𝑎𝑏| − |𝑎 + 𝑏| = 0; (𝐴) 

1) 𝑎 = 0 and 𝑏 = 0 true. 

2) 𝑎 > 0 and 𝑏 > 0, from (𝐴) ⇒ 𝑎 + 𝑏 + 𝑎𝑏(𝑎 + 𝑏) + 2𝑎𝑏 − 𝑎 − 𝑏 = 0 
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⇒ 𝑎𝑏(𝑎 + 𝑏 + 2) = 0 ⇒ 𝑎 + 𝑏 + 2 = 0 ⇒ 𝑎 + 𝑏 = −2 ⇒ 𝑎 = −1 and 
𝑏 = −1 impossible, because 𝑎, 𝑏 > 0. 

3) 𝑎 < 0 and 𝑏 < 0, from (𝐴) ⇒ 

−𝑎 − 𝑏 − 𝑎𝑏(𝑎 + 𝑏) + 2𝑎𝑏 + 𝑎 + 𝑏 = 0 ⇒ 

𝑎𝑏(2 − 𝑎 − 𝑏) = 0 ⇒ 𝑎 + 𝑏 = 2 impossible because 𝑎, 𝑏 < 0. 

4) 𝑎 < 0 and 𝑏 > 0, from (𝐴) ⇒ 

−𝑎 + 𝑏 − 𝑎𝑏|𝑎 + 𝑏| − 2𝑎𝑏 − |𝑎 + 𝑏| = 0 

4.1) If 𝑎 + 𝑏 > 0, from (𝐴) ⇒ 

−𝑎 + 𝑏 − 𝑎𝑏(𝑎 + 𝑏) − 2𝑎𝑏 − 𝑎 − 𝑏 = 0 ⇒ 

−2𝑎 − 𝑎2𝑏 − 𝑎𝑏2 − 2𝑎𝑏 = 0 ⇒ 𝑎(2 + 𝑎𝑏 + 𝑏2 + 2𝑏) = 0 

impossible because 𝑎 < 0 and 2 + 𝑎𝑏 + 𝑏2 + 2𝑏 > 0. 

4.2) If 𝑎 + 𝑏 < 0, from (𝐴) ⇒ −𝑎 + 𝑏 + 𝑎𝑏(𝑎 + 𝑏) − 2𝑎𝑏 + 𝑎 + 𝑏 = 0 

⇒ 2𝑏 + 𝑎2𝑏 + 𝑎𝑏2 − 2𝑎𝑏 = 0 ⇒ 𝑏(2 + 𝑎2 + 𝑎𝑏 − 2𝑎) = 0 impossible. 

5) If 𝑎 > 0 and 𝑏 < 0, from (𝐴) ⇒ 𝑎 − 𝑏 − 𝑎𝑏|𝑎 + 𝑏| − 2𝑎𝑏 −
|𝑎 + 𝑏| = 0 

5.1) If 𝑎 + 𝑏 > 0, from (𝐴) ⇒ 𝑎 − 𝑏 − 𝑎𝑏(𝑎 + 𝑏) − 2𝑎𝑏 − 𝑎 − 𝑏 = 0 

−2𝑏 − 𝑎2𝑏 − 𝑎𝑏2 − 2𝑎𝑏 = 0 ⇒ 𝑏(2 + 𝑎2 + 𝑎𝑏 + 2𝑎) = 0 

 impossible because 𝑏 < 0 and 2 + 𝑎2 + 𝑎𝑏 + 2𝑎 > 0. 

5.2) If 𝑎 + 𝑏 < 0, from (𝐴) ⇒ 𝑎 − 𝑏 + 𝑎𝑏(𝑎 + 𝑏) − 2𝑎𝑏 + 𝑎 + 𝑏 = 0 ⇒ 

2𝑎 + 𝑎2𝑏 + 𝑎𝑏2 − 2𝑎𝑏 = 0 ⇒ 𝑎(2 + 𝑎𝑏 + 𝑏2 − 2𝑏) = 0 impossible 
because 𝑎 > 0 and 2 + 𝑎𝑏 + 𝑏2 − 2𝑏 > 0. Finally, 

1

1 + |𝑎|
+

1

1 + |𝑏|
= 1 +

1

1 + |𝑎 + 𝑏|
⇒ 𝑎 = 0, 𝑏 = 0 ⇒ 𝑠𝑖𝑛 𝑥 = 0, 𝑐𝑜𝑠 𝑦

= 0 ⇒ 
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(𝑥, 𝑦) ∈ {(𝑘𝜋,
𝜋
2 + 𝑘𝜋) |𝑘 ∈ ℤ} 

G.036. Solution by George Florin Şerban-Romania 

First, we prove that: 

𝑠𝑖𝑛−1 (
4

5
) + 𝑠𝑖𝑛−1 (

5

13
) + 𝑠𝑖𝑛−1 (

16

65
) =

𝜋

2
 

𝑠𝑖𝑛−1 (
4

5
) + 𝑠𝑖𝑛−1 (

5

13
) = 𝑠𝑖𝑛−1(

4

5
√1 −

25

169
+
5

13
√1 −

16

25
) = 

= 𝑠𝑖𝑛−1 (
63

65
) 

𝑠𝑖𝑛−1 (
63

65
) + 𝑠𝑖𝑛−1 (

16

65
) = 𝑠𝑖𝑛−1(

63

65
√1 − (

16

65
)
2

+
16

65
√1 − (

63

65
)
2

) = 

= 𝑠𝑖𝑛−1 1 =
𝜋

2
 

Hence, 

𝑠𝑖𝑛−1 (
4

5
) + 𝑠𝑖𝑛−1 (

5

13
) + 𝑠𝑖𝑛−1 (

16

65
) =

𝜋

2
 

Now, we have: 

𝑎 ⋅ √𝑠𝑖𝑛−1 (
4

5
) + 𝑏 ⋅ √𝑠𝑖𝑛−1 (

5

13
) + 𝑐 ⋅ √𝑠𝑖𝑛−1 (

16

64
) ≤
𝐶𝐵𝑆

 

≤ √𝑎2 + 𝑏2 + 𝑐2 ⋅ √𝑠𝑖𝑛−1 (
4

5
) + 𝑠𝑖𝑛−1 (

5

13
) + 𝑠𝑖𝑛−1 (

16

65
) ≤
𝐿𝑒𝑖𝑏𝑛𝑖𝑧

 

≤ √9𝑅2 ⋅ √
𝜋

2
=
3𝑅√2𝜋

2
 

Therefore, 
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𝑎 ⋅ √𝑠𝑖𝑛−1 (
4

5
) + 𝑏 ⋅ √𝑠𝑖𝑛−1 (

5

13
) + 𝑐 ⋅ √𝑠𝑖𝑛−1 (

16

64
) <

3𝑅√2𝜋

2
 

𝑎2 + 𝑏2 + 𝑐2 ≤ 9𝑅2 (𝐿𝑒𝑖𝑏𝑛𝑖𝑧) 

Equality holds if and only if 𝑎 = 𝑏 = 𝑐. 

𝑎

√𝑠𝑖𝑛−1 (
4
5
)

=
𝑏

√𝑠𝑖𝑛−1 (
5
13)

=
𝑐

√𝑠𝑖𝑛−1 (
16
64)

 𝑓𝑎𝑙𝑠𝑒 𝑏𝑒𝑐𝑎𝑢𝑠𝑒  

𝑎 = 𝑏 = 𝑐 but 𝑠𝑖𝑛−1 (
4

5
) = 𝑠𝑖𝑛−1 (

5

13
). So, inequality is strictly. 

G.037. Solution by Ruxandra Daniela Tonilă-Romania 

Let be the function: 𝑓: (0,∞) → ℝ, 𝑓(𝑥) = 𝑥 ⋅ 𝑙𝑜𝑔 𝑥 , 𝑓′(𝑥) = 1 + 𝑙𝑜𝑔 𝑥, 

𝑓′′(𝑥) =
1

𝑥
> 0 ⇒ 𝑓 −convexe function. 

𝑓 (
𝑡𝑎𝑛 𝐴 + 𝑡𝑎𝑛 𝐵 + 𝑡𝑎𝑛 𝐶

3
) ≤

𝑓(𝑡𝑎𝑛 𝐴) + 𝑓(𝑡𝑎𝑛 𝐵) + 𝑓(𝑡𝑎𝑛 𝐶)

3
⇔ 

1

3
(𝑡𝑎𝑛 𝐴 ⋅ 𝑙𝑜𝑔(𝑡𝑎𝑛 𝐴) + 𝑡𝑎𝑛𝐵 ⋅ 𝑙𝑜𝑔 (𝑡𝑎𝑛𝐵) + 𝑡𝑎𝑛 𝐶 ⋅ 𝑙𝑜𝑔(𝑡𝑎𝑛 𝐶) ≥ 

≥
1

3
(𝑡𝑎𝑛 𝐴 + 𝑡𝑎𝑛𝐵 + 𝑡𝑎𝑛 𝐶) ⋅ 𝑙𝑜𝑔 (

𝑡𝑎𝑛 𝐴 + 𝑡𝑎𝑛 𝐵 + 𝑡𝑎𝑛 𝐶

3
) ⇔ 

𝑙𝑜𝑔( (𝑡𝑎𝑛 𝐴)𝑡𝑎𝑛𝐴 ⋅ (𝑡𝑎𝑛 𝐵)𝑡𝑎𝑛𝐵 ⋅ (𝑡𝑎𝑛 𝐶)𝑡𝑎𝑛 𝐶) ≥ 

≥ (𝑡𝑎𝑛𝐴 + 𝑡𝑎𝑛 𝐵 + 𝑡𝑎𝑛 𝐶) ⋅ 𝑙𝑜𝑔 (
𝑡𝑎𝑛 𝐴 + 𝑡𝑎𝑛 𝐵 + 𝑡𝑎𝑛 𝐶

3
) ≥
𝐴𝐺𝑀

 

≥ (𝑡𝑎𝑛 𝐴 + 𝑡𝑎𝑛 𝐵 + 𝑡𝑎𝑛 𝐶) ⋅ 𝑙𝑜𝑔(√𝑡𝑎𝑛 𝐴 ⋅ 𝑡𝑎𝑛 𝐵 ⋅ 𝑡𝑎𝑛 𝐶
3

) ⇔ 

𝑙𝑜𝑔( (𝑡𝑎𝑛 𝐴)𝑡𝑎𝑛𝐴 ⋅ (𝑡𝑎𝑛 𝐵)𝑡𝑎𝑛𝐵 ⋅ (𝑡𝑎𝑛 𝐶)𝑡𝑎𝑛 𝐶)

≥ 𝑙𝑜𝑔(𝑡𝑎𝑛 𝐴 ⋅ 𝑡𝑎𝑛 𝐵 ⋅ 𝑡𝑎𝑛 𝐶)
𝑡𝑎𝑛𝐴+𝑡𝑎𝑛𝐵+𝑡𝑎𝑛𝐶

3 ⇔ 
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(𝑡𝑎𝑛 𝐴)𝑡𝑎𝑛𝐴 ⋅ (𝑡𝑎𝑛 𝐵)𝑡𝑎𝑛𝐵 ⋅ (𝑡𝑎𝑛 𝐶)𝑡𝑎𝑛 𝐶

≥ (𝑡𝑎𝑛𝐴 ⋅ 𝑡𝑎𝑛 𝐵 ⋅ 𝑡𝑎𝑛 𝐶)
𝑡𝑎𝑛𝐴+𝑡𝑎𝑛𝐵+𝑡𝑎𝑛𝐶

3 ⇔ 

(𝑡𝑎𝑛 𝐴)3 𝑡𝑎𝑛 𝐴 ⋅ (𝑡𝑎𝑛 𝐵)3 𝑡𝑎𝑛 𝐵 ⋅ (𝑡𝑎𝑛 𝐶)3 𝑡𝑎𝑛𝐶

≥ (𝑡𝑎𝑛𝐴 ⋅ 𝑡𝑎𝑛 𝐵 ⋅ 𝑡𝑎𝑛 𝐶)𝑡𝑎𝑛𝐴+𝑡𝑎𝑛𝐵+𝑡𝑎𝑛𝐶; (1) 

𝑡𝑎𝑛𝐴 + 𝑡𝑎𝑛𝐵 + 𝑡𝑎𝑛 𝐶 =
𝑠𝑖𝑛(𝐴 + 𝐵)

𝑐𝑜𝑠 𝐴 ⋅ 𝑐𝑜𝑠 𝐵
+ 𝑡𝑎𝑛 𝐶 =

𝑠𝑖𝑛(𝜋 − 𝐶)

𝑐𝑜𝑠 𝐴 ⋅ 𝑐𝑜𝑠 𝐵
+
𝑠𝑖𝑛 𝐶

𝑐𝑜𝑠 𝐶
= 

= 𝑠𝑖𝑛 𝐶 (
1

𝑐𝑜𝑠 𝐴 ⋅ 𝑐𝑜𝑠 𝐵
+

1

𝑐𝑜𝑠 𝐶
) = 𝑠𝑖𝑛 𝐶 ⋅

𝑐𝑜𝑠 𝐶 + 𝑐𝑜𝑠 𝐴 ⋅ 𝑐𝑜𝑠 𝐵

𝑐𝑜𝑠 𝐴 ⋅ 𝑐𝑜𝑠 𝐵 ⋅ 𝑐𝑜𝑠 𝐶
= 

= 𝑡𝑎𝑛 𝐶 ⋅
𝑐𝑜𝑠(𝜋 − (𝐴 + 𝐵)) + 𝑐𝑜𝑠 𝐴 ⋅ 𝑐𝑜𝑠 𝐵

𝑐𝑜𝑠 𝐴 ⋅ 𝑐𝑜𝑠 𝐵

= 𝑡𝑎𝑛 𝐶 ⋅
𝑐𝑜𝑠 𝐴 ⋅ 𝑐𝑜𝑠 𝐵 − 𝑐𝑜𝑠(𝐴 + 𝐵)

𝑐𝑜𝑠 𝐴 ⋅ 𝑐𝑜𝑠 𝐵
= 

= 𝑡𝑎𝑛 𝐶 ⋅
𝑠𝑖𝑛 𝐴 ⋅ 𝑠𝑖𝑛 𝐵

𝑐𝑜𝑠 𝐴 ⋅ 𝑐𝑜𝑠 𝐵
= 𝑡𝑎𝑛 𝐴 ⋅ 𝑡𝑎𝑛 𝐵 ⋅ 𝑡𝑎𝑛 𝐶 ; (2) 

From (1),(2) it follows that: 

(𝑡𝑎𝑛 𝐴)3 𝑡𝑎𝑛 𝐴 ⋅ (𝑡𝑎𝑛 𝐵)3𝑡𝑎𝑛 𝐵 ⋅ (𝑡𝑎𝑛 𝐶)3 𝑡𝑎𝑛 𝐶

≥ (𝑡𝑎𝑛𝐴 ⋅ 𝑡𝑎𝑛 𝐵 ⋅ 𝑡𝑎𝑛 𝐶)𝑡𝑎𝑛𝐴⋅𝑡𝑎𝑛𝐵⋅𝑡𝑎𝑛 𝐶  

G.038. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

(∗) ∶ 𝑥𝐼𝐴 + 𝑦𝐼𝐵 + 𝑧𝐼𝐶 ≥ 4(
𝑦𝑧𝐼𝐴′

𝑦 + 𝑧
+
𝑧𝑥𝐼𝐵′

𝑧 + 𝑥
+
𝑥𝑦𝐼𝐶′

𝑥 + 𝑦
) 

 

𝑊𝑒 ℎ𝑎𝑣𝑒 ∶   𝐼𝐴′ = 𝐼𝐵′ = 𝐼𝐶′ = 𝑟  𝑎𝑛𝑑  
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 𝐼𝐴 =
𝑟

𝑠𝑖𝑛
𝐴
2

, 𝐼𝐵 =
𝑟

𝑠𝑖𝑛
𝐵
2

, 𝐼𝐶 =
𝑟

𝑠𝑖𝑛
𝐶
2

. 

𝑇ℎ𝑒𝑛 (∗) 𝑖𝑠 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 𝑡𝑜 ∶ 

 
𝑥

𝑠𝑖𝑛
𝐴
2

+
𝑦

𝑠𝑖𝑛
𝐵
2

+
𝑧

𝑠𝑖𝑛
𝐶
2

≥ 4 (
𝑦𝑧

𝑦 + 𝑧
+
𝑧𝑥

𝑧 + 𝑥
+
𝑥𝑦

𝑥 + 𝑦
) 

𝑊𝑒 ℎ𝑎𝑣𝑒 ∶ 

 
𝑥

𝑠𝑖𝑛
𝐴
2

+
𝑦

𝑠𝑖𝑛
𝐵
2

+
𝑧

𝑠𝑖𝑛
𝐶
2

 ≥⏞
𝐵𝑒𝑟𝑔𝑠𝑡𝑟ӧ𝑚

 
(√𝑥 + √𝑦 + √𝑧)

2

𝑠𝑖𝑛
𝐴
2 + 𝑠𝑖𝑛

𝐵
2 + 𝑠𝑖𝑛

𝐶
2

≥
3(√𝑥𝑦 + √𝑦𝑧 + √𝑧𝑥)

𝑠𝑖𝑛
𝐴
2 + 𝑠𝑖𝑛

𝐵
2 + 𝑠𝑖𝑛

𝐶
2

 

𝑆𝑖𝑛𝑐𝑒 𝑥 → 𝑠𝑖𝑛 𝑥  𝑖𝑠 𝑎 𝑐𝑜𝑛𝑐𝑎𝑣𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑜𝑛 (0,
𝜋

2
)  𝑡ℎ𝑒𝑛, 

 𝑏𝑦 𝐽𝑒𝑛𝑠𝑒𝑛′𝑠 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦, 𝑤𝑒 ℎ𝑎𝑣𝑒 ∶ 

𝑠𝑖𝑛
𝐴

2
+ 𝑠𝑖𝑛

𝐵

2
+ 𝑠𝑖𝑛

𝐶

2
≤ 3 𝑠𝑖𝑛

𝐴 + 𝐵 + 𝐶

6
= 3 𝑠𝑖𝑛

𝜋

6
=
3

2
 

𝐴𝑙𝑠𝑜, 𝑏𝑦 𝐺𝑀 − 𝐻𝑀 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦, 𝑤𝑒 ℎ𝑎𝑣𝑒 ∶ 

 √𝑥𝑦 + √𝑦𝑧 + √𝑧𝑥 ≥
2𝑦𝑧

𝑦 + 𝑧
+
2𝑧𝑥

𝑧 + 𝑥
+
2𝑥𝑦

𝑥 + 𝑦
 

𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒,   

𝑥

𝑠𝑖𝑛
𝐴
2

+
𝑦

𝑠𝑖𝑛
𝐵
2

+
𝑧

𝑠𝑖𝑛
𝐶
2

≥ 4 (
𝑦𝑧

𝑦 + 𝑧
+
𝑧𝑥

𝑧 + 𝑥
+
𝑥𝑦

𝑥 + 𝑦
)   𝑎𝑛𝑑  (∗) 𝑖𝑠 𝑡𝑟𝑢𝑒. 

G.039. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐵𝑦 𝐴𝑀 − 𝐺𝑀 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 𝑤𝑒 ℎ𝑎𝑣𝑒 ∶ 
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2𝑏𝑐

(𝑏 + 𝑐)2
+
1

2
≥ 2√

2𝑏𝑐

(𝑏 + 𝑐)2
.
1

2
=
2√𝑏𝑐

𝑏 + 𝑐
=

8𝑎𝑏𝑐

2√𝑎𝑏. 2√𝑐𝑎. (𝑏 + 𝑐)

≥
8𝑎𝑏𝑐

(𝑎 + 𝑏)(𝑐 + 𝑎)(𝑏 + 𝑐)
,   𝑤𝑖𝑡ℎ ∶ 

(𝑎 + 𝑏)(𝑐 + 𝑎)(𝑏 + 𝑐) = (𝑎 + 𝑏 + 𝑐)(𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎) − 𝑎𝑏𝑐
= 2𝑠(𝑠2 + 𝑟2 + 4𝑅𝑟) − 4𝑠𝑅𝑟 = 2𝑠(𝑠2 + 𝑟2 + 2𝑅𝑟) 

𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒, 

   
2𝑏𝑐

(𝑏 + 𝑐)2
+
1

2
≥

8.4𝑠𝑅𝑟

2𝑠(𝑠2 + 𝑟2 + 2𝑅𝑟)
=

16𝑅𝑟

𝑠2 + 𝑟2 + 2𝑅𝑟
. 

G.040. Solution by George Florin Șerban-Romania 

𝑅2𝑅′𝐹′ = 𝑅2𝑅′𝑠′𝑟′ ≥
(1)

8𝐹(𝑟′)3 = 8𝑟𝑠(𝑟′)3⇔ 

𝑅2𝑅′𝑠′ ≥ 8𝑟𝑠(𝑟′)2 ⇔
𝑠′

𝑠
≥
8𝑟(𝑟′)2

𝑅2𝑅′
; (2) 

𝑠′

𝑠
≥

𝑀𝑖𝑡𝑟𝑖𝑛𝑜𝑣𝑖𝑐 3√3𝑟′

𝑠
≥
3√3𝑟′

3√3𝑅
2

=
2𝑟′

𝑅
≥
8𝑟(𝑟′)2

𝑅2𝑅′
 

𝑅𝑅′ ≥ 4𝑟𝑟′ which is true from 𝑅 ≥ 2𝑟 (𝐸𝑢𝑙𝑒𝑟). 

Equality holds if and only if triangle is equilateral. 

G.041. Solution by George Florin Șerban-Romania 

𝑚𝑎
3 ⋅ (𝑎′)2

𝑎2
+
𝑚𝑏
3 ⋅ (𝑏′)2

𝑏2
+
𝑚𝑐
3 ⋅ (𝑐′)2

𝑐2
=∑

𝑚𝑎
3 ⋅ (𝑎′)2

𝑎2
𝑐𝑦𝑐

=∑
𝑚𝑎
3

(
𝑎
𝑎′)

2

𝑐𝑦𝑐

≥
𝑅𝑎𝑑𝑜𝑛
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≥
(∑𝑚𝑎)

3

(∑
𝑎
𝑎′)

2 ≥
(∑𝑚𝑎)

3

∑𝑎2 ⋅ ∑
1
(𝑎′)2

≥
𝐿𝑒𝑖𝑏𝑛𝑖𝑧 (∑𝑚𝑎)

3

9𝑅2 ⋅
1

4(𝑟′)2

=
4(𝑟′)

2
(∑𝑚𝑎)

3

9𝑅2
≥
(1) 32𝑠6(𝑟′)2

243𝑅5
 

(1) ⇔ (∑𝑚𝑎
𝑐𝑦𝑐

)

3

≥
8𝑠6

27𝑅3
⇒∑𝑚𝑎

𝑐𝑦𝑐

≥
2𝑠2

3𝑅
; (2) 

∑𝑚𝑎
𝑐𝑦𝑐

≥
𝑇𝑒𝑟𝑒𝑠ℎ𝑖𝑛

∑
𝑏2 + 𝑐2

4𝑅
𝑐𝑦𝑐

=
1

2𝑅
∑𝑎2

𝑐𝑦𝑐

=
𝑠2 − 𝑟2 − 4𝑅𝑟

𝑅
≥
2𝑠2

3𝑅
 

𝑠2 ≥ 16𝑅𝑟 − 5𝑟2 ≥ 12𝑅𝑟 + 3𝑟2 ⇔ 4𝑅𝑟 ≥ 8𝑟2 ⇔ 4𝑟(𝑅 − 2𝑟) ≥ 0 
true from  

𝑅 ≥ 2𝑟(𝐸𝑢𝑙𝑒𝑟). 

𝑚𝑎
3 ⋅ (𝑎′)2

𝑎2
+
𝑚𝑏
3 ⋅ (𝑏′)2

𝑏2
+
𝑚𝑐
3 ⋅ (𝑐′)2

𝑐2
≥
32𝑠6(𝑟′)2

243𝑅5
 

G.042. Solution by Ertan Yildirim-Turkiye 

𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎 = 𝑠2 + 𝑟2 + 4𝑅𝑟 

∑√(𝑎 + 𝑏)(𝑎 + 𝑐)𝑏𝑐

𝑐𝑦𝑐

≤ 

≤ √(𝑎 + 𝑏)𝑐 + (𝑏 + 𝑐)𝑎 + (𝑐 + 𝑎)𝑏

⋅ √(𝑎 + 𝑐)𝑏 + (𝑏 + 𝑎)𝑐 + (𝑐 + 𝑏)𝑎 = 

= √2(𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎) ⋅ √2(𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎) = 2(𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎)

= 2(𝑠2 + 𝑅2 + 4𝑟𝑅) 

We must to prove that: 

2𝑠2 + 2𝑟2 + 8𝑅𝑟 ≤ 3𝑠2 − 𝑟2 − 4𝑅𝑟 ⇔ 3𝑟2 + 12𝑅𝑟 ≤ 𝑠2 

3𝑟2 + 12𝑅𝑟 ≤
𝐺𝑒𝑟𝑟𝑒𝑡𝑠𝑒𝑛

16𝑅𝑟 − 5𝑟2 ≤ 𝑠2 ⇔ 𝑅 ≥ 2𝑟 (𝐸𝑢𝑙𝑒𝑟). 
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G.043. Solution by Ravi Prakash-New Delhi-India 

∏(2 − 𝑐𝑜𝑠2 𝑥)

𝑐𝑦𝑐

+∏𝑐𝑜𝑠2 𝑥

𝑐𝑦𝑐

= 8 

8 − 4∑𝑐𝑜𝑠2 𝑥

𝑐𝑦𝑐

+ 2∑𝑐𝑜𝑠2 𝑥 𝑐𝑜𝑠2 𝑦 𝑐𝑜𝑠2 𝑧

𝑐𝑦𝑐

− 𝑐𝑜𝑠2 𝑥 𝑐𝑜𝑠2 𝑦 𝑐𝑜𝑠2 𝑧 + 

+𝑐𝑜𝑠2 𝑥 𝑐𝑜𝑠2 𝑦 𝑐𝑜𝑠2 𝑧 = 8 

⇒ 2∑𝑐𝑜𝑠2 𝑥 =∑𝑐𝑜𝑠2 𝑥 𝑐𝑜𝑠2 𝑦

𝑐𝑦𝑐𝑐𝑦𝑐

 

⇒∑𝑐𝑜𝑠2 𝑥 +∑𝑐𝑜𝑠2 𝑥 (1 − 𝑐𝑜𝑠2 𝑦)

𝑐𝑦𝑐𝑐𝑦𝑐

= 0 

∑𝑐𝑜𝑠2 𝑥

𝑐𝑦𝑐

+∑𝑐𝑜𝑠2 𝑥 𝑠𝑖𝑛2 𝑦

𝑐𝑦𝑐

= 0 

Equality holds for 𝑠𝑖𝑛2 𝑥 = 𝑠𝑖𝑛2 𝑦 = 𝑠𝑖𝑛2 𝑧 ⇔ 

𝑠𝑖𝑛 𝑥 = 𝑠𝑖𝑛 𝑦 = 𝑠𝑖𝑛 𝑧 ⇔ 𝑥 = 𝑦 = 𝑧 =
𝜋

2
. 

Therefore, 𝑆 = {(
𝜋

2
,
𝜋

2
,
𝜋

2
)} 

G.044. Solution by Tapas Das-India 

2 𝑐𝑜𝑠2 𝑥 𝑐𝑜𝑠2 𝑦 𝑐𝑜𝑠2 𝑧 =
1

4
(2 𝑐𝑜𝑠2 𝑥 ⋅ 2 𝑐𝑜𝑠2 𝑦 ⋅ 2 𝑐𝑜𝑠2 𝑧) = 

=
1

4
(1 + 𝑐𝑜𝑠 2𝑥)(1 + 𝑐𝑜𝑠 2𝑦)(1 + 𝑐𝑜𝑠 2𝑧) =

1

4
(1 + 𝑎)(1 + 𝑏)(1 + 𝑐) 

𝑎 = 𝑐𝑜𝑠 2𝑥 , 𝑏 = 𝑐𝑜𝑠 2𝑦 , 𝑐 = 𝑐𝑜𝑠 2𝑧 ⇒ 𝑎, 𝑏, 𝑐 ∈ (0,1) 

0 ≤ 𝑥 ≤
𝜋

4
⇒ 0 ≤ 2𝑥 ≤

𝜋

2
 

(𝑎 − 1)(𝑏 − 1) ≥ 0 ⇒ 𝑎𝑏 + 1 ≥ 𝑎 + 𝑏 



DANIEL SITARU                      CLAUDIA NĂNUȚI 

 

MATH ACCENT Page 165 
 

2(𝑎𝑏 + 1) ≥ 𝑎 + 𝑏 + 𝑎𝑏 + 1 = (𝑎 + 1)(𝑏 + 1); (1) 

2(𝑎𝑏 + 1) ⋅ 2(𝑐 + 1) ≥ 2(𝑎 + 1)(𝑏 + 1)(𝑐 + 1) 

4(𝑎𝑏 + 1)(𝑐 + 1) ≥ 2(𝑎 + 1)(𝑏 + 1)(𝑐 + 1) 

2(𝑎𝑏 + 1)(𝑐 + 1) ≥ (𝑎 + 1)(𝑏 + 1)(𝑐 + 1) 

(𝑎𝑏 + 1)(𝑐 + 1) ≥
1

2
(𝑎 + 1)(𝑏 + 1)(𝑐 + 1); (2) 

From (1) and (2), we get : 

2(𝑎𝑏𝑐 + 1) ≥
1

2
(𝑎 + 1)(𝑏 + 1)(𝑐 + 1) 

𝑎𝑏𝑐 + 1 ≥
1

4
(𝑎 + 1)(𝑏 + 1)(𝑐 + 1) 

1 + 𝑐𝑜𝑠 2𝑥 𝑐𝑜𝑠 2𝑦 𝑐𝑜𝑠 2𝑧 ≥
1

2
(1 + 𝑐𝑜𝑠 2𝑥)(1 + 𝑐𝑜𝑠 2𝑦)(1 + 𝑐𝑜𝑠 2𝑧) 

1 + 𝑐𝑜𝑠 2𝑥 𝑐𝑜𝑠 2𝑦 𝑐𝑜𝑠 2𝑧 ≥
1

4
⋅ 2 𝑐𝑜𝑠 2𝑥 𝑐𝑜𝑠 2𝑦 𝑐𝑜𝑠 2𝑧 = 

= 2𝑐𝑜𝑠2 𝑥 𝑐𝑜𝑠2 𝑦 𝑐𝑜𝑠2 𝑧 

8 𝑐𝑜𝑠2 𝑥 𝑐𝑜𝑠2 𝑦 𝑐𝑜𝑠2 𝑧 = (1 + 𝑐𝑜𝑠 2𝑥)(1 + 𝑐𝑜𝑠 2𝑦)(1 + 𝑐𝑜𝑠 2𝑧) = 

= 1 + 𝑎 + 𝑏 + 𝑐 + 𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎 ≥ 1 + 𝑎𝑏𝑐 = 

= 1 + 𝑐𝑜𝑠 2𝑥 𝑐𝑜𝑠 2𝑦 𝑐𝑜𝑠 2𝑧 

G.045. Solution by Fayssal Abdelli-Bejaia-Algerie 

𝑐𝑜𝑠 𝑥 ⋅ √𝑡𝑎𝑛 𝑥 = 𝑠𝑖𝑛3 𝑥 + 𝑐𝑜𝑠3 𝑥 

𝑐𝑜𝑠 𝑥 ⋅ √𝑡𝑎𝑛 𝑥 = (𝑠𝑖𝑛 𝑥 + 𝑐𝑜𝑠 𝑥)(1 − 𝑠𝑖𝑛 𝑥 𝑐𝑜𝑠 𝑥) 

𝑐𝑜𝑠2 𝑥 ⋅ 𝑡𝑎𝑛 𝑥 = (𝑠𝑖𝑛 𝑥 + 𝑐𝑜𝑠 𝑥)2(1 − 𝑠𝑖𝑛 𝑥 𝑐𝑜𝑠 𝑥)2 

𝑠𝑖𝑛 𝑥 ⋅ 𝑐𝑜𝑠 𝑥 = (1 + 2 𝑠𝑖𝑛 𝑥 𝑐𝑜𝑠 𝑥)(1 + 𝑠𝑖𝑛2 𝑥 𝑐𝑜𝑠2 𝑥 − 2 𝑠𝑖𝑛 𝑥 𝑐𝑜𝑠 𝑥) 
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Let 𝑦 = 𝑠𝑖𝑛 𝑥 𝑐𝑜𝑠 𝑥 ;−
1

2
≤ 𝑦 ≤

1

2
 because −

1

2
≤
1

2
𝑠𝑖𝑛 2𝑥 ≤

1

2
 

⇒ 𝑦 = (1 + 2𝑦)(1 − 2𝑦 + 𝑦2) ⇒ 2𝑦3 − 3𝑦2 − 𝑦 + 1 = 0 

(𝑦 −
1

2
) (𝑦2 − 𝑦 − 1) = 0 ⇒ 𝑦 =

1

2
 𝑜𝑟 𝑦2 − 𝑦 − 1 = 0 ⇒ 

𝑦1 =
1 − √5

2
< −

1

2
 

𝑦2 =
1+√5

2
> 1. Thus, 𝑦 =

1

2
⇒ 𝑠𝑖𝑛 𝑥 𝑐𝑜𝑠 𝑥 =

1

2
⇒ 𝑠𝑖𝑛 2𝑥 = 1 

2𝑥 =
𝜋

2
+ 2𝑘𝜋 ⇒ 𝑥 =

𝜋

4
+ 𝑘𝜋  

𝑆 = {
𝜋
4 + 𝑘𝜋|𝑥 ∈ ℤ} 

G.046. Solution by Tapas Das-India 

2

1 + 𝑡𝑎𝑛 𝑥
+

2

1 + 𝑡𝑎𝑛 𝑦
+
1 + 𝑐𝑜𝑡 𝑥 ∙ 𝑡𝑎𝑛 𝑦

1 + 𝑐𝑜𝑡 𝑥
+
1 + 𝑐𝑜𝑡 𝑦 ∙ 𝑡𝑎𝑛 𝑥

1 + 𝑐𝑜𝑡 𝑦
= 

=
2

1 + 𝑡𝑎𝑛 𝑥
+

2

1 + 𝑡𝑎𝑛 𝑦
+
1 + 𝑐𝑜𝑡 𝑥 ∙ 𝑡𝑎𝑛 𝑦

1 +
1

𝑡𝑎𝑛 𝑥

+
1 + 𝑐𝑜𝑡 𝑦 ∙ 𝑡𝑎𝑛 𝑥

1 +
1

𝑡𝑎𝑛 𝑦

= 

= 2(
1

1 + 𝑡𝑎𝑛 𝑥
+

1

1 + 𝑡𝑎𝑛 𝑦
) +

𝑡𝑎𝑛 𝑥 + 𝑡𝑎𝑛 𝑦

1 + 𝑡𝑎𝑛 𝑥
+
𝑡𝑎𝑛 𝑦 + 𝑡𝑎𝑛 𝑥

1 + 𝑡𝑎𝑛 𝑦
= 

= (
1

1 + 𝑡𝑎𝑛 𝑥
+

1

1 + 𝑡𝑎𝑛 𝑦
) (2 + 𝑡𝑎𝑛 𝑥 + 𝑡𝑎𝑛 𝑦) ≥ 

≥ 2√
1

(1 + 𝑡𝑎𝑛 𝑥)(1 + 𝑡𝑎𝑛 𝑦)
∙ [(1 + 𝑡𝑎𝑛 𝑥) + (1 + 𝑡𝑎𝑛 𝑦)] ≥ 

≥ 2√
1

(1 + 𝑡𝑎𝑛 𝑥)(1 + 𝑡𝑎𝑛 𝑦)
∙ 2√(1 + 𝑡𝑎𝑛 𝑥)(1 + 𝑡𝑎𝑛 𝑦) ≥ 4 
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G.047. Solution by Amir Sofi-Kosovo 

𝑠𝑖𝑛 𝑧 + √𝑥2𝑦
3

∙ 𝑐𝑜𝑠 𝑧 ≤ √1 + √𝑥4𝑦2
3

∙ √𝑠𝑖𝑛2 𝑧 + 𝑐𝑜𝑠2 𝑧 = √1 + √𝑥4𝑦2
3

 

𝑠𝑖𝑛 𝑧 + √𝑥𝑦2
3

∙ 𝑐𝑜𝑠 𝑧 ≤ √1 + √𝑥2𝑦4
3

∙ √𝑠𝑖𝑛2 𝑧 + 𝑐𝑜𝑠2 𝑧 = √1 + √𝑥2𝑦4
3

 

Hence, we get: 

(𝑠𝑖𝑛 𝑧 + √𝑥2𝑦
3

∙ 𝑐𝑜𝑠 𝑧) (𝑠𝑖𝑛 𝑧 + √𝑥𝑦2
3

∙ 𝑐𝑜𝑠 𝑧)

≤ √(1 + √𝑥4𝑦2
3

) (1 + √𝑥2𝑦4
3

) ≤ 

≤ 1 +
√𝑥4𝑦2
3

+ √𝑥2𝑦4
3

2
≤ 1 +

𝑥2 + 𝑦2

2
≤ 1 +

(𝑥 + 𝑦)2

4
 

Therefore, 

4 (𝑠𝑖𝑛 𝑧 + √𝑥2𝑦
3

∙ 𝑐𝑜𝑠 𝑧) (𝑠𝑖𝑛 𝑧 + √𝑥𝑦2
3

∙ 𝑐𝑜𝑠 𝑧) ≤ 4 + (𝑥 + 𝑦)2 

G.048. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑊𝑒 ℎ𝑎𝑣𝑒 ∶  

 ∏(1 + 𝑡𝑎𝑛 𝐴 𝑐𝑜𝑡 𝐵)

𝑐𝑦𝑐

= 2 +∑𝑡𝑎𝑛𝐴 𝑐𝑜𝑡 𝐵

𝑐𝑦𝑐

+∑𝑡𝑎𝑛𝐵 𝑐𝑜𝑡 𝐶 . 𝑡𝑎𝑛 𝐶 𝑐𝑜𝑡 𝐴

𝑐𝑦𝑐

= 2 +∑
𝑡𝑎𝑛𝐴

𝑡𝑎𝑛𝐵
𝑐𝑦𝑐

+∑
𝑡𝑎𝑛𝐵

𝑡𝑎𝑛𝐴
𝑐𝑦𝑐

 

𝐵𝑦 𝐴𝑀 − 𝐺𝑀 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 𝑤𝑒 ℎ𝑎𝑣𝑒 ∶ 

∑
𝑡𝑎𝑛𝐴

𝑡𝑎𝑛 𝐵
𝑐𝑦𝑐

=∑
1

3
(
𝑡𝑎𝑛 𝐴

𝑡𝑎𝑛 𝐵
+
𝑡𝑎𝑛 𝐴

𝑡𝑎𝑛 𝐵
+
𝑡𝑎𝑛 𝐵

𝑡𝑎𝑛 𝐶
)

𝑐𝑦𝑐

≥∑√
𝑡𝑎𝑛2 𝐴

𝑡𝑎𝑛 𝐵 . 𝑡𝑎𝑛 𝐶

3

𝑐𝑦𝑐

=
𝑡𝑎𝑛 𝐴 + 𝑡𝑎𝑛𝐵 + 𝑡𝑎𝑛 𝐶

√𝑡𝑎𝑛𝐴 . 𝑡𝑎𝑛 𝐵 . 𝑡𝑎𝑛 𝐶
3  

𝐴𝑛𝑑 𝑠𝑖𝑛𝑐𝑒 𝑡𝑎𝑛 𝐴 + 𝑡𝑎𝑛 𝐵 + 𝑡𝑎𝑛 𝐶 = 𝑡𝑎𝑛 𝐴 . 𝑡𝑎𝑛 𝐵 . 𝑡𝑎𝑛 𝐶  
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𝑡ℎ𝑒𝑛 𝑤𝑒 𝑔𝑒𝑡 ∶ 

∑
𝑡𝑎𝑛𝐴

𝑡𝑎𝑛 𝐵
𝑐𝑦𝑐

≥ √(𝑡𝑎𝑛𝐴 . 𝑡𝑎𝑛𝐵 . 𝑡𝑎𝑛 𝐶)2
3

.  𝑆𝑖𝑚𝑖𝑙𝑎𝑟𝑙𝑦 𝑤𝑒 ℎ𝑎𝑣𝑒 ∶ 

  ∑
𝑡𝑎𝑛 𝐵

𝑡𝑎𝑛 𝐴
𝑐𝑦𝑐

≥ √(𝑡𝑎𝑛 𝐴 . 𝑡𝑎𝑛 𝐵 . 𝑡𝑎𝑛 𝐶)2
3

 

𝑇ℎ𝑒𝑛 ∶  

∏(1+ 𝑡𝑎𝑛 𝐴 𝑐𝑜𝑡 𝐵)

𝑐𝑦𝑐

≥ 2 + 2∏√𝑡𝑎𝑛2 𝐴
3

𝑐𝑦𝑐

= 2 + 2∏√(
4𝐹

𝑏2 + 𝑐2 − 𝑎2
)
23

𝑐𝑦𝑐

= 2 + 32𝐹2∏√
1

(𝑏2 + 𝑐2 − 𝑎2)2
3

𝑐𝑦𝑐

. 

𝐸𝑞𝑢𝑎𝑙𝑖𝑡𝑦 ℎ𝑜𝑙𝑑𝑠 𝑖𝑓𝑓 ∆𝐴𝐵𝐶 𝑖𝑠 𝑒𝑞𝑢𝑖𝑙𝑎𝑡𝑒𝑟𝑎𝑙. 

G.049. Solution by Ertan Yildirim-Turkiye 

∑𝑚𝑎𝑚𝑏 ≥ 𝑠
2; (1) 

𝑚𝑎 ≥ √𝑠(𝑠 − 𝑎); (2) 

∑𝑚𝑎 ≥
(2)

∑√𝑠(𝑠 − 𝑎) ≥
𝐴𝐺𝑀

3√√𝑠2 ⋅ 𝑠(𝑠 − 𝑎)(𝑠 − 𝑏)(𝑠 − 𝑐)
3

= 

= 3√𝑠𝐹
3

= 3√𝑠 ⋅ 𝑠𝑟
3

= 3√𝑠2𝑟
3

≥
𝑀𝑖𝑡𝑟𝑖𝑛𝑜𝑣𝑖𝑐

3√(3√3𝑟)
2
⋅ 𝑟

3

= 

= 3√27𝑟3
3

= 9𝑟 

(𝑚𝑎𝑚𝑏 +𝑚𝑏𝑚𝑐 +𝑚𝑐𝑚𝑎)(𝑚𝑎 +𝑚𝑏 +𝑚𝑐)
2 ≥ 𝑠2 ⋅ (9𝑟)2 = 81𝑠2𝑟2 = 81𝐹2 

G.050. Solution by George Florin Şerban-Romania 

Lemma. 𝐴𝐾 =
(𝑏2+𝑐2)𝑠𝑎

𝑎2+𝑏2+𝑐2
=
(𝑏2+𝑐2)⋅

2𝑏𝑐𝑚𝑎
𝑏2+𝑐2

𝑎2+𝑏2+𝑐2
=

2𝑏𝑐𝑚𝑎

𝑎2+𝑏2+𝑐2
 

Now, we have: 
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∑
𝑚𝑎

𝐴𝐾 ⋅ 𝑠𝑖𝑛 𝐴
𝑐𝑦𝑐

=∑
𝑚𝑎(𝑎

2 + 𝑏2 + 𝑐2)

2𝑏𝑐𝑚𝑎 ⋅ 𝑠𝑖𝑛 𝐴
𝑐𝑦𝑐

=
1

2
(𝑎2 + 𝑏2 + 𝑐2)∑

1

𝑏𝑐 ⋅
𝑎
2𝑅𝑐𝑦𝑐

 

=
1

2
(𝑎2 + 𝑏2 + 𝑐2) ⋅∑

2𝑅

𝑎𝑏𝑐
𝑐𝑦𝑐

= 𝑅(𝑎2 + 𝑏2 + 𝑐2) ⋅
3

𝑎𝑏𝑐
= 

=
3𝑅

4𝑅𝐹
(𝑎2 + 𝑏2 + 𝑐2) =

3

4𝐹
(𝑎2 + 𝑏2 + 𝑐2) ≥

𝐼𝑜𝑛𝑒𝑠𝑐𝑢−𝑊𝑒𝑡𝑧𝑒𝑛𝑏𝑜𝑐𝑘
 

≥
3

4𝐹
⋅ 4𝐹√3 = 3√3 

Therefore, 

𝑚𝑎
𝐴𝐾 ⋅ 𝑠𝑖𝑛 𝐴

+
𝑚𝑏

𝐵𝐾 ⋅ 𝑠𝑖𝑛 𝐵
+

𝑚𝑐
𝐶𝐾 ⋅ 𝑠𝑖𝑛 𝐶

≥ 3√3 

G.051. Solution by George Florin Șerban-Romania 

Let 𝑓: (0,
𝜋

2
) → ℝ, 𝑓(𝑥) = 𝑡𝑎𝑛 𝑥 then 

 𝑓′(𝑥) =
1

𝑐𝑜𝑠2 𝑥
, 𝑓′′(𝑥) =

2 𝑠𝑖𝑛 𝑥

𝑐𝑜𝑠3 𝑥
> 0 ⇒ 𝑓 −convexe. 

Hence, 

𝑡𝑎𝑛 (
𝐴 + 𝐵 + 𝐶

3
) ≤

1

3
(𝑡𝑎𝑛 𝐴 + 𝑡𝑎𝑛 𝐵 + 𝑡𝑎𝑛 𝐶) ⇔ 

√3 ≤
1

3
𝑡𝑎𝑛 𝐴 𝑡𝑎𝑛 𝐵 𝑡𝑎𝑛 𝐶 ⇔ 𝑡𝑎𝑛 𝐴 𝑡𝑎𝑛 𝐵 𝑡𝑎𝑛 𝐶 ≥ 3√3 

Thus, 

∑
𝑡𝑎𝑛4 𝐴 ⋅ 𝑡𝑎𝑛4 𝐵

𝑥3𝑦3
𝑐𝑦𝑐

=∑
(𝑡𝑎𝑛 𝐴 ⋅ 𝑡𝑎𝑛𝐵)4

(𝑥𝑦)3
𝑐𝑦𝑐

≥
𝑅𝑎𝑑𝑜𝑛 (∑ 𝑡𝑎𝑛 𝐴 ⋅ 𝑡𝑎𝑛 𝐵)4

(∑𝑥𝑦)3
≥

𝐴𝑀−𝐺𝑀
 

≥ 3(√𝑡𝑎𝑛 𝐴 𝑡𝑎𝑛 𝐵 𝑡𝑎𝑛 𝐶
3

)
8
≥ 3(√3√3

3

)

8

= 243 
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Therefore, 

𝑡𝑎𝑛4 𝐴 ⋅ 𝑡𝑎𝑛4 𝐵

𝑥3𝑦3
+
𝑡𝑎𝑛4 𝐵 ⋅ 𝑡𝑎𝑛4 𝐶

𝑦3𝑧3
+
𝑡𝑎𝑛4 𝐶 ⋅ 𝑡𝑎𝑛4 𝐴

𝑧3𝑥3
≥ 243 

G.052. Solution by Tapas Das-India 

1

1
𝑠𝑖𝑛 𝑥 + 𝑠𝑖𝑛 𝑦 +

1
𝑐𝑜𝑠 𝑥 + 𝑐𝑜𝑠 𝑦

=
1

2
∙

2

1
𝑠𝑖𝑛 𝑥 + 𝑠𝑖𝑛 𝑦 +

1
𝑐𝑜𝑠 𝑥 + 𝑐𝑜𝑠 𝑦

≤
𝐻𝑀−𝐴𝑀

 

≤
1

2
∙
𝑠𝑖𝑛 𝑥 + 𝑠𝑖𝑛 𝑦 + 𝑐𝑜𝑠 𝑥 + 𝑐𝑜𝑠 𝑦

2
=
1

4
[(𝑠𝑖𝑛 𝑥 + 𝑐𝑜𝑠 𝑥) + (𝑠𝑖𝑛 𝑦 + 𝑐𝑜𝑠 𝑦)] ≤

√2

2
 

𝑠𝑖𝑛 𝑥 + 𝑐𝑜𝑠 𝑥 = √2 (
1

√2
𝑠𝑖𝑛 𝑥 +

1

√2
𝑐𝑜𝑠 𝑥)

= √2 (𝑐𝑜𝑠
𝜋

4
𝑠𝑖𝑛 𝑥 + 𝑠𝑖𝑛

𝜋

4
𝑐𝑜𝑠 𝑥) = 

= √2 𝑠𝑖𝑛 (𝑥 +
𝜋

4
) ≤ √2( 𝑎𝑛𝑑 𝑎𝑛𝑎𝑙𝑜𝑔𝑠) 

G.053. Solution by Tapas Das-India 

𝐿𝑒𝑡 𝑓(𝑥) =
𝑠𝑖𝑛2 𝑥

𝑐𝑜𝑠 𝑥
=
1 − 𝑐𝑜𝑠2 𝑥

𝑐𝑜𝑠 𝑥
= 𝑠𝑒𝑐 𝑥 − 𝑐𝑜𝑠 𝑥 

𝑓′(𝑥) = 𝑠𝑒𝑐 𝑥 𝑡𝑎𝑛 𝑥 + 𝑠𝑖𝑛 𝑥 

𝑓′′(𝑥) = 𝑠𝑒𝑐 𝑥 + 𝑡𝑎𝑛2 𝑥 + 𝑠𝑒𝑐3 𝑥 + 𝑐𝑜𝑠 𝑥 > 0 ⇒ 𝑓 −convex function 

on (0,
𝜋

2
) 

3 𝑠𝑖𝑛2 𝐴

𝑐𝑜𝑠 𝐴
+
2 𝑠𝑖𝑛2 𝐵

𝑐𝑜𝑠 𝐵
+
𝑠𝑖𝑛2 𝐶

𝑐𝑜𝑠 𝐶
= 3𝑓(𝐴) + 2𝑓(𝐵) + 𝑓(𝐶) ≥ 

≥ (3 + 2 + 1)𝑓 (
3𝐴 + 2𝐵 + 𝐶

3 + 2 + 1
) = 6𝑓 (

3𝐴 + 2𝐵 + 𝐶

6
) = 

= 6 ∙
𝑠𝑖𝑛2 (

3𝐴 + 2𝐵 + 𝐶
6 )

𝑐𝑜𝑠 (
3𝐴 + 2𝐵 + 𝐶

6 )
= 6 ∙

𝑠𝑖𝑛2 (
𝜋 + 2𝐴 + 𝐵

6 )

𝑐𝑜𝑠 (
𝜋 + 2𝐴 + 𝐵

6 )
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Therefore, 

(
3 𝑠𝑖𝑛2 𝐴

𝑐𝑜𝑠 𝐴
+
2 𝑠𝑖𝑛2 𝐵

𝑐𝑜𝑠 𝐵
+
𝑠𝑖𝑛2 𝐶

𝑐𝑜𝑠 𝐶
) 𝑐𝑜𝑠 (

𝜋 + 2𝐴 + 𝐵

6
)

≥ 6 𝑠𝑖𝑛2 (
𝜋 + 2𝐴 + 𝐵

6
) 

G.054. Solution by Adrian Popa-Romania 

 

𝑂𝐴 −tangent of 𝐴𝐵, 𝐴𝐶 ⇒ 𝑂,𝑂𝐴 −tangent in 𝑇 ⇒ 𝑂, 𝑇, 𝑂𝐴 −collinear 
and  

𝑂𝑂𝐴 ≡ 𝑂𝑇 + 𝑇𝑂𝐴 = 𝑅 + 𝑅𝐴 

In 𝛥𝑂𝑂𝐴𝑀, (𝑀̂ = 90
∘): 𝑠𝑖𝑛 𝑂𝐴𝑂𝑀̂ =

𝑂𝐴𝑀

𝐴𝑂𝐴
⇒ 𝑠𝑖𝑛

𝐴

2
=

𝑅𝐴

𝐴𝑂𝐴
⇒ 𝐴𝑂𝐴 =

𝑅𝐴

𝑠𝑖𝑛
𝐴

2

 

𝑂𝐴𝐴𝑂̂ = 𝐵𝐴𝑂̂ − 𝐵𝐴𝑂𝐴̂, 𝐴𝑄 −diameter, then 𝐴𝐵𝑄̂ = 90∘ ⇒ 

𝐵𝐴𝑂̂ = 90∘ − 𝐴𝐵𝑄̂ = 90∘ −
𝐴𝐵̂

2
= 90∘ − 𝐶̂ ⇒ 𝑂𝐴𝐴𝑂̂ = 90

∘ − 𝐶̂ −
𝐴̂

2

=
𝐵̂ − 𝐶̂

2
 

From Law of cosines in 𝛥𝐴𝑂𝐴𝑂: 𝑂𝑂𝐴
2 = 𝐴𝑂𝐴

2 − 2𝑂𝑂𝐴 ⋅ 𝐴𝑂 ⋅ 𝑐𝑜𝑠 𝑂𝐴𝑂𝐴̂ 
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(𝑅 + 𝑅𝐴)
2 =

𝑅𝐴
2

𝑠𝑖𝑛2
𝐴
2

+ 𝑅2 − 2 ⋅
𝑅𝐴

𝑠𝑖𝑛
𝐴
2

⋅ 𝑅 ⋅ 𝑐𝑜𝑠 (
𝐵 − 𝐶

2
) 

𝑅2 + 2𝑅𝑅𝐴 + 𝑅𝐴
2 =

𝑅𝐴
2

𝑠𝑖𝑛2
𝐴
2

+ 𝑅2 −
2𝑅𝑅𝐴

𝑠𝑖𝑛
𝐴
2

⋅ 𝑐𝑜𝑠 (
𝐵 − 𝐶

2
) 

𝑅𝐴
2

𝑠𝑖𝑛2
𝐴
2

− 𝑅𝐴
2 = 2𝑅𝑅𝐴 +

2𝑅𝑅𝐴

𝑠𝑖𝑛
𝐴
2

⋅ 𝑐𝑜𝑠 (
𝐵 − 𝐶

2
) ⇒ 

𝑅𝐴 − 𝑅𝐴 ⋅ 𝑠𝑖𝑛
2
𝐴

2
= 2𝑅 ⋅ 𝑠𝑖𝑛2

𝐴

2
+ 2𝑅 ⋅ 𝑠𝑖𝑛

𝐴

2
⋅ 𝑐𝑜𝑠 (

𝐵 − 𝐶

2
) ⇒ 

𝑅𝐴 ⋅ 𝑐𝑜𝑠
2
𝐴

2
= 2𝑅 ⋅ 𝑠𝑖𝑛

𝐴

2
(𝑠𝑖𝑛

𝐴

2
+ 𝑐𝑜𝑠 (

𝐵 − 𝐶

2
)) 

𝑠𝑖𝑛
𝐴

2
+ 𝑐𝑜𝑠 (

𝐵 − 𝐶

2
) = 𝑠𝑖𝑛

𝜋 − (𝐵 + 𝐶)

2
+ 𝑐𝑜𝑠 (

𝐵 − 𝐶

2
)

= 𝑐𝑜𝑠 (
𝐵 + 𝐶

2
) + 𝑐𝑜𝑠 (

𝐵 − 𝐶

2
) = 

= 2𝑐𝑜𝑠

𝐵 + 𝐶
2

+
𝐵 − 𝐶
2

2
𝑐𝑜𝑠

𝐵 + 𝐶
2

−
𝐵 − 𝐶
2

2
= 2 𝑐𝑜𝑠

𝐵

2
𝑐𝑜𝑠

𝐶

2
 

Hence, 

𝑅𝐴 𝑐𝑜𝑠
2
𝐴

2
= 4𝑅 ⋅ 𝑠𝑖𝑛

𝐴

2
𝑐𝑜𝑠

𝐵

2
𝑐𝑜𝑠

𝐶

2
⇒ 

𝑅𝐴 =
4𝑅 ⋅ 𝑠𝑖𝑛

𝐴
2 𝑐𝑜𝑠

𝐵
2 𝑐𝑜𝑠

𝐶
2

𝑐𝑜𝑠2
𝐴
2

=
𝑟𝑎

𝑐𝑜𝑠2
𝐴
2

 

Therefore, 𝑅𝐴 =
𝑟𝑎

𝑐𝑜𝑠2
𝐴

2

, 𝑅𝑏 =
𝑟𝑏

𝑐𝑜𝑠2
𝐵

2

, 𝑅𝑐 =
𝑟𝑐

𝑐𝑜𝑠2
𝐶

2

. 

∑
𝑅𝐴𝑅𝐵
𝑟𝑎𝑟𝑏

𝑐𝑦𝑐

=∑
1

𝑐𝑜𝑠2
𝐴
2 𝑐𝑜𝑠

2 𝐵
2𝑐𝑦𝑐

=
∑𝑐𝑜𝑠2

𝐴
2

∏𝑐𝑜𝑠2
𝐴
2

=

4𝑅 + 𝑟
2𝑅

∏
𝑠(𝑠 − 𝑎)
𝑏𝑐

=

4𝑅 + 𝑟
2𝑅
𝑠2𝐹2

16𝑅2𝐹2

= 
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=
8𝑅(4𝑅 + 𝑟)

𝑠2
≥
32𝑅2 + 8𝑅𝑟

𝑠2
≥
(∗) 64𝑟2

3𝑅2
⇔ 

(∗) ⇔
(32𝑅2 + 8𝑅𝑟) ⋅ 4

27𝑅2
≥
64𝑟2

3𝑅2
⇔ 96𝑅2 + 24𝑅𝑟 ≥ 432𝑟2 

96𝑅2 + 24𝑅𝑟 ≥ 96 ⋅ (2𝑟)2 + 24 ⋅ 2𝑟 ⋅ 𝑟 = 324𝑟2 + 48𝑟2 = 432𝑟2 

G.055. Solution by Amrit Awasthi-India 

sin 5𝑥 + 10 sin 𝑥 = 5 sin 3𝑥 ⇔ 

(sin 5𝑥 + sin 𝑥) + 4 sin 𝑥 = 5(sin 3𝑥 − sin 𝑥) ⇔ 

2 sin 3𝑥 cos 2𝑥 + 4 sin 𝑥 = 10 cos 2𝑥 sin 𝑥 ⇔ 

2(3 sin 𝑥 − 4 sin3 𝑥)(1 − 2 sin2 𝑥) + 10 sin 𝑥 (1 − 2 cos 2𝑥) = 6 sin 𝑥 ; 

put sin 𝑥 = 𝑡 

⇔ 2(3𝑡 − 4𝑡3)(1 − 2𝑡2) + 10𝑡 ⋅ 2𝑡2 = 6𝑡 ⇔ 16𝑡5 = 0 ⇔ sin 𝑥 = 0 

𝑥 = 𝑘𝜋, 𝑘 ∈ ℤ.  

G.056. Solution by Amrit Awasthi-India 

𝑟𝑎 =
𝐹

𝑠 − 𝑎
, 𝑟𝑎 = 3 ⇒ 𝑠 − 𝑎 =

𝐹

3
; (1) 

𝑟𝑏 =
𝐹

𝑠 − 𝑏
, 𝑟𝑏 = 4 ⇒ 𝑠 − 𝑏 =

𝐹

4
; (2) 

𝑟𝑐 =
𝐹

𝑠 − 𝑐
, 𝑟𝑐 = 5 ⇒ 𝑠 − 𝑐 =

𝐹

5
; (3) 

Adding (1),(2),(3), we get: 3𝑠 − (𝑎 + 𝑏 + 𝑐) = (
1

3
+
1

4
+
1

5
) 𝐹 

3𝑠 − 2𝑠 =
47𝐹

60
⇒ 𝑠 =

47𝐹

60
 

But 𝑟 =
𝐹

𝑠
⇒ 𝑟 =

𝐹

47𝐹
⋅ 60 =

60

47
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Now, 𝐹 = √𝑟 ⋅ 𝑟𝑎𝑟𝑏𝑟𝑐 = √3 ⋅ 4 ⋅ 5 ⋅
60

47
=

60

√47
 

G.057. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑊𝑒 ℎ𝑎𝑣𝑒 ∶ 

 4𝐹√
𝑎𝑏𝑐

(𝑎 + 𝑏)(𝑏 + 𝑐)(𝑐 + 𝑎)
.∑𝑐𝑠𝑐 𝐶 .√

𝑎 + 𝑏

𝑐
𝑐𝑦𝑐

= 4𝐹∑
2𝑅

𝑐
. √

𝑎𝑏

(𝑏 + 𝑐)(𝑐 + 𝑎)
𝑐𝑦𝑐

 

=∑
2𝑎𝑏𝑐

𝑐
. √

𝑎𝑏

(𝑏 + 𝑐)(𝑐 + 𝑎)
𝑐𝑦𝑐

=∑𝑎𝑏. 2√
𝑎𝑏

(𝑏 + 𝑐)(𝑐 + 𝑎)
𝑐𝑦𝑐

 ≤⏞
𝐴𝑀−𝐺𝑀

 ∑𝑎𝑏 (
𝑎

𝑏 + 𝑐
+

𝑏

𝑐 + 𝑎
)

𝑐𝑦𝑐

 

=∑
𝑎2𝑏

𝑏 + 𝑐
𝑐𝑦𝑐

+∑
𝑎𝑏2

𝑐 + 𝑎
𝑐𝑦𝑐

=∑
𝑎2𝑏

𝑏 + 𝑐
𝑐𝑦𝑐

+∑
𝑐𝑎2

𝑏 + 𝑐
𝑐𝑦𝑐

=∑𝑎2 (
𝑏

𝑏 + 𝑐
+

𝑐

𝑏 + 𝑐
)

𝑐𝑦𝑐

=∑𝑎2

𝑐𝑦𝑐

 

𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒,   

 𝑎2 + 𝑏2 + 𝑐2 ≥ 4𝐹√
𝑎𝑏𝑐

(𝑎 + 𝑏)(𝑏 + 𝑐)(𝑐 + 𝑎)
.∑𝑐𝑠𝑐 𝐶 .√

𝑎 + 𝑏

𝑐
𝑐𝑦𝑐

 

G.058. Solution by Amrit Awasthi-India 

{
2 𝑠𝑖𝑛 𝑥 + 2 𝑠𝑖𝑛 𝑦 = 1

2 𝑐𝑜𝑠 𝑥 + 2 𝑐𝑜𝑠 𝑦 = √3
⇒

{
 

 2 𝑠𝑖𝑛 (
𝑥 + 𝑦

2
) 𝑐𝑜𝑠 (

𝑥 − 𝑦

2
) =

1

2
; (𝑖)

2 𝑐𝑜𝑠 (
𝑥 + 𝑦

2
) 𝑐𝑜𝑠 (

𝑥 − 𝑦

2
) =

√3

2
; (𝑖𝑖)

⇒ 

𝑡𝑎𝑛 (
𝑥 + 𝑦

2
) =

1

√3
= 𝑡𝑎𝑛

𝜋

6
⇒ 𝑥 + 𝑦 =

𝜋

3
 

Squaring and adding: 2 + 2 𝑠𝑖𝑛 𝑥 𝑠𝑖𝑛 𝑦 + 2 𝑐𝑜𝑠 𝑥 𝑐𝑜𝑠 𝑦 =
1

4
+
3

4
− 1 

𝑐𝑜𝑠(𝑥 − 𝑦) = −
1

2
= −𝑐𝑜𝑠

𝜋

3
= 𝑐𝑜𝑠

2𝜋

3
⇒ 𝑥 − 𝑦 =

2𝜋

3
; (𝑖𝑣) 
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(𝑖𝑖𝑖) + (𝑖𝑣) ⇒ 2𝑥 =
2𝜋

3
± 𝜋 ⇒ 𝑥 =

𝜋

2
 

(𝑖𝑖𝑖) − (𝑖𝑣) ⇒ 2𝑦 = −
𝜋

3
⇒ 𝑦 = −

𝜋

6
 

Therefore, 

(𝑥, 𝑦) ∈ {(2𝑛𝜋 +
𝜋
2
, 2𝑛𝜋 −

𝜋
6
) |𝑛 ∈ ℤ} 

G.059. Solution by Ravi Prakash-New Delhi-India 

𝑎3 +
1

𝑎3
− (𝑎 +

1

𝑎
) = (𝑎 +

1

𝑎
)
3

− 4(𝑎 +
1

𝑎
) = 

= (𝑎 +
1

𝑎
) [(𝑎 +

1

𝑎
)
2

− 4] = (𝑎 +
1

𝑎
) (𝑎 −

1

𝑎
)
2

≥ 0 

Thus, for 𝑥, 𝑦 ∈ (0,
𝜋

2
) we have: 

𝑡𝑎𝑛3 𝑥 +
1

𝑡𝑎𝑛3 𝑥
≥ 𝑡𝑎𝑛 𝑥 +

1

𝑡𝑎𝑛 𝑥
; (1) 

Similarly, 

𝑡𝑎𝑛3 𝑦 +
1

𝑡𝑎𝑛3 𝑦
≥ 𝑡𝑎𝑛 𝑦 +

1

𝑡𝑎𝑛 𝑦
 

Hence, 

𝑡𝑎𝑛3 𝑥 +
1

𝑡𝑎𝑛3 𝑥
+ 𝑡𝑎𝑛3 𝑦 +

1

𝑡𝑎𝑛3 𝑦
≥ 𝑡𝑎𝑛 𝑥 +

1

𝑡𝑎𝑛 𝑥
+ 𝑡𝑎𝑛 𝑦 +

1

𝑡𝑎𝑛 𝑦
 

Equality holds for 𝑥 = 𝑦 =
𝜋

4
. 

G.060. Solution by Ravi Prakash-New Delhi-India 

𝐿𝑒𝑡 𝑓(𝑡) = 𝑡2 + 𝑐𝑜𝑠 𝑡 −
1

12
𝑡4;  0 ≤ 𝑡 ≤ 1, 𝑡ℎ𝑒𝑛  
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𝑓′(𝑡) = 2𝑡 − 𝑠𝑖𝑛 𝑡 −
1

3
𝑡3 𝑎𝑛𝑑 

 𝑓′′(𝑡) = 2 − 𝑐𝑜𝑠 𝑡 − 𝑡2 = (1 − 𝑡2) + (1 − 𝑐𝑜𝑠 𝑡) ≥ 0, 𝑡 ∈ (0,1) 

𝑓′(𝑥) increasing on (0,1) then 𝑓′(𝑥) > 𝑓′(0) = 1 > 0; ∀𝑡 ∈ (0,1) 

Hence, 𝑓(𝑡) increasing on (0,1). If 0 < 𝑎 ≤ 𝑏 <
𝜋

2
, we have: 

𝑠𝑖𝑛 𝑏 ≥ 𝑠𝑖𝑛 𝑎 ⇒ 𝑓(𝑠𝑖𝑛 𝑏) ≥ 𝑓(𝑠𝑖𝑛 𝑎) 

Therefore, 

𝑠𝑖𝑛2 𝑏 − 𝑠𝑖𝑛2 𝑎 + 𝑐𝑜𝑠(𝑠𝑖𝑛 𝑏) − 𝑐𝑜𝑠(𝑠𝑖𝑛 𝑎) ≥
1

12
(𝑠𝑖𝑛4 𝑏 − 𝑠𝑖𝑛4 𝑎) 

G.061. Solution by Ravi Prakash-New Delhi-India 

𝑎⃗ ⋅ 𝑏⃗⃗ = 2√𝑥 + 3√𝑥 − 1 

|𝑎⃗| ⋅ |𝑏⃗⃗| 𝑐𝑜𝑠 𝜃 = 2√𝑥 + 3√𝑥 − 1 

𝑎⃗ ⋅ 𝑏⃗⃗ = (3√𝑥 − 2√𝑥 − 1)
′
⋅ 𝑘⃗⃗ ⇒ |𝑎⃗||𝑏⃗⃗| 𝑠𝑖𝑛 𝜃 = 3√𝑥 − 2√𝑥 − 1 

𝑡𝑎𝑛 𝜃 =
3√𝑥 − 2√𝑥 − 1

2√𝑥 + 3√𝑥 − 1
= 13√2 − 18 ⇒ 

3√𝑥 − 2√𝑥 − 1 = (13√2 − 18)(2√𝑥 + 3√𝑥 − 1) 

(26√2 − 39)√𝑥 = (52 − 39√2)√𝑥 − 1 

√
𝑥 − 1

𝑥
=
13(2√2 − 3)

13(4 − 3√2)
=
1

√2
 

2(𝑥 − 1) = 𝑥 ⇒ 𝑥 = 2. 

G.062. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐹𝑟𝑜𝑚 𝐶𝐵𝑆,𝑤𝑒 ℎ𝑎𝑣𝑒 ∶  
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(𝑥2 𝑐𝑜𝑡
𝜋

19
+ 𝑦2 𝑐𝑜𝑡

2𝜋

19
+ 𝑧2 𝑐𝑜𝑡

4𝜋

19
+ 𝑡2 𝑡𝑎𝑛

8𝜋

19
) (𝑡𝑎𝑛

𝜋

19
+ 2 𝑡𝑎𝑛

2𝜋

19

+ 4 𝑡𝑎𝑛
4𝜋

19
+ 8 𝑐𝑜𝑡

8𝜋

19
) ≥ (𝑥 + 𝑦√2 + 2𝑧 + 2𝑡√2)

2
 

𝑊𝑒 𝑘𝑛𝑜𝑤 𝑡ℎ𝑎𝑡 ∶  ∀𝑎 ∈ (0,
𝜋

2
) ;  2 𝑐𝑜𝑡 2𝑎 = 𝑐𝑜𝑡 𝑎 − 𝑡𝑎𝑛 𝑎 

→  8 𝑐𝑜𝑡
8𝜋

19
= 4 𝑐𝑜𝑡

4𝜋

19
− 4 𝑡𝑎𝑛

4𝜋

19
= 2 𝑐𝑜𝑡

2𝜋

19
− 2 𝑡𝑎𝑛

2𝜋

19
− 4 𝑡𝑎𝑛

4𝜋

19

= 𝑐𝑜𝑡
𝜋

19
− 𝑡𝑎𝑛

𝜋

19
− 2 𝑡𝑎𝑛

2𝜋

19
− 4 𝑡𝑎𝑛

4𝜋

19
 

→ 𝑡𝑎𝑛
𝜋

19
+ 2 𝑡𝑎𝑛

2𝜋

19
+ 4 𝑡𝑎𝑛

4𝜋

19
+ 8 𝑐𝑜𝑡

8𝜋

19
= 𝑐𝑜𝑡

𝜋

19
 

𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒,   

𝑥2 𝑐𝑜𝑡
𝜋

19
+ 𝑦2 𝑐𝑜𝑡

2𝜋

19
+ 𝑧2 𝑐𝑜𝑡

4𝜋

19
+ 𝑡2 𝑡𝑎𝑛

8𝜋

19

≥ (𝑥 + 𝑦√2 + 2𝑧 + 2𝑡√2)
2
𝑡𝑎𝑛

𝜋

19
. 

G.063. Solution by Tapas Das-India 

√𝑎𝑏
3

(√𝑎
3
+ √𝑏

3
) = (√𝑎2𝑏

3
+ √𝑎𝑏2

3
) = √𝑎 ∙ 𝑎 ∙ 𝑏

3
+ √𝑎 ∙ 𝑏 ∙ 𝑏

3
≤

𝐴𝑀−𝐺𝑀
 

≤
𝑎 + 𝑎 + 𝑏

3
+
𝑎 + 𝑏 + 𝑏

3
=
3(𝑎 + 𝑏)

3
= 𝑎 + 𝑏 

∑√𝑎𝑏
3

(√𝑎
3
+ √𝑏

3
)

𝑐𝑦𝑐

≤∑(𝑎 + 𝑏)

𝑐𝑦𝑐

= 4𝑠 

∑𝑎√𝑏𝑐

𝑐𝑦𝑐

=∑√𝑎𝑏 ∙ 𝑎𝑐

𝑐𝑦𝑐

≤
1

2
∑(𝑎𝑏 + 𝑎𝑐)

𝑐𝑦𝑐

= 𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎 

  (∑𝑎√𝑏𝑐

𝑐𝑦𝑐

)(∑ √𝑎𝑏
3

(√𝑎
3
+ √𝑏

3
)

𝑐𝑦𝑐

) ≤ 4𝑠(𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎) ≤ 
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≤
(𝑎 + 𝑏 + 𝑐)2

3
∙ 4𝑠 =

4𝑠2 ∙ 4𝑠

3
≤
4

3
∙
27𝑅2

4
∙ 4 ∙

3√3

2
𝑅 = 54√3 ∙ 𝑅3   

G.064. Solution by Ertan Yildirim-Izmir-Turkiye 

Lemma 1. 𝑐𝑜𝑠
𝐶

2
= √

𝑠(𝑠−𝑐)

𝑎𝑏
 

Lemma 2. 𝑎2 + 𝑏2 + 𝑐2 ≥ 4√3𝐹 (𝐼𝑜𝑛𝑒𝑠𝑐𝑢 −𝑊𝑒𝑖𝑡𝑧𝑒𝑛𝑏𝑜𝑐𝑘) 

4𝑎𝑏 𝑐𝑜𝑠2
𝐶

2
= 4𝑎𝑏 ⋅

𝑠(𝑠 − 𝑐)

𝑎𝑏
= 4𝑠(𝑠 − 𝑐) = 3𝑐2 ⇒ 

4𝑠2 − 4𝑠𝑐 − 3𝑐2 = 0 ⇒ (2𝑠 − 3𝑐)(2𝑠 + 𝑐) = 0 ⇒ 2𝑠 = 3𝑐 ⇒ 

𝑎 + 𝑏 + 𝑐 = 3𝑐 ⇒ 𝑎 + 𝑏 = 2𝑐 

⇒ 𝑎2 + 𝑏2 + 2𝑎𝑏 = 4𝑐2 

5𝑐2 = 𝑎2 + 𝑏2 + 𝑐2 + 2𝑎𝑏 ≥
𝐿𝑒𝑚𝑚𝑎 2

4√3𝐹 + 2𝑎𝑏 

G.065. Solution by Tapas Das-India 

Let 𝑓(𝑥) = 𝑡𝑎𝑛−1 𝑥 − 𝑥; 𝑥 > 0, then 

𝑓′(𝑥) =
1

1 + 𝑥2
− 1 = −

𝑥2

1 + 𝑥2
< 0 

𝑓 −is decreasing function, then 𝑓(𝑥) < 𝑓(0), 𝑓(0) = 0 

𝑡𝑎𝑛−1 𝑥 ≤ 𝑥; ∀𝑥 > 0 

𝑥 ≤ 𝑦 ≤ 𝑧 < 1 ⇒ 𝑦 − 𝑥 > 0, 𝑧 − 𝑥 > 0, 𝑧 − 𝑦 > 0 

⇒ (𝑦 − 𝑥) 𝑡𝑎𝑛−1 𝑥 < (𝑦 − 𝑥)𝑥 

(𝑧 − 𝑥) 𝑡𝑎𝑛−1 𝑦 < (𝑧 − 𝑥)𝑦 

(𝑧 − 𝑦) 𝑡𝑎𝑛−1 𝑧 < (𝑧 − 𝑦)𝑧 

By adding, we get: 
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 (𝑦 − 𝑧) 𝑡𝑎𝑛−1 𝑥 + (𝑧 − 𝑥) 𝑡𝑎𝑛−1 𝑦 + (𝑧 − 𝑥) 𝑡𝑎𝑛−1 𝑧 < (𝑦 − 𝑥)𝑥 +
(𝑧 − 𝑥)𝑦 + (𝑧 − 𝑦)𝑧 = 𝑧2 − 𝑥2 < 0 

and 
𝜋

2
− 𝑙𝑜𝑔 2 > 0 

Therefore, 

(𝑦 − 𝑧) 𝑡𝑎𝑛−1 𝑥 + (𝑧 − 𝑥) 𝑡𝑎𝑛−1 𝑦 + (𝑧 − 𝑥) 𝑡𝑎𝑛−1 𝑧 <
𝜋

2
− 𝑙𝑜𝑔 2 

G.066. Solution by Fayssal Abdelli-Bejaia-Algerie 

𝑠𝑖𝑛 2𝑥 ⋅ 𝑠𝑖𝑛 3𝑥 ⋅ 𝑠𝑖𝑛 11𝑥 + 𝑠𝑖𝑛2 5𝑥 ⋅ 𝑠𝑖𝑛 6𝑥 = 𝑠𝑖𝑛 𝑥 ⋅ 𝑠𝑖𝑛 3𝑥 ⋅ 𝑠𝑖𝑛 8𝑥 

𝑠𝑖𝑛 3𝑥 ⋅ [𝑠𝑖𝑛 2𝑥 ⋅ 𝑠𝑖𝑛 11𝑥 + 2 𝑠𝑖𝑛2 5𝑥 ⋅ 𝑐𝑜𝑠 3𝑥] = 𝑠𝑖𝑛 𝑥 ⋅ 𝑠𝑖𝑛 3𝑥 ⋅ 𝑠𝑖𝑛 8𝑥 

𝑠𝑖𝑛 3𝑥 = 0 ⇒ 𝑥 =
𝜋

3
𝑘, 𝑘 ∈ ℤ 

𝑠𝑖𝑛 2𝑥 ⋅ 𝑠𝑖𝑛 11𝑥 + 2 𝑠𝑖𝑛2 5𝑥 ⋅ 𝑐𝑜𝑠 3𝑥 = 𝑠𝑖𝑛 𝑥 ⋅ 𝑠𝑖𝑛 8𝑥 ; (𝐴) 

But: 𝑠𝑖𝑛 𝑥 ⋅ 𝑠𝑖𝑛 11𝑥 =
1

2
𝑐𝑜𝑠 9𝑥 −

1

2
𝑐𝑜𝑠 13𝑥 and  

𝑠𝑖𝑛 𝑥 ⋅ 𝑠𝑖𝑛 8𝑥 =
1

2
𝑐𝑜𝑠 7𝑥 −

1

2
𝑐𝑜𝑠 9𝑥 

(𝐴) =
1

2
𝑐𝑜𝑠 9𝑥 −

1

2
𝑐𝑜𝑠 13𝑥 + 2 𝑠𝑖𝑛2 5𝑥 𝑐𝑜𝑠 3𝑥 −

1

2
𝑐𝑜𝑠 7𝑥 −

1

2
𝑐𝑜𝑠 9𝑥 

⇒ 𝑐𝑜𝑠 3𝑥 [𝑐𝑜𝑠 6𝑥 − 2 𝑠𝑖𝑛2 3𝑥 + 2 𝑠𝑖𝑛2 5𝑥 − 𝑐𝑜𝑠 7𝑥 𝑐𝑜𝑠 3𝑥
+ 𝑠𝑖𝑛 7𝑥 𝑠𝑖𝑛 3𝑥] = 0 

𝑐𝑜𝑠 3𝑥 = 0 ⇒ 𝑥 =
𝜋

6
+
𝑘𝜋

3
, 𝑘 ∈ ℤ. 

𝑐𝑜𝑠 6𝑥 − 2 𝑠𝑖𝑛2 3𝑥 + 2 𝑠𝑖𝑛2 5𝑥 − 𝑐𝑜𝑠 10𝑥 = 0; (𝐵) 

(𝐵) ⇒ 1 − 2 𝑠𝑖𝑛2 3𝑥 − 2 𝑠𝑖𝑛2 3𝑥 + 2 𝑠𝑖𝑛2 5𝑥 − 1 + 2 𝑠𝑖𝑛2 5𝑥 = 0 

⇒ 𝑠𝑖𝑛2 5𝑥 = 𝑠𝑖𝑛2 3𝑥 ⇒ 𝑠𝑖𝑛 5𝑥 = 𝑠𝑖𝑛 3𝑥 or 𝑠𝑖𝑛 5𝑥 = 𝑠𝑖𝑛(−3𝑥) ⇒ 
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{
𝑥 = 2𝑘𝜋, 𝑥 =

𝜋

8
+ 2𝑘𝜋

𝑥 =
𝑘𝜋

4
,           𝑥 =

𝜋

2
+ 𝑘𝜋

 

Therefore, 

𝑆 = {𝑘𝜋;
𝜋

8
+
𝑘𝜋

4
;
𝑘𝜋

4
;
𝜋

2
+ 𝑘𝜋;

𝑘𝜋

3
;
𝜋

6
+
𝑘𝜋

3
} 

G.067. Solution by Fayssal Abdeli-Bejaia-Algerie 

Let: 𝐴 = 1 + 2 𝑐𝑜𝑠 𝑥 ⋅ 𝑐𝑜𝑠 2𝑥 ⋅ 𝑐𝑜𝑠 5𝑥 ; 𝐵 = 𝑐𝑜𝑠2 𝑥 + 𝑐𝑜𝑠2 2𝑥 + 𝑐𝑜𝑠2 5𝑥 

𝐴 = 1 + 2 𝑐𝑜𝑠 𝑥 ⋅ 𝑐𝑜𝑠 2𝑥 ⋅ 𝑐𝑜𝑠 5𝑥 = 1 + (𝑐𝑜𝑠 3𝑥 + 𝑐𝑜𝑠 𝑥) 𝑐𝑜𝑠 5𝑥 

= 1 +
1

2
𝑐𝑜𝑠 8𝑥 +

1

2
𝑐𝑜𝑠 2𝑥 +

1

2
𝑐𝑜𝑠 4𝑥 +

1

2
𝑐𝑜𝑠 6𝑥 = 

= 1 +
1

2
(2 𝑐𝑜𝑠2 4𝑥 − 1) +

1

2
(2 𝑐𝑜𝑠2 𝑥 − 1) +

1

2
(2 𝑐𝑜𝑠2 2𝑥 − 1)

+
1

2
𝑐𝑜𝑠 6𝑥 = 

=
1

2
𝑐𝑜𝑠 8𝑥 + 𝑐𝑜𝑠2 𝑥 + 𝑐𝑜𝑠2 2𝑥 +

1

2
𝑐𝑜𝑠 6𝑥 =

1

2
𝑐𝑜𝑠 8𝑥 +

1

2
𝑐𝑜𝑠 6𝑥

= 𝑐𝑜𝑠2 5𝑥. 

1

2
𝑐𝑜𝑠 8𝑥 +

1

2
𝑐𝑜𝑠 6𝑥 =

1

2
+
1

2
𝑐𝑜𝑠 10𝑥 

𝑐𝑜𝑠 8𝑥 + 𝑐𝑜𝑠 6𝑥 − 𝑐𝑜𝑠 10𝑥 − 1 = 0  

𝑐𝑜𝑠 8𝑥 − 1 + 2 𝑠𝑖𝑛 8𝑥 𝑠𝑖𝑛 2𝑥 = 0 

2 𝑐𝑜𝑠2 4𝑥 − 2 + 2 𝑠𝑖𝑛 8𝑥 𝑠𝑖𝑛 2𝑥 = 0 

−2𝑠𝑖𝑛2 4𝑥 + 4 𝑠𝑖𝑛 4𝑥 𝑐𝑜𝑠 4𝑥 𝑠𝑖𝑛 2𝑥 = 0 

𝑠𝑖𝑛 4𝑥 [− 𝑠𝑖𝑛 4𝑥 + 2 𝑠𝑖𝑛 2𝑥 𝑐𝑜𝑠 4𝑥] = 0, 𝑠𝑖𝑛 4𝑥 = 0 ⇒ 𝑥 =
𝑘𝜋

4
 

−𝑠𝑖𝑛 4𝑥 + 2 𝑠𝑖𝑛 2𝑥 𝑐𝑜𝑠 4𝑥 = 0; (𝐵) 
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(𝐵) ⇒ −2𝑠𝑖𝑛 2𝑥 𝑐𝑜𝑠 2𝑥 + 2 𝑠𝑖𝑛 2𝑥 𝑐𝑜𝑠 4𝑥 = 0 ⇒ 𝑠𝑖𝑛 2𝑥 = 0 ⇒ 𝑥
= 𝑘𝜋 

−𝑐𝑜𝑠 2𝑥 = −𝑐𝑜𝑠 4𝑥 ⇒ 𝑥 =
𝑘𝜋

3
 

Therefore, 

𝑆 = {
𝑘𝜋

4
;
𝑘𝜋

2
; 𝑘𝜋;

𝑘𝜋

3
} 

 

 
 
 

SOLUTIONS 
ANALYSIS 

 
AN.001. Solution by Adrian Popa-Romania 

𝑏3 − 𝑎3 = 𝑥3|𝑎
𝑏 = ∫ 3𝑥2

𝑏

𝑎

𝑑𝑥 

We must to prove: 

3∫ 𝑠𝑖𝑛 𝑥 ⋅ 𝑠𝑖𝑛ℎ 𝑥
𝑏

𝑎

𝑑𝑥 ≤ 3∫ 𝑥2
𝑏

𝑎

𝑑𝑥, 𝑠𝑖𝑛 𝑥 ⋅ 𝑠𝑖𝑛ℎ 𝑥 ≤ 𝑥2, 𝑥 ∈ [𝑎, 𝑏] 

Let 𝑓(𝑥) = 𝑠𝑖𝑛 𝑥 ⋅ 𝑠𝑖𝑛ℎ 𝑥 − 𝑥2; 𝑓(0) = 0, then  

𝑓′(𝑥) = 𝑐𝑜𝑠 𝑥 ⋅ 𝑠𝑖𝑛ℎ 𝑥 + 𝑠𝑖𝑛 𝑥 ⋅ 𝑐𝑜𝑠ℎ 𝑥 − 2𝑥; 𝑓′(0) = 0 

𝑓′′(𝑥) = 2 𝑐𝑜𝑠 𝑥 ⋅ 𝑐𝑜𝑠ℎ 𝑥 − 2; 𝑓′′(0) = 0 

𝑓′′′(𝑥) = 2(−𝑠𝑖𝑛 𝑥 ⋅ 𝑐𝑜𝑠ℎ 𝑥 + 𝑐𝑜𝑠 𝑥 ⋅ 𝑠𝑖𝑛ℎ 𝑥); 𝑓′′′(𝑥) = 0 

𝑓(𝑖𝑣)(𝑥) = −2 𝑠𝑖𝑛 𝑥 ⋅ 𝑠𝑖𝑛ℎ 𝑥 ≤ 0; 𝑓(𝑖𝑣)(0) = 0 
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Thus, 𝑓(𝑥) ≤ 0, ∀𝑥 ∈ (0,
𝜋

2
) ⇒ 𝑠𝑖𝑛 𝑥 ⋅ 𝑠𝑖𝑛ℎ 𝑥 ≤ 𝑥2, 𝑥 ∈ [𝑎, 𝑏] 

3∫ 𝑠𝑖𝑛 𝑥 ⋅ 𝑠𝑖𝑛ℎ 𝑥
𝑏

𝑎

𝑑𝑥 ≤ 3∫ 𝑥2
𝑏

𝑎

𝑑𝑥 

AN.002. Solution by Ravi Prakash-New Delhi-India 

𝑡𝑎𝑛 (
𝜋 − 2𝑥
4 ) (1 + 𝑠𝑖𝑛 𝑥)

𝑠𝑖𝑛 𝑥
=

1 − 𝑡𝑎𝑛
𝑥
2

1 + 𝑡𝑎𝑛
𝑥
2

(𝑐𝑜𝑠
𝑥
2 + 𝑠𝑖𝑛

𝑥
2)
2

𝑠𝑖𝑛 𝑥
= 

=

𝑐𝑜𝑠
𝑥
2 − 𝑠𝑖𝑛

𝑥
2

𝑐𝑜𝑠
𝑥
2 + 𝑠𝑖𝑛

𝑥
2

(𝑐𝑜𝑠
𝑥
2 + 𝑠𝑖𝑛

𝑥
2)
2

𝑠𝑖𝑛 𝑥
=
(𝑐𝑜𝑠

𝑥
2 − 𝑠𝑖𝑛

𝑥
2) (𝑐𝑜𝑠

𝑥
2 + 𝑠𝑖𝑛

𝑥
2)

𝑠𝑖𝑛 𝑥
= 

=
𝑐𝑜𝑠2

𝑥
2 − 𝑠𝑖𝑛

2 𝑥
2

𝑠𝑖𝑛 𝑥
=
𝑐𝑜𝑠 𝑥

𝑠𝑖𝑛 𝑥
 

Hence, 
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∫
𝑡𝑎𝑛 (

𝜋 − 2𝑥
4 ) (1 + 𝑠𝑖𝑛 𝑥)

𝑠𝑖𝑛 𝑥
𝑑𝑥

𝑏

𝑎

= 𝑙𝑜𝑔(𝑠𝑖𝑛 𝑥)|𝑎
𝑏 = 𝑙𝑜𝑔 (

𝑠𝑖𝑛 𝑏

𝑠𝑖𝑛 𝑎
)

= 𝑙𝑜𝑔 (1 −
𝑠𝑖𝑛 𝑏 − 𝑠𝑖𝑛 𝑎

𝑠𝑖𝑛 𝑎
) ≤ 

≤
𝑠𝑖𝑛 𝑏 − 𝑠𝑖𝑛 𝑎

𝑠𝑖𝑛 𝑎
; (∵ 𝑙𝑜𝑔(1 + 𝑥) ≤ 𝑥, ∀𝑥 ≥ 0) 

 
AN.003. Solution by Ravi Prakash-New Delhi-India 

𝑆 = ∑ (
𝑛

𝑖
) (
𝑛

𝑗
) 𝑐𝑜𝑠

2(𝑗 − 𝑖)𝜋

7
0≤𝑖<𝑗≤𝑛

= 

= ∑ (
𝑛

𝑖
) (
𝑛

𝑗
) 𝑐𝑜𝑠

2(𝑗 − 𝑖)𝜋

7
0≤𝑖<𝑗≤𝑛

+ ∑ (
𝑛

𝑖
) (
𝑛

𝑗
) 𝑐𝑜𝑠

2(𝑖 − 𝑗)𝜋

7
0≤𝑖<𝑗≤𝑛

= 

= 𝑅𝑒 [∑(
𝑛

𝑖
) (
𝑛

𝑗
) 𝑒

(𝑖−𝑗)
𝜋
7
 

𝑖≠𝑗

] ⇒∑(
𝑛

𝑗
)
2

𝑛

𝑗=0

+ 𝑆 = 

= 𝑅𝑒 {[(
𝑛

0
) + (

𝑛

1
) 𝑒

𝑖𝜋
7 + (

𝑛

2
) 𝑒

2𝜋𝑖
7 +⋯+ (

𝑛

𝑛
) 𝑒

𝑛𝜋𝑖
7 ]

⋅ [(
𝑛

0
) + (

𝑛

1
) 𝑒−

𝑖𝜋
7 + (

𝑛

2
) 𝑒−

2𝜋𝑖
7 +⋯+ (

𝑛

𝑛
) 𝑒−

𝑛𝜋𝑖
7 ]} 

= 𝑅𝑒 [(1 + 𝑒
𝑖𝜋
7 )
𝑛

(1 + 𝑒−
𝑖𝜋
7 )
𝑛

] = 𝑅𝑒 [(1 + 2 𝑐𝑜𝑠
𝜋𝑖

7
+ 1)

𝑛

] = 

= 𝑅𝑒 [2𝑛 (1 + 𝑐𝑜𝑠
𝜋

7
)
𝑛

] = 2𝑛 (1 + 𝑐𝑜𝑠
𝜋

7
)
𝑛

= 2𝑛 (2 𝑐𝑜𝑠2
2𝜋

7
)
𝑛

= 22𝑛 𝑐𝑜𝑠2𝑛 (
2𝜋

7
) 

⇒ 𝑆 = 22𝑛 𝑐𝑜𝑠2𝑛 (
2𝜋

7
) −∑(

𝑛

𝑗
)
2

𝑛

𝑗=0

= 22𝑛 𝑐𝑜𝑠2𝑛 (
2𝜋

7
) − (

2𝑛

𝑛
) 
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⇒ 2−2𝑛 = 𝑐𝑜𝑠2𝑛 (
2𝜋

7
) −

1

22𝑛
(
2𝑛

𝑛
) 

⇒ 𝑐𝑜𝑠2𝑛 (
2𝜋

7
) − 21−2𝑛 ∑ (

𝑛

𝑖
) (
𝑛

𝑗
) 𝑐𝑜𝑠

(𝑗 − 𝑖)𝜋

7
0≤𝑖<𝑗≤𝑛

=
1

22𝑛
(
2𝑛

𝑛
) 

Therefore, 

𝛺 = 𝑙𝑖𝑚
𝑛→∞

√𝑐𝑜𝑠
2𝑛
𝜋

7
− 21−2𝑛 ∑ (

𝑛

𝑖
) (
𝑛

𝑗
) 𝑐𝑜𝑠

2(𝑗 − 𝑖)𝜋

7
0≤𝑖<𝑗≤𝑛

𝑛

= 𝑙𝑖𝑚
𝑛→∞

√
1

22𝑛
(
2𝑛

𝑛
)

𝑛

= 

=
𝐶−𝐷 1

4
𝑙𝑖𝑚
𝑛→∞

(2𝑛 + 2)(2𝑛 + 1)

(𝑛 + 1)(𝑛 + 1)
= 1 

AN.004. Solution by Kamel Gandouli Rezgui-Tunisia 

∵ 𝑡𝑎𝑛−1 𝑥 ± 𝑡𝑎𝑛−1 𝑦 = 𝑡𝑎𝑛−1 (
𝑥 ± 𝑦

1 ∓ 𝑥𝑦
) ⇒ 

𝑡𝑎𝑛−1(
𝑥

𝑠𝑒𝑐
𝜋
7 − 𝑥 𝑡𝑎𝑛

𝜋
7

) − 𝑡𝑎𝑛−1 (𝑥 𝑠𝑒𝑐
𝜋

7
− 𝑡𝑎𝑛

𝜋

7
)

= 𝑡𝑎𝑛−1(
𝑥

𝑠𝑒𝑐
𝜋
7 − 𝑥 𝑡𝑎𝑛

𝜋
7

) = 

=
𝜋

2
− 𝑡𝑎𝑛−1 (

𝑠𝑒𝑐
𝜋
7 − 𝑥 𝑡𝑎𝑛

𝜋
7

𝑥
) 

𝑡𝑎𝑛−1 (𝑥 𝑠𝑒𝑐
𝜋

7
− 𝑡𝑎𝑛

𝜋

7
) + 𝑡𝑎𝑛−1(

𝑠𝑒𝑐
𝜋
7 − 𝑥 𝑡𝑎𝑛

𝜋
7

𝑥
) = 
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= 𝑡𝑎𝑛−1

(

 
 

𝑠𝑒𝑐
𝜋
7 − 𝑥 𝑡𝑎𝑛

𝜋
7

𝑥 + 𝑥 𝑠𝑒𝑐
𝜋
7 − 𝑡𝑎𝑛

𝜋
7

1 − (𝑥 𝑠𝑒𝑐
𝜋
7 − 𝑡𝑎𝑛

𝜋
7) ⋅

𝑠𝑒𝑐
𝜋
7 − 𝑥 𝑡𝑎𝑛

𝜋
7

𝑥 )

 
 
= 

= 𝑡𝑎𝑛−1(
𝑠𝑒𝑐
𝜋
7 − 𝑥 𝑡𝑎𝑛

𝜋
7 + 𝑥

2 𝑠𝑒𝑐
𝜋
7 − 𝑥 𝑡𝑎𝑛

𝜋
7

𝑥 − 𝑥 𝑠𝑒𝑐2
𝜋
7 + 𝑠𝑒𝑐

𝜋
7 𝑡𝑎𝑛

𝜋
7 + 𝑥

2 𝑠𝑒𝑐
𝜋
7 𝑡𝑎𝑛

𝜋
7 − 𝑥 𝑡𝑎𝑛

2 𝜋
7

) = 

= 𝑡𝑎𝑛−1(
𝑠𝑒𝑐

𝜋
7
− 2𝑥 𝑡𝑎𝑛

𝜋
7
+ 𝑥2 𝑠𝑒𝑐

𝜋
7

𝑠𝑒𝑐
𝜋
7 𝑡𝑎𝑛

𝜋
7 + 𝑥

2 𝑠𝑒𝑐
𝜋
7 𝑡𝑎𝑛

𝜋
7 − 2𝑥 𝑡𝑎𝑛

2 𝜋
7

) =
(∗)

 

𝑠𝑒𝑐
𝜋

7
𝑡𝑎𝑛

𝜋

7
+ 𝑥2 𝑠𝑒𝑐

𝜋

7
𝑡𝑎𝑛

𝜋

7
− 2𝑥 𝑡𝑎𝑛2

𝜋

7

= 𝑡𝑎𝑛
𝜋

7
(𝑠𝑒𝑐

𝜋

7
− 2𝑥 𝑡𝑎𝑛

𝜋

7
+ 𝑥2 𝑠𝑒𝑐

𝜋

7
) 

=
(∗)
𝑡𝑎𝑛−1(

1

𝑡𝑎𝑛
𝜋
7

) =
𝜋

2
−
𝜋

7
 

Therefore, 

𝛺(𝑎, 𝑏) =
𝜋

7
(𝑏 − 𝑎). 

AN.005. Solution by Asmat Qatea-Afghanistan 

∫
1

√2[𝑥] + 1
⋅∏𝑠𝑖𝑛 (

𝑘𝜋

2𝑛 + 1
)

[𝑥]

𝑘=1

𝑑𝑥
𝑏

𝑎

≥
1

2𝑎
−
1

2𝑏
⇔ 

∫
1

√2[𝑥] + 1
⋅∏𝑠𝑖𝑛 (

𝑘𝜋

2𝑛 + 1
)

[𝑥]

𝑘=1

𝑑𝑥
𝑏

𝑎

≥
(?)

𝑙𝑜𝑔 2∫ 2−𝑥
𝑏

𝑎

𝑑𝑥 

1

√2[𝑥] + 1
⋅∏𝑠𝑖𝑛 (

𝑘𝜋

2𝑛 + 1
)

[𝑥]

𝑘=1

≥
(?)

2−𝑥 𝑙𝑜𝑔 2 ⇒ 𝑥 ∈ [0,∞) 
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Case 1. If 𝑥 ∈ [0,1) then: 

1

√2 ⋅ 0 + 1
⋅∏𝑠𝑖𝑛 (

𝑘𝜋

2𝑛 + 1
)

0

𝑘=1

≥
(?)

2−𝑥 𝑙𝑜𝑔 2 ⇒ 1 ≥ 2−𝑥 𝑙𝑜𝑔 2 ⇒ 2𝑥

≥ 𝑙𝑜𝑔 2 − 𝑡𝑟𝑢𝑒. 

Case 2. If 𝑥 ∈ [𝑛, 𝑛 + 1), 𝑛 ∈ ℕ then: 

1

√2 ⋅ 𝑛 + 1
⋅∏𝑠𝑖𝑛 (

𝑘𝜋

2𝑛 + 1
)

𝑛

𝑘=1

≥
(?)

2−𝑥 𝑙𝑜𝑔 2 

∵∏𝑠𝑖𝑛 (
𝑘𝜋

2𝑛 + 1
)

𝑛

𝑘=1

=
√2𝑛 + 1

2𝑛
 

1

2𝑛
≥
(?)

2−𝑥 𝑙𝑜𝑔 2 ⇒ 2𝑥−𝑛 ≥ 𝑙𝑜𝑔 2 − 𝑡𝑟𝑢𝑒, 𝑏𝑒𝑐𝑎𝑢𝑠𝑒 𝑥 − 𝑛 ≥ 0 

Therefore, 

∫
1

√2[𝑥] + 1
⋅∏𝑠𝑖𝑛 (

𝑘𝜋

2𝑛 + 1
)

[𝑥]

𝑘=1

𝑑𝑥
𝑏

𝑎

≥
1

2𝑎
−
1

2𝑏
 

 
AN.006. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐿𝑒𝑡′𝑠 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 ∶ 

  (
1 − 𝑥𝑦𝑧

1 + 𝑥𝑦𝑧
)
3

≥ (
1 − 𝑥3

1 + 𝑥3
)(
1 − 𝑦3

1 + 𝑦3
)(
1 − 𝑧3

1 + 𝑧3
) , ∀𝑥, 𝑦, 𝑧 ∈ (0, 1). 

𝐿𝑒𝑡 𝑥 = 𝑒𝑢,   𝑦 = 𝑒𝑣,   𝑧 = 𝑒𝑤, 𝑤ℎ𝑒𝑟𝑒 𝑢, 𝑣, 𝑤 ∈ (−∞, 0) 𝑎𝑛𝑑 𝑙𝑒𝑡 

 𝑓(𝑡) = 𝑙𝑜𝑔 (
1 − 𝑒3𝑡

1 + 𝑒3𝑡
) , 𝑡 ∈ (−∞, 0) 

𝑊𝑒 ℎ𝑎𝑣𝑒 ∶   𝑓′(𝑡) = −
6𝑒3𝑡

1 − 𝑒6𝑡
  𝑎𝑛𝑑 



DANIEL SITARU                      CLAUDIA NĂNUȚI 

 

MATH ACCENT Page 187 
 

  𝑓′′(𝑡) = −
18𝑒3𝑡(1 + 𝑒6𝑡)

(1 − 𝑒6𝑡)2
≤ 0  𝑡ℎ𝑒𝑛 𝑓 𝑖𝑠 𝑐𝑜𝑛𝑐𝑎𝑣𝑒 𝑜𝑛 (−∞, 0). 

𝐵𝑦 𝐽𝑒𝑛𝑠𝑒𝑛′𝑠 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦, 𝑤𝑒 ℎ𝑎𝑣𝑒 ∶ 

𝑙𝑜𝑔(∏(
1− 𝑥3

1 + 𝑥3
)

𝑐𝑦𝑐

) =∑𝑙𝑜𝑔(
1 − 𝑥3

1 + 𝑥3
)

𝑐𝑦𝑐

=∑𝑓(𝑢)

𝑐𝑦𝑐

≤ 3𝑓 (
𝑢 + 𝑣 + 𝑤

3
)

= 𝑙𝑜𝑔 (
1 − 𝑒𝑢+𝑣+𝑤

1 + 𝑒𝑢+𝑣+𝑤
)

3

= 𝑙𝑜𝑔 (
1 − 𝑥𝑦𝑧

1 + 𝑥𝑦𝑧
)
3

 

𝑇ℎ𝑒𝑛 ∶  (
1 − 𝑥𝑦𝑧

1 + 𝑥𝑦𝑧
)
3

≥ (
1 − 𝑥3

1 + 𝑥3
)(
1 − 𝑦3

1 + 𝑦3
)(
1 − 𝑧3

1 + 𝑧3
) , ∀𝑥, 𝑦, 𝑧 ∈ (0, 1). 

𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒,  

 ∫∫∫(
1 − 𝑥𝑦𝑧

1 + 𝑥𝑦𝑧
)
3

𝑑𝑥𝑑𝑦𝑑𝑧

𝑏

𝑎

𝑏

𝑎

𝑏

𝑎

≥ ∫∫∫(
1 − 𝑥3

1 + 𝑥3
)(
1 − 𝑦3

1 + 𝑦3
)(
1 − 𝑧3

1 + 𝑧3
)𝑑𝑥𝑑𝑦𝑑𝑧

𝑏

𝑎

𝑏

𝑎

𝑏

𝑎

= (∫
1 − 𝑥3

1 + 𝑥3
𝑑𝑥

𝑏

𝑎

)

3

 

AN.007. Solution by Adrian Popa-Romania 

𝑥 + 𝑦

2
≤
𝐴𝐻𝑄

√
𝑥2 + 𝑦2

2
⇔ (

𝑥 + 𝑦

2
)
2

≤
𝑥2 + 𝑦2

2
 

−(
𝑥 + 𝑦

2
)
2

≥ −
𝑥2 + 𝑦2

2
⇔ 1 − (

𝑥 + 𝑦

2
)
2

≥ 1 −
𝑥2 + 𝑦2

2
 

1 − (
𝑥 + 𝑦

2
)
2

=
(1 − 𝑥2) + (1 − 𝑦)2

2
 

𝐼 ≥ ∫ ∫ √
(1 − 𝑥2) + (1 − 𝑦)2

2
𝑑𝑥𝑑𝑦

1

0

1

0
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{
𝑥 = 𝑠𝑖𝑛 𝑡
𝑦 = 𝑠𝑖𝑛 𝑞

⇒ 𝐼 ≥ ∫ ∫ √
(1 − 𝑠𝑖𝑛2 𝑡) + (1 − 𝑠𝑖𝑛2 𝑞)

2
𝑐𝑜𝑠 𝑡 𝑐𝑜𝑠 𝑞 𝑑𝑡𝑑𝑞

𝜋
2

0

𝜋
2

0

 

= ∫ ∫ √
𝑐𝑜𝑠2 𝑡 + 𝑐𝑜𝑠2 𝑞

2
𝑐𝑜𝑠 𝑡 𝑐𝑜𝑠 𝑞 𝑑𝑡𝑑𝑞

𝜋
2

0

𝜋
2

0

=
1

2
∫ ∫ (𝑐𝑜𝑠2 𝑡 𝑐𝑜𝑠 𝑞 + 𝑐𝑜𝑠 𝑡 𝑐𝑜𝑠2 𝑞)𝑑𝑡𝑑𝑞

𝜋
2

0

𝜋
2

0

= 

= ∫ ∫ 𝑐𝑜𝑠2 𝑡 𝑐𝑜𝑠 𝑞 𝑑𝑡𝑑𝑞

𝜋
2

0

𝜋
2

0

= ∫ 𝑐𝑜𝑠2 𝑡 𝑑𝑡

𝜋
2

0

∫ 𝑐𝑜𝑠 𝑞 𝑑𝑞

𝜋
2

0

= ∫
1 + 𝑐𝑜𝑠 2𝑡

2
𝑑𝑡𝑠𝑖𝑛 𝑞|0

𝜋
2

𝜋
2

0

=
𝜋

4
 

Therefore, 

∫ ∫ √1 − (
𝑥 + 𝑦

2
)
21

0

𝑑𝑥𝑑𝑦
1

0

>
𝜋

4
 

AN.008. Solution by Adrian Popa-Romania 

𝛺 = ∫
𝑠𝑖𝑛(−2𝑥) 𝑐𝑜𝑠(−4𝑥) 𝑐𝑜𝑠(−8𝑥)

𝑠𝑖𝑛5 (
𝜋
4 + 𝑥) + 𝑐𝑜𝑠

5 (
𝜋
4 + 𝑥)

𝜋
4

−
𝜋
4

𝑑𝑥 = 

= ∫
−𝑠𝑖𝑛(2𝑥) 𝑐𝑜𝑠(4𝑥) 𝑐𝑜𝑠(8𝑥)

𝑐𝑜𝑠5 (
𝜋
2 − (

𝜋
4 + 𝑥)) + 𝑠𝑖𝑛

5 (
𝜋
2 − (

𝜋
4 + 𝑥))

𝜋
4

−
𝜋
4

𝑑𝑥 = 

= −∫
𝑠𝑖𝑛 2𝑥 𝑐𝑜𝑠 4𝑥 𝑐𝑜𝑠 8𝑥

𝑐𝑜𝑠5 (
𝜋
4
− 𝑥) + 𝑠𝑖𝑛5 (

𝜋
4
− 𝑥)

𝜋
4

−
𝜋
4

𝑑𝑥 = −𝛺 ⇒ 2𝛺 = 0 ⇒ 

⇒ 𝛺 = 0 
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AN.009. Solution by Pham Duc Nam-Vietnam 

∫
𝑡𝑥𝑡

(1 + 𝑥𝑡)2
𝑑𝑡

1

0

=
1

𝑙𝑛 𝑥
∫

𝑡

(1 + 𝑥𝑡)2
𝑑(

1

0

𝑥𝑡

+ 1), {

𝑢 = 𝑡

𝑑𝑣 =
1

(1 + 𝑥𝑡)2
𝑑(𝑥𝑡 + 1) ⇒ {

𝑑𝑢 = 𝑑𝑡

𝑣 = −
1

1 + 𝑥𝑡
 

⇒ ∫
𝑡𝑥𝑡

(1 + 𝑥𝑡)2
𝑑𝑡

1

0

= −
𝑡

𝑙𝑛 𝑥 (1 + 𝑥𝑡)
|
0

1

+
1

𝑙𝑛 𝑥
∫

1

1 + 𝑥𝑡
𝑑𝑡

1

0

= −
1

𝑙𝑛 𝑥 (1 + 𝑥)
+

1

𝑙𝑛2 𝑥
∫

1

𝑥𝑡(𝑥𝑡 + 1)

1

0

𝑑(𝑥𝑡) 

= −
1

𝑙𝑛 𝑥 (1 + 𝑥)
+

1

𝑙𝑛2 𝑥
∫
1

𝑥𝑡

1

0

𝑑(𝑥𝑡) −
1

𝑙𝑛2 𝑥
∫

1

𝑥𝑡 + 1

1

0

𝑑(𝑥𝑡)

= −
1

𝑙𝑛 𝑥 (1 + 𝑥)
+

1

𝑙𝑛2 𝑥
(𝑙𝑛

𝑥𝑡

𝑥𝑡 + 1
)|
0

1

= −
1

𝑙𝑛 𝑥 (1 + 𝑥)
+

1

𝑙𝑛2 𝑥
(𝑙𝑛

𝑥

𝑥 + 1
+ 𝑙𝑛 2) 

∗⇒ 𝛺 = 𝑙𝑖𝑚
𝑥→∞

(𝑙𝑛2 𝑥 .∫
𝑡𝑥𝑡

(1 + 𝑥𝑡)2
𝑑𝑡

1

0

)

= 𝑙𝑖𝑚
𝑥→∞

(𝑙𝑛2 𝑥 (−
1

𝑙𝑛 𝑥 (1 + 𝑥)

+
1

𝑙𝑛2 𝑥
(𝑙𝑛

𝑥

𝑥 + 1
+ 𝑙𝑛 2)))

= 𝑙𝑖𝑚
𝑥→∞

(−
𝑙𝑛 𝑥

1 + 𝑥
)

⏟        
=0

+ 𝑙𝑖𝑚
𝑥→∞

(𝑙𝑛
𝑥

𝑥 + 1
+ 𝑙𝑛 2) = 𝑙𝑛2 

AN.010.  Solution by Tapas Das-India 

𝑢 = 5(1 + 𝑒𝑥𝑠𝑖𝑛𝑥) + 3𝑒𝑥𝑐𝑜𝑠𝑥, 𝑑𝑢 = 𝑒𝑥(2𝑠𝑖𝑛𝑥 + 8𝑐𝑜𝑠𝑥)𝑑𝑥 

1

2
𝑑𝑢 = 𝑒𝑥(𝑠𝑖𝑛𝑥 + 4𝑐𝑜𝑠𝑥)𝑑𝑥 
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𝛺 = ∫
𝑠𝑖𝑛𝑥 + 4𝑐𝑜𝑠𝑥

5(𝑒−𝑥 + 𝑠𝑖𝑛𝑥) + 3𝑐𝑜𝑠𝑥
𝑑𝑥 = ∫

𝑒𝑥(𝑠𝑖𝑛𝑥 + 4𝑐𝑜𝑠𝑥)

5(1 + 𝑒𝑥𝑠𝑖𝑛𝑥) + 3𝑒𝑥𝑐𝑜𝑠𝑥
𝑑𝑥 = 

= ∫
1

2𝑢
𝑑𝑢 =

1

2
𝑙𝑜𝑔|𝑢| + ∁=

1

2
𝑙𝑜𝑔|5(1 + 𝑒𝑥𝑠𝑖𝑛𝑥) + 3𝑒𝑥𝑐𝑜𝑠𝑥| + ∁ 

AN.011. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐿𝑒𝑚𝑚𝑎 ∶   𝐼𝑓 𝑥, 𝑦, 𝑧 > 0 𝑡ℎ𝑒𝑛 ∶  
𝑥2

𝑦
+
𝑦2

𝑧
+
𝑧2

𝑥
≥
3(𝑥2 + 𝑦2 + 𝑧2)

𝑥 + 𝑦 + 𝑧
  (1) 

𝑃𝑟𝑜𝑜𝑓 ∶  𝑊𝑒 ℎ𝑎𝑣𝑒 ∶   (1)  ⇔ ∑(
𝑥2

𝑦
− 2𝑥 + 𝑦)

𝑐𝑦𝑐

≥
3(𝑥2 + 𝑦2 + 𝑧2)

𝑥 + 𝑦 + 𝑧
− (𝑥 + 𝑦 + 𝑧) 

⇔∑
(𝑥 − 𝑦)2

𝑦
𝑐𝑦𝑐

≥
2(𝑥2 + 𝑦2 + 𝑧2) − 2(𝑥𝑦 + 𝑦𝑧 + 𝑧𝑥)

𝑥 + 𝑦 + 𝑧
=∑

(𝑥 − 𝑦)2

𝑥 + 𝑦 + 𝑧
𝑐𝑦𝑐

 

𝑊ℎ𝑖𝑐ℎ 𝑖𝑠 𝑡𝑟𝑢𝑒 𝑏𝑒𝑐𝑎𝑢𝑠𝑒 𝑥 + 𝑦 + 𝑧 > 𝑦   (𝑎𝑛𝑑 𝑎𝑛𝑎𝑙𝑜𝑔𝑠). 

𝑁𝑜𝑤 𝑤𝑒 ℎ𝑎𝑣𝑒 ∶  ∫ ∫ ∫ (𝑥 + 𝑦 + 𝑧) (
𝑥2

𝑦
+
𝑦2

𝑧
+
𝑧2

𝑥
)𝑑𝑥𝑑𝑦𝑑𝑧

𝑏

𝑎

𝑏

𝑎

𝑏

𝑎

≥ 

≥⏞
𝐿𝑒𝑚𝑚𝑎

∫ ∫ ∫ 3(𝑥2 + 𝑦2 + 𝑧2)𝑑𝑥𝑑𝑦𝑑𝑧
𝑏

𝑎

𝑏

𝑎

𝑏

𝑎

= 3∫ 𝑑𝑦
𝑏

𝑎

∫ 𝑑𝑧
𝑏

𝑎

∫ 3𝑥2𝑑𝑥
𝑏

𝑎

= 

= 3(𝑏 − 𝑎)2(𝑏3 − 𝑎3) = 3(𝑏 − 𝑎)3(𝑎2 + 𝑎𝑏 + 𝑏2),   𝑎𝑠 𝑑𝑒𝑠𝑖𝑟𝑒𝑑. 

Equality holds for 𝑎 = 𝑏. 

AN.012. Solution by Togrul Ehmedov-Azerbaijan 

∵ 𝑠𝑖𝑛 (𝑥 +
𝜋

3
) 𝑠𝑖𝑛 (

𝜋

3
− 𝑥) =

1

4
𝑠𝑖𝑛 3𝑥 

𝛺 = ∫
𝑠𝑖𝑛 𝑥 ⋅ 𝑠𝑖𝑛 (𝑥 +

𝜋
3) ⋅ 𝑠𝑖𝑛 (𝑥 +

2𝜋
3 )

𝑠𝑖𝑛 3𝑥 + 𝑐𝑜𝑠 3𝑥
𝑑𝑥

𝜋
6

0

= 
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=
1

4
∫

𝑠𝑖𝑛 3𝑥

𝑠𝑖𝑛 3𝑥 + 𝑐𝑜𝑠 3𝑥
𝑑𝑥

𝜋
6

0

=
1

4
∫

𝑠𝑖𝑛 3 (
𝜋
6 − 𝑥)

𝑠𝑖𝑛 3 (
𝜋
6 − 𝑥) + 𝑐𝑜𝑠 3 (

𝜋
6 − 𝑥)

𝑑𝑥

𝜋
6

0

= 

=
1

4
∫

𝑐𝑜𝑠 3𝑥

𝑠𝑖𝑛 3𝑥 + 𝑐𝑜𝑠 3𝑥
𝑑𝑥

𝜋
6

0

 

2𝛺 =
1

4
∫
𝑠𝑖𝑛 3𝑥 + 𝑐𝑜𝑠 3𝑥

𝑠𝑖𝑛 3𝑥 + 𝑐𝑜𝑠 3𝑥
𝑑𝑥

𝜋
6

0

=
1

4
∫ 𝑑𝑥

𝜋
6

0

=
𝜋

24
 

Therefore, 

𝛺 = ∫
𝑠𝑖𝑛 𝑥 ⋅ 𝑠𝑖𝑛 (𝑥 +

𝜋
3) ⋅ 𝑠𝑖𝑛 (𝑥 +

2𝜋
3 )

𝑠𝑖𝑛 3𝑥 + 𝑐𝑜𝑠 3𝑥
𝑑𝑥

𝜋
6

0

=
𝜋

48
 

AN.013. Solution by Serlea Kabay-Liberia 

𝛺(𝑎, 𝑏) = ∫ ∫ ∫ 𝑡𝑎𝑛−1 (
𝑥 + 𝑦 + 𝑧 − 𝑥𝑦𝑧

1 − 𝑥𝑦 − 𝑦𝑧 − 𝑧𝑥
) 𝑑𝑥𝑑𝑦𝑑𝑧

𝑏

𝑎

𝑏

𝑎

𝑏

𝑎

= 

= ∫ ∫ ∫ (𝑡𝑎𝑛−1 𝑥 + 𝑡𝑎𝑛−1 𝑦 + 𝑡𝑎𝑛−1 𝑧)
𝑏

𝑎

𝑑𝑥𝑑𝑦𝑑𝑧
𝑏

𝑎

𝑏

𝑎

=
(∗)

 

(∵ ∫ 𝑡𝑎𝑛−1 𝑥 𝑑𝑥 = 𝑥 𝑡𝑎𝑛−1 𝑥 − 𝑙𝑜𝑔(√1 + 𝑥2) ) 

=
(∗)
∫ ∫ ∫ 𝑡𝑎𝑛−1 𝑥 𝑑𝑥𝑑𝑦𝑑𝑧

𝑏

𝑎

𝑏

𝑎

𝑏

𝑎

+∫ ∫ ∫ 𝑡𝑎𝑛−1 𝑦 𝑑𝑥𝑑𝑦𝑑𝑧
𝑏

𝑎

𝑏

𝑎

𝑏

𝑎

+∫ ∫ ∫ 𝑡𝑎𝑛−1 𝑧 𝑑𝑥𝑑𝑦𝑑𝑧
𝑏

𝑎

𝑏

𝑎

𝑏

𝑎

= 

= (𝑏 − 𝑎)2 (∫ 𝑡𝑎𝑛−1 𝑥 𝑑𝑥
𝑏

𝑎

+∫ 𝑡𝑎𝑛−1 𝑦 𝑑𝑦
𝑏

𝑎

+∫ 𝑡𝑎𝑛−1 𝑧
𝑏

𝑎

𝑑𝑧) = 

= 3(𝑏 − 𝑎)2 (𝑏 𝑡𝑎𝑛−1 𝑏 − 𝑎 𝑡𝑎𝑛−1 𝑎 +
1

2
(
𝑎2 + 1

𝑏2 + 1
)) 
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AN.014. Solution by Ravi Prakash-New Delhi-India 

For 𝑥 ≥ 0 ⇒ 𝑥20(𝑥10 − 2)2 ≥ 0 ⇒ 𝑥20(𝑥20 − 4𝑥10 + 4) ≥ 0 

𝑥40 − 4𝑥30 + 4𝑥20 ≥ 0 ⇒ 𝑥40 + 4𝑥20 + 4 ≥ 4(1 + 𝑥30) 

(𝑥20 + 2)2 ≥ 4(1 + 𝑥30) ⇒
1

√1 + 𝑥30
≥

2

𝑥20 + 2
 

𝑥19

√1 + 𝑥30
≥

2𝑥19

𝑥20 + 2
 

∫
𝑥19

√1 + 𝑥30
𝑑𝑥

𝑏

𝑎

≥ 2∫
𝑥19

𝑥20 + 2
𝑑𝑥

𝑏

𝑎

=
1

10
𝑙𝑜𝑔(𝑥20 + 2)|

𝑎

𝑏

= 𝑙𝑜𝑔 √
2 + 𝑏20

2 + 𝑎20

10

 

AN.015. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑊𝑒 𝑘𝑛𝑜𝑤 𝑡ℎ𝑎𝑡 ∶   𝑠𝑖𝑛 𝑥 < 𝑥 < 𝑡𝑎𝑛 𝑥 ,   ∀𝑥 ∈ (0,
𝜋

2
)   𝑎𝑛𝑑   𝑒𝑡 − 1

≥ 𝑡,   ∀𝑡 ∈ 𝑅. 

𝑇ℎ𝑒𝑛 ∶  𝑒𝑡𝑎𝑛 𝑥−𝑥 − 1 ≥ 𝑡𝑎𝑛 𝑥 − 𝑥   𝑜𝑟  
𝑡𝑎𝑛 𝑥 − 𝑥

𝑒𝑡𝑎𝑛 𝑥 − 𝑒𝑥
≤ 𝑒−𝑥,   ∀𝑥 ∈ (0,

𝜋

2
). 

𝑇ℎ𝑢𝑠,   
(𝑒𝑥 − 𝑒𝑠𝑖𝑛 𝑥)(𝑡𝑎𝑛 𝑥 − 𝑥)

𝑒𝑡𝑎𝑛 𝑥 − 𝑒𝑥
≤ (𝑒𝑥 − 𝑒𝑠𝑖𝑛 𝑥)𝑒−𝑥 = 1 − 𝑒𝑠𝑖𝑛 𝑥−𝑥

≤ 1,   ∀𝑥 ∈ (0,
𝜋

2
). 

𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒,   ∫
(𝑒𝑥 − 𝑒𝑠𝑖𝑛 𝑥)(𝑡𝑎𝑛 𝑥 − 𝑥)

𝑒𝑡𝑎𝑛 𝑥 − 𝑒𝑥
𝑑𝑥

𝑏

𝑎

≤ ∫ 𝑑𝑥
𝑏

𝑎

= 𝑏 − 𝑎

≤ (𝑏 − 𝑎) (1 + 𝑠𝑖𝑛
𝑎 + 𝑏

2
). 

𝐸𝑞𝑢𝑎𝑙𝑖𝑡𝑦 ℎ𝑜𝑙𝑑𝑠 𝑓𝑜𝑟 𝑎 = 𝑏. 

AN.016. Solution by Rana Ranino-Setif-Algerie 

𝛺(𝑎, 𝑏) = ∫ 𝑡𝑎𝑛−1 (
30𝑥3 − 10𝑥

31𝑥2 − 1
)

𝑏

𝑎

𝑑𝑥 = ∫ 𝑡𝑎𝑛−1 (
10𝑥 − 30𝑥3

1 − 31𝑥2
)

𝑏

𝑎

𝑑𝑥 
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𝑡𝑎𝑛−1 (
10𝑥 − 30𝑥3

1 − 31𝑥2
) = 𝑡𝑎𝑛−1 (

5𝑥 + 5𝑥(1 − 6𝑥2)

1 − 31𝑥2
) = 𝑡𝑎𝑛−1 (

5𝑥
1 − 6𝑥2

+ 5𝑥

1 −
25𝑥2

1 − 6𝑥2

) 

𝐹𝑜𝑟 𝑥 ≥
1

√31
⇒

25𝑥2

1 − 6𝑥2
≥ 1 ⇒ 𝑡𝑎𝑛−1 (

10𝑥 − 30𝑥3

1 − 31𝑥2
) = 

= 𝑡𝑎𝑛−1 (
5𝑥

1 − 6𝑥2
) + 𝑡𝑎𝑛−1(5𝑥) − 𝜋 

𝑡𝑎𝑛−1 (
5𝑥

1 − 6𝑥2
) = 𝑡𝑎𝑛−1 (

2𝑥 + 3𝑥

1 − 6𝑥2
) = 𝑡𝑎𝑛−1(2) + 𝑡𝑎𝑛−1(3𝑥) 

𝑡𝑎𝑛−1 (
10𝑥 − 30𝑥3

1 − 31𝑥2
) = 𝑡𝑎𝑛−1(2𝑥) + 𝑡𝑎𝑛−1(3𝑥) + 𝑡𝑎𝑛−1(5𝑥) − 𝜋 

𝛺(𝑎, 𝑏) = ∫ (−𝜋 + 𝑡𝑎𝑛−(2𝑥) + 𝑡𝑎𝑛−1(3𝑥) + 𝑡𝑎𝑛−1(5𝑥))
𝑏

𝑎

𝑑𝑥 = 

= [−𝜋𝑥 + 𝑥 𝑡𝑎𝑛−1(2𝑥) + 𝑥 𝑡𝑎𝑛−1(3𝑥) + 𝑥 𝑡𝑎𝑛−1(5𝑥)

−
1

4
𝑙𝑜𝑔(4𝑥2 + 1) −

1

6
(9𝑥2 + 1) −

1

10
(25𝑥2 + 1)]

𝑎

𝑏

= 

= [𝑥 𝑡𝑎𝑛−1 (
30𝑥3 − 10𝑥

31𝑥2 − 1
) −

1

4
𝑙𝑜𝑔(4𝑥2 + 1) −

1

6
(9𝑥2 + 1) −

1

10
(25𝑥2 + 1)]

𝑎

𝑏

 

Therefore,  

𝛺(𝑎, 𝑏) = 𝑏 𝑡𝑎𝑛−1 (
30𝑏3 − 10𝑏

31𝑏2 − 1
) − 𝑎 𝑡𝑎𝑛−1 (

30𝑎3 − 10𝑎

31𝑎2 − 1
) −

1

4
𝑙𝑜𝑔 (

4𝑏2 + 1

4𝑎2 + 1
) − 

−
1

6
𝑙𝑜𝑔 (

9𝑏2 + 1

9𝑎2 + 1
) −

1

10
𝑙𝑜𝑔 (

25𝑏2 + 1

25𝑎2 + 1
) 
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AN.017. Solution by Asmat Qatea-Afghanistan 

𝛺(𝑎, 𝑏) = ∫
(1 + 𝑡𝑎𝑛2 𝑥)2

𝑐𝑜𝑠2 𝑥 − 3 𝑠𝑖𝑛2 𝑥

𝑏

𝑎

𝑑𝑥

= ∫
(1 + 𝑡𝑎𝑛2 𝑥)2

𝑐𝑜𝑠2 𝑥 (1 + 3 𝑡𝑎𝑛2 𝑥)

𝑏

𝑎

𝑑𝑥 ⇒
𝑡𝑎𝑛 𝑥=𝑡

 

𝛺 = ∫
(1 + 𝑡2)2

1 − 3𝑡2
𝑑𝑡 = ∫

1 + 2𝑡2 + 𝑡4

1 − 3𝑡2
𝑑𝑡

= ∫(−
1

3
𝑡2 −

7

9
+

16
9

1 − 3𝑡2
)𝑑𝑡 = 

= −
1

9
𝑡3 −

7

9
𝑡 +
16

27
∫

1

1
3 − 𝑡

2
𝑑𝑡

= −
1

9
𝑡3 −

7

9
𝑡 +
16

27
⋅
√3

2
𝑙𝑜𝑔(

1

√3
+ 𝑡

1

√3
− 𝑡
) + 𝐶 = 

= −
1

9
𝑡3 −

7

9
𝑡 +
16√3

27
⋅
1

2
𝑙𝑜𝑔 (

1 + √3𝑡

1 − √3𝑡
) + 𝐶 = 

= −
1

9
𝑡3 −

7

9
𝑡 +
16√3

27
𝑡𝑎𝑛ℎ−1(√3𝑡) + 𝐶 

𝛺(𝑎, 𝑏) = [−
1

9
𝑡𝑎𝑛3 𝑥 −

7

9
𝑡𝑎𝑛 𝑥 +

16√3

27
𝑡𝑎𝑛ℎ−1(√3 𝑡𝑎𝑛 𝑥)]

𝑎

𝑏

 

𝛺(𝑎, 𝑏) = −
1

9
𝑡𝑎𝑛3 𝑏 −

7

9
𝑡𝑎𝑛 𝑏 +

16√3

27
𝑡𝑎𝑛ℎ−1(√3 𝑡𝑎𝑛 𝑏) +

1

9
𝑡𝑎𝑛3 𝑎 +

7

9
𝑡𝑎𝑛 𝑎 − 

−
16√3

27
𝑡𝑎𝑛ℎ−1(√3 𝑡𝑎𝑛 𝑎) 
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AN.018. Solution by Tapas Das-India 

𝑊𝑒 𝑘𝑛𝑜𝑤 𝑡ℎ𝑎𝑡: 0 < 𝑠𝑖𝑛 𝑥 < 1; (∀)𝑥 ∈ (0,
𝜋

2
) , 𝑡ℎ𝑒𝑛  

𝑠𝑖𝑛3 𝑥 > 𝑠𝑖𝑛5 𝑥 𝑎𝑛𝑑  

1 − 𝑠𝑖𝑛2 𝑥 < 1 − 𝑠𝑖𝑛5 𝑥 , 𝑎𝑙𝑠𝑜 𝑤𝑒 ℎ𝑎𝑣𝑒: 𝑠𝑖𝑛 𝑥 < 𝑥; (∀)𝑥 ∈ (0,
𝜋

2
) 

𝐻𝑒𝑛𝑐𝑒: 
(1 − 𝑠𝑖𝑛5 𝑥)7

(1 − 𝑠𝑖𝑛3 𝑥)8
>
(1 − 𝑠𝑖𝑛5 𝑥)7

(1 − 𝑠𝑖𝑛5 𝑥)8
=

1

1 − 𝑠𝑖𝑛5 𝑥
≥ 1 

𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒,∫
(1 − 𝑠𝑖𝑛5 𝑥)7

(1 − 𝑠𝑖𝑛3 𝑥)8

𝑏

𝑎

𝑑𝑥 ≥ ∫ 𝑑𝑥
𝑏

𝑎

= 𝑏 − 𝑎 

AN.019. Solution by Ruxandra Daniela Tonilă-Romania 

If 𝑎 = 𝑏 is nothing to prove. 

If 𝑎 ≠ 𝑏 using Cauchy’s inequality, we have: 

∫ (𝑒𝑥
2
)
2

𝑏

𝑎

𝑑𝑥 ⋅ ∫ 𝑑𝑥
𝑏

𝑎

≥ (∫ 𝑒𝑥
2

𝑏

𝑎

𝑑𝑥)

2

 

∫ 𝑒𝑥
2

𝑏

𝑎

𝑑𝑥 ≥
1

𝑏 − 𝑎
(∫ 𝑒𝑥

2
𝑏

𝑎

𝑑𝑥)

2

⋅ ∫ 𝑒−𝑥
2

𝑏

𝑎

𝑑𝑥 

∫ 𝑒2𝑥
2

𝑏

𝑎

𝑑𝑥 ⋅ ∫ 𝑒−𝑥
2

𝑏

𝑎

𝑑𝑥 ≥
1

𝑏 − 𝑎
∫ 𝑒𝑥

2
𝑏

𝑎

𝑑𝑥 ⋅ ∫ 𝑒𝑥
2

𝑏

𝑎

𝑑𝑥 ⋅ ∫ 𝑒−𝑥
2

𝑏

𝑎

𝑑𝑥 

∫ 𝑒2𝑥
2

𝑏

𝑎

𝑑𝑥 ⋅ ∫ 𝑒−𝑥
2

𝑏

𝑎

𝑑𝑥 ≥
1

𝑏 − 𝑎
∫ 𝑒𝑥

2
𝑏

𝑎

𝑑𝑥 ⋅ ∫ (√𝑒𝑥
2
)
2𝑏

𝑎

𝑑𝑥 ⋅ ∫ (
1

√𝑒𝑥
2
)

2𝑏

𝑎

𝑑𝑥 ≥
𝐶𝐵𝑆

 

≥
1

𝑏 − 𝑎
∫ 𝑒𝑥

2
𝑏

𝑎

𝑑𝑥 ⋅ (∫ (√𝑒𝑥
2
⋅
1

√𝑒𝑥
2
)𝑑𝑥

𝑏

𝑎

)

2

 

Hence, 
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∫ 𝑒2𝑥
2

𝑏

𝑎

𝑑𝑥 ⋅ ∫ 𝑒−𝑥
2

𝑏

𝑎

𝑑𝑥 ≥
1

𝑏 − 𝑎
∫ 𝑒𝑥

2
𝑏

𝑎

𝑑𝑥 ⋅ (∫ 𝑑𝑥
𝑏

𝑎

)

2

 

Therefore, 

(∫ 𝑒2𝑥
2

𝑏

𝑎

𝑑𝑥)(∫ 𝑒−𝑥
2

𝑏

𝑎

𝑑𝑥) ≥ (𝑏 − 𝑎)∫ 𝑒𝑥
2

𝑏

𝑎

𝑑𝑥 

AN.020. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐵𝑦 𝑆𝑐ℎ𝑢𝑟′𝑠 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦, 𝑤𝑒 ℎ𝑎𝑣𝑒 ∶  

 𝑢3 + 𝑣3 + 𝑤3 + 3𝑢𝑣𝑤 ≥ 𝑢𝑣(𝑢 + 𝑣) + 𝑣𝑤(𝑣 + 𝑤) + 𝑤𝑢(𝑤 + 𝑢), ∀𝑢, 𝑣, 𝑤 > 0 

𝐴𝑙𝑠𝑜, 𝑏𝑦 𝐴𝑀 − 𝐺𝑀 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦, 𝑤𝑒 ℎ𝑎𝑣𝑒 ∶   𝑢 + 𝑣

≥ 2√𝑢𝑣  (𝐴𝑛𝑑 𝑎𝑛𝑎𝑙𝑜𝑔𝑠) 

𝑇ℎ𝑒𝑛 ∶   𝑢3 + 𝑣3 + 𝑤3 + 3𝑢𝑣𝑤 ≥ 2(√(𝑢𝑣)3 +√(𝑣𝑤)3 +√(𝑤𝑢)3) 

𝑇𝑎𝑘𝑖𝑛𝑔  𝑢 = √𝑓(𝑥)
3

,   𝑣 = √𝑓(𝑦)
3

,   𝑤

= √𝑓(𝑧)
3

, (𝑥, 𝑦, 𝑧 ∈ [𝑎, 𝑏]), 𝑤𝑒 𝑜𝑏𝑡𝑎𝑖𝑛 ∶ 

𝑓(𝑥) + 𝑓(𝑦) + 𝑓(𝑧) + 3√𝑓(𝑥). 𝑓(𝑦). 𝑓(𝑧)
3

≥ 2(√𝑓(𝑥). 𝑓(𝑦) + √𝑓(𝑦). 𝑓(𝑧)

+ √𝑓(𝑧). 𝑓(𝑥)) , ∀𝑥, 𝑦, 𝑧 ∈ [𝑎, 𝑏] 

𝐼𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑛𝑔 𝑡ℎ𝑒 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠, 𝑤𝑒 𝑜𝑏𝑡𝑎𝑖𝑛 ∶ 

∫∫∫(𝑓(𝑥) + 𝑓(𝑦) + 𝑓(𝑧) + 3√𝑓(𝑥). 𝑓(𝑦). 𝑓(𝑧)
3

)𝑑𝑥𝑑𝑦𝑑𝑧

𝑏

𝑎

𝑏

𝑎

𝑏

𝑎

≥ 2∫∫∫(√𝑓(𝑥). 𝑓(𝑦) + √𝑓(𝑦). 𝑓(𝑧)

𝑏

𝑎

𝑏

𝑎

𝑏

𝑎

+√𝑓(𝑧). 𝑓(𝑥)) 𝑑𝑥𝑑𝑦𝑑𝑧 

𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒,  
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 3(𝑏 − 𝑎)2∫𝑓(𝑥)𝑑𝑥

𝑏

𝑎

+ 3(∫ √𝑓(𝑥)
3

𝑑𝑥

𝑏

𝑎

)

3

≥ 2.3(𝑏 − 𝑎)(∫√𝑓(𝑥)𝑑𝑥

𝑏

𝑎

)

2

= 6(𝑏 − 𝑎)(∫√𝑓(𝑥)𝑑𝑥

𝑏

𝑎

)

2

 

AN.021. Solution by Hikmat Mammadov-Azerbaijan 

𝐵(𝑥, 𝑦) =
𝛤(𝑥)𝛤(𝑦)

𝛤(𝑥 + 𝑦)
 𝑎𝑛𝑑 𝛤(𝛼) = ∫ 𝑆𝛼−1𝑒−𝑠

∞

0

𝑑𝑠 

𝛤(𝜆𝑥 + (1 − 𝜆)𝑦) = ∫ 𝑆𝜆𝑥+(1−𝜆)𝑦−1𝑒−𝑆
∞

0

𝑑𝑠 = 

= ∫ 𝑆𝜆(𝑥−1)+(1−𝜆)(𝑦−1)𝑒−𝜆𝑠𝑒−(1−𝜆)𝑠
∞

0

𝑑𝑠 = 

= ∫ (𝑆𝑥−1𝑒−𝑆)𝜆(𝑆𝑦−1𝑒−𝑆)1−𝜆
∞

0

𝑑𝑠 ≤
𝐻𝑜𝑙𝑑𝑒𝑟

 

≤ (∫ ((𝑆𝑥−1𝑒−𝑆)𝜆)
1
𝜆𝑑𝑠

∞

0

)

𝜆

(∫ ((𝑆𝑦−1𝑒−𝑆)1−𝜆)
1
1−𝜆𝑑𝑠

∞

0

)

1−𝜆

= 

= (∫ 𝑆𝑥−1𝑒−𝑆
∞

0

𝑑𝑠)

𝜆

(∫ 𝑆𝑦−1𝑒−𝑆
∞

0

𝑑𝑠)

1−𝜆

= 𝛤(𝑥)𝜆𝛤(𝑦)1−𝜆 

𝛤(∙) −is log-convex, then: 

𝛤 (
1

2
∙ 2𝑥 +

1

2
∙ 2𝑦) ≤ 𝛤(2𝑥)

1
2𝛤(𝑦)

1
2 

𝛤(𝑥 + 𝑦) ≤ √𝛤(2𝑥)𝛤(2𝑦) 

Hence: 

1

𝛤(𝑥 + 𝑦)
≥

1

√𝛤(2𝑥)𝛤(2𝑦)
⇒
𝛤(𝑥)𝛤(𝑦)

𝛤(𝑥 + 𝑦)
≥

𝛤(𝑥)𝛤(𝑦)

√𝛤(2𝑥)𝛤(2𝑦)
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𝛤(𝑥)𝛤(𝑦)

𝛤(𝑥 + 𝑦)
≥ √

𝛤(𝑥)𝛤(𝑦)

𝛤(𝑥 + 𝑥)
∙ √
𝛤(𝑥)𝛤(𝑦)

𝛤(𝑦 + 𝑦)
 

𝐵(𝑥, 𝑦) ≥ √𝐵(𝑥, 𝑥) ∙ √𝐵(𝑦, 𝑦) 

𝐵(𝑦, 𝑧) ≥ √𝐵(𝑦, 𝑦) ∙ √𝐵(𝑧, 𝑧) 

𝐵(𝑧, 𝑥) ≥ √𝐵(𝑧, 𝑧) ∙ √𝐵(𝑥, 𝑥) 

Therefore, 

𝐵(𝑥, 𝑦) ∙ 𝐵(𝑦, 𝑧) ∙ 𝐵(𝑧, 𝑥) ≥ 𝐵(𝑥, 𝑥) ∙ 𝐵(𝑦, 𝑦) ∙ 𝐵(𝑧, 𝑧) 

 
AN.022. Solution by Max Wong , Timmy Wong-Hong Kong 

Using M.V.T. ∃𝑐 ∈ (𝑎, 𝑏) such that: 

𝑐𝑜𝑡 𝐵 − 𝑐𝑜𝑡 𝑎 + ∫ 𝑐𝑠𝑐2 𝑥 𝑒𝑠𝑖𝑛
2 𝑥

𝑏

𝑎

𝑑𝑥 = (𝑒𝑠𝑖𝑛
2 𝑐 − 1)∫

𝑑𝑥

𝑠𝑖𝑛2 𝑥

𝑏

𝑎

≤ (𝑒 − 1)∫
𝑑𝑥

𝑠𝑖𝑛2 𝑥

𝑏

𝑎

= (𝑒 − 1)(𝑐𝑜𝑡 𝑏 − 𝑐𝑜𝑡 𝑎) 

Also, ∀0 < 𝑎 < 𝑏 <
𝜋

2
, ∃𝑑 ∈ (𝑎, 𝑏) such that  

𝑐𝑜𝑡 𝑏 − 𝑐𝑜𝑡 𝑎 =
𝑀𝑉𝑇
− 𝑐𝑠𝑐2 𝑑 ⋅ (𝑏 − 𝑎) 

When 𝑎 = 𝑏, 𝑐𝑜𝑡 𝑏 − 𝑐𝑜𝑡 𝑎 = 𝑏 − 𝑎 = 0. Hence, 

𝑐𝑜𝑡 𝑏 − 𝑐𝑜𝑡 𝑎 + ∫ 𝑐𝑠𝑐2 𝑥 𝑒𝑠𝑖𝑛
2 𝑥

𝑏

𝑎

𝑑𝑥 ≤ (𝑒 − 1)(𝑏 − 𝑎); ∀0 < 𝑎 ≤ 𝑏 <
𝜋

2
 

AN.023. Solution by Kamel Gandouli Rezgui-Tunisia 

𝑡𝑎𝑛 (
𝜋

4
− 𝑥 − 𝑦) =

1 − 𝑡𝑎𝑛(𝑥 + 𝑦)

1 + 𝑡𝑎𝑛(𝑥 + 𝑦)
⇒ 1 + 𝑡𝑎𝑛 (

𝜋

4
− 𝑥 − 𝑦) =

2

1 + 𝑡𝑎𝑛(𝑥 + 𝑦)
 

(1 + 𝑡𝑎𝑛(𝑥 + 𝑦)) (𝑡𝑎𝑛(
𝜋

4
− (𝑥 + 𝑦)) = 1 − 𝑡𝑎𝑛(𝑥 + 𝑦) 
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= [1 + 𝑡𝑎𝑛(𝑥 + 𝑦)] [1 + 𝑡𝑎𝑛 𝑥 𝑡𝑎𝑛 𝑦 𝑡𝑎𝑛 (
𝜋

4
− (𝑥 + 𝑦))] = 

= 1 + 𝑡𝑎𝑛 𝑥 𝑡𝑎𝑛 𝑦 + 𝑡𝑎𝑛(𝑥 + 𝑦) − 𝑡𝑎𝑛 𝑥 𝑡𝑎𝑛 𝑦 𝑡𝑎𝑛(𝑥 + 𝑦) = 

= 1 + 𝑡𝑎𝑛 𝑥 𝑡𝑎𝑛 𝑦 + 𝑡𝑎𝑛 𝑥 + 𝑡𝑎𝑛 𝑦 

Hence, 

(1 + 𝑡𝑎𝑛 𝑥)(1 + 𝑡𝑎𝑛 𝑦) (1 + 𝑡𝑎𝑛 (
𝜋
4
− 𝑥 − 𝑦))

1 + 𝑡𝑎𝑛 𝑥 ⋅ 𝑡𝑎𝑛 𝑦 ⋅ 𝑡𝑎𝑛 (
𝜋
4
− 𝑥 − 𝑦)

=
2(1 + 𝑡𝑎𝑛 𝑥)(1 + 𝑡𝑎𝑛 𝑦)

1 + 𝑡𝑎𝑛 𝑥 𝑡𝑎𝑛 𝑦 𝑡𝑎𝑛 (
𝜋
4
− (𝑥 + 𝑦))

 

=
2(1 + 𝑡𝑎𝑛 𝑥)(1 + 𝑡𝑎𝑛 𝑦)

1 + 𝑡𝑎𝑛 𝑥 𝑡𝑎𝑛 𝑦 + 𝑡𝑎𝑛 𝑥 𝑡𝑎𝑛 𝑦
=
2(1 + 𝑡𝑎𝑛 𝑥)(1 + 𝑡𝑎𝑛 𝑦)

(1 + 𝑡𝑎𝑛 𝑦)(1 + 𝑡𝑎𝑛 𝑥)
= 2 

Therefore,  

𝛺(𝑎, 𝑏) = ∫ ∫
(1 + 𝑡𝑎𝑛 𝑥)(1 + 𝑡𝑎𝑛 𝑦) (1 + 𝑡𝑎𝑛 (

𝜋
4 − 𝑥 − 𝑦))

1 + 𝑡𝑎𝑛 𝑥 ⋅ 𝑡𝑎𝑛 𝑦 ⋅ 𝑡𝑎𝑛 (
𝜋
4 − 𝑥 − 𝑦)

𝑑𝑥
𝑏

𝑎

𝑑𝑦
𝑏

𝑎

= 2(𝑏 − 𝑎)2 

AN.024. Solution by Khaled Abd Imouti-Damascus-Syria 

We want to prove that: 

𝑒𝑡
3
+ 𝑡 ≤ 1 + 𝑡 ⋅ 𝑒𝑡

2
≤ 1 + 𝑒; ∀𝑡 ∈ [0,1] 

𝑒𝑡
3
− 𝑡 ⋅ 𝑒𝑡

2
− 1 ≤ 0 ⇔ 𝑒𝑡

3
− 1 ≤ 𝑡 ⋅ 𝑒𝑡

2
− 𝑡 ⇔ 

𝑒𝑡
3
− 1

𝑡3
≤
𝑒𝑡
2
− 1

𝑡2
; (∗) 

𝐿𝑒𝑡 𝑓(𝑡) =
𝑒𝑥 − 1

𝑥
, 𝑡ℎ𝑒𝑛 𝑓′(𝑥) =

𝑥 ⋅ 𝑒𝑥 − 𝑒𝑥 + 1

𝑥2
> 0 

𝐿𝑒𝑡 𝑔(𝑥) = 𝑥 ⋅ 𝑒𝑥 − 𝑒𝑥 + 1, 𝑡ℎ𝑒𝑛 𝑔′(𝑥) = 𝑥 ⋅ 𝑒𝑥  

𝑔′(𝑥) = 0 ⇔ 𝑥 = 0 
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𝑥 −∞                              0                             + ∞ 

𝑔′(𝑥) −−−−−−− −−0 + + + +++ +++ 

𝑔(𝑥) 1    ↘       ↘       ↘       0      ↗      ↗       ↗  +∞  

Thus, 𝑔(𝑥) ≥ 0 and then 𝑓 strictly increasing on ℝ. 

From 𝑡3 < 𝑡2 imply 𝑓(𝑡3) < 𝑓(𝑡2) ⇒ (∗) is true. 

Let ℎ(𝑡) = 𝑡 ⋅ 𝑒𝑡
2
 then ℎ′(𝑡) = (1 + 2𝑡2)𝑒𝑡

2
> 0, therefore for 𝑡 ∈

[0, 𝑒] 

ℎ(𝑡) ≤ ℎ(𝑒). So, 𝑒𝑡
3
+ 𝑡 ≤ 1 + 𝑡 ⋅ 𝑒𝑡

2
≤ 1 + 𝑒; ∀𝑡 ∈ [0,1] 

By integrating, it follows that: 

2∫ 𝑒𝑥
3

𝑏

𝑎

𝑑𝑥 + (𝑏 − 𝑎)2 ≤ 2(𝑏 − 𝑎) + 𝑒𝑏
2
− 𝑒𝑎

2
 

AN.025. Solution by Amrit Awasthi-India 

𝛺(𝑎, 𝑏) = ∫ 𝑡𝑎𝑛−1 (
4𝑥 − 4𝑥3

𝑥4 − 6𝑥2 + 1
)𝑑𝑥

𝑏

𝑎

=
𝑥=𝑡𝑎𝑛 𝑡

 

= ∫ 𝑠𝑒𝑐2 𝑡 ⋅ 𝑡𝑎𝑛−1 (
4 𝑡𝑎𝑛 𝑡 − 4 𝑡𝑎𝑛3 𝑡

𝑡𝑎𝑛4 𝑡 − 6 𝑡𝑎𝑛2 𝑡 + 1
)

𝑡𝑎𝑛−1 𝑏

𝑡𝑎𝑛−1 𝑎

𝑑𝑡 = 

= ∫ 𝑠𝑒𝑐2 𝑡 ⋅ 𝑡𝑎𝑛−1(𝑡𝑎𝑛 4𝑡) 𝑑𝑡
𝑡𝑎𝑛−1 𝑏

𝑡𝑎𝑛−1 𝑎

= 4∫ 𝑡 ⋅ 𝑠𝑒𝑐2 𝑡
𝑡𝑎𝑛−1 𝑏

𝑡𝑎𝑛−1 𝑎

𝑑𝑡 = 

= [4𝑡 ⋅ 𝑡𝑎𝑛 𝑡 + 4 𝑙𝑜𝑔|𝑐𝑜𝑠 𝑡|]𝑡𝑎𝑛−1 𝑎
𝑡𝑎𝑛−1 𝑏 = 

= 4𝑏 ⋅ 𝑡𝑎𝑛−1 𝑏 − 4𝑎 ⋅ 𝑡𝑎𝑛−1 𝑎 + 4 𝑙𝑜𝑔
𝑐𝑜𝑠(𝑡𝑎𝑛−1 𝑏)

𝑐𝑜𝑠(𝑡𝑎𝑛−1 𝑎)
= 

= 4 [𝑏 𝑡𝑎𝑛−1 𝑏 − 𝑎 𝑡𝑎𝑛−1 𝑎 +
1

2
𝑙𝑜𝑔 (

𝑎2 + 1

𝑏2 + 1
)] 
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AN.026. Solution by Hikmat Mammadov-Azerbaijan 

𝛺 = 𝑙𝑖𝑚
𝑛→∞

(
1

𝑛 ⋅ 27𝑛
∑∑3𝑖+𝑗 (

3𝑛 − 𝑖 − 𝑗

𝑛
) (
2𝑛 − 𝑖 − 𝑗

𝑛 − 𝑖
)

𝑛

𝑗=1

𝑛

𝑖=1

) 

2𝑛 − 𝑖 − 𝑗 ≥ 2𝑛 − 1;   𝑛 + 1 ≥ 𝑖 + 𝑗 

𝛺 = 𝑙𝑖𝑚
𝑛→∞

1

𝑛
∑ ∑

1

33𝑛−(𝑖+𝑗)
⋅
(3𝑛 − 𝑖 − 𝑗)!

(2𝑛 − 𝑖 − 𝑗)! 𝑛!

𝑛

𝑗=1
𝑖+𝑗≤𝑛+1

𝑛

𝑖=1

⋅
(2𝑛 − 𝑖 − 𝑗)!

(𝑛 − 1)! (𝑛 + 1 − 𝑖 − 𝑗)
⋅
(2𝑛 − 1)!

(2𝑛 − 1)!
 

= 𝑙𝑖𝑚
𝑛→∞

1

𝑛
∑ ∑

1

33𝑛−(𝑖+𝑗)
(
2𝑛 − 1

𝑛
) (
3𝑛 − 𝑖 − 𝑗

2𝑛 − 1
)

𝑛

𝑗=1
𝑖+𝑗≤𝑛+1

𝑛

𝑖=1

 

= 𝑙𝑖𝑚
𝑛→∞

1

𝑛
(
2𝑛 − 1

𝑛
)∑ ∑

1

33𝑛−(𝑖+𝑗)

𝑛

𝑗=1
𝑖+𝑗≤𝑛+1

(
3𝑛 − 𝑖 − 𝑗

2𝑛 − 1
)

𝑛

𝑖=1

 

= 𝑙𝑖𝑚
𝑛→∞

1

𝑛
(
2𝑛 − 1

𝑛
)∑(𝑣 − 1) ⋅

1

33𝑛−𝑣
(
3𝑛 − 𝑣

2𝑛 − 1
)

𝑛+1

𝑣=2

 

=
𝑘=𝑣−1

𝑙𝑖𝑚
𝑛→∞

1

𝑛
(
2𝑛 − 1

𝑛
)∑

𝑘

33𝑛−𝑘−1
(
3𝑛 − 𝑘 − 1

2𝑛 − 1
)

𝑛

𝑘=1

 

=

𝑎𝑝𝑝𝑒𝑛𝑑𝑖𝑥
𝑏𝑒𝑙𝑙𝑜𝑤

𝑙𝑖𝑚
𝑛→∞

1

2𝑛
(
2𝑛 − 1

𝑛
)
1

33𝑛−2
(3𝑛 − 1) (

3𝑛 − 2

2𝑛 − 1
) 

𝛤(𝑥) = √2𝜋𝑒
𝑥 𝑙𝑜𝑔𝑥−𝑥−

1
2
𝑙𝑜𝑔𝑥+𝑂(

1
𝑥2
)
(1 + 𝑂 (

1

𝑥
)) 

𝑣 ∈ ℤ≥1 ⇒ 𝛤(𝑧) = (𝑣 − 1)! 
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𝛺 =
1

2
𝑙𝑖𝑚
𝑛→∞

1

33𝑛−2
⋅
1

𝑛2
⋅
𝛤(3𝑛)

𝛤(𝑛)3
 

=
1

2
𝑙𝑖𝑚
𝑛→∞

1

33𝑛−2
⋅
1

𝑛2
⋅

√2𝜋𝑒
3𝑛 𝑙𝑜𝑔(3𝑛)−3𝑛−

1
2
𝑙𝑜𝑔(3𝑛)+𝑂(

1
𝑛2
)
(1 + 𝑂 (

1
𝑛))

2𝜋√2𝜋𝑒
3𝑛 𝑙𝑜𝑔(3𝑛)−3𝑛−

1
2
𝑙𝑜𝑔(3𝑛)+𝑂(

1
𝑛2
)
(1 + 𝑂 (

1
𝑛))

 

=
1

2
𝑙𝑖𝑚
𝑛→∞

1

33𝑛−2
⋅
1

𝑛2
⋅
1

2𝜋
⋅ 33𝑛 ⋅

𝑛

√3
= 0 

Appendix: 

∑
𝑘

33𝑛−𝑘−1
(
3𝑛 − 1 − 𝑘

2𝑛 − 1
)

𝑛

𝑘=1

=
? 1

2
⋅
1

33𝑛−2
(
3𝑛 − 2

2𝑛 − 1
) 

∑(
3𝑛 − 1 − 𝑘

2𝑛 − 1
) 𝑧𝑘

1

𝑧(3𝑛−2
2𝑛−1

)

𝑛

𝑘=1

=
𝑚=𝑘−1

∑
(3𝑛−𝑚−2
2𝑛−1

)

(3𝑛−2
2𝑛−1

)

𝑛−1

𝑚=0

= ∑ 𝑧𝑚

(3𝑛 − 𝑚 − 2)!
(𝑛 − 𝑚 − 1)!
(3𝑛 − 2)!
(𝑛 − 1)!

𝑛−1

𝑚=0

= 

= ∑ 𝑧𝑚
(𝑛 − 1)!

(𝑛 − 1 −𝑚)!
⋅

1

(3𝑛 − 2)!
(3𝑛 − 2 −𝑚)!

𝑛−1

𝑚=0

= 

= ∑
𝑧𝑚

𝑚!
⋅
𝑚! (−(𝑛 − 1))(−(𝑛 − 2))… (−(𝑛 − 1 − (𝑚 − 1))

(−(3𝑛 − 2))(−(3𝑛 − 3))… (−(3𝑛 − 2 − (𝑚 − 1))

𝑛

𝑚=0

= 

= 𝐹1(1;−(𝑛 − 1);−(3𝑛 − 2); 𝑧)2  

𝑑

𝑑𝑧
(∑(

3𝑛 − 1 − 𝑘

2𝑛 − 1
) 𝑧𝑘

𝑛

𝑘=1

) =∑𝑘 (
3𝑛 − 1 − 𝑘

2𝑛 − 1
)

𝑛

𝑘=1

= (
3𝑛 − 2

2𝑛 − 1
)
𝑑

𝑑𝑧
= 

= 𝐹1(1;−(𝑛 − 1);−(3𝑛 − 2); 𝑧)2 = 
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= (
3𝑛 − 2

2𝑛 − 1
) ( 𝐹1(1;−(𝑛 − 1);−(3𝑛 − 2); 𝑧)2

+ 𝑧
𝑛 − 1

3𝑛 − 2
𝐹1(2;−(𝑛 − 1);−(3𝑛 − 2); 𝑧)2 ) 

= (
3𝑛 − 2

2𝑛 − 1
) (1 +

𝑛 − 1

3𝑛 − 2
𝑥 +

(𝑛 − 1)(𝑛 − 2)

(3𝑛 − 2)(3𝑛 − 3)
𝑧2

+
(𝑛 − 1)(𝑛 − 2)(𝑛 − 3)

(3𝑛 − 2)(3𝑛 − 3)(3𝑛 − 4)
𝑧3 +⋯ 

+⋯+
𝑛 − 1

3𝑛 − 2
𝑧 + 2

(𝑛 − 1)(𝑛 − 2)

(3𝑛 − 2)(3𝑛 − 3)
𝑧 + 3… ) 

= (
3𝑛 − 2

2𝑛 − 1
) 𝐹1(1;−(𝑛 − 1);−(3𝑛 − 2); 𝑧)2  

∑𝑘(
3𝑛 − 1 − 𝑘

2𝑛 − 1
) 𝑧𝑘−1

𝑛

𝑘=1

= (
3𝑛 − 2

2𝑛 − 1
) 𝐹1(1;−(𝑛 − 1);−(3𝑛 − 2); 𝑧)2  

𝑧 = 3 ⇒∑𝑘 (
3𝑛 − 1 − 𝑘

2𝑛 − 1
) 3𝑘−1

𝑛

𝑘=1

= (
3𝑛 − 2

2𝑛 − 1
) 𝐹1(1;−(𝑛 − 1);−(3𝑛 − 2); 3)2  

∑
𝑘

33𝑛−𝑘−1
(
3𝑛 − 1 − 𝑘

2𝑛 − 1
)

𝑛

𝑘=1

=
1

33𝑛−2
(
3𝑛 − 2

2𝑛 − 1
) 𝐹1(1;−(𝑛 − 1);−(3𝑛 − 2); 3)2 = 

=
1

33𝑛−2
(
3𝑛 − 2

2𝑛 − 1
)
3𝑛 − 1

2
 

AN.027. Solution by Remus Florin Stanca-Romania 

Let 𝑎𝑛 =
1

𝑛2
(1 + 2∑

1

2𝑘+5

𝑛
𝑘=1 )

𝑛

. 
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𝑙𝑖𝑚
𝑛→∞

𝑎𝑛+1
𝑎𝑛

= 𝑙𝑖𝑚
𝑛→∞

1
(𝑛 + 1)2

(1 + 2∑
1

2𝑘 + 5
𝑛+1
𝑘=1 )

𝑛

1
𝑛2
(1 + 2∑

1
2𝑘 + 5

𝑛
𝑘=1 )

𝑛 = 

= 𝑙𝑖𝑚
𝑛→∞

(1 + 2∑
1

2𝑘 + 5

𝑛+1

𝑘=1

)(
1 + 2∑

1
2𝑘 + 5

𝑛+1
𝑘=1

1 + 2∑
1

2𝑘 + 5
𝑛
𝑘=1

)

𝑛

 

2𝑘 + 5 ≤ 2𝑘 + 6 ⇒
2

2𝑘 + 5
>

1

2𝑘 + 3
⇒ ∑

1

2𝑘 + 5

𝑛+1

𝑘=1

≥∑
1

𝑘 + 3

𝑛+1

𝑘=1

; ( 𝑙𝑖𝑚
𝑘→∞

1

𝑘 + 3
= ∞) 

⇒ 𝑙𝑖𝑚
𝑛→∞

∑
2

2𝑘 + 5

𝑛+1

𝑘=1

= ∞ ⇒ 1+ 2∑
2

2𝑘 + 5

𝑛+1

𝑘=1

= ∞; (1) 

𝑙𝑒𝑡 𝑢(𝑛) =
1 + 2∑

1
2𝑘 + 5

𝑛+1
𝑘=1

1 + 2∑
1

2𝑘 + 5
𝑛
𝑘=1

 

𝑙𝑖𝑚
𝑛→∞

(
1 + 2∑

1
2𝑘 + 5

𝑛+1
𝑘=1

1 + 2∑
1

2𝑘 + 5
𝑛
𝑘=1

)

𝑛

= 𝑙𝑖𝑚
𝑛→∞

(1 + (𝑢(𝑛) − 1))
1

𝑢(𝑛)−1
⋅𝑛(𝑢(𝑛)−1)

= 

= 𝑒𝑥𝑝 {𝑙𝑖𝑚
𝑛→∞

2𝑛

2𝑛 + 7
⋅

1

1 + 2∑
1

2𝑘 + 5
𝑛
𝑘=1

} = 𝑒0 = 1; (2) 

From (1),(2) it follows that: 

𝛺 = 𝑙𝑖𝑚
𝑛→∞

1

𝑛2
(1 + 2∑

1

2𝑘 + 5

𝑛

𝑘=1

)

𝑛
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AN.028. Solution by Adrian Popa-Romania 

𝛺(𝑎, 𝑏) = ∫
3 + 𝑐𝑜𝑠 4𝑥

1 − 𝑐𝑜𝑠 4𝑥

𝑏

𝑎

𝑑𝑥 = −∫
−3 − 𝑐𝑜𝑠 4𝑥

1 − 𝑐𝑜𝑠 4𝑥

𝑏

𝑎

𝑑𝑥

= −∫
1 − 𝑐𝑜𝑠 4𝑥 − 4

1 − 𝑐𝑜𝑠 4𝑥
𝑑𝑥

𝑏

𝑎

= 

= −∫ 𝑑𝑥
𝑏

𝑎

+∫
4

1 − 𝑐𝑜𝑠 4𝑥
𝑑𝑥

𝑏

𝑎

= (𝑎 − 𝑏) + ∫
2

𝑠𝑖𝑛2 2𝑥
𝑑𝑥

𝑏

𝑎

= 

= 𝑎 − 𝑏 − 𝑐𝑜𝑡 2𝑥|𝑎
𝑏 = 𝑎 − 𝑏 + 𝑐𝑜𝑡 2𝑎 − 𝑐𝑜𝑡 2𝑏 

 AN.029. Solution by Remus Florin Stanca-Romania 

𝛺 = 𝑙𝑖𝑚
𝑛→∞

1

𝑛(𝐻𝑛 − 1)
(𝑙𝑜𝑔(𝑛!) −∑

𝛤′(𝑘)

𝛤(𝑘)

𝑛

𝑘=2

)

= 𝑙𝑖𝑚
𝑛→∞

𝑙𝑜𝑔(𝑛!) − ∑ 𝜓(𝑘)𝑛
𝑘=2

𝑛(𝐻𝑛 − 1)
=
𝐶−𝑆

 

= 𝑙𝑖𝑚
𝑛→∞

𝑙𝑜𝑔(𝑛 + 1) − 𝜓(𝑛 + 1)

(𝑛 + 1) (𝐻𝑛 +
1

𝑛 + 1) − 𝑛𝐻𝑛 + 𝑛
= 

= 𝑙𝑖𝑚
𝑛→∞

𝑙𝑜𝑔(𝑛 + 1) − 𝜓(𝑛 + 1)

𝑛𝐻𝑛 +𝐻𝑛 + 1 − 𝑛 − 1 − 𝑛𝐻𝑛 + 𝑛
= 𝑙𝑖𝑚
𝑛→∞

𝑙𝑜𝑔(𝑛 + 1) − 𝜓(𝑛 + 1)

𝐻𝑛
=
𝐶−𝑆

 

= 𝑙𝑖𝑚
𝑛→∞

𝑙𝑜𝑔 (
𝑛 + 2
𝑛 + 1) − 𝜓

(𝑛 + 2) + 𝜓(𝑛 + 1)

1
𝑛 + 1

= 𝑙𝑖𝑚
𝑛→∞

𝑙𝑜𝑔 (
𝑛 + 2
𝑛 + 1) −

1
𝑛 + 1

1
𝑛 + 1

= 

= 𝑙𝑖𝑚
𝑛→∞

(𝑛 + 1) 𝑙𝑜𝑔 (
𝑛 + 2

𝑛 + 1
) − 1 = 𝑙𝑖𝑚

𝑛→∞
𝑙𝑜𝑔 (1 +

1

𝑛 + 1
)
𝑛+1

− 1

= 𝑙𝑜𝑔 𝑒 − 1 = 0 

AN.030. Solution by Surjeet Singhania-India 

As we known logarithmic function is increasing 𝑙𝑜𝑔:ℝ+
∗ → ℝ, 

0 < 1 + 𝑠𝑖𝑛𝑛 𝑥 < 1 + 𝑠𝑖𝑛𝑛 1 ; ∀𝑥 ∈ [0,1] 
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Also, 𝑥 + 1 < 1 + 𝑥 + 𝑥𝑛 < 1 + 𝑥 + 1 = 2 + 𝑥, then 

1 + 𝑠𝑖𝑛𝑛 𝑥

1 + 𝑥 + 𝑥𝑛
<
1 + 𝑠𝑖𝑛𝑛 𝑥

1 + 𝑥
 

𝐿𝑒𝑡 |∫ 𝑙𝑜𝑔 (
(1 + 𝑠𝑖𝑛𝑛 𝑥)(1 + 𝑥)

1 + 𝑥 + 𝑥𝑛
)𝑑𝑥

1

0

|

≤ |∫ 𝑙𝑜𝑔 (
(1 + 𝑠𝑖𝑛𝑛 𝑥)(1 + 𝑥)

1 + 𝑥
)𝑑𝑥

1

0

| = 

= 𝑙𝑜𝑔(1 + 𝑠𝑖𝑛𝑛 1) < 𝑠𝑖𝑛𝑛 1 < 1; ∀𝑛 ≥ 1 

Hence, we have: 

𝑙𝑖𝑚
𝑛→∞

∫ 𝑙𝑜𝑔 (
(1 + 𝑠𝑖𝑛𝑛 𝑥)(1 + 𝑥)

1 + 𝑥 + 𝑥𝑛
)𝑑𝑥

1

0

= 0 

∫ 𝑙𝑜𝑔 (
1 + 𝑠𝑖𝑛𝑛 𝑥

1 + 𝑥 + 𝑥𝑛
)

1

0

𝑑𝑥 → ∫ 𝑙𝑜𝑔(1 + 𝑥) 𝑑𝑥
1

0

 

Therefore, 

𝛺 = −∑
(−1)𝑛+1

𝑛
∫ 𝑥𝑛
1

0

𝑑𝑥

∞

𝑛=1

= −∑
(−1)𝑛+1

𝑛(𝑛 + 1)

∞

𝑛=1

= −∑(
(−1)𝑛+1

𝑛
−
(−1)𝑛+1

𝑛 + 1
)

∞

𝑛=1

= 

= −(𝑙𝑜𝑔 2 + 𝑙𝑜𝑔 2 − 1) = 1 − 𝑙𝑜𝑔 4 

AN.031. Solution by Mohammed Diai-Morocco 

∫ (2𝑥 − 𝑎) 𝑙𝑜𝑔(1 + 𝑥 + 𝑥2)
𝑎

0

𝑑𝑥 ≥ 0; (∗) 

∫ (2𝑥 − 𝑎) 𝑙𝑜𝑔(1 + 𝑥 + 𝑥2)
𝑎

0

𝑑𝑥 = 

= ∫ (2𝑥 + 1) 𝑙𝑜𝑔(1 + 𝑥 + 𝑥2) 𝑑𝑥
𝑎

0

−∫ (𝑎 + 1) 𝑙𝑜𝑔(1 + 𝑥 + 𝑥2) 𝑑𝑥
𝑎

0
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∫ (2𝑥 + 1) 𝑙𝑜𝑔(1 + 𝑥 + 𝑥2) 𝑑𝑥
𝑎

0

= [(1 + 𝑥 + 𝑥2) 𝑙𝑜𝑔(1 + 𝑥 + 𝑥2) − (𝑥 + 𝑥2)]|0
𝑎 = 

= (1 + 𝑎 + 𝑎2) 𝑙𝑜𝑔(1 + 𝑎 + 𝑎2) 

Therefore,  

(∗) ⇔ ∫ 𝑙𝑜𝑔(1 + 𝑥 + 𝑥2) 𝑑𝑥
𝑎

0

≤
(1 + 𝑎 + 𝑎2) 𝑙𝑜𝑔(1 + 𝑎 + 𝑎2)

1 + 𝑎
 

The function 𝑥 → 𝑙𝑜𝑔(1 + 𝑥 + 𝑥2) is increasing in [0, 𝑎], so: 

∫ 𝑙𝑜𝑔(1 + 𝑥 + 𝑥2) 𝑑𝑥
𝑎

0

≤ ∫ 𝑙𝑜𝑔(1 + 𝑎 + 𝑎2) 𝑑𝑥
𝑎

0

= 𝑎 𝑙𝑜𝑔(1 + 𝑎 + 𝑎2)

≤
(1 + 𝑎 + 𝑎2) 𝑙𝑜𝑔(1 + 𝑎 + 𝑎2)

1 + 𝑎
 

AN.032. Solution by Tapas Das-India 

We know that: 

𝑡𝑎𝑛−1 𝑥 = 𝑥 −
𝑥3

3
+
𝑥5

5
−
𝑥7

7
+
𝑥9

9
−⋯ 

𝑥 ⋅ 𝑡𝑎𝑛−1 𝑥 = 𝑥2 −
𝑥4

3
+
𝑥6

5
−
𝑥8

7
+
𝑥10

9
−⋯ 

Now, 

𝑡𝑎𝑛−1(𝑥2) = 𝑥2 −
(𝑥2)3

3
+
(𝑥2)5

5
−
(𝑥2)7

7
+
(𝑥2)9

9
−⋯ = 

= 𝑥2 −
𝑥6

3
+
𝑥10

5
−
𝑥14

7
+
𝑥18

9
−⋯ 

Hence, 

𝑡𝑎𝑛−1(𝑥2) − 𝑥 ⋅ 𝑡𝑎𝑛−1 𝑥

=
1

3
(𝑥4 − 𝑥6) +

1

5
(𝑥10 + 𝑥6) +

1

7
(𝑥8 − 𝑥14) + ⋯ 
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For 𝑥 ∈ (0,1): 𝑥4 > 𝑥6 > 𝑥8 > 𝑥10 > 𝑥14… 

Clearly, 𝑡𝑎𝑛−1(𝑥2) − 𝑥 ⋅ 𝑡𝑎𝑛−1 𝑥 ≥ 0 ⇔ 𝑡𝑎𝑛−1(𝑥2) ≥ 𝑥 ⋅ 𝑡𝑎𝑛−1 𝑥, thus 

𝑡𝑎𝑛−1(𝑥2)

𝑥 ⋅ 𝑡𝑎𝑛−1 𝑥
≥ 1 

Therefore, 

∫
𝑠𝑖𝑛 𝑥 ⋅ 𝑡𝑎𝑛−1(𝑥2)

𝑥 ⋅ 𝑡𝑎𝑛−1 𝑥

𝑏

𝑎

𝑑𝑥 ≥ ∫ 𝑠𝑖𝑛 𝑥
𝑏

𝑎

𝑑𝑥 

∫
𝑠𝑖𝑛 𝑥 ⋅ 𝑡𝑎𝑛−1(𝑥2)

𝑥 ⋅ 𝑡𝑎𝑛−1 𝑥

𝑏

𝑎

𝑑𝑥 ≥ 𝑐𝑜𝑠 𝑎 − 𝑐𝑜𝑠 𝑏 

AN.033. Solution by Naren Bhandari-Bajura-Nepal 

Due to Lambert continued fraction  (particular case of Gauss continued 
fraction) 

𝑡𝑎𝑛 𝑥 =
𝑥

1 + 𝕂𝑛=1
∞ −𝑥2

2𝑛 + 1

 

Now we replace 𝑥 by 𝑖𝑥 giving us 

𝑡𝑎𝑛ℎ 𝑥 =
𝑥

1 + 𝕂𝑛=1
∞ 𝑥2

2𝑛 + 1

 

So, we need to integrate 𝐼 + ∫ 𝑡𝑎𝑛ℎ 𝑥 𝑑𝑥
𝑏

𝑎
 which is easy to see 

𝐼 = ∫
𝑑

𝑑𝑥
𝑙𝑜𝑔(𝑐𝑜𝑠ℎ 𝑥)

𝑏

𝑎

𝑑𝑥 = 𝑙𝑜𝑔 (
𝑐𝑜𝑠ℎ 𝑏

𝑐𝑜𝑠ℎ 𝑎
) 

AN.034. Solution by Adrian Popa-Romania 

𝑙𝑜𝑔 (
(𝑎 − √2)(𝑏 + √2)

(𝑏 − √2)(𝑎 + √2)
)

= 𝑙𝑜𝑔(√2 − 𝑎) − 𝑙𝑜𝑔(√2 − 𝑏) + 𝑙𝑜𝑔(√2 + 𝑏)

− 𝑙𝑜𝑔(√2 + 𝑎) 
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= 𝑙𝑜𝑔 𝑥|
√2−𝑏
√2−𝑎 + 𝑙𝑜𝑔 𝑥|

√2+𝑎
√2+𝑏 = ∫

1

𝑥
𝑑𝑥

√2−𝑎

√2−𝑏

+∫
1

𝑥
𝑑𝑥

√2+𝑏

√2+𝑎

= 

= ∫
1

√2 − 𝑡
𝑑𝑡

𝑏

𝑎

+∫
1

√2 + 𝑡
𝑑𝑡

𝑏

𝑎

= ∫
2√2

2 − 𝑥2
𝑑𝑥

𝑏

𝑎

= 2√2∫
𝑑𝑥

2 − 𝑥2

𝑏

𝑎

 

We need to prove: 

𝑒𝑥𝑝 (2√2∫ 𝑥𝑥
𝑏

𝑎

𝑑𝑥) ≥ 2√2∫
𝑑𝑥

2 − 𝑥2

𝑏

𝑎

 

Let 𝑓: (0,1) → ℝ, 𝑓(𝑥) = 𝑥𝑥 = 𝑒𝑥 𝑙𝑜𝑔 𝑥, then 𝑓′(𝑥) = 𝑥𝑥(1 + 𝑙𝑜𝑔 𝑥) 

𝑓′(𝑥) = 0 ⇔ 𝑥 =
1

𝑒
 

𝑥 
0                            

1

𝑒
                                       1 

𝑓′(𝑥) −−−−−−−0 + + + ++++ ++ 

𝑓(𝑥) ↘                0                  ↗        

𝑔: (0,1) → ℝ, 𝑔(𝑥) =
1

2 − 𝑥2
, 𝑔′(𝑥) =

2𝑥

(2 − 𝑥2)2
> 0; ∀𝑥 ∈ (0,1) 

Hence, 𝑓(𝑥) ≥ 𝑔(𝑥); ∀𝑥 ∈ (0,1). 

AN.035. Solution by Ravi Prakash-New Delhi-India 

Let 𝑚 ∈ ℕ − {0}, 𝑓(𝑥) = (𝑥 + 1)𝑥(𝑚 + 1 − 𝑥)𝑚−𝑥 , 0 ≤ 𝑥 ≤ [
𝑚

2
] 

𝑙𝑜𝑔 𝑓(𝑥) = 𝑥 𝑙𝑜𝑔(𝑥 + 1) + (𝑚 − 𝑥) 𝑙𝑜𝑔(𝑚 + 1 − 𝑥) 

𝑓′(𝑥)

𝑓(𝑥)
= 𝑙𝑜𝑔(𝑥 + 1) − 𝑙𝑜𝑔(𝑚 + 1 − 𝑥) −

𝑚 − 𝑥

𝑚 + 1 − 𝑥
= 

= 𝑙𝑜𝑔 (
𝑥 + 1

𝑚 + 1 − 𝑥
) −

𝑚 − 𝑥

𝑚 + 1 − 𝑥
< 0, ∀0 < 𝑥 < [

𝑚

2
] 
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Thus, 𝑓 decreases on [0, [
𝑚

2
]] ⇒ 𝑓(𝑥) ≥ 𝑓 ([

𝑚

2
]) , ∀𝑥 ∈ [0, [

𝑚

2
]]. 

Hence, 

1

(𝑘 + 1)𝑘(2𝑛 + 1 − 𝑘)2𝑛−𝑘
≤

1

(𝑛 + 1)𝑛(𝑛 + 1)𝑛
=

1

(𝑛 + 1)2𝑛
 

and 

1

(𝑘 + 1)𝑘(2𝑛 + 2 − 𝑘)2𝑛+1−𝑘
≤

1

(𝑛 + 1)2𝑛+1
 

(2𝑛 − 1)!∑
1

(𝑘 + 1)𝑘(2𝑛 − 𝑘 + 1)2𝑛−𝑘

2𝑛

𝑘=0

<
(2𝑛 − 1)! (2𝑛 + 1)

(𝑛 + 1)2𝑛

=
(2𝑛 + 1)!

2𝑛(𝑛 + 1)2𝑛
 

Let 𝑏𝑛 =
(2𝑛+1)!

2𝑛(𝑛+1)2𝑛
 and  

(2𝑛 + 1 − 1)! ∑
1

(𝑘 + 1)𝑘(2𝑛 + 1 − 𝑘 + 1)2𝑛+1−𝑘

2𝑛+1

𝑘=0

<
(2𝑛)! (2𝑛 + 2)

(𝑛 + 1)2𝑛+1

=
(2𝑛 + 2)!

(2𝑛 + 1)(𝑛 + 1)2𝑛+1
 

Let 𝑐𝑛 =
(2𝑛+2)!

(2𝑛+1)(𝑛+1)2𝑛+1
. We prove that: 𝑏𝑛, 𝑐𝑛 → ∞ for 𝑛 → ∞. 

𝑏𝑛
𝑏𝑛+1

= (1 +
1

𝑛
) ⋅

(𝑛 + 2)2

(2𝑛 + 2)(2𝑛 + 3)
[(1 +

1

𝑛 + 1
)
𝑛+1

]

2

→
𝑒2

4
 

As 
𝑒2

4
> 1, 𝑏𝑛 → 0 as 𝑛 → ∞. Similarly, 𝑐𝑛 → 0 as 𝑛 → ∞. 

Now, 

0 <∑
1

(𝑘 + 1)𝑘(𝑛 − 𝑘 + 1)𝑛−𝑘

𝑛

𝑘=0

< 𝑏𝑛, 𝑐𝑛 
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As 𝑏𝑛 → 0, 𝑐𝑛 → 0 as 𝑛 → ∞. Therefore, 

𝛺 = 𝑙𝑖𝑚
𝑛→∞

(𝑛 − 1)!∑
1

(𝑘 + 1)𝑘(𝑛 − 𝑘 + 1)𝑛−𝑘

𝑛

𝑘=0

= 0 

AN.036. Solution by Amrit Awasthi-India 

𝜓(𝑧) =
1

𝛤(𝑧)
∫ 𝑥𝑧−1𝑒−𝑥 𝑙𝑜𝑔 𝑥 𝑑𝑥
∞

0

 

𝛺(𝑛) = ∫ 𝑥𝑛+1𝑒−𝑥 𝑙𝑜𝑔 𝑥 𝑑𝑥
∞

0

− 𝑛∫ 𝑥𝑛−1𝑒−𝑥 𝑙𝑜𝑔 𝑥 𝑑𝑥
∞

0

= 

= 𝛤(𝑛 + 1)𝜓(𝑛 + 1) − 𝑛𝛤(𝑛)𝜓(𝑛) = 𝑛! [𝜓(𝑛 + !) − 𝜓(𝑛)] = 

= 𝑛! (
1

𝑛
) = (𝑛 − 1)! 

Therefore, 

𝛺 =∑
1

𝛺(𝑛)

∞

𝑛=1

=∑
1

(𝑛 − 1)!

∞

𝑛−1

= 𝑒 

AN.037. Solution by Ravi Prakash-New Delhi-India 

𝛺𝑛(𝑥) = ∫
𝑑𝑥

𝑥(1 + 𝑥𝑛)
= ∫

𝑥𝑛−1

𝑥𝑛(1 + 𝑥𝑛)
𝑑𝑥 = ∫(

1

𝑥𝑛
−

1

1 + 𝑥𝑛
) 𝑥𝑛−1 𝑑𝑥 

=
1

𝑛
∫(
1

𝑡
−

1

𝑡 + 1
)𝑑𝑡 =

1

𝑛
𝑙𝑜𝑔 (

𝑡

𝑡 + 1
) + 𝐶 =

1

𝑛
𝑙𝑜𝑔 (

𝑥𝑛

1 + 𝑥𝑛
) + 𝐶 

𝛺𝑛(1) =
1

𝑛
𝑙𝑜𝑔 (

1

2
) = −

1

𝑛
𝑙𝑜𝑔 2 + 𝐶 ⇒ 𝐶 =

𝑛 + 1

𝑛
𝑙𝑜𝑔 2 

Thus, 

𝑛𝛺𝑛(𝑥) = (𝑛 + 1) 𝑙𝑜𝑔 2 + 𝑙𝑜𝑔 (
𝑥𝑛

1 + 𝑥𝑛
) = 𝑙𝑜𝑔 2 + 𝑙𝑜𝑔 (

2𝑛𝑥𝑛

1 + 𝑥𝑛
) 

If 0 < 𝑥 <
1

2
, 0 < 2𝑥 < 1 ⇒ (2𝑥)𝑛 → 0 
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𝑙𝑖𝑚
𝑛→∞

𝑛𝛺𝑛(𝑥) = −∞ 𝑖𝑓 0 < 𝑥 <
1

2
. 

For 𝑥 =
1

2
 we have: 𝑛𝛺𝑛(𝑥) = 𝑙𝑜𝑔 2 + 𝑙𝑜𝑔 (

1

1+(
1

2
)
𝑛) → 𝑙𝑜𝑔 2 as 𝑛 → ∞. 

For 
1

2
< 𝑥 < 1, (2𝑥)𝑛 → ∞, 𝑥𝑛 → ∞ ad 𝑛𝛺𝑛(𝑥) → ∞ as 𝑛 → ∞. 

For 𝑥 ≥ 1, 𝑛𝛺𝑛(𝑥) = 𝑙𝑜𝑔 2 − 𝑙𝑜𝑔 (
1

2𝑛
+

1

2𝑛𝑥𝑛
) → ∞ as 𝑛 → ∞. 

AN.038. Solution by Sergio Esteban-Buenos Aires-Argentina 

𝑆1 =∑𝑘(𝑛 − 𝑘 + 1)

𝑛

𝑘=1

=∑(𝑛𝑘 − 𝑘2 + 𝑘)

𝑛

𝑘=1

= 𝑛∑𝑘

𝑛

𝑘=1

−∑𝑘2
𝑛

𝑘=1

+∑𝑘

𝑛

𝑘=1

 

= 𝑛 ⋅
𝑛(𝑛 + 1)

2
−
𝑛(𝑛 + 1)(2𝑛 + 1)

6
+
𝑛(𝑛 + 1)

2
=
𝑛(𝑛 + 1)(𝑛 + 2)

6
 

𝑆2 =∑𝑘(𝑛 + 1)2
𝑛

𝑘=1

=∑𝑘[(𝑛 + 1)2 + 𝑘2 − 2(𝑛 + 1)𝑘]

𝑛

𝑘=1

= 

=∑𝑘(𝑛 + 1)2
𝑛

𝑘=1

+∑𝑘3
𝑛

𝑘=1

−∑2(𝑛 + 1)𝑘2
𝑛

𝑘=1

= 

=
𝑛(𝑛 + 1)

2
⋅ (𝑛 + 1)2 + (

𝑛(𝑛 + 1)

2
)

2

− 2(𝑛 + 1) ⋅
𝑛(𝑛 + 1)(2𝑛 + 1)

6
 

𝛺 = 𝑙𝑖𝑚
𝑛→∞

𝑛𝑆1
𝑆2
= 2 

 AN.039. Solution by Ravi Prakash-New Delhi-India 

Let 𝑓(𝑥) = 𝑙𝑜𝑔(1 + 𝑥) + 𝑥 + 𝑙𝑜𝑔 𝑥 − √𝑥; 𝑥 > 0, then 

𝑓′(𝑥) =
1

1 + 𝑥
+ 1 +

1

𝑥
−
1

2√𝑥
; 𝑥 > 0 
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If 0 < 𝑥 ≤ 1, then 2√𝑥 ≥ √𝑥 ≥ 𝑥 and 
1

2√𝑥
≤
1

𝑥
⇒

1

𝑥
−

1

2√𝑥
≥ 0 ⇒

𝑓′(𝑥) > 0; ∀𝑥 ∈ (0,1] 

If 𝑥 > 1, then 2√𝑥 > √𝑥 > 1 ⇒
1

2√𝑥
< 1 ⇒ 1 −

1

2√𝑥
> 0 ⇒

𝑓′(𝑥). 0; ∀𝑥 > 1 

Thus, 𝑓′(𝑥) > 0; ∀𝑥 > 0 ⇒ 𝑓(𝑥) −strictly increasing on (0,∞). 

As 𝑏 ≥ 𝑎 > 1, 𝑙𝑜𝑔 𝑏 ≥ 𝑙𝑜𝑔 𝑎 ⇒ 𝑓(𝑙𝑜𝑔 𝑏) ≥ 𝑓(𝑙𝑜𝑔 𝑎) 

𝑙𝑜𝑔(1 + 𝑙𝑜𝑔 𝑏) + 𝑙𝑜𝑔 𝑏 + 𝑙𝑜𝑔(𝑙𝑜𝑔 𝑏) − √𝑙𝑜𝑔 𝑏 ≥ 

≥ 𝑙𝑜𝑔(1 + 𝑙𝑜𝑔 𝑎) + 𝑙𝑜𝑔 𝑎 + 𝑙𝑜𝑔(𝑙𝑜𝑔 𝑎) − √𝑙𝑜𝑔 𝑎 

Hence, 

√𝑙𝑜𝑔 𝑏 − √𝑙𝑜𝑔 𝑎 ≤ 

≤ 𝑙𝑜𝑔(1 + 𝑙𝑜𝑔 𝑏) + 𝑙𝑜𝑔 𝑏 + 𝑙𝑜𝑔(𝑙𝑜𝑔 𝑏) − 𝑙𝑜𝑔(1 + 𝑙𝑜𝑔 𝑎) − 𝑙𝑜𝑔 𝑎 − 𝑙𝑜𝑔(𝑙𝑜𝑔 𝑎) 

2∫
𝑑𝑥

𝑥√𝑙𝑜𝑔 𝑥

𝑏

𝑎

≤ 𝑙𝑜𝑔 [
(1 + 𝑙𝑜𝑔 𝑏) 𝑙𝑜𝑔 𝑏𝑏

(1 + 𝑙𝑜𝑔 𝑎) 𝑙𝑜𝑔 𝑎𝑎
] 

Therefore, 

𝑒𝑥𝑝 (2∫
𝑑𝑥

𝑥√𝑙𝑜𝑔 𝑥

𝑏

𝑎

) ≤
(1 + 𝑙𝑜𝑔 𝑏) 𝑙𝑜𝑔 𝑏𝑏

(1 + 𝑙𝑜𝑔 𝑎) 𝑙𝑜𝑔 𝑎𝑎
 

AN.040. Solution by Adrian Popa-Romania 

𝛺 = 𝑛∫ √
𝑓(𝑛)(𝑥)

𝑓(𝑥)

𝑛𝑏

𝑎

𝑑𝑥 = 𝑛∫ √
𝑓(𝑛)(𝑥)

𝑓(𝑛−1)(𝑥)
⋅
𝑓(𝑛−1)(𝑥)

𝑓(𝑛−2)(𝑥)
⋅ … ⋅

𝑓(1)(𝑥)

𝑓(0)(𝑥)

𝑛𝑏

𝑎

𝑑𝑥 ≤
𝐴𝐺𝑀

 

≤ ∫ (
𝑓(𝑛)(𝑥)

𝑓(𝑛−1)(𝑥)
+
𝑓(𝑛−1)(𝑥)

𝑓(𝑛−2)(𝑥)
+ ⋯+

𝑓(1)(𝑥)

𝑓(0)(𝑥)
)

𝑏

𝑎

𝑑𝑥 = 

=∑∫
𝑓(𝑘+1)(𝑥)

𝑓(𝑘)(𝑥)

𝑏

𝑎

𝑛−1

𝑘=1

𝑑𝑥; 
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Let 𝑓(𝑘)(𝑥) = 𝑡 ⇒ 𝑓(𝑘+1)(𝑥)𝑑𝑥 = 𝑑𝑡, then  

𝛺 ≤ ∑ 𝑙𝑜𝑔 𝑡

𝑛−1

𝑘=0

|

𝑓(𝑘)(𝑎)

𝑓(𝑘)(𝑏)

=∑ 𝑙𝑜𝑔 (
𝑓(𝑘)(𝑎)

𝑓(𝑘)(𝑏)
)

𝑛−1

𝑘=0

<∑
𝑓(𝑘)(𝑏)

𝑓(𝑘)(𝑎)

𝑛−1

𝑘=0

 

AN.041. Solution by Kamel Gandouli Rezgui-Tunisia 

Let 𝑘 = 𝑛 − 𝑖 + 1 and 𝑝 = 𝑛 − 𝑗 + 1, then 

𝛺1(𝑛) = ∑∑|(𝑝 − 𝑘) (
1

𝑛 + 𝑘
−

1

𝑛 + 𝑝
)|

𝑛

𝑝=1

𝑛

𝑘=1

=∑∑
(𝑝 − 𝑘)2

(𝑛 + 𝑝)(𝑛 + 𝑘)

𝑛

𝑝=1

𝑛

𝑘=1

= 

=∑
1

𝑛 + 𝑘

𝑛

𝑘=1

∑
(𝑝 − 𝑘)2

𝑛 + 𝑝

𝑛

𝑝=1

⇒ 

𝛺1(𝑛) ≥ ∑
1

𝑛 + 𝑘
∑
(𝑘 − 1)2

2𝑛

𝑛

𝑝=1

𝑛

𝑘=1

≥∑
(𝑘 − 1)2

2(𝑛 + 𝑘)

𝑛

𝑘=1

 

Because: 

∑
(𝑝 − 𝑘)2

𝑛 + 𝑝

𝑛

𝑝=1

(𝑝 − 𝑘)2 ≥ (𝑘 − 1)2; 𝑝 ≥ 1 𝑎𝑛𝑑 
1

𝑛 + 𝑝
≥
1

2𝑛
; ∀𝑝 ≤ 𝑛 

∑
(𝑘 − 1)2

2𝑛

𝑛

𝑝=1

= 𝑛
(𝑘 − 1)2

2𝑛
=
(𝑘 − 1)2

2
 

1

𝑛 + 𝑘
≥
1

2𝑛
⇒∑

(𝑘 − 1)2

2(𝑛 + 𝑘)

𝑛

𝑘=1

≥∑
(𝑘 − 1)2

4𝑛

𝑛

𝑘=1

 

𝛺1(𝑛) ≥ ∑
(𝑘 − 1)2

4𝑛

𝑛

𝑘=1

=∑
𝑘2

4𝑛

𝑛−1

𝑘=0

=
1

12
𝑛2 −

1

8
𝑛 +

1

24
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𝛺2(𝑛) = ∑∑|(
1

𝑛 + 𝑘
−

1

𝑛 + 𝑝
)|

𝑛

𝑝=1

𝑛

𝑘=1

=∑∑
|𝑝 − 𝑘|

(𝑛 + 𝑝)(𝑛 + 𝑘)

𝑛

𝑝=1

𝑛

𝑘=1

 

⇒ 𝛺2(𝑛) = ∑
1

𝑛 + 𝑘

𝑛

𝑘=1

∑
|𝑝 − 𝑘|

𝑛 + 𝑝

𝑛

𝑝=1

≤∑
1

𝑛 + 𝑘

𝑛

𝑘=1

∑
|𝑛 − 𝑘|

𝑛 + 1

𝑛

𝑝=1

 

|𝑝 − 𝑘| ≤ |𝑛 − 𝑘| ≤ 𝑛 − 1 and 
1

𝑛+𝑝
≤

1

𝑛+1
 

𝛺2(𝑛) ≤ ∑
1

𝑛 + 𝑘

𝑛

𝑘=1

∑
𝑛− 𝑘

𝑛 + 1

𝑛

𝑘=1

≤∑
1

𝑛 + 𝑘

𝑛

𝑘=1

∑
𝑛− 1

𝑛 + 1

𝑛

𝑘=1

≤
𝑛(𝑛 − 1)

𝑛 + 1
∑

1

𝑛 + 𝑘

𝑛

𝑘=1

≤ 

≤
𝑛(𝑛 − 1)

𝑛 + 1
⋅
𝑛

𝑛 + 1
≤

𝑛3

(𝑛 + 1)2
≤ 𝑛 

Therefore, 

𝛺 = 𝑙𝑖𝑚
𝑛→∞

𝛺1(𝑛)

𝛺2(𝑛)
≥ 𝑙𝑖𝑚
𝑛→∞

𝑛2

12 −
𝑛
8 +

1
24

𝑛
= +∞ 

AN.042. Solution by Ravi Prakash-New Delhi-India 

√
𝑟𝑟𝑎
𝑟𝑏𝑟𝑐

= √

𝐹2

𝑠(𝑠 − 𝑎)

𝐹2

(𝑠 − 𝑏)(𝑠 − 𝑐)

= √
(𝑠 − 𝑏)(𝑠 − 𝑐)

𝑠(𝑠 − 𝑎)
= 𝑡𝑎𝑛

𝐴

2
 

𝑡𝑎𝑛−1√
𝑟𝑟𝑎
𝑟𝑏𝑟𝑐

+ 𝑡𝑎𝑛−1√
𝑟𝑟𝑏
𝑟𝑐𝑟𝑎

+ 𝑡𝑎𝑛−1√
𝑟𝑟𝑐
𝑟𝑎𝑟𝑏

=
𝐴

2
+
𝐵

2
+
𝐶

2
=
𝜋

2
 

𝛺 = ∫
3𝑠𝑖𝑛2 𝑥 + 𝑐𝑜𝑠 𝑥 + 2

𝑠𝑖𝑛 𝑥 + 𝑐𝑜𝑠 𝑥 + 7

𝜋
2

0

𝑑𝑥; (1) 
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𝛺 = ∫
3𝑐𝑜𝑠2 𝑥 + 𝑠𝑖𝑛 𝑥 + 2

𝑐𝑜𝑠 𝑥 + 𝑠𝑖𝑛 𝑥 + 7
𝑑𝑥

𝜋
2

0

; (2) 

By adding (1) and (2), we get: 

2𝛺 = ∫
3 + 𝑐𝑜𝑠 𝑥 + 𝑠𝑖𝑛 𝑥 + 4

𝑐𝑜𝑠 𝑥 + 𝑠𝑖𝑛 𝑥 + 7
𝑑𝑥

𝜋
2

0

=
𝜋

2
 

Therefore, 

𝛺 = ∫
3𝑠𝑖𝑛2 𝑥 + 𝑐𝑜𝑠 𝑥 + 2

𝑠𝑖𝑛 𝑥 + 𝑐𝑜𝑠 𝑥 + 7

𝜋
2

0

𝑑𝑥 =
𝜋

4
 

AN.043. Solution by Ravi Prakash-New Delhi-India 

Let 𝑓(𝑡) =
𝑡⋅𝑙𝑜𝑔 𝑡

𝑡4+𝑥2
, 0 < 𝑡 < 𝑥 −continuous. 

If 0 < 𝑥 < 1(𝑡) < 0 ⇒ ∫ 𝑓(𝑡)
𝑥

1
𝑑𝑡 < 0 

If 𝑥 > 1, 𝑓(𝑡) > 0 ⇒ ∫ 𝑓(𝑡)
𝑥

1
𝑑𝑡 > 0 

For 𝑥 = 1 ⇒ ∫ 𝑓(𝑡)
𝑥

1
𝑑𝑡 = 0 ⇒ 𝑥 = 1 is only possible solution. 

AN.044. Solution by Ravi Prakash-New Delhi-India 

𝛺 = ∫
𝑑𝑥

𝑒[2𝑥+
1
4
]

21

1

=
(𝑡=2𝑥+

1
4
) 1

2
∫

𝑑𝑡

𝑒[𝑡]

42+
1
4

2+
1
4

= 

=
1

2
[∫

𝑑𝑡

𝑒2

3

2+
1
4

+∑∫
𝑑𝑡

𝑒𝑘

𝑘+1

𝑘

41

𝑘=3

+∫
𝑑𝑡

𝑒42

42+
1
4

42

] = 

=
1

2
[
1

𝑒2
∙
3

4
+∑

1

𝑒𝑘

41

𝑘=3

+
1

𝑒42
∙
1

4
] =

1

2

[
 
 
 
 
3

4
∙
1

𝑒2
+

1
𝑒3
(1 − (

1
𝑒)
39

)

1 −
1
𝑒

+
1

4𝑒42

]
 
 
 
 

= 
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=
3

8𝑒2
+

1

8𝑒42
+

1

2𝑒2(𝑒 − 1)
[1 −

1

𝑒39
] 

AN.045. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐹𝑖𝑟𝑠𝑡𝑙𝑦, 𝑙𝑒𝑡′𝑠 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 ∶ 

 𝑓′(𝑥 + 𝑦 + 𝑡) + 𝑓′(𝑡) ≥ 𝑓′(𝑥 + 𝑡) + 𝑓′(𝑦 + 𝑡), ∀𝑥, 𝑦, 𝑡 ≥ 0  (1) 

(1) 𝑖𝑠 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐𝑎𝑙 𝑜𝑛 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒𝑠 𝑥, 𝑦,𝑊𝐿𝑂𝐺,  

𝑤𝑒 𝑚𝑎𝑦 𝑎𝑠𝑠𝑢𝑚𝑒 𝑡ℎ𝑎𝑡 𝑥 ≥ 𝑦. 

𝑆𝑖𝑛𝑐𝑒 𝑓′ 𝑖𝑠 𝑐𝑜𝑛𝑣𝑒𝑥 𝑡ℎ𝑒𝑛 𝑓′′ 𝑖𝑠 𝑖𝑛𝑐𝑟𝑒𝑎𝑠𝑖𝑛𝑔 𝑜𝑛 [0,∞) 

𝐴𝑝𝑝𝑙𝑦𝑖𝑛𝑔 𝑀𝑒𝑎𝑛 𝑉𝑎𝑙𝑢𝑒 𝑇ℎ𝑒𝑜𝑟𝑒𝑚,𝑤𝑒 𝑜𝑏𝑡𝑎𝑖𝑛 ∶ 

 𝑓′(𝑢) − 𝑓′(𝑣) ≥ (𝑢 − 𝑣)𝑓′′(𝑣), ∀𝑢, 𝑣 ≥ 0 (∴ 𝑓′′ 𝑖𝑠 𝑖𝑛𝑐𝑟𝑒𝑎𝑠𝑖𝑛𝑔) 

𝑇ℎ𝑒𝑛 ∶ 

 𝑓′(𝑥 + 𝑦 + 𝑡) − 𝑓′(𝑥 + 𝑡) ≥ 𝑦𝑓′′(𝑥 + 𝑡)   𝑎𝑛𝑑 

   𝑓′(𝑡) − 𝑓′(𝑦 + 𝑡) ≥ −𝑦𝑓′′(𝑦 + 𝑡) 

𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒,  

 [𝑓′(𝑥 + 𝑦 + 𝑡) − 𝑓′(𝑥 + 𝑡)] + [𝑓′(𝑡) − 𝑓′(𝑦 + 𝑡)]
≥ 𝑦[𝑓′′(𝑥 + 𝑡) − 𝑓′′(𝑦 + 𝑡)] ≥ 0 

𝑏𝑒𝑐𝑎𝑢𝑠𝑒 𝑥 ≥ 𝑦 ≥ 0 𝑎𝑛𝑑 𝑓′′ 𝑖𝑠 𝑖𝑛𝑐𝑟𝑒𝑎𝑠𝑖𝑛𝑔 𝑜𝑛 [0,∞).   𝐻𝑒𝑛𝑐𝑒,
(1) 𝑖𝑠 𝑡𝑟𝑢𝑒. 

𝐼𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑛𝑔 𝑡ℎ𝑒 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 (1) 𝑜𝑛 [0, 𝑧], 𝑤𝑒 𝑜𝑏𝑡𝑎𝑖𝑛  

∫(𝑓′(𝑥 + 𝑦 + 𝑡) + 𝑓′(𝑡))𝑑𝑡

𝑧

0

≥ ∫(𝑓′(𝑥 + 𝑡) + 𝑓′(𝑦 + 𝑡))𝑑𝑡

𝑧

0

 

𝑂𝑟, [𝑓(𝑥 + 𝑦 + 𝑧) + 𝑓(𝑧)] − [𝑓(𝑥 + 𝑦) + 𝑓(0)]
≥ [𝑓(𝑧 + 𝑥) + 𝑓(𝑦 + 𝑧)] − [𝑓(𝑥) + 𝑓(𝑦)] 
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𝑇ℎ𝑒𝑛 ∶    𝑓(𝑥) + 𝑓(𝑦) + 𝑓(𝑧) + 𝑓(𝑥 + 𝑦 + 𝑧)
≥ 𝑓(𝑥 + 𝑦) + 𝑓(𝑦 + 𝑧) + 𝑓(𝑧 + 𝑥) 

𝐵𝑦 𝐴𝑀 − 𝐺𝑀 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦, 𝑤𝑒 ℎ𝑎𝑣𝑒 ∶ 

𝑥 + 𝑦 ≥ 2√𝑥𝑦, 𝑦 + 𝑧 ≥ 2√𝑦𝑧, 

 𝑧 + 𝑥 ≥ 2√𝑧𝑥 𝑎𝑛𝑑 𝑠𝑖𝑛𝑐𝑒 𝑓 𝑖𝑠 𝑖𝑛𝑐𝑟𝑒𝑎𝑠𝑖𝑛𝑔 𝑡ℎ𝑒𝑛  

𝑓(𝑥) + 𝑓(𝑦) + 𝑓(𝑧) + 𝑓(𝑥 + 𝑦 + 𝑧) ≥ 𝑓(2√𝑥𝑦) + 𝑓(2√𝑦𝑧) + 𝑓(2√𝑧𝑥), ∀𝑥, 𝑦, 𝑧 ≥ 0. 

AN.046. Solution by Pham Duc Nam-Vietnam 

∫𝑒5𝑥(𝑡𝑎𝑛4 𝑥 + 𝑡𝑎𝑛5 𝑥 + 𝑡𝑎𝑛6 𝑥)𝑑𝑥

= ∫𝑒5𝑥 𝑡𝑎𝑛4 𝑥 (1 + 𝑡𝑎𝑛 𝑥 + 𝑡𝑎𝑛2 𝑥)𝑑𝑥 =
𝑡=𝑡𝑎𝑛 𝑥

 

= ∫𝑒5 𝑡𝑎𝑛
−1 𝑡𝑡4 (

𝑡

𝑡2 + 1
+ 1)𝑑𝑡

= ∫𝑒5 𝑡𝑎𝑛
−1 𝑡𝑡4 𝑑𝑡 + ∫

𝑡5𝑒5 𝑡𝑎𝑛
−1 𝑡

𝑡2 + 1
𝑑𝑡 =

𝐼𝐵𝑃
 

⇒ ∫𝑒5 𝑡𝑎𝑛
−1 𝑡𝑡4 𝑑𝑡 + ∫

𝑡5𝑒5 𝑡𝑎𝑛
−1 𝑡

𝑡2 + 1
𝑑𝑡

=
1

5
𝑡5𝑒5 𝑡𝑎𝑛

−1 𝑡 −∫
𝑡5𝑒5 𝑡𝑎𝑛

−1 𝑡

𝑡2 + 1
𝑑𝑡 +∫

𝑡5𝑒5 𝑡𝑎𝑛
−1 𝑡

𝑡2 + 1
𝑑𝑡 

=
1

5
𝑡5𝑒5 𝑡𝑎𝑛

−1 𝑡 + 𝐶 =
1

5
𝑡𝑎𝑛5(𝑥𝑒5𝑥) + 𝐶 

∫ 𝑒5𝑥(𝑡𝑎𝑛4 𝑥 + 𝑡𝑎𝑛5 𝑥 + 𝑡𝑎𝑛6 𝑥)𝑑𝑥
𝑛

0

=
1

5
𝑡𝑎𝑛5(𝑛𝑒5𝑛) 

𝛺 = 𝑙𝑖𝑚
𝑛→∞

𝑒5𝑛+1 𝑡𝑎𝑛5 𝑛 (∫ 𝑒5𝑥(𝑡𝑎𝑛4 𝑥 + 𝑡𝑎𝑛5 𝑥 + 𝑡𝑎𝑛6 𝑥)𝑑𝑥
𝑛

0

)

−1

= 
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= 5 𝑙𝑖𝑚
𝑛→∞

𝑒5𝑛+1 𝑡𝑎𝑛5 𝑛

𝑡𝑎𝑛5(𝑛𝑒5𝑛)
= 5𝑒 

AN.047. Solution by Ruxandra Daniela Tonilă-Romania 

2∫ ∫ ∫ (
𝑦 + 𝑥

𝑦 + 𝑧
+
𝑦 + 𝑧

𝑦 + 𝑥
)𝑑𝑥𝑑𝑦𝑑𝑧

𝑏

𝑎

𝑏

𝑎

𝑏

𝑎

+ 2(𝑏 − 𝑎)3 = 

= 2(𝑏 − 𝑎)3 +∫ ∫ ∫ ((𝑦 + 𝑥)
1

𝑦 + 𝑧
+ (𝑦 + 𝑧)

1

𝑦 + 𝑥
)𝑑𝑥𝑑𝑦𝑑𝑧

𝑏

𝑎

𝑏

𝑎

𝑏

𝑎

≤
𝐴𝐻𝑀

 

≤ 2(𝑏 − 𝑎)3 +∫ ∫ ∫

(

 
 
(𝑦 + 𝑥) ⋅

1
𝑦 +

1
𝑧

2
+ (𝑦 + 𝑧) ⋅

1
𝑦 +

1
𝑥

2

)

 
 
𝑑𝑥𝑑𝑦𝑑𝑧

𝑏

𝑎

𝑏

𝑎

𝑏

𝑎

 

= 2(𝑏 − 𝑎)3 +
1

2
∫ ∫ ∫ (2 +

𝑦

𝑧
+
𝑥

𝑦
+
𝑥

𝑧
+
𝑦

𝑥
+
𝑧

𝑦
+
𝑧

𝑥
) 𝑑𝑥𝑑𝑦𝑑𝑧

𝑏

𝑎

𝑏

𝑎

𝑏

𝑎

= 

= 2(𝑏 − 𝑎)3∫ ∫ ∫ 𝑑𝑥𝑑𝑦𝑑𝑧
𝑏

𝑎

𝑏

𝑎

𝑏

𝑎

+
1

2
∫ ∫ ∫ (𝑥 (

1

𝑦
+
1

𝑧
) + (𝑦 + 𝑧)

1

𝑥
+
𝑦

𝑧
+
𝑧

𝑦
) 𝑑𝑥𝑑𝑦𝑑𝑧

𝑏

𝑎

𝑏

𝑎

𝑏

𝑎

 

= 3(𝑏 − 𝑎)3 +
1

2
∫ ∫ (

𝑏2 − 𝑎2

2
(
1

𝑦
+
1

𝑧
) + (𝑦 + 𝑧) 𝑙𝑜𝑔

𝑏

𝑎

𝑏

𝑎

𝑏

𝑎

+ (𝑏 − 𝑎) (
𝑦

𝑧
+
𝑧

𝑦
))𝑑𝑦𝑑𝑧 = 

= 3(𝑏 − 𝑎)3 +
1

2
∫ (

𝑏2 − 𝑎2

2
𝑙𝑜𝑔

𝑏

𝑎
+
𝑏 − 𝑎

𝑧
⋅
𝑏2 − 𝑎2

2
+
𝑏2 − 𝑎2

2
𝑙𝑜𝑔

𝑏

𝑎
)

𝑏

𝑎

𝑑𝑧 + 

+∫ ((𝑏 − 𝑎)𝑧 𝑙𝑜𝑔
𝑏

𝑎
+
𝑏 − 𝑎

𝑧
⋅
𝑏2 − 𝑎2

2
+ (𝑏 − 𝑎)𝑧 𝑙𝑜𝑔

𝑏

𝑎
)𝑑𝑧

𝑏

𝑎

= 
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= 3(𝑏 − 𝑎)3 +
3

2
(𝑏 + 𝑎)(𝑏 − 𝑎)2 𝑙𝑜𝑔

𝑏

𝑎
 

Therefore, we have to prove: 

3(𝑏 − 𝑎)3 +
3

2
(𝑏 + 𝑎)(𝑏 − 𝑎)2 𝑙𝑜𝑔

𝑏

𝑎
≤ 3(𝑏 + 𝑎)(𝑏 − 𝑎)2 𝑙𝑜𝑔 (

𝑏

𝑎
) ⇔ 

3(𝑏 − 𝑎)3 ≤
3

2
(𝑏 + 𝑎)(𝑏 − 𝑎)2 𝑙𝑜𝑔

𝑏

𝑎
⇔ 

𝑏 − 𝑎 ≤
𝑏 + 𝑎

2
𝑙𝑜𝑔

𝑏

𝑎
⇔

2

𝑏 + 𝑎
≤
𝑙𝑜𝑔

𝑏
𝑎

𝑏 − 𝑎
⇔ 

𝑏 + 𝑎

2
≥

𝑏 − 𝑎

𝑙𝑜𝑔 𝑏 − 𝑙𝑜𝑔 𝑎
; ∀𝑎, 𝑏 > 0 

AN.048. Solution by Syed Shahabudeen-Kerala-India 

𝛺 = 𝑙𝑖𝑚
𝑛→∞

𝐻𝑛
𝑛(𝐻2𝑛−1 − 2𝐻𝑛−1)

= 𝑙𝑖𝑚
𝑛→∞

𝐻𝑛

𝑛 (𝐻2𝑛−1 − 2(𝐻𝑛 −
1
𝑛))

= 

= 𝑙𝑖𝑚
𝑛→∞

𝐻𝑛
𝑛𝐻2𝑛−1 − 2𝑛𝐻𝑛 − 1

= 𝑙𝑖𝑚
𝑛→∞

1

𝑛
𝐻2𝑛−1
𝐻𝑛

− 2𝑛 −
1
𝐻𝑛

 

𝐻𝑒𝑟𝑒: 𝑙𝑖𝑚
𝑛→∞

𝑛 (
𝐻2𝑛−1
𝐻𝑛

− 2) = 𝑙𝑖𝑚
𝑛→∞

𝐻2𝑛−1
𝐻𝑛

− 2

1
𝑛

 

𝑙𝑖𝑚
𝑛→∞

𝐻2𝑛−1
𝐻𝑛

=
𝐶𝑒𝑠𝑎𝑟𝑜−𝑆

𝑙𝑖𝑚
𝑛→∞

𝐻2𝑛+1 − 𝐻2𝑛−1
𝐻𝑛+1 − 𝐻𝑛

= 𝑙𝑖𝑚
𝑛→∞

1
2𝑛 + 1 +

1
2𝑛

1
𝑛

= 1 

⇒ 𝑙𝑖𝑚
𝑛→∞

𝑛 (
𝐻2𝑛−1
𝐻𝑛

− 2) = −∞ 
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𝑙𝑖𝑚
𝑛→∞

1

𝐻𝑛
= 0 

Therefore,  

𝑙𝑖𝑚
𝑛→∞

(𝑛
𝐻2𝑛−1
𝐻𝑛

− 2𝑛 −
1

𝐻𝑛
) = 0 ⇒ 𝛺 = 𝑙𝑖𝑚

𝑛→∞

1

𝑛
𝐻2𝑛−1
𝐻𝑛

− 2𝑛 −
1
𝐻𝑛

= 0 

 
AN.049. Solution by Kamel Gandoulli Rezgui-Tunisia 

Let 𝑓(𝑡) = √𝑡4 + 𝑡2 + 1 > 0; 𝑎, 𝑏 > 0 and let 𝑐 =
√𝑎2+𝑎𝑏+𝑏2

√3
≤
√3

√3
𝑏. 

From M.V.T., we get: 

∃𝛼 ∈ [𝑎, 𝑏]: 𝑓(𝛼) =
1

𝑏 − 𝑎
∫ 𝑓(𝑡)
𝑏

𝑎

𝑑𝑡 

𝑓 ↗⇒ 𝛼 ≥
𝑎 + 𝑏

2
;
𝛼

𝑎 + 𝑏
2

≠ 0 

If 𝑎 → 0, 𝑐 →
𝑏

√3
 and 

𝑎+𝑏

2
→
𝑏

2
 then, 

𝛼
𝑎+𝑏

2

=
2

√3
= 𝑐 impossible! 

𝑐 < 𝛼 ⇒ 𝑓(𝛼) ≥ 𝑓(𝑐) ⇒ 

1

𝑏 − 𝑎
∫ 𝑓(𝑡)
𝑏

𝑎

𝑑𝑡 ≥ 𝑓 (
√𝑎2 + 𝑎𝑏 + 𝑏2

√3
) =

√(𝑎2 + 𝑎𝑏 + 𝑏2)2 + 3(𝑎2 + 𝑎𝑏 + 𝑏2) + 9

3
 

Therefore, 

3∫ √𝑥4 + 𝑥2 + 1
𝑏

𝑎

𝑑𝑥 ≥ (𝑏 − 𝑎)√(𝑎2 + 𝑎𝑏 + 𝑏2)2 + 3(𝑎2 + 𝑎𝑏 + 𝑏2) + 9 

AN.050. Solution by Rana Ranino-Setif-Algerie 

𝛺(𝑛) = ∫
𝑥2𝑛−1(1 − 𝑥2)

𝑒𝑛𝑥
2 𝑑𝑥 =

𝑡=𝑥2 1

2
∫ 𝑡𝑛−1𝑒−𝑛𝑡 𝑑𝑡 −

1

2
∫ 𝑡𝑛𝑒−𝑛𝑡 𝑑𝑡 

1

2
∫ 𝑡𝑛−1𝑒−𝑛𝑡 𝑑𝑡 =

𝐼𝐵𝑃 1

2𝑛
𝑡𝑛𝑒−𝑛𝑡 +

1

2
∫𝑡𝑛𝑒−𝑛𝑡 𝑑𝑡 
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𝛺(𝑛) =
1

2𝑛
𝑡𝑛𝑒−𝑛𝑡 + 𝐶 =

𝑥2𝑛

2𝑛𝑒𝑛𝑥
2 + 𝐶 

AN.051.  

Denote 𝑓(𝑥) = 𝑦; 𝑦 ∈ [−
5

2
,
5

2
] then 2𝑦 ∈ [−5,5] and  

−2𝑦 ∈ [−5,5], 15 − 2𝑦 ∈ [10,20], hence 15 − 2𝑦 > 0.  

We will start from (5 − 6𝑦)2 ≥ 0; ∀𝑦 ∈ [−
5

2
,
5

2
] ⇔ 

25 + 36𝑦2 − 60𝑦 ≥ 0 ⇔ 200 − 32𝑦2 ≤ 225 − 60𝑦 + 4𝑦2 

200 − 32𝑦2 ≤ (15 − 2𝑦)2 ⇔ √200 − 32𝑦2 ≤ 15 − 2𝑦 

√200 − 32𝑦2 + 2𝑦 ≤ 15 ⇔ √200 − 32𝑓2(𝑥) + 2𝑓(𝑥) ≤ 15 

2√50 − 8𝑓2(𝑥) + 2𝑓(𝑥) ≤ 15 ⇔ √50 − 8𝑓2(𝑥) + 𝑓(𝑥) ≤
15

2
 

Therefore, 

∫ √50 − 8𝑓2(𝑥)

5
2

−
5
2

𝑑𝑥 + ∫ 𝑓(𝑥)

5
2

−
5
2

𝑑𝑥 ≤ ∫
15

2

5
2

−
5
2

𝑑𝑥 =
75

2
 

Equality holds for 𝑓(𝑥) =
5

6
; ∀𝑥 ∈ [−

5

2
,
5

2
]. 

AN.052. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐿𝑒𝑡 𝑥 ∈ [0, 𝑎], 𝑠𝑖𝑛𝑐𝑒 𝑎 ≤
𝜋

12
 

→  𝑐𝑜𝑠 𝑥 , 𝑐𝑜𝑠(2𝑥) , 𝑐𝑜𝑠(4𝑥) , 𝑐𝑜𝑠(6𝑥) , 𝑠𝑖𝑛 𝑥 ≥ 0 

𝑊𝑒 ℎ𝑎𝑣𝑒 ∶  𝑐𝑜𝑠(2𝑥) = 2 𝑐𝑜𝑠2 𝑥 − 1 ≤⏞
𝐴𝑀−𝐺𝑀

(𝑐𝑜𝑠4 𝑥 + 1) − 1 = 𝑐𝑜𝑠4 𝑥  
→  𝑐𝑜𝑠(2𝑥) ≤ 𝑐𝑜𝑠4 𝑥  (1) 

→ 𝑐𝑜𝑠(4𝑥) ≤⏞
(1)

 𝑐𝑜𝑠4(2𝑥) ≤⏞
(1)

(𝑐𝑜𝑠4 𝑥)4 = 𝑐𝑜𝑠16 𝑥  →  𝑐𝑜𝑠(4𝑥)
≤ 𝑐𝑜𝑠16 𝑥  (2) 
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𝑐𝑜𝑠(3𝑥) = 𝑐𝑜𝑠 𝑥 . (4 𝑐𝑜𝑠2 𝑥 − 3) ≤⏞
𝐴𝑀−𝐺𝑀

 

 𝑐𝑜𝑠 𝑥 . [(𝑐𝑜𝑠8 𝑥 + 1 + 1 + 1) − 3] = 𝑐𝑜𝑠9 𝑥  →  𝑐𝑜𝑠(3𝑥) ≤ 𝑐𝑜𝑠9 𝑥 (𝑖) 

→ 𝑐𝑜𝑠(6𝑥) ≤⏞
(1)

 𝑐𝑜𝑠4(3𝑥) ≤⏞
(𝑖)

 (𝑐𝑜𝑠9 𝑥)4 = 𝑐𝑜𝑠36 𝑥  → 

 𝑐𝑜𝑠(6𝑥) ≤ 𝑐𝑜𝑠36 𝑥  (3) 

(1), (2), (3) → 𝑐𝑜𝑠(6𝑥) . 𝑐𝑜𝑠6(4𝑥) . 𝑐𝑜𝑠15(2𝑥)
≤ 𝑐𝑜𝑠36 𝑥 . (𝑐𝑜𝑠16 𝑥)6. (𝑐𝑜𝑠4 𝑥)15 = 𝑐𝑜𝑠192 𝑥 

→ ∫ 𝑠𝑖𝑛 𝑥 . 𝑐𝑜𝑠(6𝑥) . 𝑐𝑜𝑠6(4𝑥) . 𝑐𝑜𝑠15(2𝑥) 𝑑𝑥

𝑎

0

≤ ∫𝑠𝑖𝑛 𝑥 . 𝑐𝑜𝑠192 𝑥 𝑑𝑥

𝑎

0

= [
−1

193
𝑐𝑜𝑠193 𝑥]

0

𝑎

=
1

193
(1 − 𝑐𝑜𝑠193 𝑎). 

AN.053. Solution by Adrian Popa-Romania 

𝛤(𝑧)𝛤(1 − 𝑧) =
𝜋

𝑠𝑖𝑛(𝜋𝑧)
⇒ 𝛤 (

𝑥

2
)𝛤 (1 −

𝑥

2
) =

𝜋

𝑠𝑖𝑛 (
𝜋𝑥
2 )

 

𝛤 (
𝑥 − 1

2
)𝛤 (1 −

𝑥 + 1

2
) =

𝜋

𝑠𝑖𝑛 (
𝜋(𝑥 + 1)
2 )

=
𝜋

𝑠𝑖𝑛 (
𝜋
2 +

𝜋𝑥
2 )

=
𝜋

𝑐𝑜𝑠 (
𝜋𝑥
2 )

 

So, we have: 

𝛺(𝑥) =
𝜋

𝑠𝑖𝑛 (
𝜋𝑥
2 )
⋅

𝜋

𝑐𝑜𝑠 (
𝜋𝑥
2 )
⋅ 2 𝑠𝑖𝑛 (

𝜋𝑥

2
) 𝑐𝑜𝑠 (

𝜋𝑥

2
) = 2𝜋2 

Therefore, 

𝑥2 −
4𝑥

𝛺(𝑥)
+
1

𝜋4
= 0 ⇔ 𝑥2 −

4𝑥

2𝜋2
+
1

𝜋4
= 0 ⇔ (𝑥 −

1

𝜋2
)
2

= 0 ⇒ 

𝑥 =
1

𝜋2
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AN.054. Solution by Ravi Prakash-New Delhi-India 

𝑥0 = 1, 𝑥1 = 0, 𝑥𝑛 = (𝑛 − 1)(𝑥𝑛−1 + 𝑥𝑛−2), 𝑛 ≥ 2, 𝑛 ∈ ℕ; (1) ⇒ 

𝑥𝑛 − 𝑛𝑥𝑛−1 = −[𝑥𝑛−1 − (𝑛 −)𝑥𝑛−2]. Put: 𝑎𝑛 = 𝑥𝑛 − 𝑛𝑥𝑛−1, ∀𝑛 ≥
1, 𝑎1 = −1 

Also, (1) gives 𝑎𝑛 = −𝑎𝑛−1, ∀𝑛 ≥ 2 ⇒ (𝑎𝑛)𝑛≥2 −geometric progression 
with ratio 𝑞 = −1. 

Thus, 𝑎𝑛 = (−1)
𝑛−1𝑎1, ∀𝑛 ≥ 1 ⇒ 𝑥𝑛 − 𝑛𝑥𝑛−1 = (−1)

𝑛, ∀𝑛 ≥ 1 

⇒
𝑥𝑛
𝑛!
−

𝑥𝑛−1
(𝑛 − 1)!

=
(−1)𝑛

𝑛!
⇒∑(

𝑥𝑟
𝑟!
−

𝑥𝑟−1
(𝑟 − 1)!

)

𝑛

𝑟=1

=∑
(−1)𝑟

𝑟!

𝑛

𝑟=1

, ∀𝑛 ≥ 1 

⇒
𝑥𝑛
𝑛!
=∑

(−1)𝑟

𝑟!

𝑛

𝑟=1

+
𝑥0
0!

 

𝛺 = 𝑙𝑖𝑚
𝑛→∞

𝑥𝑛
𝑛!
= 𝑙𝑖𝑚
𝑛→∞

∑
(−1)𝑟

𝑟!

𝑛

𝑟=0

=
1

𝑒
 

AN.055. Solution by Ravi Prakash-New Delhi-India 

𝑥𝑓(𝑦) + 𝑦𝑓(𝑥) = 2𝑓(𝑥𝑦) 

Put 𝑦 = 1 so that 𝑥𝑓(1) + 𝑓(𝑥) = 2𝑓(𝑥) 

𝑓(𝑥) = 𝑥𝑓(1) = 3𝑥; ∀𝑥 ∈ ℝ 

Similarly, 𝑔(𝑥) = 2𝑥; ∀𝑥 ∈ ℝ. So, 

𝑓 (
𝑠𝑖𝑛ℎ 𝑥

3
) = 𝑠𝑖𝑛ℎ 𝑥 and 𝑔 (

𝑐𝑜𝑠ℎ 𝑥

2
) = 𝑐𝑜𝑠ℎ 𝑥 

𝛺 = ∫

𝑒𝑥 − 𝑒−𝑥

2
𝑑𝑥

𝑒𝑥 − 𝑒−𝑥

2 +
𝑒𝑥 + 𝑒−𝑥

2

1

0

=
1

2
∫
𝑒𝑥 − 𝑒−𝑥

𝑒𝑥
𝑑𝑥

1

0

=
1

2
∫ (1 − 𝑒−2𝑥)
1

0

𝑑𝑥 =
1

2
[𝑥 +

1

2
𝑒−2𝑥]

0

1

=
1

4
(1 +

1

𝑒2
) 
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AN.056. Solution by Yen Tung Chung-Taichung-Taiwan 

𝛺 =∑∑
1

𝜋𝑛
∙ (
𝜋

𝑒
)
𝑘

𝑛

𝑘=0

∞

𝑛=0

= ∑
1

𝜋𝑛
(∑(

𝜋

𝑒
)
𝑘

𝑛

𝑘=0

)

∞

𝑛=0

= ∑
1

𝜋𝑛
∙
1 − (

𝜋
𝑒)
𝑛+1

1 −
𝜋
𝑒

∞

𝑛=0

= 

=
𝑒

𝑒 − 𝜋
∑(

1

𝜋𝑛
−

𝜋

𝑒𝑛+1
)

∞

𝑛=0

=
𝑒

𝑒 − 𝜋
(
1

1 −
1
𝜋

− 𝜋 ∙

1
𝑒

1 −
1
𝑒

)

=
𝑒

𝑒 − 𝜋
(
𝜋

𝜋 − 1
−

𝜋

𝑒 − 1
) =

𝜋𝑒

(𝜋 − 1)(𝑒 − 1)
 

AN.057. Solution by Adrian Popa-Romania 

Let 𝑥 ∈ (0,1) 

1 − 𝑥 + 𝑥2 +⋯+ (−1)𝑛𝑥𝑛 =
(−𝑥)𝑛+1 − 1

−𝑥 − 1
, (𝑛 → ∞) ⇒ 

1 − 𝑥 + 𝑥2 +⋯ =
1

1 + 𝑥
 

𝑥 −
𝑥2

2
+
𝑥3

3
−
𝑥4

4
+⋯ = 𝑙𝑜𝑔(1 + 𝑥) 

1 −
𝑥

2
+
𝑥2

3
−
𝑥3

4
+⋯ =

𝑙𝑜𝑔(1 + 𝑥)

𝑥
 

Let 𝑥 =
1

𝜋
 

1 −
1

𝜋
⋅
1

2
+
1

𝜋2
⋅
1

3
−
1

𝜋3
⋅
1

4
+ ⋯ =

𝑙𝑜𝑔 (
1
𝜋 + 1)

1
𝜋

 

∑(−
1

𝜋
)
𝑛

⋅
1

𝑛 + 1

∞

𝑛=0

= 𝜋 𝑙𝑜𝑔 (
1

𝜋
+ 1) 

𝛺1 = 1 +
𝜋

2
+ 1 −

1

2𝜋
= 𝜋 𝑙𝑜𝑔 (

1

𝜋
+ 1) = 𝜋 𝑙𝑜𝑔 (

1

𝜋
+ 1) +

1

2𝜋
−
𝜋

2
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Let 𝑥 =
1

𝑒
 

1 −
1

𝑒
⋅
1

2
+
1

𝑒2
⋅
1

3
−
1

𝑒3
⋅
1

4
+ ⋯ =

𝑙𝑜𝑔 (1 +
1
𝑒)

1
𝑒

 

∑(−
1

𝑒
)
𝑛

⋅
1

𝑛 + 1

∞

𝑛=0

= 𝑒 𝑙𝑜𝑔 (1 +
1

𝑒
) 

𝛺2 = −1 +
𝜋

2
+ 1 −

1

2𝑒
= 𝑒 𝑙𝑜𝑔 (1 +

1

𝑒
) = 𝑒 𝑙𝑜𝑔 (1 +

1

𝑒
) +

1

2𝑒
−
𝜋

2
 

Let 𝑓(𝑥) = 𝑥 𝑙𝑜𝑔 (1 +
1

𝑥
) +

1

2𝑥
, 𝑥 > 1 

𝑓′(𝑥) = 𝑙𝑜𝑔 (1 +
1

𝑥
) +

𝑥 ⋅ (−
1
𝑥2
)

1 +
1
𝑥

−
1

2𝑥2
= 𝑙𝑜𝑔 (1 +

1

𝑥
) −

1

𝑥 + 1
−
1

2𝑥2
 

𝑓′′(𝑥) =
−
1
𝑥2

1 +
1
𝑥

+
1

(𝑥 + 1)2
+
1

𝑥3
= −

1

𝑥(𝑥 + 1)
+

1

(𝑥 + 1)2
+
1

𝑥3

=
2𝑥 + 1

𝑥3(𝑥 + 1)2
> 0 

AN.058. Solution by Asmat Qatea-Afghanistan 

∵ 𝑡𝑎𝑛−1 𝑥 − 𝑡𝑎𝑛−1 𝑦 = 𝑡𝑎𝑛−1 (
𝑥 − 𝑦

1 + 𝑥𝑦
),   

∵ 𝑛3 + 6𝑛2 + 11𝑛 + 6 = (𝑛 + 1)(𝑛 + 2)(𝑛 + 3) 

𝛺 = ∑𝑡𝑎𝑛−1 (
(𝑛3 + 6𝑛2 + 11𝑛 + 5) ⋅ 𝑛!

1 + (𝑛3 + 6𝑛2 + 11𝑛 + 6) ⋅ (𝑛!)2
)

∞

𝑛=0

= 

= ∑𝑡𝑎𝑛−1 (
(𝑛3 + 6𝑛2 + 11𝑛 + 6) ⋅ 𝑛! − 𝑛!

1 + (𝑛3 + 6𝑛2 + 11𝑛 + 6) ⋅ (𝑛!)2
)

∞

𝑛=0

= 
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=∑𝑡𝑎𝑛−1((𝑛3 + 6𝑛2 + 11𝑛 + 6) ⋅ 𝑛!)

∞

𝑛=0

−∑𝑡𝑎𝑛−1(𝑛!)

∞

𝑛=0

= 

=∑𝑡𝑎𝑛−1((𝑛 + 3)!) −

∞

𝑛=0

∑𝑡𝑎𝑛−1(𝑛!)

∞

𝑛=0

= 

=∑𝑡𝑎𝑛−1((𝑛 + 3)!)

∞

𝑛=0

− 2 𝑡𝑎𝑛−1(1) − 𝑡𝑎𝑛−1(2) −∑ 𝑡𝑎𝑛−1(𝑛!)

∞

𝑛=3

= −(
𝜋

2
+ 𝑡𝑎𝑛−1(2)) 

AN.059. Solution by Ruxandra Daniela Tonilă-Romania 

∫ 𝑓2(𝑥)𝑑𝑥
1

0

= ∫ 𝑓2(𝑥)𝑑𝑥
1

0

∙ ∫ 𝑑𝑥
1

0

+
1

2
∫ 𝑓2(𝑥)𝑑𝑥
1

0

≥
𝐶𝐵𝑆

 

≥
1

2
(∫ 𝑓(𝑥)𝑑𝑥

1

0

)

2

+
1

2
∫ 𝑓2(𝑥)𝑑𝑥
1

0

=
81

2
+
1

2
∫ 𝑓2(𝑥)𝑑𝑥
1

0

≥ 

≥ 1 +
8

3
+
1

2
∫ 𝑓2(𝑥)𝑑𝑥
1

0

= 1 + 8∫ 𝑥2𝑑𝑥
1

0

+
1

2
∫ 𝑓(𝑥)𝑑𝑥
1

0

≥ 

≥ 1 +
1

2
∫ (16𝑥2 + 𝑓2(𝑥))𝑑𝑥
1

0

≥
𝐴𝐺𝑀

1 + ∫ 4𝑥𝑓(𝑥)𝑑𝑥
1

0

 

Therefore, 

∫ 𝑓2(𝑥)𝑑𝑥
1

0

≥ 1 + 4∫ 𝑥𝑓(𝑥)
1

0

𝑑𝑥 

AN.060. Solution by Ty Halpen-USA 

𝛺(𝑛) = (1 + 22)(1 + 24)(1 + 28) ⋅ … ⋅ (1 + 22
𝑛−1
) = 

=
1 − 22

1 − 22
⋅ (1 + 22)(1 + 24)(1 + 28) ⋅ … ⋅ (1 + 22

𝑛−1
) = 



DANIEL SITARU                      CLAUDIA NĂNUȚI 

 

MATH ACCENT Page 228 
 

= −
1

3
(1 − 24)(1 + 24)(1 + 28) ⋅ … ⋅ (1 + 22

𝑛−1
) = −

1

3
(1 − 22

𝑛
) 

𝛺 = 𝑙𝑖𝑚
𝑛→∞

(1 +
1

3𝛺(𝑛)
)
22
𝑛

= 𝑙𝑖𝑚
𝑛→∞

(1 +
1

22
𝑛
− 1
)
(22

𝑛
−1)⋅

22
𝑛

22
𝑛
−1

= 𝑒𝑥𝑝 {𝑙𝑖𝑚
𝑛→∞

22
𝑛

22
𝑛
− 1
} = 𝑒 

AN.061. Solution by Ruxandra Daniela Tonilă-Romania 

𝛺 = 𝑙𝑖𝑚
𝑛→∞

𝑛 (∏ √𝑘!
𝑘

𝑛

𝑘=2

)

1−𝑛
𝑛2

⇔ 𝑙𝑜𝑔𝛺

= 𝑙𝑖𝑚
𝑛→∞

(𝑙𝑜𝑔 𝑛 +
1 − 𝑛

𝑛2
𝑙𝑜𝑔 (∏ √𝑘!

𝑘

𝑛

𝑘=2

)) 

𝑙𝑜𝑔𝛺 = 𝑙𝑖𝑚
𝑛→∞

(𝑙𝑜𝑔 𝑛 −
1

𝑛
𝑙𝑜𝑔 (∏ √𝑘!

𝑘

𝑛

𝑘=2

)) + 𝑙𝑖𝑚
𝑛→∞

𝑙𝑜𝑔(∏ √𝑘!
𝑘𝑛

𝑘=2 )

𝑛2

= 𝛺1 + 𝛺2 

𝑤ℎ𝑒𝑟𝑒 𝛺1 = 𝑙𝑖𝑚
𝑛→∞

(𝑙𝑜𝑔 𝑛 −
1

𝑛
𝑙𝑜𝑔 (∏ √𝑘!

𝑘

𝑛

𝑘=2

))  𝑎𝑛𝑑 𝛺2

= 𝑙𝑖𝑚
𝑛→∞

𝑙𝑜𝑔(∏ √𝑘!
𝑘𝑛

𝑘=2 )

𝑛2
 

𝛺1 = 𝑙𝑖𝑚
𝑛→∞

(𝑙𝑜𝑔 𝑛 −
1

𝑛
𝑙𝑜𝑔 (∏ √𝑘!

𝑘

𝑛

𝑘=2

))

= 𝑙𝑖𝑚
𝑛→∞

1

𝑛
(𝑙𝑜𝑔 𝑛𝑛 − 𝑙𝑜𝑔 (∏ √𝑘!

𝑘

𝑛

𝑘=2

)) = 

= 𝑙𝑖𝑚
𝑛→∞

𝑙𝑜𝑔 (
𝑛𝑛

∏ √𝑘!
𝑘𝑛

𝑘=2

)

1
𝑛

= 𝑙𝑜𝑔(𝑙𝑖𝑚
𝑛→∞

√
𝑛𝑛

∏ √𝑘!
𝑘𝑛

𝑘=2

𝑛
) =
𝐶−𝐷

 



DANIEL SITARU                      CLAUDIA NĂNUȚI 

 

MATH ACCENT Page 229 
 

= 𝑙𝑜𝑔 (𝑙𝑖𝑚
𝑛→∞

((
𝑛 + 1

𝑛
)
𝑛

⋅
𝑛 + 1

√(𝑛 + 1)!
𝑛+!

) = 𝑙𝑜𝑔 (𝑒 ⋅ 𝑙𝑖𝑚
𝑛→∞

𝑛

√𝑛!
𝑛 ) = 

= 𝑙𝑜𝑔 (𝑒 ⋅ 𝑙𝑖𝑚
𝑛→∞

√
𝑛𝑛

𝑛!

𝑛

) =
𝐶−𝐷

𝑙𝑜𝑔 (𝑒 ⋅ 𝑙𝑖𝑚
𝑛→∞

(𝑛 + 1)𝑛+1

(𝑛 + 1)!
⋅
𝑛!

𝑛𝑛
)

= 𝑙𝑜𝑔 (𝑒 ⋅ 𝑙𝑖𝑚
𝑛→∞

(
𝑛 + 1

𝑛
)
𝑛

) = 𝑙𝑜𝑔 𝑒2 = 2; (2) 

𝛺2 = 𝑙𝑖𝑚
𝑛→∞

𝑙𝑜𝑔(∏ √𝑘!
𝑘𝑛

𝑘=2 )

𝑛2
= 𝑙𝑖𝑚
𝑛→∞

∑ 𝑙𝑜𝑔(√𝑘!
𝑘
)𝑛

𝑘=2

𝑛2
=
𝐶−𝑆

 

= 𝑙𝑖𝑚
𝑛→∞

𝑙𝑜𝑔 ( √(𝑛 + 1)!
𝑛+1

)

2𝑛 + 1
= 𝑙𝑖𝑚
𝑛→∞

𝑙𝑜𝑔(𝑛 + 1)!

(𝑛 + 1)(2𝑛 + 1)
= 

= 𝑙𝑖𝑚
𝑛→∞

∑ 𝑙𝑜𝑔 𝑘𝑛
𝑘=1

2𝑛2 + 3𝑛 + 1
=
𝐶−𝑆

𝑙𝑖𝑚
𝑛→∞

𝑙𝑜𝑔(𝑛 + 2)

4𝑛 + 5
=
𝐿′𝐻
0; (3) 

From (1),(2) and (3), it follows that: 𝑙𝑜𝑔𝛺 = 2 ⇒ 𝛺 = 𝑒2. 

AN.062. Solution by Marian Ursărescu-Romania 

Put 9𝑥 − 4 = 𝑡 ⇒ 𝑥 =
𝑡+4

9
, 𝑑𝑥 =

1

9
𝑑𝑡 

𝛺 = ∫
𝑙𝑜𝑔(9𝑥 − 4)

3𝑥2 + 2

2

1

𝑑𝑥 =
1

9
∫

𝑙𝑜𝑔 𝑡

3 (
𝑡 + 4
9 )

2

+ 2

14

5

𝑑𝑡

=
1

9
∫

𝑙𝑜𝑔 𝑡

3(𝑡2 + 8𝑡 + 16)
81 + 2

14

5

𝑑𝑡 = 

= 3∫
𝑙𝑜𝑔 𝑡

𝑡2 + 8𝑡 + 70

14

5

𝑑𝑡; (1) 

𝐿𝑒𝑡: 𝐼 = ∫
𝑙𝑜𝑔 𝑡

𝑡2 + 8𝑡 + 70

14

5

𝑑𝑡 =
𝑡=
70
𝑦
− 70∫

𝑙𝑜𝑔 (
70
𝑦 )

702

𝑦2
+ 8 ⋅

70
𝑦 + 70

5

14

𝑑𝑦 = 
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= ∫
𝑙𝑜𝑔 70 − 𝑙𝑜𝑔 𝑦

𝑦2 + 8𝑦 + 70

4

5

𝑑𝑦

= 𝑙𝑜𝑔 70∫
1

𝑦2 + 8𝑦 + 70
𝑑𝑦

14

5

−∫
𝑙𝑜𝑔 𝑦

𝑦2 + 8𝑦 + 70

14

5

𝑑𝑦

= 

=
1

2
𝑙𝑜𝑔 70∫

1

(𝑦 + 𝑦)4 + (√54)
2 𝑑𝑦

14

5

=
1

2√54
𝑙𝑜𝑔 70 𝑡𝑎𝑛−1 (

𝑦 + 4

√54
)|
5

14

= 

=
1

2√54
𝑙𝑜𝑔 70 (𝑡𝑎𝑛−1 (

18

√54
) − 𝑡𝑎𝑛−1 (

9

√54
)) = 

=
1

2√54
𝑙𝑜𝑔 70 (𝑡𝑎𝑛−1 √6 − 𝑡𝑎𝑛−1 (

3

√6
)) ; (2) 

From (1),(2) it follows that: 

𝛺 = ∫
𝑙𝑜𝑔(9𝑥 − 4)

3𝑥2 + 2

2

1

𝑑𝑥 =
1

2√6
𝑙𝑜𝑔 70 (𝑡𝑎𝑛−1 √6 − 𝑡𝑎𝑛−1 (

3

√6
)) 

AN.063. Solution by Cristi Iulian-Romania 

Using Bernoulli’s inequality, we get: 

𝑥𝑦 = (1 + (𝑥 − 1))
𝑦
≥ 1 + 𝑦(𝑥 − 1) 

Integrating the previous relation w.r.t. 𝑥, respectively to 𝑦, and using the 
monotonicity property of integrals, we obtain: 

2∫ ∫ 𝑥𝑦
𝑏

𝑎

𝑑𝑥𝑑𝑦
𝑏

𝑎

≥ 2∫ ∫ (1 + 𝑦(𝑥 − 1))𝑑𝑥𝑑𝑦
𝑏

𝑎

𝑏

𝑎

= 

= 2∫ (𝑏 − 𝑎) (1 +
𝑦(𝑎 + 𝑏)

2
− 𝑦)

𝑏

𝑎

𝑑𝑦 

2∫ ∫ 𝑥𝑦
𝑏

𝑎

𝑑𝑥𝑑𝑦
𝑏

𝑎

≥ 2(𝑏 − 𝑎)2 (1 +
𝑎 + 𝑏 − 2

4
(𝑎 + 𝑏)) 



DANIEL SITARU                      CLAUDIA NĂNUȚI 

 

MATH ACCENT Page 231 
 

Lastly, we need to prove that: 

2(𝑏 − 𝑎)2 (1 +
𝑎 + 𝑏 − 2

4
(𝑎 + 𝑏)) ≥ (2𝑎𝑏 − 𝑎 − 𝑏 + 2)(𝑏 − 𝑎)2 

That is equivalent to: 

(𝑏 − 𝑎)2 (2 +
𝑎 + 𝑏 − 2

2
(𝑎 + 𝑏) − 2𝑎𝑏 + 𝑎 + 𝑏 − 2) ≥ 0 ⇔ 

(𝑎 + 𝑏)2 ≥ 4𝑎𝑏 which is true ∀𝑎, 𝑏 ≥ 0. 

AN.064. Solution by Amrit Awasthi-India 

We know: 𝐾(𝑛 + 1) = 11 ⋅ 22 ⋅ 33 ⋅ … ⋅ 𝑛𝑛 and 

 𝐺(𝑛 + 2) = 1! ⋅ 2! ⋅ 3! ⋅ … ⋅ 𝑛! 

⇒ 𝐺(𝑛 + 2) = 1𝑛 ⋅ 2𝑛−1 ⋅ 3𝑛−2 ⋅ … ⋅ (𝑛 − 1)2 ⋅ 𝑛1 

𝐾(𝑛 + 1) ⋅ 𝐺(𝑛 + 2)
= (11 ⋅ 22 ⋅ 33 ⋅ … ⋅ 𝑛𝑛) ⋅ (1𝑛 ⋅ 2𝑛−1 ⋅ 3𝑛−2 ⋅ … ⋅ (𝑛 − 1)2 ⋅ 𝑛1) 

= 1𝑛+1 ⋅ 2𝑛+1 ⋅ … ⋅ (𝑛 − 1)𝑛+1 ⋅ 𝑛𝑛+1 = (𝑛!)𝑛+1 

Therefore, 

𝛺 = ∑ √
𝑛!

𝐾(𝑛 + 1) ⋅ 𝐺(𝑛 + 2)

𝑛
∞

𝑛=2

=∑ √
𝑛!

(𝑛!)𝑛+1
𝑛

∞

𝑛=2

= ∑ √
1

(𝑛!)𝑛
𝑛

∞

𝑛=2

= 

=∑
1

𝑛!

∞

𝑛=2

= 𝑒 − 2 

AN.065. Solution by Ravi Prakash-New Delhi-India 

𝐿𝑒𝑡 𝑎𝑘 =
(2𝑛 + 1)!

(2𝑛 + 1 − 𝑘)!
; 0 ≤ 𝑘 ≤ 𝑛 𝑎𝑛𝑑  

𝑏𝑘 =
((2𝑛 + 1)!)

2

𝑘! (2𝑛 + 1 − 𝑘)!
= 𝑎𝑘 ⋅

(2𝑛 + 1)!

𝑘! (2𝑛 − 𝑘)!
= 𝑎𝑘 ⋅ (

2𝑛 + 1

𝑘
) ⇒ 
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∑𝑏𝑘

𝑛

𝑘=0

= 𝑎0 + 𝑎1 (
2𝑛 + 1

1
) + 𝑎2 (

2𝑛 + 1

2
) +⋯+ 𝑎𝑛 (

2𝑛 + 1

𝑛
) > 

> (2𝑛 + 1)(𝑎1 + 𝑎2 +⋯+ 𝑎𝑛) = 

= 2𝑛(𝑎0 + 𝑎1 +⋯+ 𝑎𝑛) − 2𝑛 + 𝑎1 +⋯+ 𝑎𝑛 > 2𝑛(𝑎0 +⋯+ 𝑎𝑛) 

∵ 𝑎1 − 2𝑛 = 2𝑛 + 1 − 2𝑛 = 1 > 0. Thus, 

0 < (∑𝑎𝑘

𝑛

𝑘=1

)(∑𝑏𝑘

𝑛

𝑘=1

)

−1

<
1

2𝑛
 

Therefore, 

𝛺 = 𝑙𝑖𝑚
𝑛→∞

(∑
(2𝑛 + 1)!

(2𝑛 + 1 − 𝑘)!

𝑛

𝑘=0

)(∑
((2𝑛 + 1)!)

2

𝑘! ((2𝑛 + 1 − 𝑘)!)
2

𝑛

𝑘=0

)

−1

= 0 

AN.066. Solution by Ravi Prakash-New Delhi-India 

∑((
𝑛

𝑘
) ∑

𝑚𝑛

𝑚𝑘

𝑛

𝑚=1

)

𝑛−1

𝑘=1

= ∑((
𝑛

𝑘
) ∑ 𝑚𝑛−𝑘

𝑛

𝑚=1

)

𝑛−1

𝑘=1

= ∑ (∑(
𝑛

𝑘
)𝑚𝑛−𝑘

𝑛−1

𝑘=1

)

𝑛

𝑚=1

= 

= ∑[(𝑚 + 1)𝑛 −𝑚𝑛 − 1)

𝑛

𝑚=1

= (𝑛 + 1)𝑛 − 1 − 𝑛 

Therefore, 

𝛺 = 𝑙𝑖𝑚
𝑛→∞

(1 + 𝑛)−𝑛∑((
𝑛

𝑘
) ∑

𝑚𝑛

𝑚𝑘

𝑛

𝑚=1

)

𝑛−1

𝑘=1

= 𝑙𝑖𝑚
𝑛→∞

(𝑛 + 1)𝑛 − 𝑛 − 1

(𝑛 + 1)𝑛
= 1 

AN.067. Solution by Adrian Popa-Romania 

𝑘

𝑛
(
𝑛

𝑘
) = (

𝑛 − 1

𝑘 − 1
) ⇒∑(1 −

2𝑘

𝑛
(
𝑛

𝑘
))

2𝑛

𝑘=0

=∑(1 − 2(
𝑛 − 1

𝑘 − 1
))

2𝑛

𝑘=0

= 
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=∑(1 − 4(
𝑛 − 1

𝑘 − 1
) + 4 (

𝑛 − 1

𝑘 − 1
)
2

)

𝑛

𝑘=0

=∑1

𝑛

𝑘=0

− 4∑(
𝑛 − 1

𝑘 − 1
)

𝑛

𝑘=0

+ 4∑(
𝑛 − 1

𝑘 − 1
)
2𝑛

𝑘=0

= 𝑛 − 4 ⋅ 2𝑛−1 + 4 ⋅ (
2𝑛 − 2

𝑛 − 1
) 

Therefore, 

𝛺 = 𝑙𝑖𝑚
𝑛→∞

(
2𝑛 − 2

𝑛 − 1
)
−1

∑(1−
2𝑘

𝑛
(
𝑛

𝑘
))

2𝑛

𝑘=0

= 𝑙𝑖𝑚
𝑛→∞

𝑛 − 4 ⋅ 2𝑛−1 + 4 ⋅ (2𝑛−2
𝑛−1

)

(2𝑛−2
𝑛−1
)

= 4 

AN.068. Solution by Adrian Popa-Romania 

𝛺(𝛼, 𝛽) = ∫
(1 + 𝑥)2𝛼−1(1 − 𝑥)2𝛽−1

(1 + 𝑥2)𝛼+𝛽
𝑑𝑥

1

−1

=

1−𝑥
1+𝑥

=𝑡

 

= ∫
22𝛼+2𝛽−2𝑡2𝛼−1

(1 + 𝑡)2𝛼+2𝛽−2
⋅
(1 + 𝑡)2𝛼+2𝛽

2𝛼+𝛽(1 + 𝑡2)𝛼+𝛽
⋅ (

2

1 + 𝑡2
) 𝑑𝑡

∞

0

=
𝑢=𝑡2

 

= 2𝛼+𝛽−2∫
(√𝑢)

2𝛼−1

(1 + 𝑢)𝛼+𝛽
⋅
𝑑𝑢

2√𝑢

∞

0

= 2𝛼+𝛽−2∫
𝑢𝛼−1

(1 + 𝑢)𝛼+𝛽
𝑑𝑢

∞

0

= 2𝛼+𝛽−2𝐵(𝛼, 𝛽) 

𝛺(𝛼, 𝛽) = 2𝛼+𝛽−2𝐵(𝛼, 𝛽) 

𝛺(3,5) = 26 ⋅ 𝐵(3,5) = 26 ⋅
𝛤(3)𝛤(5)

𝛤(3 + 5)
= 26 ⋅

2! ⋅ 4!

7!
 

𝛺(4,5) = 27 ⋅ 𝐵(4,5) = 27 ⋅
𝛤(4)𝛤(5)

𝛤(4 + 5)
= 27 ⋅

3! ⋅ 4!

8!
 

𝛺(3,6) = 27 ⋅ 𝐵(3,6) = 27 ⋅
𝛤(3)𝛤(6)

𝛤(3 + 6)
= 27 ⋅

2! ⋅ 5!

8!
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√𝛺(4,5) ⋅ 𝛺(3,6) =
27

8!
√2! ⋅ 3! ⋅ 4! ⋅ 5! ≤

(?) 26

7!
⋅ 2! ⋅ 4! ⇔ 

1

4
√(2!)2 ⋅ 3 ⋅ (4!)2 ⋅ 5 ≤ 2! ⋅ 4! ⇔ √15 ≤ √16. 

AN.069. Solution by Adrian Popa-Romania 

(
2𝑛

𝑛 − 𝑘
) =

(2𝑛)!

(𝑛 − 𝑘)! ⋅ (𝑛 + 𝑘)!
⇒

1

(𝑛 − 𝑘)! ⋅ (𝑛 + 𝑘)!
=
( 2𝑛
𝑛−𝑘
)

(2𝑛)!
 

∑(
2𝑛

𝑛 − 𝑘
)

𝑛

𝑘=0

= (
2𝑛

𝑛
) + (

2𝑛

𝑛 − 1
) + (

2𝑛

𝑛 − 2
) +⋯+ (

2𝑛

0
)

= (
2𝑛

𝑛 + 1
) + (

2𝑛

𝑛 + 2
) +⋯+ (

2𝑛

2𝑛
) = 𝑆 

∵ (
2𝑛

0
) + (

2𝑛

1
) + (

2𝑛

2
) +⋯+ (

2𝑛

2𝑛
) = 22𝑛 ⇒ 2𝑆 + (

2𝑛

𝑛
) = 22𝑛 ⇒ 

2𝑆 = 4𝑛 − (
2𝑛

𝑛
) 

⇒ 𝑆 =
4𝑛 − (2𝑛

𝑛
)

2
⇒∑(

2𝑛

𝑛 − 𝑘
)

𝑛

𝑘=0

= 𝑆 + (
2𝑛

𝑛
) =

(4𝑛 + (2𝑛
𝑛
))

2
 

𝛺 = 𝑙𝑖𝑚
𝑛→∞

√(2𝑛)! ⋅ (2∑
1

(𝑛 − 𝑘)! ⋅ (𝑛 + 𝑘)!

𝑛

𝑘=0

−
4𝑛

(2𝑛)!
)

𝑛

= 

= 𝑙𝑖𝑚
𝑛→∞

√(2𝑛)! ⋅ (
4𝑛 + (2𝑛

𝑛
)

2(2𝑛)!
⋅ 2 −

4𝑛

(2𝑛)!
)

𝑛

= 𝑙𝑖𝑚
𝑛→∞

√(
2𝑛

𝑛
)

𝑛

= 𝑙𝑖𝑚
𝑛→∞

√
(2𝑛)!

(𝑛!)2

𝑛

=
𝐶−𝐷

 

= 𝑙𝑖𝑚
𝑛→∞

(2𝑛 + 2)!

((𝑛 + 1)!)
2 ⋅
(𝑛!)2

(2𝑛)!
= 𝑙𝑖𝑚
𝑛→∞

(2𝑛)! (2𝑛 + 1)(2𝑛 + 2)(𝑛!)2

(𝑛!)2(𝑛 + 1)2(2𝑛)!
= 4 
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AN.070. Solution by Ose Favour-Nigeria 

𝛺 = 𝑙𝑖𝑚
𝜀→0
𝜀>0

∫ 𝑙𝑜𝑔 ((𝑐𝑜𝑠 𝑥)𝑐𝑜𝑡 𝑥 ⋅ (𝑠𝑖𝑛 𝑥)
𝑐𝑜𝑠 𝑥
1+𝑠𝑖𝑛𝑥)

𝑠𝑖𝑛−1(1−𝜀)

𝑠𝑖𝑛−1 𝜀

𝑑𝑥 = 

= ∫ 𝑐𝑜𝑡 𝑥 𝑙𝑜𝑔(𝑐𝑜𝑠 𝑥) 𝑑𝑥

𝜋
2

0

+∫
𝑐𝑜𝑠 𝑥

1 + 𝑠𝑖𝑛 𝑥
𝑙𝑜𝑔(𝑠𝑖𝑛 𝑥)

𝜋
2

0

𝑑𝑥 = 𝐴 + 𝐵 

𝐴 =
𝑢=𝑐𝑜𝑠 𝑥

∫
𝑢

1 − 𝑢2
𝑙𝑜𝑔 𝑢 𝑑𝑢

1

0

=∑∫ 𝑢2𝑛+1 𝑙𝑜𝑔 𝑢 𝑑𝑢
1

0

∞

𝑛=0

=
𝐼𝐵𝑃

 

= −
1

2
∑

1

𝑛 + 1
∫ 𝑢2𝑛+1
1

0

𝑑𝑢

∞

𝑛=0

= −
1

4
∑

1

(𝑛 + 1)2

∞

𝑛=0

= −
1

4
𝜁(2) = −

𝜋2

24
 

𝐵 =
𝑢=𝑠𝑖𝑛𝑥

∫
𝑙𝑜𝑔 𝑢

1 + 𝑢
𝑑𝑢

1

0

= 𝐿𝑖2(−1) = −
𝜋2

12
⇒ 𝛺 = 𝐴 + 𝐵 = −

𝜋2

8
 

AN.071. Solution by Adrian Popa-Romania  

𝛺 = 𝑙𝑖𝑚
𝑛→∞

𝑛7 ⋅ 𝛺(𝑛) ⋅ 𝑠𝑖𝑛 (
1

𝑛4
) ⋅ 𝑡𝑎𝑛 (

1

𝑛5
) = 

= 𝑙𝑖𝑚
𝑛→∞

𝑛9 (
1

𝑛
⋅∑𝑒4(2−

𝑘
𝑛
) ⋅

𝑛

𝑘=1

1

𝑛
⋅  ∑ 𝑒6(2−

𝑘
𝑛
)

𝑛

𝑘=1

− (
1

𝑛
∑𝑒5(2−

𝑘
𝑛
)

𝑛

𝑘=1

)

2

) ⋅ 𝑠𝑖𝑛 (
1

𝑛4
) ⋅ 𝑡𝑎𝑛 (

1

𝑛5
) = 

= 𝑙𝑖𝑚
𝑛→∞

𝑠𝑖𝑛 (
1
𝑛4
)

1
𝑛4

⋅
𝑡𝑎𝑛 (

1
𝑛5
)

1
𝑛5

(∫ 𝑒4(2−𝑥)𝑑𝑥
1

0

⋅ ∫ 𝑒6(2−𝑥)𝑑𝑥
1

0

− (∫ 𝑒5(2−𝑥)𝑑𝑥
1

0

)

2

) = 

= (−𝑒8
𝑒−4𝑥

4
|
0

1

) ⋅ (−𝑒12
𝑒−6𝑥

6
|
0

1

) − (−𝑒10
𝑒−5𝑥

5
|
0

1

)

2

= 
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= 𝑒10 [
(𝑒4 − 1)(𝑒6 − 1)

24
−
(𝑒5 − 1)2

25
] 

AN.072. Solution by Hikmat Mammadov-Azerbaijan 

∫ ∫ (
1

1 + 𝑥2
−

1

1 + 𝑥𝑦
)𝑑𝑥𝑑𝑦

𝑏

𝑎

𝑏

𝑎

= ∫ ∫
𝑥(𝑦 − 𝑥)

(1 + 𝑥2)(1 + 𝑥𝑦)
𝑑𝑥𝑑𝑦

𝑏

𝑎

𝑏

𝑎

= 

=
1

2
(∫ ∫

𝑥(𝑦 − 𝑥)

1 + 𝑥2(1 + 𝑥𝑦)
𝑑𝑥𝑑𝑦

𝑏

𝑎

𝑏

𝑎

+∫ ∫
𝑦(𝑥 − 𝑦)

(1 + 𝑦2)(1 + 𝑦𝑥)
𝑑𝑦𝑑𝑥

𝑏

𝑎

𝑏

𝑎

) = 

=
1

2
∫ ∫

(𝑦 − 𝑥)[𝑥(1 + 𝑦2) − 𝑦(1 + 𝑥2)]

(1 + 𝑥2)(1 + 𝑦2)(1 + 𝑥𝑦)
𝑑𝑥𝑑𝑦

𝑏

𝑎

𝑏

𝑎

= 

=
1

2
∫ ∫

(𝑦 − 𝑥)(𝑥 + 𝑥𝑦2 − 𝑦 − 𝑦𝑥2)

(1 + 𝑥2)(1 + 𝑦2)(1 + 𝑥𝑦)
𝑑𝑥𝑑𝑦

𝑏

𝑎

𝑏

𝑎

= 

=
1

2
∫ ∫

(𝑦 − 𝑥)(−1 + 𝑥𝑦)

(1 + 𝑥2)(1 + 𝑦2)(1 + 𝑥𝑦)
𝑑𝑥𝑑𝑦

𝑏

𝑎

𝑏

𝑎

≥ 

≥
1

2
∫

(𝑦 − 𝑥2)(−1 + 𝑎2)

(1 + 𝑥2)(1 + 𝑦2)(1 + 𝑥𝑦)
𝑑𝑥𝑑𝑦

𝑏

𝑎

≥ 0 

Therefore, 

∫ ∫
𝑑𝑥𝑑𝑦

1 + 𝑥𝑦

𝑏

𝑎

𝑏

𝑎

≤ ∫ ∫
1

1 + 𝑥2
𝑑𝑥𝑑𝑦

𝑏

𝑎

𝑏

𝑎

= 𝑦|𝑎
𝑏𝑡𝑎𝑛−1 𝑥|𝑎

𝑏

= (𝑏 − 𝑎)(𝑡𝑎𝑛−1 𝑏 − 𝑡𝑎𝑛−1 𝑎)

= (𝑏 − 𝑎) 𝑡𝑎𝑛−1 (
𝑏 − 𝑎

1 + 𝑎𝑏
) 

AN.073. Solution by Ravi Prakash-New Delhi-India 

𝐹𝑜𝑟 𝑛 ≥ 1: 
𝑛(𝑛 + 1)2(2𝑛 + 1)

𝑛!
=
(𝑛 + 1)2(2𝑛 + 1)

(𝑛 − 1)!
 

𝑊𝑟𝑖𝑡𝑒: (𝑛 + 1)2(2𝑛 + 1)
= 𝐴(𝑛 − 1)(𝑛 − 2)(𝑛 − 3) + 𝐵(𝑛 − 1)(𝑛 − 2)
+ 𝐶(𝑛 − 1) + 𝐷 
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Equaling coefficient of 𝑛3, we get: 𝐴 = 2. Put 𝑛 = 1 ⇒  𝐷 = 12;  𝑛 =
2 ⇒ 𝐶 = 33,  

𝑛 = 3 ⇒ 𝐵 = 17. Thus, for 𝑛 ≥ 4 we have: 

𝑛(𝑛 + 1)2(2𝑛 + 1)

𝑛!
=

2

(𝑛 − 4)!
+

17

(𝑛 − 3)!
+

33

(𝑛 − 2)!
+

12

(𝑛 − 1)!
 

𝑁𝑜𝑤,𝛺 = ∑
𝑛(𝑛 + 1)2(2𝑛 + 1)

4𝑛 ⋅ 𝑛!

∞

𝑛=1

=
1

4
∑
(𝑛 + 1)2(2𝑛 + 1)

4𝑛−1(𝑛 − 1)!

∞

𝑛=1

= 

=
1

4
⋅
12

0!
+
1

42
⋅
12

1!
+
1

42
⋅
33

0!
+
1

43
⋅
12

2!
+
1

43
⋅
33

1!
+
1

43
⋅
17

0!
+
1

44
⋅
12

3!

+
1

44
⋅
33

2!
+
1

44
⋅
17

1!
+
1

44
⋅
2

0!
+ ⋯ 

𝛺 = ∑
𝑛(𝑛 + 1)2(2𝑛 + 1)

4𝑛 ⋅ 𝑛!

∞

𝑛=1

=
12

4
𝑒
1
4 +

33

16
𝑒
1
4 +

17

64
𝑒
1
4 +

12

256
𝑒
1
4 =

43

8
𝑒
1
4 

AN.074. Solution by Said Cerbach-Algiers-Algerie 
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Using Cauchy-Schwarz’s inequality, we have: 

∫ 𝑒𝑥
2

1

0

𝑑𝑥∫ 𝑒−𝑥
2

1

0

𝑑𝑥 ≥ 1 𝑡ℎ𝑒𝑛  

𝐼 = ∫ 𝑒𝑥
2

1

0

𝑑𝑥∫ 𝑒−𝑥
2

1

0

𝑑𝑥 − 1 = ∫ ∫ (𝑒𝑥
2−𝑦2 − 1)𝑑𝑥𝑑𝑦

1

0

1

0

.  𝑊𝑒 ℎ𝑎𝑣𝑒:  

(𝑒 − 1)2

4𝑒
=
𝑐𝑜𝑠ℎ 1 − 1

2
 

We use a change of variables: 𝑢 = 𝑥 − 𝑦 and 𝑣 = 𝑥 + 𝑦 then we have: 

𝐼 = ∬
𝑒𝑢𝑣 − 1

2
𝑑𝑢𝑑𝑣

𝐷

, 𝑤ℎ𝑒𝑟𝑒 𝐷 𝑖𝑠 𝑟𝑒𝑑 𝑠𝑒𝑐𝑡𝑜𝑟. 

𝐼 = ∫ ∫
𝑒𝑢𝑣 − 1

2
𝑑𝑣

2+𝑢

−𝑢

𝑑𝑢
1

0

+∫ ∫
𝑒𝑢𝑣 − 1

2
𝑑𝑣𝑑𝑢

2−𝑢

𝑢

1

0

= 𝐼− + 𝐼+, 𝑤ℎ𝑒𝑟𝑒 

𝐼− = ∫ ∫
𝑒𝑢𝑣 − 1

2
𝑑𝑣

2+𝑢

−𝑢

𝑑𝑢
1

0

 

𝐼+ = ∫ ∫
𝑒𝑢𝑣 − 1

2
𝑑𝑣𝑑𝑢

2−𝑢

𝑢

1

0

 

With change 𝑢 in 𝐼−, we have: 

𝐼− = ∫ ∫
𝑒−𝑢𝑣 − 1

2

2−𝑢

𝑢

𝑑𝑢𝑑𝑣
1

0

, 𝑡ℎ𝑒𝑛: 

𝐼 = ∫ ∫
𝑒𝑢𝑣 + 𝑒−𝑢𝑣 − 2

2

2−𝑢

𝑢

𝑑𝑣𝑑𝑢
1

0

= ∫ ∫
(𝑒
𝑢𝑣
2 − 𝑒−

𝑢𝑣
2 )

2

2

2−𝑢

𝑢

𝑑𝑣𝑑𝑢
1

0

= 

= ∫ ∫ 𝑠𝑖𝑛ℎ2 (
𝑢𝑣

2
)𝑑𝑣𝑑𝑢

2−𝑢

𝑢

1

0

= ∫ ∫
𝑐𝑜𝑠ℎ 𝑣 − 1

2
𝑑𝑣

2−𝑢

𝑢

𝑑𝑢
1

0

; (0 ≤ 𝑣 ≤ 2) 

We have: 
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𝐼 ≤ ∫
𝑐𝑜𝑠ℎ 𝑥 − 1

2
𝑑𝑥

1
2

0

≤ ∫
𝑐𝑜𝑠ℎ 1 − 1

2
𝑑𝑥

1

0

=
𝑐𝑜𝑠ℎ 1 − 1

2
 

AN.075. Solution by Ravi Prakash-New Delhi-India 

𝑓(1) = 11, 𝑔(0) = 2, ℎ(0) = 3, 𝑡(0) = 4 

𝑓(𝑥 + 𝑦 + 𝑧) = 𝑔(𝑥) + ℎ(𝑦) + 𝑡(𝑧), ∀𝑥, 𝑦, 𝑧 ∈ ℝ; (1) 

𝑓(𝑥) ⋅ 𝑔(𝑥) = ℎ(𝑥) ⋅ 𝑡(𝑥); (2) 

Put 𝑦 = 𝑧 = 0 in (1), 𝑓(𝑥) = 𝑔(𝑥) + 3 + 4 ⇒ 𝑔(𝑥) = 𝑓(𝑥) − 7, ∀𝑥 ∈ ℝ 

Similarly, ℎ(𝑥) = 𝑓(𝑥) − 6, ∀𝑥 ∈ ℝ and 𝑡(𝑥) = 𝑓(𝑥) − 5, ∀𝑥 ∈ ℝ 

Putting 𝑧 = 0 in (1), we get: 

𝑓(𝑥 + 𝑦) = 𝑔(𝑥) + ℎ(𝑦) + 𝑡(0) = 𝑓(𝑥) − 7 + 𝑓(𝑦) − 6 − 4 = 

= 𝑓(𝑥) + 𝑓(𝑦) − 9, ∀𝑥, 𝑦 ∈ ℝ 

𝑓(𝑥 + 𝑦) − 9 = [𝑓(𝑥) − 9] + [𝑓(𝑦) − 9]; (3) 

Let 𝛼(𝑥) = 𝑓(𝑥) − 9, ∀𝑥 ∈ ℝ, then (3) gives 

𝛼(𝑥 + 𝑦) = 𝛼(𝑥) + 𝛼)𝑦), ∀𝑥, 𝑦 ∈ ℝ. Also, 𝛼 is continuous on ℝ, 𝛼(𝑥) =
𝑥𝛼(1), ∀𝑥 ∈ ℝ. 

Now, 𝑓(𝑥)𝑔(𝑥) = ℎ(𝑥)𝑡(𝑥), then  

𝑓(𝑥)[𝑓(𝑥) − 7] = [𝑓(𝑥) − 6][𝑓(𝑥) − 5] 

(𝑓(𝑥))
2
− 7𝑓(𝑥) = (𝑓(𝑥))

2
− 11𝑓(𝑥) + 30 

4𝑓(𝑥) = 30 ⇒ 𝑓(𝑥) = 7.5               2𝑥 + 9 = 7.7 ⇒ 𝑥 = −0.75 

AN.076. Solution by Hikmat Mammadov-Azerbaijan 

𝑑𝑘

𝑑𝑥𝑘
(
𝑠𝑖𝑛 𝑥

𝑥
) =

1

𝑥𝑘+1
∫ 𝑡𝑘 𝑐𝑜𝑠 (𝑡 +

𝑘𝜋

2
)

𝑥

0

𝑑𝑡
𝑡=𝑢𝑥
⇒    
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𝑑𝑘

𝑑𝑥𝑘
(
𝑠𝑖𝑛 𝑥

𝑥
) =

1

𝑥𝑘+1
∫ 𝑢𝑘𝑥𝑘 𝑐𝑜𝑠 (𝑢𝑥 +

𝑘𝜋

2
) 𝑥

1

0

𝑑𝑢 

=
1

𝑥𝑘+1
∫ 𝑢𝑘𝑥𝑘+1 𝑐𝑜𝑠 (𝑢𝑥 +

𝑘𝜋

2
)𝑑𝑢

1

0

 

= ∫ 𝑢𝑘 ⋅ 𝑐𝑜𝑠 (𝑢𝑥 +
𝑘𝜋

2
)

1

0

𝑑𝑢 

∵ −1 ≤ 𝑐𝑜𝑠 𝑧 ≤ 1, ∀𝑧 ∈ ℝ 𝑎𝑛𝑑 ∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝑎

≤ ∫ 𝑔(𝑥)𝑑𝑥
𝑏

𝑎

, 𝑥 ∈ [𝑎, 𝑏] 

−∫ 𝑢𝑘
1

0

𝑑𝑢 ≤ ∫ 𝑢𝑘 𝑐𝑜𝑠 (𝑢𝑥 +
𝑘𝜋

2
)

1

0

𝑑𝑢 ≤ ∫ 𝑢𝑘
1

0

𝑑𝑢, 0 ≤ 𝑢 ≤ 1 

|∫ 𝑢𝑘 𝑐𝑜𝑠 (𝑢𝑥 +
𝑘𝜋

2
)

1

0

𝑑𝑢| ≤ ∫ 𝑢𝑘
1

0

𝑑𝑢 

𝑙𝑖𝑚
𝑛→∞

1

𝑛
∑ |

𝑑𝑘

𝑑𝑥𝑘
(
𝑠𝑖𝑛 𝑥

𝑥
)|

𝑛

𝑘=1

= 𝑙𝑖𝑚
𝑛→∞

1

𝑛
∑ |

1

𝑥𝑘+1
∫ 𝑡𝑘 𝑐𝑜𝑠 (𝑡 +

𝑘𝜋

2
)𝑑𝑡

𝑥

0

|

𝑛

𝑘=1

 

= 𝑙𝑖𝑚
𝑛→∞

1

𝑛
∑ |∫ 𝑢𝑘 𝑐𝑜𝑠 (𝑢𝑥 +

𝑘𝜋

2
)

1

0

𝑑𝑢|

𝑛

𝑘=1

 

𝑙𝑖𝑚
𝑛→∞

1

𝑛
∑ |∫ 𝑢𝑘 𝑐𝑜𝑠 (𝑢𝑥 +

𝑘𝜋

2
)

1

0

𝑑𝑢|

𝑛

𝑘=1

≤ 𝑙𝑖𝑚
𝑛→∞

1

𝑛
∑∫ 𝑢𝑘

1

0

𝑑𝑢

𝑛

𝑘=1

= 𝑙𝑖𝑚
𝑛→∞

1

𝑛
∑

1

𝑘 + 1

𝑛

𝑘=1

 

𝑙𝑖𝑚
𝑛→∞

1

𝑛
∑

1

𝑘 + 1

𝑛

𝑘=1

=
𝐶−𝑆

𝑙𝑖𝑚
𝑛→∞

∑
1

𝑘 + 1
𝑛+1
𝑘=1 − ∑

1
𝑘 + 1

𝑛
𝑘=1

(𝑛 + 1) − 𝑛
= 𝑙𝑖𝑚
𝑛→∞

1

𝑛 + 2
= 0 

0 ≤
1

𝑛
∑ |

𝑑𝑘

𝑑𝑥𝑘
(
𝑠𝑖𝑛 𝑥

𝑥
)|

𝑛

𝑘=1

≤
1

𝑛
∑

1

𝑘 + 1

𝑛

𝑘=1
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𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒, 𝛺 = 𝑙𝑖𝑚
𝑛→∞

1

𝑛
∑ |(

𝑠𝑖𝑛 𝑥

𝑥
)
(𝑘)

|

𝑘=1

= 0 

AN.077. Solution by Adrian Popa-Romania 

(√𝐻1 +√
1

2
𝐻2 +√

1

3
𝐻3 +⋯+√

1

𝑛
𝐻𝑛)

2

≤
𝐶𝐵𝑆

 

≤ (1 +
1

2
+
1

3
+⋯+

1

𝑛
) (𝐻1 + 𝐻2 +⋯+𝐻𝑛) = 

= 𝐻𝑛(𝐻1 + 𝐻2 +⋯+𝐻𝑛) 

√𝐻1 +√
1

2
𝐻2 +√

1

3
𝐻3 +⋯+√

1

𝑛
𝐻𝑛 ≤ √𝐻𝑛(𝐻1 + 𝐻2 +⋯+𝐻𝑛) 

0 ≤
√𝐻1 +√

1
2𝐻2 +

√1
3𝐻3 +⋯+

√1
𝑛𝐻𝑛

𝑛√𝐻𝑛(𝐻1 + 𝐻2 +⋯+𝐻𝑛)
≤
1

𝑛
→ 0 

Therefore, 

𝛺 = 𝑙𝑖𝑚
𝑛→∞

√𝐻1 +√
1
2𝐻2 +

√1
3𝐻3 +⋯+

√1
𝑛𝐻𝑛

𝑛√𝐻𝑛(𝐻1 + 𝐻2 +⋯+𝐻𝑛)
 

AN.078. Solution by Duc Nam-Vietnam 

By Euler’s identity: 𝑒𝑖𝑥 = 𝑐𝑜𝑠 𝑥 + 𝑖 𝑠𝑖𝑛 𝑥 

𝑒−𝑖𝑥 = 𝑐𝑜𝑠 𝑥 − 𝑖 𝑠𝑖𝑛 𝑥 

(∗): 𝑒𝑖𝑥 + 𝑒2𝑖𝑥 + 𝑒3𝑖𝑥 +
1

𝑒𝑖𝑥
+
1

𝑒2𝑖𝑥
+
1

𝑒3𝑖𝑥
= −1 ⇔ 

𝑐𝑜𝑠 𝑥 + 𝑖 𝑠𝑖𝑛 𝑥 + 𝑐𝑜𝑠 2𝑥 + 𝑖 𝑠𝑖𝑛 2𝑥 + 𝑐𝑜𝑠 3𝑥 + 𝑖 𝑠𝑖𝑛 3𝑥 + 𝑐𝑜𝑠 𝑥
− 𝑖 𝑠𝑖𝑛 𝑥 + 𝑐𝑜𝑠 2𝑥 − 𝑖 𝑠𝑖𝑛 2𝑥 + 𝑐𝑜𝑠 3𝑥 − 𝑖 𝑠𝑖𝑛 3𝑥 = −1 



DANIEL SITARU                      CLAUDIA NĂNUȚI 

 

MATH ACCENT Page 242 
 

𝑐𝑜𝑠 𝑥 + 𝑐𝑜𝑠 2𝑥 + 𝑐𝑜𝑠 3𝑥 = −1 

𝑐𝑜𝑠 𝑥 + 2 𝑐𝑜𝑠2 𝑥 − 1 + 4 𝑐𝑜𝑠3 𝑥 − 3 𝑐𝑜𝑠 𝑥 +
1

2
= 0 

4 𝑐𝑜𝑠3 𝑥 + 2 𝑐𝑜𝑠2 𝑥 − 2 𝑐𝑜𝑠 𝑥 −
1

2
= 0 

8 𝑐𝑜𝑠3 𝑥 + 4 𝑐𝑜𝑠2 𝑥 − 4 𝑐𝑜𝑠 𝑥 − 1 = 0; (∗∗) 

Taking 𝛼 =
2𝜋

7
 and let 𝑥 = 𝑐𝑜𝑠 𝛼, we have: 

𝑐𝑜𝑠
4𝜋

7
= 2𝑥2 − 1, 𝑐𝑜𝑠

6𝜋

7
= 4𝑥3 − 3𝑥, 𝑐𝑜𝑠

8𝜋

7
= 8𝑥4 − 8𝑥2 + 1 

(𝑥 − 1)(8𝑥3 + 4𝑥2 − 4𝑥 − 1) = 0 

The polynomial 𝑃 = 8𝑥3 + 4𝑥2 − 4𝑥 − 1 has the same form as (∗∗) and 
have 3 roots 

𝑐𝑜𝑠
2𝜋

7
, 𝑐𝑜𝑠

4𝜋

7
, 𝑐𝑜𝑠

6𝜋

7
 

So, 

𝑐𝑜𝑠 𝑥 = 𝑐𝑜𝑠
2𝜋

7
, 𝑐𝑜𝑠 𝑥 = 𝑐𝑜𝑠

4𝜋

7
, 𝑐𝑜𝑠 𝑥 = 𝑐𝑜𝑠

6𝜋

7
 

𝑥 ∈ {±
2𝜋
7 + 2𝑘𝜋,±

4𝜋
7 + 2𝑘𝜋,±

6𝜋
7 + 2𝑘𝜋|𝑘 ∈ ℤ} 

AN.079. Solution by Ravi Prakash-New Delhi-India 

𝛺(𝑛) = ∫ 𝑙𝑜𝑔(√𝑛 + 𝑥 + √𝑛 − 𝑥)
𝑛

0

𝑑𝑥 =
(𝑥=𝑛 𝑐𝑜𝑠(2𝜃))

 

= 𝑛∫ 𝑙𝑜𝑔 (√2𝑛(𝑐𝑜𝑠 𝜃 + 𝑠𝑖𝑛 𝜃))
0

𝜋
4

(−2 𝑠𝑖𝑛 2𝜃)𝑑𝜃 = 

= 𝑛 [
1

2
𝑙𝑜𝑔(2𝑛) − 𝐼] 



DANIEL SITARU                      CLAUDIA NĂNUȚI 

 

MATH ACCENT Page 243 
 

Where, 

𝐼 = ∫ 𝑙𝑜𝑔(𝑐𝑜𝑠 𝜃 + 𝑠𝑖𝑛 𝜃)
𝑑

𝑑𝜃
(𝑐𝑜𝑠 2𝜃)𝑑𝜃

0

𝜋
4

= 

= 𝑙𝑜𝑔(𝑐𝑜𝑠 𝜃 + 𝑠𝑖𝑛 𝜃) 𝑐𝑜𝑠(2𝜃)|𝜋
4

0

+∫
𝑐𝑜𝑠 𝜃 − 𝑠𝑖𝑛 𝜃

𝑐𝑜𝑠 𝜃 + 𝑠𝑖𝑛 𝜃
(𝑐𝑜𝑠2 𝜃 − 𝑠𝑖𝑛2 𝜃)𝑑𝜃

𝜋
4

0

= 

= ∫ (𝑐𝑜𝑠 𝜃 − 𝑠𝑖𝑛 𝜃)2𝑑𝜃

𝜋
4

0

= ∫ (1 − 𝑠𝑖𝑛(2𝜃))𝑑𝜃

𝜋
4

0

= 

= (𝜃 +
1

2
𝑐𝑜𝑠(2𝜃))|

0

𝜋
4
=
𝜋 − 2

4
 

Thus, 

𝛺(𝑛) = 𝑛 [
1

2
𝑙𝑜𝑔(2𝑛) +

𝜋 − 2

4
] =

𝑛

4
[2 𝑙𝑜𝑔(2𝑛) + 𝜋 − 2] 

AN.080. Solution by Tapas Das-India 

Let 𝑓(𝑦) = 𝑠𝑖𝑛 𝑦 − 𝑦, then 𝑓′(𝑦) = 𝑐𝑜𝑠 𝑦 − 1.  

Now −1 ≤ 𝑐𝑜𝑠 𝑦 ≤ 1, 𝑓′(𝑦) < 0; ∀𝑦 > 0, thus 𝑓 −is decreasing 
function. 

𝑓(𝑦) < 𝑓(0) ⇒ 𝑠𝑖𝑛 𝑦 − 𝑦 >< 0 ⇒ 𝑠𝑖𝑛 𝑦 < 𝑦 

Now, 𝑠𝑖𝑛 3𝑥 < 3𝑥 and 𝑠𝑖𝑛 5𝑥 < 5𝑥. 

𝑠𝑖𝑛2 𝑥

(1 − 𝑐𝑜𝑠 𝑥)2
=
1 − 𝑐𝑜𝑠2 𝑥

(1 − 𝑐𝑜𝑠 𝑥)2
=
1 + 𝑐𝑜𝑠 𝑥

1 − 𝑐𝑜𝑠 𝑥
= 𝑐𝑜𝑡2

𝑥

2
 

Now, we know that 

𝑐𝑜𝑡 𝑥 =
1

𝑥
−
𝑥

3
−
𝑥3

45
−
2𝑥5

945
−⋯ ; (0 < |𝑥| < 𝜋) 
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𝑐𝑜𝑡 𝑥 <
1

𝑥
 

𝑐𝑜𝑡
𝑥

2
<
2

𝑥
⇒ 𝑐𝑜𝑡2

𝑥

2
<
4

𝑥2
 

𝑠𝑖𝑛 3𝑥 ⋅ 𝑠𝑖𝑛 5𝑥 ⋅ 𝑠𝑖𝑛2 𝑥

(1 − 𝑐𝑜𝑠 𝑥)2
< 60 

Therefore, 

∫
𝑠𝑖𝑛 3𝑥 ⋅ 𝑠𝑖𝑛 5𝑥 ⋅ 𝑠𝑖𝑛2 𝑥

(1 − 𝑐𝑜𝑠 𝑥)2
𝑑𝑥

𝑏

𝑎

< 60∫ 𝑑𝑥
𝑏

𝑎

< 60(𝑏 − 𝑎) 

 
AN.081. Solution by Ravi Prakash-New Delhi-India 

∑(−1)𝑘 (
𝑛

𝑘
) (𝑛 − 𝑘)𝑛

𝑛−1

𝑘=0

=∑(−1)𝑛(−1)𝑘 (
𝑛

𝑛 − 𝑘
) 𝑘𝑛

𝑛

𝑘=1

= 

= (−1)𝑛∑(−1)𝑘 (
𝑛

𝑘
) 𝑘𝑛; (1)

𝑛

𝑘=1

 

We have: 

∑(
𝑛

𝑘
) (−1)𝑘𝑥𝑘

𝑛

𝑘=0

= (1 − 𝑥)𝑛 

Differentiating w.r.t. 𝑥, we get: 

∑(
𝑛

𝑘
) (−1)𝑘𝑘𝑥𝑘−1

𝑛

𝑘=1

= (−1)(1 − 𝑥)𝑛−1(𝑛) ⇒ 

∑(
𝑛

𝑘
) (−1)𝑘𝑘𝑥𝑘

𝑛

𝑘=1

= (−1)(1 − 𝑥)𝑛−1(𝑛𝑥) 

Differentiating w.r.t. 𝑥, we get: 

∑(
𝑛

𝑘
) (−1)𝑘𝑘2𝑥𝑘−1

𝑛

𝑘=1

= (−1)(1 − 𝑥)𝑛−1(𝑛) + 𝑛(𝑛 − 1)(−1)2(1 − 𝑥)𝑛−2(𝑥) 
Multiply again by 𝑥, we get: 
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∑(
𝑛

𝑘
) (−1)𝑘𝑘2𝑥𝑘

𝑛

𝑘=1

= (−1)(1 − 𝑥)𝑛−1(𝑛𝑥) + 𝑛(𝑛 − 1)(−1)2(1 − 𝑥)𝑛−2𝑥2 

Differentiating again, we get: 

∑(−1)𝑘 (
𝑛

𝑘
) 𝑘3𝑥𝑘−1

𝑛

𝑘=1

= (−1)(1 − 𝑥)∗𝑛−1 + 𝑛(𝑛 − 1)(−1)2(2𝑥)(1 − 𝑥)𝑛−2 + 

+𝑛(𝑛 − 1)(𝑛 − 2)(−1)3(1 − 𝑥)𝑛−3𝑥2 

Continuing this way, we get: 

∑(−1)𝑘 (
𝑛

𝑘
)𝑘𝑛𝑥𝑘−1

𝑛

𝑘=1

= (1 − 𝑥)𝑔(𝑥) + 𝑛! (−1)𝑛𝑥𝑛 

Putting 𝑥 = 1, we get 

∑(−1)𝑘 (
𝑛

𝑘
)𝑘𝑛

𝑛

𝑘=1

= 𝑛! (−1)𝑛; (2) 

From (1),(2) it follows 

∑(−1)𝑛−𝑘 (
𝑛

𝑘
) (𝑛 − 𝑘)𝑛

𝑛

𝑘=1

− (−1)𝑛𝑛! (−1)𝑛 = 𝑛! 

Now, 

𝛺 = 𝑙𝑖𝑚
𝑛→∞

1

𝑛
√∑(−1)𝑘 (

𝑛

𝑘
) (𝑛 − 𝑘)𝑛

𝑛−1

𝑘=0

𝑛

= 𝑙𝑖𝑚
𝑛→∞

1

𝑛
√𝑛!
𝑛

=
𝐶−𝐷

𝑙𝑖𝑚
𝑛→∞

(𝑛 + 1)!

(𝑛 + 1)𝑛+1
⋅
𝑛𝑛

𝑛!

= 𝑙𝑖𝑚
𝑛→∞

1

(1 +
1
𝑛)
𝑛 =

1

𝑒
 

AN.082. Solution by Tapas Das-India 

𝐿𝑒𝑡 𝑃 = 5 + 𝑒𝑥 𝑠𝑖𝑛 (𝑥 +
𝜋

4
) + 𝑒−𝑥 𝑐𝑜𝑠 (𝑥 +

𝜋

4
) 

𝑑𝑃 = (𝑒𝑥 − 𝑒−𝑥) [𝑠𝑖𝑛 (𝑥 +
𝜋

4
) + 𝑐𝑜𝑠 (𝑥 +

𝜋

4
)] = 𝑑𝑥 

= (𝑒𝑥 − 𝑒−𝑥) [
1

√2
𝑠𝑖𝑛 𝑥 +

1

√2
𝑐𝑜𝑠 𝑥 +

1

√2
𝑐𝑜𝑠 𝑥 −

1

√2
𝑠𝑖𝑛 𝑥] 𝑑𝑥 = 

= (𝑒𝑥 − 𝑒−𝑥)√2 𝑐𝑜𝑠 𝑥 𝑑𝑥 = 2 𝑠𝑖𝑛ℎ 𝑥 √2 𝑐𝑜𝑠 𝑥 𝑑𝑥 = 

= 2√2 𝑠𝑖𝑛ℎ 𝑥 𝑐𝑜𝑠 𝑥 

𝛺 = ∫
𝑐𝑜𝑠 𝑥 ⋅ 𝑠𝑖𝑛ℎ 𝑥

5 + 𝑒𝑥 𝑠𝑖𝑛 (𝑥 +
𝜋
4) + 𝑒

−𝑥 𝑐𝑜𝑠 (𝑥 +
𝜋
4)
𝑑𝑥

𝜋
4

0

= 
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=
1

2√2
∫

𝑑𝑃

𝑃

5+𝑒
𝜋
4

5+√2

=
1

2√2
𝑙𝑜𝑔 𝑃|

5+√2

5+𝑒
𝜋
4

= 

=
1

2√2
𝑙𝑜𝑔(

5 + 𝑒
𝜋
4

5 + √2
)  

AN.083. Solution by Nikos Ntorvas-Greece 

Let be the function 𝑓(𝑡) = 𝑡 𝑙𝑜𝑔 𝑡 , 𝑡 > 0, 𝑓 −is a strictly convex function 
on (0,∞), as a continuous function on (0,∞) where 

 𝑓′′(𝑡) =
1

𝑡
> 0, ∀𝑡 > 0 

For 𝑡1 + 𝑡1 = 1 we have from Jensen’s inequality that: 

𝑓(𝑡1) + 𝑓(𝑡2) ≥ 2𝑓 (
𝑡1 + 𝑡2
2

) ⇔ 

𝑡1 𝑙𝑜𝑔 𝑡1 + 𝑡2 𝑙𝑜𝑔 𝑡2 ≥ 2𝑓 (
1

2
) ⇔ 𝑡1 𝑙𝑜𝑔 𝑡1 + 𝑡2 𝑙𝑜𝑔 𝑡2 ≥ − 𝑙𝑜𝑔 2 ⇔ 

−𝑡1 𝑙𝑜𝑔 𝑡1 − 𝑡2 𝑙𝑜𝑔 𝑡2 ≤ 𝑙𝑜𝑔 2 ⇔ 𝑡1 𝑙𝑜𝑔 (
1

𝑡1
) + 𝑡2 𝑙𝑜𝑔 (

1

𝑡2
) ≤ 𝑙𝑜𝑔 2 ; (1) 

For 𝑡1 =
2𝑎

2𝑎+3𝑏
; (2) and 𝑡2 =

3𝑏

2𝑎+3𝑏
; (3), 𝑎, 𝑏 > 0 we have: 

𝑡1 + 𝑡2 = 1, 0 < 𝑡1, 𝑡2 < 1 
Combining (1), (2) and (3) we have: 

2𝑎

2𝑎 + 3𝑏
𝑙𝑜𝑔 (1 +

3𝑏

2𝑎
) +

3𝑏

2𝑎 + 3𝑏
𝑙𝑜𝑔 (1 +

2𝑎

3𝑏
) ≤ 𝑙𝑜𝑔 2 

Equality holds for 2𝑎 = 3𝑏. 
 
AN.084. Solution by Adrian Popa-Romania 

𝑙𝑜𝑔 (
𝑏 + √1 + 𝑏2

𝑎 + √1 + 𝑎2
) = 𝑙𝑜𝑔 (𝑏 + √1 + 𝑏2) − 𝑙𝑜𝑔 (𝑎 + √1 + 𝑎2) = 

= 𝑙𝑜𝑔 (𝑥 + √1 + 𝑥2)|
𝑎

𝑏

= ∫
𝑑𝑥

√1 + 𝑥2

𝑏

𝑎

 

We must to prove: 
𝑡𝑎𝑛−1 𝑥

𝑥
≥

1

√1 + 𝑥2
, ∀𝑥 > 0 
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𝐿𝑒𝑡: 𝑓(𝑥) = 𝑡𝑎𝑛−1 𝑥 −
𝑥

√1 + 𝑥2
, 𝑥 > 0 𝑡ℎ𝑒𝑛 𝑓′(𝑥) =

√1 + 𝑥2 − 1

1 + 𝑥2

> 0, ∀𝑥 > 0 

⇒ 𝑓 ↗ and 𝑓(0) = 0 ⇒ 𝑓(𝑥) > 0, ∀𝑥 > 0 ⇒ 𝑡𝑎𝑛−1 𝑥 ≥
𝑥

√1+𝑥2
, ∀𝑥 > 0. 

Therefore, 

∫ (
1

𝑥
⋅ 𝑡𝑎𝑛−1 𝑥)

𝑏

𝑎

𝑑𝑥 ≥ 𝑙𝑜𝑔 (
𝑏 + √1 + 𝑏2

𝑎 + √1 + 𝑎2
) 

Equality holds for 𝑎 = 𝑏. 
AN.085. Solution by Ravi Prakash-New Delhi-India 

For 𝑥, 𝑦 > 0, let 𝑥 = 𝑟 𝑠𝑖𝑛 𝜃 ; 𝑦 = 𝑟 𝑐𝑜𝑠 𝜃 , 𝑟 > 0,0 ≤ 𝜃 ≤
𝜋

2
 

𝑠𝑖𝑛−1 (
𝑥

√𝑥2 + 𝑦2
) + 𝑠𝑖𝑛−1 (

𝑦

√𝑥2 + 𝑦2
)

= 𝑠𝑖𝑛−1(𝑠𝑖𝑛 𝜃) + 𝑠𝑖𝑛−1(𝑐𝑜𝑠 𝜃) = 

= 𝜃 +
𝜋

2
− 𝜃 =

𝜋

2
 

𝛺 = ∫ ∫ 𝑠𝑖𝑛−1 (
𝑥

√𝑥2 + 𝑦2
)𝑑𝑥𝑑𝑦

𝑎+1

𝑎

𝑎+1

𝑎

+∫ ∫ 𝑠𝑖𝑛−1 (
𝑦

√𝑥2 + 𝑦2
)𝑑𝑥𝑑𝑦

𝑎+1

𝑎

𝑎+1

𝑎

= 

= ∫ ∫ [𝑠𝑖𝑛−1 (
𝑥

√𝑥2 + 𝑦2
) + 𝑠𝑖𝑛−1 (

𝑦

√𝑥2 + 𝑦2
)] 𝑑𝑥𝑑𝑦

𝑎+1

𝑎

𝑎+1

𝑎

= 

= ∫ ∫
𝜋

2
𝑑𝑥𝑑𝑦

𝑎+1

𝑎

𝑎+1

𝑎

=
𝜋

2
 

AN.086. Solution by Yen Tung Chung-Taichung-Taiwan  

𝛺 = ∫
3𝑥𝑒𝑥 + 2

(2 𝑙𝑜𝑔 𝑥 + 3𝑒𝑥 − 1)(2 𝑙𝑜𝑔 𝑥𝑥 + 3𝑥𝑒𝑥 + 𝑥)
𝑑𝑥 = 

= ∫
3𝑥𝑒𝑥 + 2

𝑥(2 𝑙𝑜𝑔 𝑥 + 3𝑒𝑥 − 1)(2 𝑙𝑜𝑔 𝑥 + 3𝑒𝑥 + 1)
𝑑𝑥 = 

= ∫
3𝑒𝑥 +

2
𝑥

(2 𝑙𝑜𝑔 𝑥 + 3𝑒𝑥 − 1)(2 𝑙𝑜𝑔 𝑥 + 3𝑒𝑥 + 1)
𝑑𝑥 =

2 𝑙𝑜𝑔𝑥+3𝑒𝑥=𝑦
 

=
2 𝑙𝑜𝑔 𝑥+3𝑒𝑥=𝑦

∫
1

(𝑦 − 1)(𝑦 + 1)
𝑑𝑡 =

1

2
∫

𝑑𝑡

𝑦 − 1
−
1

2
∫

𝑑𝑡

𝑦 + 1
= 



DANIEL SITARU                      CLAUDIA NĂNUȚI 

 

MATH ACCENT Page 248 
 

=
1

2
𝑙𝑜𝑔 |

𝑦 − 1

𝑦 + 1
| + 𝐶 =

1

2
𝑙𝑜𝑔 |

2 𝑙𝑜𝑔 𝑥 + 3𝑒𝑥 − 1

2 𝑙𝑜𝑔 𝑥 + 3𝑒𝑥 + 1
| + 𝐶 

 
AN.087. Solution by Mohammad Rostami-Afghanistan 

𝛺 = 𝑙𝑖𝑚
𝑛→∞

1

𝑛!
∫

𝑥𝑛 𝑠𝑖𝑛 (𝑥 +
𝜋
4)

𝑒𝑥

∞

0

𝑑𝑥

= 𝑙𝑖𝑚
𝑛→∞

1

𝑛!
∫

𝑥𝑛

𝑒𝑥
⋅
𝑒𝑖𝑥+

𝜋
4
𝑖 − 𝑒−𝑖𝑥−

𝜋
4
𝑖

2𝑖
𝑑𝑥

∞

0

= 

= 𝑙𝑖𝑚
𝑛→∞

1

𝑛!
(
𝑒
𝜋
4
𝑖

2𝑖
∫ 𝑥𝑛𝑒−(1−𝑖)𝑥
∞

0

𝑑𝑥 −
𝑒−
𝑝𝑖
4
𝑖

2𝑖
∫ 𝑥𝑛𝑒−(1+𝑖)𝑥
∞

0

𝑑𝑥) =
(1±𝑥)𝑖=𝑢

 

= 𝑙𝑖𝑚
𝑛→∞

1

𝑛!
(
𝑒
𝜋
4
𝑖

2𝑖
∫

𝑢(𝑛+1)−1𝑒−𝑢

(1 − 𝑖)𝑛+1

∞

0

𝑑𝑢 −
𝑒−
𝜋
4
𝑖

2𝑖
∫

𝑢(𝑛+1)−1𝑒−𝑢

(1 + 𝑖)𝑛+1

∞

0

𝑑𝑢) = 

= 𝑙𝑖𝑚
𝑛→∞

1

𝛤(𝑛 + 1)
⋅ 𝛤(𝑛 + 1) [

𝑒
𝜋
4
𝑖

2𝑖(1 − 𝑖)𝑛+1
−

𝑒−
𝜋
4
𝑖

2𝑖(𝑖 + 1)𝑛+1
] = 

= 𝑙𝑖𝑚
𝑛→∞

[
𝑒
𝜋
4
𝑖

2𝑖 (√2𝑒
−
𝜋
4
𝑖)
𝑛+1 −

𝑒−
𝜋
4
𝑖

2𝑖 (√2𝑒
𝜋
4
𝑖)
𝑛+1] = 

= 𝑙𝑖𝑚
𝑛→∞

1

(√2)
𝑛+1(

𝑒
𝜋
2
𝑖+
𝜋
4
𝑛𝑖

2𝑖
−
𝑒−
𝜋
2
𝑖−
𝜋
4
𝑛𝑖

2𝑖
) = 

= 𝑙𝑖𝑚
𝑛→∞

1

(√2)
𝑛+1 [

(𝑐𝑜𝑠
𝜋
2 + 𝑖 𝑠𝑖𝑛

𝜋
2) 𝑒

(
𝜋
4
𝑛)𝑖

2𝑖

−
(𝑐𝑜𝑠 (−

𝜋
2) + 𝑖 𝑠𝑖𝑛 (–

𝜋
2)) 𝑒

(−
𝜋
4
𝑛)𝑖

2𝑖
] = 

= 𝑙𝑖𝑚
𝑛→∞

1

(√2)
𝑛+1(

𝑒(
𝜋
4
𝑛)𝑖 + 𝑒(−

𝜋
4
𝑛)𝑖

2
) = 𝑙𝑖𝑚

𝑛→∞

1

(√2)
𝑛+1 𝑐𝑜𝑠 (

𝜋

4
𝑛) = 0 
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AN.088. Solution by Samar Das-India 

𝛺 = ∫
𝑠𝑖𝑛 𝑥 + √3𝑐𝑜𝑠 𝑥

𝑠𝑖𝑛(3𝑥)
𝑑𝑥 = ∫

𝑠𝑖𝑛 𝑥 + √3 𝑐𝑜𝑠 𝑥

3 𝑠𝑖𝑛 𝑥 − 4 𝑠𝑖𝑛3 𝑥
𝑑𝑥 = 

= ∫
𝑠𝑖𝑛 𝑥 + √3 𝑐𝑜𝑠 𝑥

𝑠𝑖𝑛 𝑥 (3 − 4 𝑠𝑖𝑛2 𝑥)
𝑑𝑥 = ∫

(𝑠𝑖𝑛 𝑥 + √3 𝑐𝑜𝑠 𝑥)𝑑𝑥

𝑠𝑖𝑛 𝑥 (3 𝑠𝑖𝑛2 𝑥 + 3 𝑐𝑜𝑠2 𝑥 − 4 𝑠𝑖𝑛2 𝑥)
 

= ∫
(𝑠𝑖𝑛 𝑥 + √3 𝑐𝑜𝑠 𝑥)𝑑𝑥

𝑠𝑖𝑛 𝑥 𝑐𝑜𝑠2 𝑥 (3 − 𝑡𝑎𝑛2 𝑥)
= ∫

(1 + √3𝑐𝑜𝑠 𝑥) 𝑠𝑒𝑐2 𝑥 𝑑𝑥

3 − 𝑡𝑎𝑛2 𝑥
=

𝑦=𝑡𝑎𝑛𝑥
 

= ∫

(1 +
√3
𝑦 )𝑑𝑦

3 − 𝑦2
= ∫

𝑦 + √3

𝑦(3 − 𝑦2)
𝑑𝑦 =

1

√3
∫(
1

𝑦
+

1

√3 − 𝑦
)𝑑𝑦 = 

=
1

√3
(𝑙𝑜𝑔|𝑦| − 𝑙𝑜𝑔|√3 − 𝑦|) + 𝐶 =

1

√3
𝑙𝑜𝑔 |

𝑦

√3 − 𝑦
| + 𝐶 = 

=
1

√3
𝑙𝑜𝑔 |

𝑠𝑖𝑛 𝑥

√3 𝑐𝑜𝑠 𝑥 − 𝑠𝑖𝑛 𝑥
| + 𝐶 

AN.089. Solution by Adrian Popa-Romania 

𝛺 = 𝑙𝑖𝑚
𝑛→∞

(2𝑛 − 5)!

(𝑛 + 1) ⋅ (2𝑛)! ⋅ 𝐵(6,2𝑛 − 4)
= 

= 𝑙𝑖𝑚
𝑛→∞

(2𝑛 − 5)!

(𝑛 + 1) ⋅ (2𝑛)! ⋅
𝛤(6)𝛤(2𝑛 − 4)
𝛤(6𝑛 − 4)

= 𝑙𝑖𝑚
𝑛→∞

(2𝑛 − 5)! ⋅ 𝛤(2𝑛 + 2)

(𝑛 + 1)(2𝑛)! 𝛤(6)𝛤(2𝑛 − 4)
 

= 𝑙𝑖𝑚
𝑛→∞

(2𝑛 − 5)! (2𝑛 + 1)!

(𝑛 + 1)(2𝑛)! ⋅ 5! ⋅ (2𝑛 − 5)!
= 𝑙𝑖𝑚
𝑛→∞

(2𝑛)! (2𝑛 + 1)

(𝑛 + 1)(2𝑛)! ⋅ 5!
=
2

5!
=
1

60
 

 
AN.090. Solution by Kamel Gandouli Rezgui-Tunisia 

𝑥, 𝑦, 𝑧 ∈ [𝑎, 𝑏]3, 0 < 𝑎 ≤ 𝑏 ≤ 1 and 𝑓(𝑡) = 𝑡2 + 1 − 𝑡 − 𝑡𝑡 = 
= 𝑡2 − 𝑡 + 1 − 𝑡𝑡 ≥ 0 in [0,1] and 𝑡𝑡 ≤ 1 

𝑥2 + 𝑦2 + 𝑧2 + 3 = 𝑥2 + 1 + 𝑦2 + 1 + 𝑧2 + 1
≥ 𝑥𝑥 + 𝑥 + 𝑦𝑦 + 𝑦 + 𝑧𝑧 + 𝑧 ⇒ 

1

𝑥2 + 𝑦2 + 𝑧2 + 3
≤

1

𝑥𝑥 + 𝑥 + 𝑦𝑦 + 𝑦 + 𝑧𝑧 + 𝑧
 

∵ (𝑎 + 𝑏 + 𝑐) (
1

𝑎
+
1

𝑏
+
1

𝑐
) ≥
𝐶𝐵𝑆
9 ⇒

1

𝑎 + 𝑏 + 𝑐
≤
1

9𝑎
+
1

9𝑏
+
1

9𝑐
, ∀𝑎, 𝑏, 𝑐

> 0 
Hence, we have: 



DANIEL SITARU                      CLAUDIA NĂNUȚI 

 

MATH ACCENT Page 250 
 

1

𝑥2 + 𝑦2 + 𝑧2 + 3
≤

1

9(𝑥𝑥 + 𝑥)
+

1

9(𝑦𝑦 + 𝑦)
+

1

9(𝑧𝑧 + 𝑧)
 

and then 

∫ ∫ ∫
𝑑𝑥 𝑑𝑦 𝑑𝑧

𝑥2 + 𝑦2 + 𝑧2 + 3

𝑏

𝑎

𝑏

𝑎

𝑏

𝑎

≤
1

9
∫ ∫ ∫

𝑑𝑥 𝑑𝑦 𝑑𝑧

𝑥𝑥 + 𝑥

𝑏

𝑎

𝑏

𝑎

𝑏

𝑎

+
1

9
∫ ∫ ∫

𝑑𝑥 𝑑𝑦 𝑑𝑧

𝑦𝑦 + 𝑦

𝑏

𝑎

𝑏

𝑎

𝑏

𝑎

+ 

+
1

9
∫ ∫ ∫

𝑑𝑥 𝑑𝑦 𝑑𝑧

𝑧𝑧 + 𝑧

𝑏

𝑎

𝑏

𝑎

𝑏

𝑎

=
(𝑏 − 𝑎)2

9
∫

𝑑𝑥

𝑥𝑥 + 𝑥

𝑏

𝑎

+
(𝑏 − 𝑎)2

9
∫

𝑑𝑦

𝑦𝑦 + 𝑦

𝑏

𝑎

+
(𝑏 − 𝑎)2

9
∫

𝑑𝑧

𝑧𝑧 + 𝑧

𝑏

𝑎

 

= 3 ⋅
(𝑏 − 𝑎)2

9
∫

𝑑𝑥

𝑥𝑥 + 𝑥

𝑏

𝑎

=
(𝑏 − 𝑎)2

3
∫

𝑑𝑥

𝑥𝑥 + 𝑥

𝑏

𝑎

 

Therefore, 

∫ ∫ ∫
𝑑𝑥 𝑑𝑦 𝑑𝑧

𝑥2 + 𝑦2 + 𝑧2 + 3

𝑏

𝑎

𝑏

𝑎

𝑏

𝑎

≤
(𝑏 − 𝑎)2

3
∫

𝑑𝑥

𝑥 + 𝑥𝑥

𝑏

𝑎

 

 
AN.091. Solution by Kamel Gandouli Rezgui-Tunisia 

𝑒𝑥 + 𝑒𝑦 − 𝑒𝑒 ≥
?
𝑒𝑥+𝑦−𝑒 

Let 𝑓(𝑥) = 𝑒𝑥 + 𝑒𝑦 − 𝑒𝑒 − 𝑒𝑥+𝑦−𝑒 then 𝑓′(𝑥) = 𝑒𝑥 − 𝑒𝑥+𝑦−𝑒 
𝑥 + 𝑦 − 𝑒 ≤ 𝑥 because 𝑒 ≥ 𝑦 ⇒ 𝑓′(𝑥) ≥ 0 ⇒ 𝑓 ↗. 

lim
𝑥→0+

𝑓(𝑥) = 𝑒𝑦 − 𝑒𝑒 − 𝑒𝑦−𝑒 

Let 𝑔(𝑦) = 𝑒𝑦 − 𝑒𝑒 − 𝑦𝑦−𝑒 then 𝑔′(𝑦) = 𝑒𝑦 − 𝑒𝑦−𝑒 ≤ 0 ⇒ 𝑔 ↘⇒ 1 −
1

𝑒𝑒
≤ 𝑔(𝑦) ≤ 𝑒𝑒 

⇒ 𝑔(𝑦) ≥ 0 because 1 −
1

𝑒𝑒
> 0 ⇒ 𝑓(𝑥) ≥ 𝑔(𝑦) ≥ 1 −

1

𝑒𝑒
> 0 

⇒ 𝑒𝑥 + 𝑒𝑦 − 𝑒𝑒 ≥ 𝑒𝑥+𝑦−𝑒 
𝑒𝑥 + 𝑒𝑦 + 𝑒𝑧 + 𝑒𝑡 = 𝑒𝑥 + 𝑒𝑦 − 𝑒𝑒 + 𝑒𝑧 + 𝑒𝑡 + 𝑒𝑒

≥ 𝑒𝑥+𝑦−𝑒 + 3 ⋅ √𝑒𝑧𝑒𝑡𝑒𝑒
3

≥ 

≥ 𝑒𝑥+𝑦−𝑒 + 3 ⋅ √𝑒𝑧+𝑡+𝑒
3

 
 



DANIEL SITARU                      CLAUDIA NĂNUȚI 

 

MATH ACCENT Page 251 
 

AN.092. Solution by Ravi Prakash-New Delhi-India 

𝐹𝑜𝑟 1 ≤ 𝑘 ≤ 𝑛, 𝑙𝑒𝑡 𝑎𝑘 =
(𝑛 − 𝑘 + 1)𝐻𝑘

𝑘(𝑛 − 𝑘 + 1)2 + 𝑘
=

(𝑛 − 𝑘 + 1)𝐻𝑘
((𝑛 − 𝑘 + 1)2 + 1)𝑘

= 

=
𝑛 − 𝑘 + 1

(𝑛 − 𝑘 + 1)2 + 1
⋅
𝐻𝑘
𝑘
<

1

𝑛 − 𝑘 + 1
⋅ 1 =

1

𝑛 − 𝑘 + 1
 

Hence, 

0 <
1

𝑛
∑𝑎𝑘

𝑛

𝑘=1

<
1

𝑛
∑

1

𝑛 − 𝑘 + 1

𝑛

𝑘=1

=
1

𝑛
∑
1

𝑘

𝑛

𝑘=1

 

𝐴𝑠 𝑙𝑖𝑚
𝑛→∞

1

𝑛
∑
1

𝑘

𝑛

𝑘=1

=
𝐿.𝐶−𝑆

0 

By the sandwich theorem, we get 

𝛺 = 𝑙𝑖𝑚
𝑛→∞

1

𝑛
∑

(𝑛 − 𝑘 + 1)𝐻𝑘
𝑘(𝑛 − 𝑘 + 1)2 + 𝑘

𝑛

𝑘=1

= 0 

AN.093. Solution by Ravi Prakash-New Delhi-India 

Put 𝑛2 − 𝑛 + 1 = cot 𝜃, then 

cos−1 (
𝑛2 − 𝑛 + 1

√1 + (𝑛2 − 𝑛 + 1)2
) = cos−1(cos 𝜃) = 𝜃 = 

= cot−1(𝑛2 − 𝑛 + 1) = tan−1 (
𝑛 − (𝑛 − 1)

1 + 𝑛(𝑛 − 1)
) = 

= tan−1 𝑛 − tan−1(𝑛 − 1) 

𝜔 =∑cos−1 (
𝑛2 − 𝑛 + 1

√1 + (𝑛2 − 𝑛 + 1)2
)

∞

𝑛=1

=∑(tan−1 𝑛 − tan−1(𝑛 − 1))

∞

𝑛=1

=
𝜋

2
 

𝐼1 = ∫
𝑑𝑥

3 + sin 𝑥

4𝜔

0

= ∫
𝑑𝑥

3 + sin 𝑥

2𝜋

0

= ∫
𝑑𝑥

3 + sin 𝑥

𝜋

0

+∫
𝑑𝑥

3 + sin 𝑥

2𝜋

𝜋

=
𝑥=𝜋+𝜃

 

= ∫
𝑑𝑥

3 + sin 𝑥

𝜋

0

+∫
𝑑𝜃

3 − sin 𝜃

𝜋

0

= ∫
6

9 − sin2 𝑥
𝑑𝑥

𝜋

0

= 6∫
𝑑𝑥

8 + cos2 𝑥

𝜋

0

= 
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= 6∫
𝑑𝑥

8 + cos2 𝑥

𝜋
2

0

+ 6∫
𝑑𝑥

8 + cos2 𝑥

𝜋

𝜋
2

=
𝑥=
𝜋
2
+𝜃

 

= 6∫
𝑑𝑥

8 + cos2 𝑥

𝜋
2

0

+ 6∫
𝑑𝜃

8 + cos2 𝜃

𝜋
2

0

= 

= 6∫
sec2 𝑥

8 sec2 𝑥 + 1
𝑑𝑥

𝜋
2

0

+ 6∫
csc2 𝜃

8 csc2 𝜃 + 1
𝑑𝜃

𝜋
2

0

= 

= 6∫
sec2 𝑥 𝑑𝑥

8 tan2 𝑥 + 9

𝜋
2

0

+ 6∫
csc2 𝑥 𝑑𝑥

8 cot2 𝑥 + 9

𝜋
2

0

= 

=
6

6√2
tan−1 (

2√2 tan 𝑥

3
)|
0

𝜋
2

−
6

6√2
tan−1 (

2√2 cot 𝜃

3
)|
0

𝜋
2

=
𝜋

√2
 

𝐼2 = ∫
𝑥3

√1 + 𝑥 + 𝑥2

2𝜔
𝜋

0

𝑑𝑥 = ∫
𝑥3

√1 + 𝑥 + 𝑥2

1

0

𝑑𝑥 = 

= ∫
𝑥(𝑥2 + 𝑥 + 1) − (𝑥2 + 𝑥 + 1) + 1

√1 + 𝑥 + 𝑥2

1

0

𝑑𝑥 = 

= ∫ (𝑥 − 1)√𝑥2 + 𝑥 + 1
1

0

𝑑𝑥 + ∫
𝑑𝑥

√𝑥2 + 𝑥 + 1

1

0

= 

=
1

2
∫ (2𝑥 + 1 − 3)√𝑥2 + 𝑥 + 1
1

0

𝑑𝑥 + ∫
𝑑𝑥

√𝑥2 + 𝑥 + 1

1

0

= 

=
1

2
∫ (2𝑥 + 1)√𝑥2 + 𝑥 + 1
1

0

𝑑𝑥 −
3

2
∫ √𝑥2 + 𝑥 + 1
1

0

𝑑𝑥 + ∫
𝑑𝑥

√𝑥2 + 𝑥 + 1

1

0

= 

=
1

3
(𝑥2 + 𝑥 + 1)

3
2|
0

1

−
3

2
∫ √(𝑥 +

1

2
)
2

+ (
√3

2
)

21

0

𝑑𝑥

+ ∫
1

√(𝑥 +
1
2)
2

+ (
√3
2 )

2
𝑑𝑥

1

0

= 

=
1

3
(3√3 − 1) −

3

2
[
𝑥 +

1
2

2
√𝑥2 + 𝑥 + 1 +

3

4
log (𝑥 +

1

2
+ √𝑥2 + 𝑥 + 1)]|

0

1

+ 

+ log (𝑥 +
1

2
+ √𝑥2 + 𝑥 + 1)|

0

1

= 
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=
1

24
+
5

8
√3 +

1

8
log (

3

2
) −

1

8
log (

3

2
+ √3) 

Therefore, 

Ω =
𝜋

√2
[
1

24
+
5

8
√3 +

1

8
log (

3

2
) −

1

8
log (

3

2
+ √3)] 

 
AN.094. Denote: 𝑠 = 𝑓(𝑥) + 𝑓(𝑦) + 𝑓(𝑧) 

𝑓2(𝑥)

𝑓(𝑦) + 𝑓(𝑧)
+

𝑓2(𝑦)

𝑓(𝑧) + 𝑓(𝑥)
+

𝑓2(𝑧)

𝑓(𝑥) + 𝑓(𝑦)
= 𝑠 

𝑓(𝑥) = 𝑠 − 𝑓(𝑦) − 𝑓(𝑧) 

𝑓2(𝑥) = 𝑠2 − 2𝑠(𝑓(𝑦) + 𝑓(𝑧)) + (𝑓(𝑦) + 𝑓(𝑧))
2
 

𝑓2(𝑥)

𝑓(𝑦) + 𝑓(𝑧)
=

𝑠2

𝑓(𝑦) + 𝑓(𝑧)
− 2𝑠 + 𝑓(𝑦) + 𝑓(𝑧); (1) 

Analogous: 
𝑓2(𝑦)

𝑓(𝑧) + 𝑓(𝑥)
=

𝑠2

𝑓(𝑧) + 𝑓(𝑥)
− 2𝑠 + 𝑓(𝑧) + 𝑓(𝑥); (2) 

𝑓2(𝑧)

𝑓(𝑥) + 𝑓(𝑦)
=

𝑠2

𝑓(𝑥) + 𝑓(𝑦)
− 2𝑠 + 𝑓(𝑥) + 𝑓(𝑦); (3) 

By adding (1),(2) and (3), we get: 
𝑓2(𝑥)

𝑓(𝑦) + 𝑓(𝑧)
+

𝑓2(𝑦)

𝑓(𝑧) + 𝑓(𝑥)
+

𝑓2(𝑧)

𝑓(𝑥) + 𝑓(𝑦)
= 

= 𝑠2 (
1

𝑓(𝑥) + 𝑓(𝑦)
+

1

𝑓(𝑦) + 𝑓(𝑧)
+

1

𝑓(𝑧) + 𝑓(𝑥)
) − 4𝑠 

𝑠 = 𝑠2 (
1

𝑓(𝑥) + 𝑓(𝑦)
+

1

𝑓(𝑦) + 𝑓(𝑧)
+

1

𝑓(𝑧) + 𝑓(𝑥)
) − 4𝑠 

5𝑠 = 𝑠2 (
1

𝑓(𝑥) + 𝑓(𝑦)
+

1

𝑓(𝑦) + 𝑓(𝑧)
+

1

𝑓(𝑧) + 𝑓(𝑥)
) 

𝑠

𝑓(𝑥) + 𝑓(𝑦)
+

𝑠

𝑓(𝑦) + 𝑓(𝑧)
+

𝑠

𝑓(𝑧) + 𝑓(𝑥)
= 5 

𝑓(𝑥) + 𝑓(𝑦) + 𝑓(𝑧)

𝑓(𝑥) + 𝑓(𝑦)
+
𝑓(𝑥) + 𝑓(𝑦) + 𝑓(𝑧)

𝑓(𝑦) + 𝑓(𝑧)
+
𝑓(𝑥) + 𝑓(𝑦) + 𝑓(𝑧)

𝑓(𝑧) + 𝑓(𝑥)
= 5 

𝑓(𝑥)

𝑓(𝑦) + 𝑓(𝑧)
+

𝑓(𝑦)

𝑓(𝑧) + 𝑓(𝑥)
+

𝑓(𝑧)

𝑓(𝑥) + 𝑓(𝑦)
= 2 

Hence, 
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∫ ∫ ∫ (
𝑓(𝑥)

𝑓(𝑦) + 𝑓(𝑧)
+

𝑓(𝑦)

𝑓(𝑧) + 𝑓(𝑥)
+

𝑓(𝑧)

𝑓(𝑥) + 𝑓(𝑦)
)

𝑏

𝑎

𝑏

𝑎

𝑑𝑥𝑑𝑦𝑑𝑧
𝑏

𝑎

= 2(𝑏 − 𝑎)3 

3(∫ 𝑓(𝑥)
𝑏

𝑎

𝑑𝑥)(∫ ∫
𝑑𝑦𝑑𝑧

𝑓(𝑦) + 𝑓(𝑧)

𝑏

𝑎

𝑏

𝑎

) = 2(𝑏 − 𝑎)3 

Therefore, 

𝛺(𝑎, 𝑏) = (∫ 𝑓(𝑥)
𝑏

𝑎

𝑑𝑥) (∫ ∫
𝑑𝑦𝑑𝑧

𝑓(𝑦) + 𝑓(𝑧)

𝑏

𝑎

𝑏

𝑎

) =
2

3
(𝑏 − 𝑎)3 

 
AN.095. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑇ℎ𝑒 𝑑𝑒𝑠𝑖𝑟𝑒𝑑 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 𝑖𝑠 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 𝑡𝑜 ∶ 
𝑥

√𝑥 + 𝑦(4 − √𝑦)
+

𝑦

√𝑥 + 𝑦(4 − √𝑥)
≤

𝑥 + 𝑦

√𝑥 + 𝑦 (4 − √
2𝑥𝑦
𝑥 + 𝑦)

 

𝑂𝑟  
𝑥

𝑥 + 𝑦
.

1

4 − √𝑦
+

𝑦

𝑥 + 𝑦
.
1

4 − √𝑥
≤

1

4 − √
2𝑥𝑦
𝑥 + 𝑦

 

𝑂𝑟  
𝑥

𝑥 + 𝑦
. 𝑓(𝑦) +

𝑦

𝑥 + 𝑦
. 𝑓(𝑥) ≤ 𝑓 (

2𝑥𝑦

𝑥 + 𝑦
)  𝑤ℎ𝑒𝑟𝑒 𝑓(𝑥) =

1

4 − √𝑥
,   𝑥

∈ (0, 1). 

𝑊𝑒 ℎ𝑎𝑣𝑒 ∶   𝑓′(𝑥) =
1

2√𝑥(4 − √𝑥)
2   𝑎𝑛𝑑  𝑓

′′(𝑥) = −
4 − 3√𝑥

4√𝑥3(4 − √𝑥)
3

≤ 0,   ∀𝑥 ∈ (0, 1). 
𝑆𝑜 𝑓 𝑖𝑠 𝑐𝑜𝑛𝑐𝑎𝑣𝑒 𝑜𝑛 (0, 1) 𝑎𝑛𝑑 𝑏𝑦 𝐽𝑒𝑛𝑠𝑒𝑛′𝑠 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 𝑤𝑒 𝑔𝑒𝑡 ∶ 
𝑥

𝑥 + 𝑦
. 𝑓(𝑦) +

𝑦

𝑥 + 𝑦
. 𝑓(𝑥) ≤ 𝑓 (

𝑥

𝑥 + 𝑦
. 𝑦 +

𝑦

𝑥 + 𝑦
. 𝑥) = 𝑓 (

2𝑥𝑦

𝑥 + 𝑦
) 

𝑆𝑜 𝑡ℎ𝑒 𝑝𝑟𝑜𝑜𝑓 𝑖𝑠 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒𝑑.  𝐸𝑞𝑢𝑎𝑙𝑖𝑡𝑦 ℎ𝑜𝑙𝑑𝑠 𝑖𝑓𝑓 𝑥 = 𝑦. 
 
AN.096. Solution by Tapas Das-India 

Let 𝑓(𝑥) = 𝑒−𝑥
2(1+𝑥2) − 1, then 

𝑓′(𝑥) = −2𝑥3𝑒−𝑥
2
≤ 0 ⇒ 𝑓 −decreasing, then 𝑓(𝑥) < 𝑓(0) ⇒ 

𝑒−𝑥
2
(1 + 𝑥2) − 1 ≤ 0 ⇒ 𝑒−𝑥

2
(1 + 𝑥2) ≤ 1 ⇒ 𝑒−𝑥

2
≤

1

𝑥2 + 1
 



DANIEL SITARU                      CLAUDIA NĂNUȚI 

 

MATH ACCENT Page 255 
 

∫ 𝑒−𝑥
2
𝑑𝑥

𝑎+𝑏
2

√𝑎𝑏

≤ ∫
1

1 + 𝑥2
𝑑𝑥

𝑎+𝑏
2

√𝑎𝑏

= 𝑡𝑎𝑛−1 𝑥|
√𝑎𝑏

𝑎+𝑏
2 = 𝑡𝑎𝑛−1 (

𝑎 + 𝑏

2
) − 𝑡𝑎𝑛−1(√𝑎𝑏) 

 
AN.097. Solution by Ravi Prakash-New Delhi-India 

Let 𝑏 > 𝑎: 

∫
𝑑𝑥

𝑥𝑎 + (1 − 𝑥)𝑏

1

0

= ∫
𝑑𝑥

𝑥(𝑎 − 𝑏) + 𝑏

1

0

=
1

𝑎 − 𝑏
𝑙𝑜𝑔 [(𝑥(𝑎 − 𝑏) + 𝑏]|

0

1

= 

=
1

𝑎 − 𝑏
(𝑙𝑜𝑔 𝑏 − 𝑙𝑜𝑔 𝑎) 

∫
𝑑𝑥

(𝑥 + 𝑎)(𝑥 + 𝑏)

∞

0

=
1

𝑎 − 𝑏
∫ (

1

𝑥 + 𝑏
−

1

𝑥 + 𝑎
)𝑑𝑥

∞

0

=
1

𝑎 − 𝑏
𝑙𝑜𝑔 (

𝑥 + 𝑏

𝑥 + 𝑎
)|
0

∞

= 

=
1

𝑎 − 𝑏
(𝑙𝑜𝑔 1 − 𝑙𝑜𝑔 (

𝑏

𝑎
)) =

𝑙𝑜𝑔 𝑎 − 𝑙𝑜𝑔 𝑏

𝑎 − 𝑏
 

Thus, we must to show that: 
4

𝑎 + 𝑏
≤ 2 ∙

𝑙𝑜𝑔 𝑎 − 𝑙𝑜𝑔 𝑏

𝑎 − 𝑏
≤

2

√𝑎𝑏
⇔

2

𝑎 + 𝑏
≤
𝑙𝑜𝑔 𝑎 − 𝑙𝑜𝑔 𝑏

𝑎 − 𝑏
≤

1

√𝑎𝑏
; (1) 

For 𝑡 ≥ 0, we have: 

𝑡2 + 2𝑡√𝑎𝑏 + 𝑎𝑏 ≤ 𝑡2 + (𝑎 + 𝑏)𝑡 + 𝑎𝑏

≤ 𝑡2 + (𝑎 + 𝑏)𝑡 + 𝑎𝑏 + (
𝑎 − 𝑏

2
)
2

= 

= 𝑡2 + (𝑎 + 𝑏)𝑡 + (
𝑎 + 𝑏

2
)
2

≤ (𝑡 +
𝑎 + 𝑏

2
)
2

 

1

(𝑡 +
𝑎 + 𝑏
2 )

2 ≤
1

(𝑡 + 𝑎)(𝑡 + 𝑏)
≤

1

(𝑡 + √𝑎𝑏)
2 

∫
𝑑𝑡

(𝑡 +
𝑎 + 𝑏
2 )

2

∞

0

≤ ∫
𝑑𝑡

(𝑡 + 𝑎)(𝑡 + 𝑏)

∞

0

≤ ∫
𝑑𝑡

(𝑡 + √𝑎𝑏)
2

∞

0

 

 

−
1

𝑡 +
𝑎 + 𝑏
2

|

0

∞

≤
𝑙𝑜𝑔 𝑎 − 𝑙𝑜𝑔 𝑏

𝑎 − 𝑏
≤ −

1

𝑡 + √𝑎𝑏
|
0

∞

 

2

𝑎 + 𝑏
≤
𝑙𝑜𝑔 𝑎 − 𝑙𝑜𝑔 𝑏

𝑎 − 𝑏
≤

1

√𝑎𝑏
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For 𝑎 = 𝑏, all the three expressions are equal to 
2

𝑎
. 

 
AN.098. Solution by Ruxandra Daniela Tonilă-Romania 

Ω = ∫cosh(3𝑥) ⋅ cosh (
3𝑥

2
) ⋅ cosh (

13𝑥

2
) 𝑑𝑥 = 

= ∫
𝑒3𝑥 + 𝑒−3𝑥

2
⋅
𝑒
3𝑥
2 + 𝑒−

3𝑥
2

2
⋅
𝑒
13𝑥
2 + 𝑒−

13𝑥
2

2
𝑑𝑥 = 

=
1

8
∫(𝑒3𝑥 + 𝑒−3𝑥) (𝑒

3𝑥
2 + 𝑒−

3𝑥
2 ) (𝑒

13𝑥
2 + 𝑒−

13𝑥
2 )𝑑𝑥 = 

=
1

8
∫(𝑒

9𝑥
2 + 𝑒

3𝑥
2 + 𝑒−

3𝑥
2 + 𝑒−

9𝑥
2 ) (𝑒

13𝑥
2 + 𝑒−

13𝑥
2 ) 𝑑𝑥 = 

=
1

8
∫(𝑒11𝑥 + 𝑒−2𝑥 + 𝑒8𝑥 + 𝑒−5𝑥 + 𝑒5𝑥 + 𝑒−8𝑥 + 𝑒2𝑥 + 𝑒−11𝑥) 𝑑𝑥 = 

=
1

8
(
𝑒11𝑥 − 𝑒−11𝑥

2
+
𝑒2𝑥 − 𝑒−2𝑥

2
+
𝑒5𝑥 − 𝑒−5𝑥

5
+
𝑒8𝑥 − 𝑒−8𝑥

8
) + 𝐶 = 

=
sinh(11𝑥)

44
+
sinh(2𝑥)

8
+
sinh(5𝑥)

20
+
sinh(8𝑥)

32
+ 𝐶 

 
AN.099. Solution by Ravi Prakash-New Delhi-India 

 
Let 0 ≤ 𝑥 ≤ 1. From the figure, it is clear that for 𝑢, 𝑣 > 0, 0 ≤ 𝑥 ≤ 1: 
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(1 − 𝑥) 𝑙𝑜𝑔 𝑢 + 𝑥 𝑙𝑜𝑔 𝑣 ≤ 𝑙𝑜𝑔[(1 − 𝑥)𝑢 + 𝑥𝑣] 
𝑢1−𝑥𝑣𝑥 ≤ (1 − 𝑥)𝑢 + 𝑥𝑣;  (1) 

Now, put in (1) 𝑢 = 𝑎 + 𝑐, 𝑣 = 𝑏 + 𝑑 to obtain: 
(𝑎 + 𝑐)1−𝑥(𝑏 + 𝑑)𝑥 ≤ (1 − 𝑥)(𝑎 + 𝑐) + 𝑥(𝑏 + 𝑑);  (2) 

Now, put in (1), 𝑢 = 𝑎 − 𝑐, 𝑣 = 𝑏 − 𝑑 to obtain: 
(𝑎 − 𝑐)1−𝑥(𝑏 − 𝑑)𝑥 ≤ (1 − 𝑥)(𝑎 − 𝑐) + 𝑥(𝑏 − 𝑑); (3) 

Multiply (2) and (3) to obtain: 
(𝑎2 − 𝑐2)1−𝑥(𝑏2 − 𝑑2)𝑥

≤ [(1 − 𝑥)(𝑎 + 𝑐) + 𝑥(𝑏 + 𝑑)][(1 − 𝑥)(𝑎 − 𝑐)
+ 𝑥(𝑏 − 𝑑)] = 

= [(1 − 𝑥)𝑎 + 𝑥𝑏 + (1 − 𝑥)𝑐 + 𝑥𝑑][(1 − 𝑥)𝑎 + 𝑥𝑏 − (1 − 𝑥)𝑐 − 𝑥𝑑] 
= [(1 − 𝑥)𝑎 + 𝑥𝑏]2 − [(1 − 𝑥)𝑐 + 𝑥𝑑]2 

Therefore, 

((1 − 𝑥)𝑎 + 𝑥𝑐)
2
− ((1 − 𝑥)𝑏 + 𝑥𝑑)

2
≥ (𝑎2 − 𝑏2)1−𝑥(𝑐2 − 𝑑2)𝑥 
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