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PROBLEMS
ALGEBRA

A.001. If x,y,z > O then:

2(Jx+y+ [y +z+Vz+x)/xy +yz+zx
> 3\/3(x+y)(y+z)(z+x)

A.002. If z = x + iy € Cthen:

|sinhz|* |coshz|* 1

+ > =

er e—2x 2
A.003. Solve for real numbers:

CcoS X COSX COS2x
cos3x cosbx cosédx
sin3x sin5x sin4x

=0

A.004.1f 1 < a < b then find:

b 3x
Q(a, b) =fa tan 1(1_2x2)dx

A.005. If z,,z,,23 € C,zy + z, + z3 = 3 + 4i then:

zz ] <5 +Z(|z1 — 2| + 13 + 4i — 223))

cyc cyc

A.006. If x1, x5, ..., x, > 0,n € N¥, then:

<! 1
1+z:3 Sn+;
1+ x; Vi+x +x++x,

A.007. Xi, Vi > O,l € (),_7, 512 Zzzo(xi + yl) = 1225.

Prove that:
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S5 (), e ()
93
. Xi

L : Vi

=0

>1

A.008.1fa,b,c > 0,(a+ b)(b+ c)(c+ a) = 2v/2 then:

0 a? b2 c? 1
a® 0 a? + b? a? + c? 1
b%? a? + b? 0 p2+c2 1 |=1
c? a?+c? b? + c? 0 1
1 1 1 1 0

1
A.009.Ifa,b,c > 0,abc = O then:

a120 + b120 + C120

a4-0 + b4-0 + C4-0

1
=
(@* + b* + c*)10

A.010. Solve for real numbers:

x+y+z=xyz
x(3 —x?) N y3-y?) N z(3-2%) _
1— 3x2 1-3y2 = 1-3z2
A.011.If a,b = 0 then:

43ab - eV? + 2vV2(a + b)e\/5 > (\/E + \/E)Z(\/ge‘/E + \/Ee‘/g)

A.012. Solve for real numbers:

2x2+3y2+z2=7
x2 4+ y2 422 =\2z(x + y)

A013.Ifz=x+1iy € C, x,y € Rthen:

|sin z|? + |sinh z|? + |cos z|? + |cosh z|? > sinh(2x) + cosh(2y)
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A.014.Ifx,y,z > 0,xy + yz + zx = 3xyz then:

1 1 9
—_— S —_
x+y 2x+y+z 8
cyc cyc
A.015. Forx,y,z € R,
sin? x — cos?y cos?z cos?z
A= cos? x sin?y — cos?z cos? x
cos?y cos?y sin? z — cos? x
cos? x —sin?y sin? z sin? z
B = sin? x cos?y —sin?z sin? x
sin?y sin?y cos? z — sin? x

Prove that: det(4AB) = 0.
A.016. Solve for real numbers:

1(4) 5+1(4) 4+1(4) 3+1(4) 2 4 +1_0
s\a)* T2\3)* T3\)¥ T\ THF 5T

A.017.Ifa,b,c,d > 0,ad > bc then:

(5a + 3b)(7a +5b)(9a + 7b)  sa + b\*
(5¢ +3d)(7c +5d)(9c + 7d) (c + d)

A.018.Ifa,b,c > 0,ab + bc + ca = 2 then:

a(b* + c*)
=>1
b3 + b%¢c + bc? + ¢3

cyc

A.019. If a, b, c > 0 then:

abc + a? + b? + c? + 4 = 2(ab + bc + ca)
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A.020. If x,y,z = 0 then:
Zsz(xz +y?) > Zx(y3 +z3) +xyz(x +y + 2)
cyc cyc
A.021. Ifa,b,c > 0,a+ b + c = 3 then

3+ +0+301+A+@ +30+@)(A+h) _1 1 1
TOA+DA10+ b 0+00+D+ U+ +b) —a6 b6 ¢6

A.022. Prove without any software:

Q = log,(log, e) + log(logm) + log,(log, 2)
A.Q<0 B.Q=0 cC.Q>0

A.023.Ifa,b,x,y > O then:

(m_l_\/x—y)(a-zl-b_i_x-;y)(\/cﬂ.;bz_l_\/xz_;yz)

<1
x+yyfatb  [x*+y? Ja2+b2
(\/ab+ > )( > +J > > + . /xy
A.024.If x,y > 0 then:
x y xy x? y? 1

<
xz—x+1+y2—y+1+x2y2—xy+1_xz—x+1+y2—y+1+x2y2—xy+1

A.025.If x,y,z > 0,xyz = 1 then:
1\ 2
x—-*+ -2+ (z—-x* 22(3———;——)
A.026.Ifa,b,c,d >0,a+ b+ c+d = 1then:

a N b N c 4 d -
b¥1+b cV1+c dVi+d aVi+a

’ w
T
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A.027. Solve for real numbers:
x3+6x2+x 2, 2x2
10 2G+D 4 102V = 100X <1o¥ + 10%>
A.028. If a,b,x,y > 0 then:

ax + by
4ab-exp( P

) < 2ab -Ve*tY + a?e* + b%eY

A.029. In AABC the following relationship holds:

2c+a_|_2a+b< 2(2a+ b)(2b + a)(2c + b)
2a+b 2c+a” (a+3b—c)(b+3c—a)(c+3a—D>b)

A.030.Ifx,y € R;a,b > 0 then:

2

x%\2 N 2y? - 2(x +y)? 4_a4—b( x\2 2y )
Va2 +b2 a+tb qg4ph+.2(a2+b2) 4 \Va?+b2 atb

A.031. Solve for real numbers:

5(V1—x+V1+x)=2+4(VI—x+V1+x)
A.032. If x,y,z,t > 0 then:

75x+36(y+z) 75y+36(z+t) 75z+36(t+x) 75t+36(x+y) -
y+z+t z+t+x t+x+y x+y+z -

196

A.033. If x,y,z > 0 then:

(x+y)* (y+2)* (z +x)* <16
x*+ x%y? +y* yr4y2z2 4724 24+ 22x%2 + x* T

A.034. Prove without any software:

2 Jot+o+ofe
%+\/5<1+ >

, @ — golden ratio.
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A.035.1f B,C € M,(R),detA > 0,detB > 0,detC > 0,

det(ABC) = 8 then: det(A+ B+ C) +det(-A+B+C) +
det(A—B+C)+det(A+B—-C) = 24

A.036.Ifa,b,c > 0 then:

(3ab)¢ - (3bc)? - (3ca)? < (a? + b? + ¢?)atb+e
A.037. Solve for real numbers:

32(2x12 + x® + x® + x*) + 19 = 64x2(x® + 1)
A.038.If a,b,x,y > 0 then:

32ab(ax + by)* < (a + b)*(8a?x* + ab(x + y)* + 8b%y*)
A.039.I1f1 <a,b,c,d,e, f < 2,then:
(a®? + b2 + c?)(d* + e? + f?) < (ad + be + ¢f)? + 27
When equality holds?
A.040. Find all x, y = 0 such that :
x+ty+z= W(W+ W)

A.041. Prove without any software:

(p\/a+1 Q

2
Jo(+ye) 1+9 Joltyote) -

where ¢ —golden ratio.

A.042.I1f0 < a < b < mthen:

sin(vab) _ 32a’b*Vab
sin (_a ; b) ~ (@+b)®
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A.043.Ifa,b,c > 0 then:

2
e(a+%+c)2 + e(a+I;)+c) + e(ﬁ)z >3- %

A.044. Prove without any software:

, , 15 6 10
(log® 2 + log? 5 + log? 3)* > 310g 30 - log7 : logg : log?

A.045.

2ab a+b
mh=a+b' my = Vab, m, = > ,a,b =0

Prove that:

a? + b2 a’ + b?
> < mymy + mgmg + mymy, + >

(my +my +my)

A.046.If a,b > e then:
(a + b)2Vab < 4Vab. (\/ab)a+b
A.047.1f x,y,z € [0, o) then:

2% 42V 4 27 4 2XHVHE > 4T g V7 4 gV 4

A.048.1f0 < a <1< b then:
(a+b—1)%P"1+1<a%+bP

A.049.Ifa,b,c,d > 0;ab =cd;a < b,c <d;x,y € [a,b] and y,t €
[c,d], then:

1 1 1 1
ab(x+y+z+t)(—+—+—+—)S(a+b+c+d)2
x y z t
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A.050. Prove without any software:

12\/p
1+ Jp+¢

< Vo +49)(4+ @) <3¢, ¢ — Golden ratio

A051.Ifx,y,z> 0,x +y + z = 1 then:

( +1)5+( +1)5+( +1)5>100.000
x y y z z x/ — 81

A.052.1f 0 < x,y,z < 1 then:

x? y? z2 Xy yz zX

> + +
V1 — x2 \/1 y2 VJ1-2z2 J1—-xy Jl1-yz ~1-—2zx

A.053.Ifa,b,c > 0 then

2a® +3a’+b - 2ab? + b*> +2ab+a
Ra+1)(a+b+1) 2a+1)(a+b+1)
yc cyc

A.054.Ifa,b,c > 0,p,q,vr > 1,pq + qr + rp = pqr then:
abcpqr < qra®P + rpb? + pqc”

A.055. Solve for real numbers:

x,y>0
J (x + )10 _ 2817
(2x2 4+ y2)(4x3 + y3)(16x5 + y5) 128
2* +logey =9

A.056. If n € N,n > 1 then:

Vi 2n
+_z(\/_f) rz\/_

1<i<js<n
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A.057.1fx,y,z,t > 0 then
xyzt(x +y + z + t)? < 2(xy + zt) (xz + yt)(xt + yz)

A.058. Solve for real numbers:
x—1)? -2 (z-3)?
( ) N (y—2) N ( )
2 4 6

A.059. Solve for real numbers:

4xt* =y(x® +x*+x2+ 1)
595 =z(y®+y®+y*+y%2 +1)
6z =x(z10+ 28 +z*+2z2+1)

A.060. Solve for real numbers:

x+y+3=3xy

x> —y%? x%2-9 29
y _I_}’ —0
xy—1 3x—-1 3y-1

+3=|x—1l+|y—-2|+|z—- 3|

A.061.Ifx,y,z € R,Vx2 + 1 +\/y2 +14++vVz2+ 1 =3vV2then:

x2+y?+z2+6=3(x+y+2)
A.062. Solve for real numbers:

( + 9 _ 6
T T T+ x—[x]
z+ 2% +log,z=x+y; [x] —GIF.

L L6 8
YT T 1+y-D]

A.063.Ifx,y,z > 0,x? + y? + z? = 3 then:
x*+1 y +1 2 +1
+ + >
Vx2—x+1 Jy2—y+1 Vz2—-z+1

A.064. If x,y > 0 then:

4+ D)+ DY (e )Y < xFyY - (e +y + 2)FTVH2
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A.065. If a,b > e+/e then:

2a+b

3ab
a+2b 2a+Db
. < b . pa(a+2b)(2a+b)
<< 3 ) S ) < (a”-b%)

A.066. If x1, x5, ..., x, > 0,n € N*, then:

n
1 1
1+Z3 Sn+s
— 1 +x; Vi+x +x+ - +x,

A.067.Ifa,b,c > 0,a+ b+ c = 3 then:

\/a+ /b+\/E+jb+ /c+ﬁ+Jc+Ja+ﬁs3J1+ﬁ

A.068.Ifx,y,z > 0,x%2 + y? + z2 = 3, then:

xt+yt yrt+zt ozt +xt
+
x> +y? y2+2z2 z?+x?

+xy+yz+zx =6

A.069. Solve for real numbers:

x111 1x11 11x1 111x
x+Dx—1) 1x11 11x1 111x x111
11x1 111x x111 1x11
111x x111 1x11 11x1

y111 1y11 11yl 111y

1y11l 11yl 111 111
+(+3)y—-1) Y Y y =0
11yl 111y y11l1 1yll

111y yi11 1y1l 11yl

A.070.If a,b,c > 0, then:
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A.071.Ifa,b,c > 0, then:

(@®> +c>)(b2+c?)  B%?+a®>)(c®>+a?)  (c?2+b?)(a®+b?) S 3
(ab + c?)(ac + bc)  (bc+ a?)(ba +ca) (ca + b?)(chb + ab) —

A.072.1f0<a<1<bor0<bhb<1<a then:

4a?b?

(a+b_J—E+2ab)2 .
e\'z V¥Ta¥p) 4 e < \/elatb)? 4 ola+b)?

A.073. Solve for real numbers:

(307 — x)Vx — 63 — (x — 63)3/307 — x

=120
V307 —x — Vx — 63

A.074. Solve for real numbers:

x> +y% =516 - Vx—3ify
y3 + 2% =20200 - 3}y -z
z3 +x% =19688 — Yz — Vx
A.075.Ifa,b,c > 0,abc = 1 then:
a2+b2+b2+c2+cz+a2< 5 4 b5 4 o5
+b b ¢ +al ¢
A.076.Ifa,b,c,d > 0,a+ b + c+ d = 4 then:

312.q%-bP-cc-di 2 (4-a)* - (4—D)*P-(4—-)* - (4—-d)*
A.077. Solve for real numbers:

256%° 256Y° 2567 2565

256Y + 2567 + 256t + 256%
A.078.If x,y = 0,n € N then:

(xn+1 + yn+1)n—1 . (x + y)n+1 < 2n—1 . (xn + yn)n+1
A.079. If a,b,c = 0 then:

a(e®® +e %)+ b(e** +e 2 +c(e**+e ) =2(a+b+0)
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A.080. Solve for complex numbers:

4x* +5x% + 4 = (t 7Tt 1n 2+t Snt 7n>
X x =x an24an24x an24an24
A.081. If x,y,z > 0 then:
4x*  8y?  4z?
+ +
x+y y+z z+4+x

>2x+5y+z

A.082. If x,y,z > 0 then:

x z
(1 + xyz)/x?+y? + 22 ( + 4 + ) > 3v3xyz

1+x 1+y 1+z

A.083.1f0 < a < b <~ then:
cosa
2 1 > 2
a“ +cosa+ Og(_cosb) > b“ + cosh
A.084. If x > 0 then:

x+e ¥

_ x
e + e™**€¢" > 2 cosh x - eSechx

A.085.If a, b, c > 0 then:

Ja? +5ab + 7b% + /b2 + 5bc + 7¢? ++/c? + 5ca+ 7a?2 >V13(a + b + ¢)

A.086. Find all f: R — R such that:

f)+f(yz)+9 < f(xy) + 5f(xz); Vx,y,z€ R

A.087. Solve for real numbers :

x,y, z>1

logy z + logy, x + log, ¥y = log,, (yz) + log,,(zx) + log,,(xy)
x+y+z=6
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A.088.Ifn € N,n = 2 then:

n

Z (Hk Lk kk_l) < n—1Mm+4)

2
k=2

A.089.If 1 < a < b then:

2
logap(1 4+ Vab) + loga+b 2 = loga+p(a+ b + 2)
P P

A.090. If a, b, c € C then:

la+ 1] b+ 1] lc + 1] -
[b+1|+|b+c|+]c] |c+1|+]c+al+]al |a+1|+|a+b|+]|b|

>3+ |al + |b] + |c|

A.091. Letbe A = {a,b,c|a,b,c € R*}and B = {u,v,w, t|lu,v,w,t €

R*} such that
a’> b? c? b2 ¢t a?
plete e trta=?3
u? v? o ow? 2 vr ow? ot u?
wimtete ettt te=1
Find:

X X X X
a= 2 Bl TR+ 2. G- TTF
a,yEA y X,YEA y a,YEB y X,YEB y
A.092.Ifa,b > 1 then:
(a* - e®™ 4+ px . ebzx) @@ DY > (g¥ 4 p¥) - e yx € R

A.093.1fx,y,z € R,32(x° + y® + z%) = 3, then:

51
Z:(29c6’+x4+x3 +x2)+§2 2x+y +2)
cyc
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A.094. Solve for real numbers:

log (2 )(1og x—log( )log( )) log?y - log (=) + log? z - 1og( y)

A.095. If a, b > 0 then:

1,1 1
V20+b 4 y/3a+b 4 y/5at+h __ 2Vab " 3vab " 5Vab
2\/@ + 3\/% + 5\/% - 1 1 1

\/2a+b + \/3a+b + \/5a+b
A.096. If a, b > 0 then:

(/@ + bYa) J(a + b)*? 2 (Vas+? +be+b) (a + b)'@

A.097.Ifa,b,c,x,y > 0 then:

a4+ pVXY 4 VXY <\/ax+3’+\/bx+y+\/cx+3’
1 n 1 N 1 - 1 " 1 N 1
Naxty o \bxXry  Ncx+y avxy | pVxXy VXY

A.098. If x,y,z > 0 then:
8xxyyzzzx+y+z > (x + 1)x+1(y + 1)y+1(Z + 1)z+1

A.099. Find x,y,z > 0 such that:

6(x +y) 6(x+y+z)+6\/_+ 63/xyz
Jxy 3 [xyz x+y x+y+z

A.100. Solve for complex numbers:

=35

x7 4+ 2x° +5x5 +3x* —16x3 —11x2 - 20x—12=0
A.101.Ifa,x > 0,b,c,y,z € R then:

(a+x)2—(b+y)2—(c+z)2>a2—b2—cz_|_xz—yz—z2
a+x - a X
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A102. M = {(§ ")]a>0,b € CLIfX,Y,Z € M then:
Tr(XY) + Tr(YZ) + Tr(ZX) < Tr(X?) + Tr(Y?) + Tr(Z?)
A203. M ={(,% "*) a>0b,c€eR,i?=—-1}IfX,Y,Z €M then:

Tr(XY) 4+ Tr(YZ) + Tr(ZX)
S VJTr(X)Tr(Y2) +Tr(Y2)Tr(Z2) + Tr(Z2)Tr(X2)

A.104. A = (12_i 1;i),B = (1ii 1;),1'2 = —1. Prove that:

(x,y) (% (A+B)—-2(4"1+ B‘l)‘l) (;) >0,x,y ER

A.105.Ifa,b > 0, then :

5 5
a? + b2 a? + b? a? + b2 a? + b2\’ 5
+ - ++vab | < + (Vab)
2 a+b 2 a+b

A.106. If a, b, c > 0 then:

a+b+c>9

abc(a+ b)?(b + c)?(c + a)? < 64( 3

A.107. Solve for real numbers:

X y z

x+y+z=xyz
{1

—x2+1—y2+1—22:0
A.108. Solve for real numbers:
x+y=4
{2|x—y| = (=l + 7D [r = o

A.109.Ifa,b,c,d,e, f > 0 then:

3abcdef (abc + def —5) + (ab + bc + ca)(de + ef + fd) =0
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A.110. If x = 0 then:
e* e X 2
3 + 3 2 3
Vi+e* Yl1+4+eX 1+sechx
A.11l1.Ifa,b,c > 0,a + b + ¢ = 3 then:

ac? N ba? N ch? -
(c*+1D(c?+c+1) (@*+D(@*+a+1) B*+1D)B?*+b+1)" 2

[EnN

A.112. Solve for real numbers:
x? 2 (x+vy)? 5« 2
_+Y_ZQ+_(__X)
5 6 11 2

A.113.If x,y,a,b > 0 then:

2x%  4y? 4(x +v)? x 2y
m+a+b2(ﬁ+%)2+\/ﬁ< )

A.114. Solve for real numbers:

1 3 x x
5 9 x x| _ 0
x x 1 3|~
X x 5 9
A.115. Solve for real numbers:
x,y,z>0

x2 + \/*
| 4y? 6Z2
ka + 18z + 54 = y3 + 39y?
A.116. Solve for real numbers:
x,y,z>0
J 3xyz

=23 _
x+y+z xXyz + Xy + 7 + 7x
kx + 560x2 + x = 56y* + 1023 + 56
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A117.1fx,y,z > 0 then:

x®+y8 +28 +15 > x3 +y3 + 2% + 5/3(xy + yz + zx)

A.118. Solve for real numbers:

x,y,z>0
x34+y3+ 28 +3(Vx+3fy+Vz) =12
xyz=1

A.119. Solve for real numbers:

log, e - (logx)™* + loge e - (log (;))_1 =8
X

A.120.Ifa,b,c > 0,a+ b + ¢ = 3 then:

ZJ(a T30+ (a+3b)Ba+b) + Ba+th)?Z =123

cyc
A.121. Solve for real numbers:
x32 + x16 + y2 = 22x12y
A.122.ifa,b,c,d > 0;ab =cd;a < b,c <d;x,z € [a,b] and y,t €
[c,d], then:

1 1 1 1
ab(x+y+z+t)(—+—+—+—)S(a+b+c+d)2
x y z t

A.123.

2ab a+b
a+b'mg =+Vab,m, =T,a,b >0

my, =

Prove that:

1
2my, + \/E ((ma — mg)2 + (my — mh)2 + (my, — ma)z) <my+m,
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A.124,

n

k
a,b,c>0,a+b+c=3,Q(a)=n(1+m),neN,n21
k=1

Prove that:

1 1 1
aQ(a) + bQ(b) + cQ(c) < eza + e2b + e2c

A.125.Ifa,b,c > 0,a+ b + ¢ = 3 then:

z (Va(a +2b) +b(b + 2a)) < 6v3

cyc

A.126. Solve for real numbers:
[%7 . 27%~7(x + 2%~1) = xB 4 28x~8
A.127.Ifa,b,c > 0 then:

5+8+9> 8 N M-+ 12
b ¢ a+b b+c cH+a

a

PROBLEMS
GEOMETRY

G.001. If a,, a,, by, b, € [0,1], x € R then:

[N

la,b; sin? x + a,b, cos? x — (a; sin? x + a, cos? x) (b, sin? x + b, cos? x)| <

N

G.002.Ifa,b,c,d >0,a+ b+ c+d =1 then:

1
Z a’cd cot™(b) = 4abcd cot™?! (Z)

cyc
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G.003. In AABC,T —Toricelli’s point, holds:

1 1 1
UA3+mﬁ+F§)G—+——+—J23&J

T'A T'B TIC
A
c b
120°
B a &

G.004. In AABC,AA’'B'C' the following relationship holds:

aa’ bb' cc’ 3V3RR'
+ + <
a+a b+b cH+c T 2(r+7r")

G.005. In AABC the following relationship holds:

a’?+ab+ bc+ca
Z < 3v3R
2s+a

cyc

G.006. Solve for real numbers:

Jsin? x + cos? x + /sin x + cos* x + /1 + sin? x cos? x = 3
G.007. In AABC, w —Brocard's angle, holds :

A B C

4F (cotw —3) = Z (a—b)? + 16er (cosz— - cos—cos—)
cyc cyc 2 2 2
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b
G.008.Ifa,b,c € R; Ly 24 = 1, then solve for real numbers:
b+c c+a a+b

a? b? c?

+ +
b+c c+a a+b

sinx -siny-sinz =
G.009. Solve for real numbers:

sin3x +cos®y +2z3+3z=32z2+2
sin?x + cos?y +z2 =2z +2
sinx +cosy+z =2

G.010. If n € N then in AABC holds :

Jn(n+ 1).cos (A - g) +/n(n + 2).cos (B - ;)

/s T
+J(n+1)(n+ 2).cos (C —7) <3(n+1) cos o+

G.011. Solve for real numbers:

1 4 1 _ 2
1+tan*x 10 1+ 3tan?x

G.012. Ifin AABC,a = m, then:

a?tanA > 2v/3r?

G.013. In AABC the following relationship holds:

A
Z(b+c)-csc5=24\/§r@a=b=c

cyc

G.014. Find x,y,z € (O, g) such that:

i/(sec4 x + csc* x)(sec®y + csc®y)(sec® z + csc®z) = 16
G.015. In AABC the following relationship holds:

2a3 +3b3 +5¢3 3a®+5b3+2c® 5a®+2b3+3c3
+ + > 6/3r
2a? + 3b2 +5c¢2  3a?+5b%2+2c? 5a?+ 2b?% + 3c¢2
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G.016.1f0 < a < b then:

a+b
ab(4 + (a + b)?)tan"Y(Vab) < (1 + ab)(a + b)? tan™? <T>
G.017. In AABC the following relationship holds:
1 1 1
3 2 3 3
Z am, Z amg? Z am3 Z amg,® | < 4s?

cyc cyc cyc cyc

G.018. Ifa,B,y,6 € (0,%),16sina +sinf -siny -sind =9 then:

1
8V3 + > <16
. a a
cyc (sm7 + cos 7)

G.019. In AABC the following relationship holds:
(a? + b? + c?)(a? cos? A + b? cos? B + c? cos? C) > 12F?
G.020. Solve for real numbers:
sin? x (2sin? x - sin? 2x + 4 cos* x + 1) = cos? x (2 cos? x - sin? 2x + 4 sin* x + 1)

&MLw0<asbsC<§mm:

5 3 1 27
+ + >
tana tanb tanc  tana+tanb + tanc

G.022.Ifa,b,c,d,e > 0 then:

ad bd d? ed
+ + + > 5d

¢+
b cot2 - , 3T , 1T , 9
cot"20 coot?sy ecotsny acotisy

G.023. In AABC the following relationship holds:

w2 +wgh, + h2
w, + h,

3
SEWa
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G.024. Solve for real numbers:
sinx 4+ cosx + secx - cscx = 2 +/2
G.025. In AABC the following relationship holds:

m§+maha+h§>§h
mg + hy 2

G.026. In AABC the following relationship holds:

s—a 2a(s —a) - s—a
Z bc b(s—b)+c(s—c)_cyc bc

cyc

G.027. In AABC, K —Lemoine’s point, E —Exeter’s point. Prove that :

3a’b?c?

a’? - KA-EA+b?-KB-EB+c?-KC-EC > ————
a? + b? + ¢2

G.028. Ifin AABC,AA'B'C',2s = 2s' = 3.Prove that:

\/_
[0+ @) (52 > s

cyc

G.029. Solve for real numbers:
_ ™\ | m, . (8m V3
sin (4x — §) sin (6x — §) sin (? — 1OX) + ? =0

G.030. In AABC the following relationship holds:

sinB | sinC 1 1+ /p+o
SELUI P

sin4 + 77 " " 2 /o , ¢ —golden ratio.

G.031. In any A ABC, the following relationship holds:

21
v3(cscA + cscB + cscC)

< VYr@u®B)u(C)
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G.032. Ifx,y,z,u,v,w € (—1,1) then:
(tan? x + tan? y + tan? z)(tan? u + tan? v + tan? w) >
> (tan(xu) + tan(yv) + tan(zw))?

G.033. In AABC holds:

a3
Z 2=5(:>25=3\/§R.
a

bc +
G.034. In AABC the following relationship holds:
(s—a)’+(s—=Db)°+(s—¢c)°+10Rrs(a? + b* + c?) = s°
G.035. Solve for real numbers:

1 1 1
=1
1+|sinx|+1+|cosy| +1+|sinx+cosy|

G.036. In AABC the following relationship holds:

et (3) 4 Jsinct () e foines (19) < 2T
a S1 5 S1 13 c S1 64 )

G.037. In acute AABC the following relationship holds:

(tan A)3tan4 . (tan B)3tnB . (tan C)3tanc
> (tan4 - tan B - tan C)tan A-tan B-tan C

G.038. If AA'B'C'is the pedal triangle of I —incenter
in AABC and x,y,z > 0 then:

yzIA'" zxIB' xyIC'
xIA + yIB + zIC > 4 +

+
y+z z+x x+y

G.039. In AABC the following relationship holds:

16Rr
s2+12+ 2Rr

+1>
52
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G.040. In AABC,AA'B'C' the following relationship holds;
R2R'F' > 8F(r')3

G.041. AABC,AA'B'C’ the following relationship holds:

mg - (a')>  mp-(b)* mi-(c)? - 32s°(r")?
a? b? c? ~  243R5
G.042. In AABC the following relationship holds:

\/(a + b)(a+ c)bc + \/(b +c¢)(b+ a)ca + \/(c + a)(c+ b)ab
< 35?2 —1r?2 —4Rr

G.043. Findall x,y,z € [O, g] such that:
1+ sin?x)(1 + sin? y)(1 + sin? z) + cos? x - cos®y - cos?z = 8
( y y
G.044.1f0 < x,y,7 < - then :

2 cos?x.cos?y.cos?z < 1+ cos2x.cos2y.cos 2z
< 8cos?x.cos?y.cos?z

G.045. Solve for real numbers:

cos x - Vtanx = sin3x + cos3 x

G.046.1fx,y € (0, Z) then:

2 2 1+cotx-tany 1+ coty-tanx
+ + + >
l1+tanx 1+tany 1+ cotx 1+ coty

G.047.If x,y,z = 0 then:

4(sinz+ : xzy-cosz) (sinz+ 3 xyz-cosz) <4+ (x+y)?
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G.048. In acute AABC the following relationship holds:

3 1
1+tanAcotB) = 2 2F21_[
1_[( +tanAcotB) > 2 + 3 \/(b2+c2—a2)2

cyc cyc

G.049. In AABC the following relationship holds:
(mymyp + mym, + momy)(m, + my, + m,)? > 81F?

G.050. K —Lemoine’s point in AABC. Prove that:

mg my me
>
AK-sinA+BK-sinB+CK-sinC >3V3

G.051.Ifx,y,z > 0,xy + yz + zx = 3 then in AABC the following
relationship holds:

tan*A4 -tan*B  tan*B -tan*C tan*C -tan* A4

x3y3 + y3Z3 + 733 = 243

G.052.1fx,y € (0,%) then:

1 V2
1 1 =2
sinx +siny ' cosx + cosy

G.053. In AABC the following relationship holds:

6 6

3sin?A 2sin?B  sin?C T+ 2A+B ., (T+2A+B
+ + 0s (—) > 6sin (—)
cosA cosB cosC

G.054. In AABC let R, — be the radii of circle tangent simultaneous to
AB, AC and external tangent to circumcircle of AABC. Prove that:

R4R RgR:; RcR 6412
alp | Rpftc | fclia
Talp TpTe Ty 3R?

G.055. Solve for real numbers: sin5x + 10 sinx = 5sin 3x

G.056. In AABC,1, = 3,1, = 4,1, = 5.Find F.
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G.057. In AABC the following relationship holds:

2+ b*+c* =2 4F abe z T
@ ¢ = (a+b)(b+c)(c+a)'cycCSC ' c

G.058. Solve for real numbers:

{ 2sinx +2siny =1
2cosx+2cosy=\/§

G.059. If x,y € (0, g) then:

1 1
=tanx +——+tany + ——
tan x tany

tan3 x + +tan3y +

tan3 x tan3y

G.060. If 0 < a < b <~ then:
1
sin? b — sin? a + cos(sin b) — cos(sina) > B (sin*b — sin* a)

G.061.d =Vx -T+Vx—1 f,l; = 21U+ 3J,x = 1. Solve for real
numbers: 18 + tan (q(&, B)) =132

G.062. If x,y,z,t = 0 then:

A

T 2m i 8n 2
x%cot— + y2 cot— + z% cot— + t2tan— > (x + yV2 + 2z + 2tV2) tan 5

19 19 19 19

G.063. In AABC the following relationship holds:

zax/ﬁ ZW(%+ Vb) | <54V3-R3

cyc cyc

G.064. In AABC holds: 4ab coszg = 3¢? = 5¢% > 4+/3F + 2ab
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G.065.1f0 <x <y <z<1,then
T
(y—z)tan‘1x+(z—x)tan‘1y+(z—x)tan‘lz<§—log2

G.066. Solve for real numbers:
sin 2x - sin 3x - sin 11x + sin? 5x - sin 6x = sin x - sin 3x - sin 8x
G.067. Solve for real numbers:

1+ 2cosx - cos 2x - cos 5x = cos? x + cos? 2x + cos? 5x

PROBLEMS

ANALYSIS
AN.001.If0<a<bh < gthen:

b
SJ sinx - sinhx dx < b3 — a3
a

AN.002.f0 <a <bh < gthen:

T — 2X .
jbtan( 7 )(1+Slnx)d <sinb—sina
a sinx x= sina
AN.003. Find:
N T ny (mn 2 —m
Q= lim |cos?t—=—21-2n Z (,)(_)cos—(] )
0o<i<j=sn

AN.004. If secg < a < b then find:

Q(a,b) Jb tan~?! ad t ‘1( T ¢ ”) d
a, = an —— | — tan XseC——tan— X
a secE — X tanE 7 7

7 7
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AN.005. If 0 < a < b then:
[x]

) >2_ L e

fa,/ T+1 kzlsln(2n+1 =2a 2

AN.006.1f0 <a < b <1 then:

b 3

bbb

[[[ G wavea=( [ 15
1+yz xeyaz = 1

a a a

a

AN.007. Prove without any software:

flfl 1 <x+y>2dd S 2
o )y 2 Xy =y

AN.008. Find:
T
Q IZ sin 2x - cos 4x - cos 8x d
= X
_Teins (T _ s5(T _
7 Sin (4 x)+cos (4 x)
AN.009. Find:
1
Q= lim | log? X
- xl—I}OlO 0g-x (1 +xt)2
0
AN.010. Find:

j‘ sinx + 4cosx
= X
5(e~* + sinx) + 3cosx

AN.011./f 0 < a < b then:

b +b b X2 y2 g2

y? z
fff(x+y+z)<—+—+—>dxdyd223(b—a)3(a2+ab+b2)

a a a y Z X
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AN.012. Find:

dx

- f%sinx . sin(x +%) - sin (x+2?n)
0 sin 3x + cos 3x

AN.013. If 1 < a < b then find:

+y+z-—
Q(ab)—fff x yr? xyZ)dxdydz
1—xy VZ — ZX

AN.014.1f 0 < a < b then:

102 + p20
.f \/1+x30 2 + a2

AN.015. f0<a<bh < g then :

Jb (eX — esin¥)(tanx — x)

etan X __ eX

~a+b
de(b—a)<1+sm > )
AN.016. If — < a < b then find:

V31
b (30x3—10x
Q(a, b) :L tan m dx

AN.017.f0<a<bh < %then find:

b (1 + tan?x)?
cos? x — 3sin? x

Q(a,b) = J

a

AN.018.f0<a<bh < gthen:

b(1 —sin®x)”

Y be—a
q (1 —sin3x)8
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AN.019. If 0 < a < b then:

(fbezxz dx) (fbe_xz dx) >(b—a) fbexz dx

AN.020.If 0 <a <b, f :][a,b] - (0,0), f —continuous, then :

b b 3 b 2
3(b—a)sz(x)dx+3<f3 f(x)dx) >6(b—a) (f f(x)dx) .

AN.021.
1

B(x,y) =f t*(1—-t)Ydt,x,y >0
0

Prove that: B(x,y) - B(y,z) - B(z,x) = B(x,x) - B(y,y) - B(z, 2)

AN.022.1f0 < a < b <~ then:
b 2
cotb—cota+f csc?x - e ¥dx < (e—1)(b—a)
a

AN.023.f0<a<bh < gthen find:

fb (1+tanx)(1 + tany) (1 + tan (%_ X —y))

dxdy
a 1+tanx-tany-tan(%—x—y)

b
Q(a, b) =j

a
AN.024.I1f0 < a < b < 1 then:

b
Zf e dx+(b—a)2<2(b—a)+el —e?

a

AN.025. If 5 < a < b then find:

a b)—.[bt L Ax—4x® p
@0 = a Mo\ —ez+1)™
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AN.026. Find:
Q= lim 1 zn:isHj(Sn—L—])(Zn—l—])
noco \ n - 271 e n n—i
AN.027. Find:

Q_iggoﬁ(l’LZZz )

AN.028. f0 < a <bh < gthen find:

A b)—jb3+COS4xd
@0 = o 1—cos4x *
AN.029. Find:
Q=i log(n!) — Z (k)
~ nlen(H, — 1) n(H oglr (k)
AN.030. Find:

_ 1 1+ sin™x
Q= lim | log (—) dx
n-e Jo 1+ x+x"

AN.031. If a = 0 then:

a
j 2x—a)log(1+x+x%)dx =0
0

AN.032. If0 < a < b < 1 then:

dx > cosa—cosb

fb sinx - tan~1(x?)

. -1
@ Xx-tan7lx
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AN.033.1f 0 < a < b find a closed form:

AN.034.1f0 < a < b < 1then:

b a—+2 V2
exp(Zx/ELx’%lx)ZEb_\/gEZ:\/g

AN.035. Find:

n
1
Q=limmn-1 !2
nl—r>rc>lo(n ) T (k+D*(n—k+ 1)nk

AN.036.
©x"=1(x —n)logx
Q(n)zf ( x) 8 dx,n>1
0 e
Find:
0=y L
a Q(n)
n=1
AN.037.

dx
.Q.n(X) = fm,n € N*,Qn(l) = IOgZ

Find:

Q(x) = 7li_r)rolo(nﬂn(x)),x >0
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AN.038. Find:

Q= lim nln+2-n-1)+3-n—-2)+-+n-1)
T ael n2+2- m—12+3-(n—2)2+-+n-12

AN.039.If 1 < a < b then:

(1 + logb) log b

ex
p< f x‘/logx> (1 +loga)loga®

AN.040.0 < a < b, f:[a,b] - (0,),f — "n" times differentiable.
Prove that:

bn [f() (%) £0 (b)
n.’; ’ o) dx < f(k)( X ,fO(x) =f(x),n €N

Q,(n) =

AN.041.

S
S

1
( —i+1_2n—j+1)|

:1 =1

n n
ZZ|2H—1+1 2n — ]+1|

i=1j=1

Find: Q = lim 20

n—-oo Q(n)

AN.042. In AABC:

w = tan™! ( TT“) + tan™! ( rrb) + tan™? ( ’ e ) Find:
TpTec TcTra TaTh
w

.[ 3sin’x + cosx + 2
sinx + cosx + 7

X
0
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AN.043. Solve for real numbers:

*t-logt
f ﬁdtzo
L tr4x

AN.044. Find:
21 dx
n:f M- GIF.
1 e[2x+z]

AN.045. Let f : [0,0) — R be a differentiable, increasing function such
that f' is convex and f(0) = 0.For any x,y,z = 0 holds:

fO)+fO) + f(@) + flx+y+2) 2 f(2/xy) + f(2,/yz) + f(2Vzx)
AN.046. Find:

n -1
Q= lim e®*1tan®n <j e5*(tan* x + tan® x + tan® x)dx)
0

n—-oo

AN.047.1f 0 < a < b then:

bbb ytx y+z b
2[ f f ( +—) dxdydz + 2(b — a)3 < 3(b+a)(b—a)210g(—)
a Ja Ja y+Z y+x a

AN.048. Find:

Q=1 Hy
= lim
n-wn(Hyp—q — 2Hp1)

AN.049. If 0 < a < b then:

b
Sf Vx*+x2 4+ 1dx = (b — a)y/(a? + ab + b?)2 + 3(a? + ab + b2) + 9
a

AN.050. Find:

x21(1 — x2)
Q(n)zf dx,ne€N,n=>1

2
enx
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AN.O5L1. If f: R — [—g,g] , f —continuous, then:

5 5
fzsw/so ~8f2(x) dx + fzsf(x) dx < 775
2 2

AN.052.1f0 < a < f—zthen:

a

1
f sin x . cos(6x) .cos®(4x).cos'®(2x) dx < — (1 — cos'?3 a)
0

193
AN.053.
X x+1 1—x 2—x\ .
Qx) = F(E)F( > )F( > )F( > )sm(nx);O <x<1
Solve for real numbers:
) 4x N 1 0
X< — _
Q(x) m*

AN.054.x, =1,x; = 0,x, = (n — 1) (%1 + Xp—2),n = 2,n € N. Find:

X.
Q= lim=

AN.055.
fLgR->R (1) =3,g(1) =2,xf(y) + yf(x) = 2f (xy),
xg(y) + yg(x) = 2g(xy),Vx,y € R. Find:
f (singh x)

Q= jo f (sinh x) +g (cosh x) dx

3 2

AN.056. Find a closed form:
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A. Ql<QZ’ B.leﬂz, CQ]_>QZ

AN.058. Find a closed form:

Q_it ) n®+6n?+11n+5) - n!
— L Trm+enz+11n+6) - (n)?

n=0

AN.059. f:[0,1] = R, f —continuous. Prove that:

Jf(x)dx=9:’jf2(x)dx21+4j xf(x) dx
0 0 0

AN.060.
Q) =1 +2)A+2HA+28) .- (1427 )n>1

Find:
1\
T
n1—>r£10 + 3.Q(Tl)
AN.061. Find:
1-n
n nz
Q=1limn (1_[ W)
" k=2

AN.062. Find without any software:

2log(9x — 4)
a=| 222"y
fl 3x2t+2
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AN.063.If 1 < a < b then:
b b
Zf f xY dxdy > (2ab—a—b + 2)(b — a)?
a a

AN.064. G(n) —Barnes G-function, K(n) — k function. Find:

4= Z\/K(n+1) Gn+2)

n=2

AN.065. Find:

(v @n+y (v (@n+n))’ >1
Q=1 2n+1-k)!
oo (k=0 (2n+1- k)’> <kz=o ki (@n+1-10n)"

AN.066. Find:

-1
n n n

Q = lim (1 + n)_”z (n) i
n—oo k mk
k=1 m=1
AN.067. Find:
Q=1 (Zn - 2)_1 i 1 2k (n)
- nl—I>Iolo n—1 n \k
k=0
AN.068.
1 1+ x 2a-1(1 — 2p-1
Q(a,B) = ( ) ( ) dx, a,f >0

1 (1 + xZ)a+,8

Find a closed form and prove that: Q(3,5) > \/9(4,5) - Q(3,6)

AN.069. Find:

Con . 1 4n
Q= lim (2n)t- (2 Lin=R @+ Rl (2n)!>
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AN.070. Find a closed form:

sin~1(1-¢) cos x

Q= 11_r>r(} log ((cos x)°t* . (sin x)1+sinx) dx
i.>0 sin~1l¢

AN.071.

n

a(n) = Z (=-5) i e°(27) (Zn: e5(2‘%))

1 1
Q= limn”-Q(n) - sm( ) - tan (—5)
n* n

n—-oo

AN.072.1f 1 < a < b then:

dxdy b—a
co-our(252)
fj1+xy (b=a)tan™ (577

AN.073. Find a closed form:

- i nn+1)2Qn+1)

4n . n!

AN.074. Prove without any software:

1 2 1 2
1—jex dxj e X dx
0 0

AN.075.f,g,h,t:R - R, f, g, h,t —continuous, f(1) = 11,

4e < (e—1)?

g(0) = 2,h(0) = 3,t(0) = 4,
fx+y+2z)=9gx)+h(y)+t(z),Vx,y,z€R
Solve for real numbers: f(x) - g(x) = h(x) - t(x).
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AN.076. Find:
1 sin x\ T
Q= lim — ( ) X E (0, —), (x)® — kthderivative.
n-oon X 2
k=1
AN.077. Find:

H1+ ’%Hz'f' /%H3+'+ /%Hn
Q = lim

no>©  qn JH,(Hy + Hy + -+ + Hy)

AN.078. Solve for real numbers:

1 1

) ) . 1
ix 2ix 3ix = —
e tett et h ot ot =1

AN.079. Find:

Q(n) = fnlog(\/n +x++Vn—x)dx,n € N—{0}
0

AN.080.f0 <a<bh < I—”Othen:

jbsinSx-sinSx-sinzxd < 60(b — a)
x —a
a (1 —cosx)?
AN.081. Find:
1 n—-1
n n
= 1 —_ —_ k —_ n
=t S (s
k=0
AN.082. Find:

NE!

cos x - sinh x

szo 5+exsin(x+%)+e‘xcos(x+%)dx
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AN.083. If a,b > 0 then:

2a_ (1+3b)+ b, (1+2a><1 2
2a+3b 2\""24) T 2a+3p B\"T3p) =708

AN.084.1f 0 < a < b then:

fb(l ¢ 1 )d > <b+m>
—-tan” " x )dx = log| ——
a X & a++V1+a?
AN.085. If a = 0 then find:

a+l ra+l L x a+l ra+l . y
Q= f f sin™ < )dxdy +f f sin™ ( >dxdy
a a Jx? 4+ y? a a /x2+y2

AN.086. Find without any software:

3xe* + 2
Q= j dx
(2logx + 3e* —1)(2logx* + 3xe* + x)

AN.087. Find:
1 r®x"sin (x + %)
Q= lim — dx
n-onl J ex
AN.088. Find:
_ J sinx + V3 cosx
a sin(3x) x
AN.089. Find:
2n —5)!
Q= lim ( )

n-o (n+1) - (2n)!- B(6,2n — 4)
AN.090.1f0 < a < b < 1then:

fbfbfb dx dy dz <(b—a)2fb dx
0 Ja Jo X2 +y*+2z2+37 3 q Xt x*
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AN.091. If 0 < x <y < e < z < t then:
e¥ + oY + e? + et > e*tV=e 4 3./ ezttte

AN.092. Find:

= lim — Z
n-oon k(n—k+1)2+k

i _1< nf-n+1 >
W= ) Cos
= J1+@n2—n+1)2

Find:

AN.093.

4w
T
o= ([ ) [ [F =
<o 3+sinx/\Jo V1+x+x?
AN.094. Let be f: R — (0, ) continuous, 0 < a < b and
2 2 2
fe(x) N f N f°(2)

f+f@ f@O+fx) f)+f0)
Vx,y,z € R. Find:

B b b rb dde
fa.b) = (J e d") (f J. 759 +f(2)>

AN.095. If 0 < x,y < 1 then:

=f)+f)+f(2);

x y xX+y
+ <
4fx+y—Jxy+y? 4fx+y—Jxy+x* 4Jx+y—.2xy

AN.096. If 0 < a < b then:

a+b
2 +b
j ? e *’dx < tan~! (aT> - tan‘l(v ab)
Vab
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AN.097.If a,b > 0 then:

4 fl dx f°° dx 2
< + <
a+b oax+@A—-x)b J, (x+a)(x+b) " ab

AN.098. Find:

3x 13x
Q= f cosh(3x) - cosh (7> - cosh (T) dx

AN.099. Ifa,b,c,d > 0,0 < x < 1 then:

(1-x)a+ xc)2 -(1-x)b+ xd)2 > (a? — b2)1*(c? — d?)*

SOLUTIONS
ALGEBRA

A.001. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

By AM — GM inequality we have : (x +y + z)(xy + yz + zx)
> 9xyz

Then we have : 9(x + y)(y + 2)(z + x)
=9(x+y+2z2)(xy+yz+2zx) —xyz >

>9(x+y+z2)xy+yz+zx)— (x+y+2)(xy + yz + zx)
=8(x+y+2z)(xy+yz+zx) =

=4{x+y)+ (@ +2)+(Z+x)](xy+yz

CBS 2
r22) S 4.(\/x+y+\/y:;|-z+\/Z+x)

(xy+yz+2zx)
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Then: 27(x+y)(y +2)(z + x)
24(\/x+y+\/y+z+\/z+x)2(xy+yz+zx)

Therefore, 3\/3(x +y)(y+2)(z+x)
>2(Jx+y+y+z+Vz+x)/xy+yz+zx

A.002. Solution by Tapas Das-India

|sinhz|* |coshz|*aem " 5
> 2|sinhz|* - |cosh z|

er e—2x
We know that: |z, - z,| = |z4| - |2,]; V24,2, € C

eZ—eZ e2+4+e7%
2 2

|sinh z|? - |cosh z|? = |sinhz - cosh z|? =

2
=1 |sinh(22)]?

2z -2z

1

4

e~ —e

2

sinh(2z) = sinh(2x + 2iy) = sinh(2x) cos 2y + i cosh(2x) sin(2y)
|sinh(2z)|? = sinh?(2x) cos?(2y) + cosh?(2x) sin?(2y) =
= (cosh? 2x — 1) cos?(2y) + cosh?(2x) sin?(2y) =
= cosh?(2x) (cos?(2y) + sin?(2y)) — cosh?(2y) =
= cosh?(2x) — cosh?(2y)

2x —-2X
e +e
cosh(2x) = — >+ e?* -e2* = 1and cos 2y < 1,then

cosh?(2x) — cos?(2y) = 1 = |sinh(2z)| > 1
Therefore,

|sinh z|* |cosh z|* 1
er + e—2x =2 Z

1
|sinh(22)|? = >
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A.003. Solution by Ravi Prakash-New Delhi-India

coS X coSXx coS2x
A =|cos3x cos5x cos4x
sin3x sin5x sin4dx
Ifcosx =0 = cos2x = —1,cos3x = 0,cos 5x = 0,cos4x = 1 and
0 0o -1
A=|0 0 11=0.
+1 +1 O

Thus, A =0ifx = (2n + 1)%,11 € Z. Assume that cosx # 0 > x € R,
if x # (2n+1)§,ne Z

coS X cosx 2€0SXCOS2X| ¢ Lc._c.—c
3 3 1 2
(2cosx)A =|cos3x cos5x 2cosxcos4dx =
sin3x sin5x 2cosxsin4x
coS X cosx —2sin 2xsinx
= |cos3x cos5x 0
sin3x sin5x 0

cos3x cos 5x| _

sin3x sin5x
= —4sin3xcosx;(cosx # 0)

= —2sin2xsinx |

Now, A =0=>sinx=0=>x=nn,n€Z
Hence, A =O=>xe{mt,(2m+1)§|m,nez}

A.004. Solution by Ravi Prakash-New Delhi-India

o b)—fbt _1( 3x )d —fbt _1< 2x +x )d _
an) = ] an =222 X = j an T —2x x X =

b
= f [tan™'(2x) + tan ™ x —m]dx =1, + I, + m(a — b)
a

b 1 2b
L = f tan1(2x) dx = —f tan"tydy
a 2J;

a
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b b
xdx

Izzf tan_lxdx—[xtan_lx]g—f — =
a q 1+x

1 b
=btan 'b—atan"la — [E log(1+ xz)] =
a

=btan 1h tan~?! +1l 1+a
= an atan a Zog 1+b2

1+ 4a2>
11 =

1+ 4b2

N =

1
[2b tan~1(2b) — 2a tan™1(2a)] + 7 log (

Hence,

Qab) = bt _1( 3b ) . _1( 3a ) 1l 1+ 4b?
GLRI=H T ) T T 2@?) T \1T 1 4

1l 1+ b? N b
Zog 1+ a? m(a )

A.005. Solution by Ravi Prakash-New Delhi-India

5 +Z(|z1 a3+ 4i— 225)) > ZZ 124

cyc cyc

=10 + zZ|z1| <15 +Z(|z1 — 2|+ 13+ 4i — 22,)) ©

cuc cyc
10 + ZZIle < Z(Izl — 2| + |3 + 4i — 22| + 5); (1)
cyc cyc

Consider: |z, — z,| + |3 + 4i — 22z3] + 5 =
=z, — 25| + |2y + 2, + 23 — 2235| + |2, + 2, + 23| =
>|zy— 2yl +lz1+ 2y — 25+ 2 + 2, + 23| =
> |z — 25| + 2|21 + 25| = |21 — z5| + |21 + 25| + |21 + 25| 2

> 2|zy| + |z, + 2|
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:>Z(|z1 — 2| + |3+ 4i — 225 +5)

cyc

= ZZ|Z1I + |Z1 +Z2| + IZZ +Z3| + |Z3 +le =

cyc

2 22'21"‘}'2'21"‘22 +Z3| :22|le +10

cyc cyc

A.006. Solution by Nikos Ntorvas-Greece

We consider the function f(t) = \/_ ;t =0, then

4 1
) == ——— > 0;Vt > 0
9 Ja+eoy7

Then function f os continuous on [0,0) and f" (t) > 0, so f is strictly
convex on [0, )

From Petrovic Inequality we have for the sequence (x;);=17, x; > 0 for

i€{1,2..,n}
PNIEORT; (Z xi> + (= DF(0)
1
f(0)+z\/1+ 3;/1+x1+x2+---+xn+nf(0)'f(0)_1

1
1+ z . +n
= \/1+xl Vi+x +x++x,
A.007. Solution by Adrian Popa-Romania
If X, i > 0,k = 1,n,n € N*,m € N;m > 3 then:

Ly Ontya ety
X1 Vs X, nMm2(x; +x, 4+ 0+ x,)
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Hence,
. 3 3
7 6 (LT 7 6 (LT 7 (cin2 (Y 7 2 (&
Siant () oot () o (), (e ()
i=0 Xi i=0 Vi i=0 Xi i=0 Vi
. . 3
) i in
=0 (sz (g) + cos? (7)) __ 8 32768
1632 21’7=0(xi +yi) B 16 - 1225~ 2450
512
A.008. Solution by Ravi Prakash-New Delhi-India
0 a? b2 c2 1
a? 0 a? + b? a® + c? 1
A=1b* a®+b? 0 br+c? 1 |=
c? a?+c? b? + c? 0 1
1 1 1 1 0

(cz @ €3 —€1563 > €3 —C15C4 > Cq — Cp)

c 1
a®* —a* b2 c? 1
=b2 a2 _b2 CZ 1 =
c> a b? 0 1
1 0 0 0 0
1 1 1 1 0 0 0 1
_ 23221 1 1 1|_ 23222 0 0 1] _qg 2,22
= a“b“c 1 -1 1 1—abc 0 -2 0 1—8abc
1 1 -1 1 0 O -2 1

Now,2v2(a + b)(b + ¢)(c + a) = 2\ab - 2\/bc - 2\/ca

1
abc < — = A = a?b?*c? <1
242
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A.009. Solution by Sanong Huayrerai-Nakon Pathom-Thailand

@120 4 p120 4 (120 (440 4 40 4 (40)3
a%0 + pa0 1 40 = 32(q40 + p*0 + c*0)
(a0 + b*0 4 ¢*0)2 (*>) 1
B 32 ~ (a*+ b* 4 c*)10
(@0 + b*0 4 c40)10(g40 4 40 | (40)2
S 32 >1

()

120 120 1204 12
(@*0 + p*0 + ¢40)12 (aﬁ +b12 + bﬁ)
= > >1
32 32

o ql0 4 p10 4 (10 > 3/9 = {3

1
& 33/ (abo)t® > 3 © abc = — true.
V3
A.010. Solution by Ravi Prakash-New Delhi-India

Ifz=0= x4y =0=y = —x.In this case, the 2" equation is
satisfied.

Assume, xyz # Oandput x = tanA;y =tanB;z=tan(C,0 <
BlICI <=
2
The first equation becomes:

tanA+tanB +tanC = tanAtanBtanC

_ tanA + tan B
1—tanAtan B

A+B=nn—-C,n€Z=3A+3B =3nm—3C

= —tanC = tan(4 + B) = tan(-C)

= tan(3A + 3B) = tan(3nmt — 3C) = — tan(3C)

tan(34) + tan(3B)
~ T tan(34) tan(3B)

—tan(3C)
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= tan(3A) + tan(3B) + tan(3C) = tan(3A4) tan(3B) tan(3C)

x(3-x%) y(B-y*) z(3-2%)
1-3x% T 1-3y? ' 1-32
_xyz(3—x*)(3-y*)(3 —2%)
- (1-3x2)(1-3y2)(1—322)

Using 2" equation, we get:
B-xHB-y)HB -2 =0;(~xyz #0)
Hence, x = +V3ory = +\V3orz = +/3
S ={(0,x,—x), (x,0,—x), (x,—x,0)} U
U {(\/5, tan B, tan C), (tanB,x/?, tan C), (tanB,tanC,\/g)lB +C

=nn—g,n€Z}U

U {(—\/5, tan B, tan C),(tan B, —V3,tanC),(tan B, tan C,—3)|B
s
+C =nn+§,nEZ}

A.011. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

(x) © V2.e¥3 [Z(a +b) — (Va+ \/E)Z]
> 3.7 |(Va +b) - 4Vab]

o VZeP(Va-Vb) 2+3.eV(Va-b)’

eV3 V2 NN 2

o|l—=—-——7]|(Wa—-Vvb) =20 (1

7z eV 2o

e* (x—1)e*
Let f(x) = 7,x > 1.We have : f'(x) = —z >0
eV3 V2
— f is srictly increasing on (1,0) » — > — — (1) is true.

iV
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43ab.eV? + 2v2(a + b). eV3 > (\/E + \/E)Z(\/? eV + /2. eﬁ).

Equality holds if f a = b.

A.012. Solution by Amir Sofi-Kosovo

2 2 2
{ 22 43y 427 =T Ayt =T
VA V4
x*y?zt =2z 4y) X Va4 Syt = V2yr 5= 0
2 2 2 3
2x“+3y“ +z 7 22+522+22:7

x:y:l x=y=—1

(x,y,2) € {(1L,1,—V2); (1,1,v2)}
A.013. Solution by Surjeet Singhania-India
sinz = sin(x + iy) = sinx coshy + i sinh y cos x
|sin z|? = sin? x cosh? y + sinh? y cos? x
Similarly:
|sinh z|? = sinh? x cos? y + cosh? x sin® y
|cos z|? = cos? x cosh? y + sin? x sinh?y
Hence:
|sin z|? + |sinh z|? + |cos z|? + |cosh z|? =
= sinh? x + cosh? x + sinh? y + cosh?y =

= cosh(2x) + cosh(2y) = sinh(2x) + cosh(2y)
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A.014. Solution by Amir Sofi-Kosovo

1 1 1
xy+yz+ zx xXyz x+y+z

(x+ )<1+1)_2\/_ 2 -9 1 <1(1+1)_1<3 1)
Ty x y) Xy /xy_ x+y~ 4\x y/ 4 z

Z 1 <1(3 1)_|_1(3 1)_|_1<3 1)_9 3_3
x+y~ 4 z) 4 y) 4 x) 4 4 2

cyc

1 1 1( 1 1 )

= <- +
2x+y+z x+y+x+z 4\x+y x+z
1,1 1 1 1 1 1
(oot =—(3+3)

_16 y z X 16
Z 1(3+1>+1(3+1) 1(3+1>_9+3_3
2x+y+z 16 16 y) 16 z) 16 16 4
Therefore,

9
— | <-
Zx+y Cy62x+y+z ~ 8

cyc

A.015. Solution by Adrian Popa-Romania

sin?x — cos?y cos?z cos?z
det(4) = cos? x sin?y — cos?z cos?x =
cos?y cos?y sin?z — cos? x
1 1 1
= |cos?x sin?y —cos?z cos? x =
cos?y cos?y sin?z — cos? x
1 0 0
= |cos?x  sin?y — cos?z — cos? x 0 =
cos?y 0 sin?z — cos? x — cos?y
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= (sin®?y — cos? z — cos? x)(sin? z — cos? x — cos? y) =
= (1—cos?x —cos?y —cos?z)(1 — cos?z— cos? x — cos?y) =

= (1—-cos?x —cos?y—co0s?2)> >0

cos?x —sin?y sin?z sin?z
det(B) = sin? x cos?y —sin?z sin?x =
sin®y sin?y cos?z —sin’x
1 1 1
= |sin?x cos?y —sin?z sin?x =
sin?y sin?y cos?z —sin?x
1 0 0
= |sin?x cos?y —sin?z —sin®x 0 =
sin?y 0 cos?z —sin?x —sin?y

= (1 —sin?y — sin? z — sin® x)(cos? z — sin? x — sin?y) =
= (1 —sin?y—sin?z —sin?x)(1 —sin? z — sin® x — sin?y) =
= (1 -sin?x —sin*y —sin?z)? >0
So, det(AB) = det(A) - det(B) = 0
A.016. Solution by Ravi Prakash-New Delhi-India

The given equation can be written as:

1 1
§x5+x4+2x3+2x2+x+§=0

x5 +5x*4+10x34+10x>+5x+1=0=2 (x+ 1)’ =0=x=-1
So, the only real solution is x = —1.

A.017. Solution by Ravi Prakash-New Delhi-India

Fork = 4,[(k+1)a+ (k—1)b](c+d) —[(k+1c+ (k—1)d](a +
b) =
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=(k+ Dac+ (k—1)bc+ (k+ 1)ad + (k — 1)bd —
—[(k + 1ac + (k — 1)da + (k+ 1)bc + (k — 1)bd] = 2(ad — bc) > 0
Thus,

(k+1a+k—-1)b a+b
Gkt Dt (k—Dd _c+d

Taking k = 4,6,8, we get:

5a+3b>a+b 7a+5b>a+b 9a+7b>a+b
5c+3d c+d'7c+5d c¢c+d’'9c+7d c+d

Multiplying these three inequalities, we get:

(5a + 3b)(7a +5b)(9a + 7b)  sa + b\?
(5¢ +3d)(7c +5d)(9c + 7d) (c + d)

A.018. Solution by Tapas Das-India
b* + c* - b* + c* (b? + ¢?)?
b3+ b?c+bc?+c3~ (b+c)(b?+c?)  2(b+c)(b?+c?)

_.b4+c4> b2 + c2\*
o2 = 2

b* + c* >(b+c)2
b3 4+ b%c + bc?+c® ~ 4(b+c¢)

”b2+C2><b+C)2

2 2
b* + ¢* b+c a(b* + ¢*) a(b + ¢)
= S =
b3 + b%c + bc? + ¢3 4 b3 + b%c + bc? + ¢3 4
Therefore,

a(b* + c*) >za(b+c) _ 2(ab+bc+ca) .
b3 + b%c + bc? + 3~ 4 B 4 B

cyc cyc
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A.019. Solution by Tran Quoc Thinh-Vietnam

According to the Dirichlet’s principle, we have 3 numbers a — 2; b —
2; ¢ — 2 has at least 2 numbers with the same sign. Suppose that
(a—=2)(b—2) = 0itfollows

ab—2(a+b)+4=0, ab+4 >2(a+b)
abc + 4c = 2(bc + ca),abc = 2(bc + ca) — 4c; (1)
Need to prove that:
a?+b%?+c?+4—4c > 2ab;(2)
(a — b)? + (c — 2)? = 0 which is true.From (1) and (2) we get:
abc + a? + b? + c? + 4 = 2(ab + bc + ca)
Equality holds ifa = b = ¢ = 2.

A.020. Solution by Tapas Das-India

Zsz(xz +y3) =2 Zx4 +Zx2y2 =
cyc cyc cyc
= (x* +x2y?) + (yr + y2z3) + (2% + 22x2) + (y?z* + z*)
+ (z%x% + x*) + (x%y% + y*H)

AG
ZM 2/ x4y222 + 2,/ yty2z2 + 2y z%z22% + 2./y2z2z% + 2/ z2x2x%

+ 24/ x?%y?yt =

=x(3+2)+yE +x3) +z(3 +y3) + (x3y + xy3)
+ (y3z+yz3) + (23x + zx3)

AGM
> x(y3+23)+y3+x3) +z2(x3 + y3) + 2x2y? + 2y?2?

+ 2z°%x% =
= Zx(y3 +2z3) + Zszyz > Zx(y3 +2z3) + szy-yz >
cyc cyc cyc cyc
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> Z x(y3+2z3) + 2xyz(x + y + 2)

cyc
A.021. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
The desired inequality is succesively equivalent to

(a+b+)A+b)A+)+A+)(A+a)+ (1 +a)(1+Db)]
<(24 141 "A+b)(1+0)
_(a6+b6+c6) chca( ¢

N chc(b +c)1+b)(1+¢) < zcyc a’ (b16 ) 1+b)(A+0¢)

a’ a’
o osz (F—b+——c>(1+b)(1+c)
cyc

7
o OSZW(Q - )(1+b)(1+c) chc<

7

- oszm<a — )(1+b)(1+c) chc(

o ngcyc(1+c)(a - 7)(”1’—1:—6“)

Which is true because a’ — b” and

7

>(1+b)(1+c)

7

b )(1+c)(1+a)

1+b 1+a .
s ——— have the same sign.

_ e ; 1+b 1+4a
(-Jfawaehave- a’ =2 b’ and 56 > 76 )
So the proof is completed. Equality holds iffa=b =c = 1.
A.022. Solution by Ravi Prakash-New Delhi-India

0 =log,(log, e) + log(log ) + log,(log, 2) =
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= —log, < ) + log(log ) + log,(log 2) — log,(log ) =

log 2
_log(log2) log(log2)
~ logm log 2

1 1
logm log?2

log(logm)
logm

1

] + log(log m) [1 “logn

+ log(log m)

= log(log 2) [

Because log(log 2) < 0,log 2 < logm,logm > 1 we get 2 > 0.

A.023. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

!

a? + b2 a+b
= y

x2+ 2
Let a' = , b’ , ¢ =+ab, x' = Y

2 2
x+y

= > Z’=\/x_y.

By QM — AM — GM inequalities we have :

a'=b'=2c and x' =2y' =2z (1)
The desired inequality is succesively equivalent to
(c"+zD)B"+y )@ +x)<("+y)D' +x)(a" +2")
a'b'z'+c'a'y +b'c'x"+x'y'c" +z'x'b' +y'z'a
<ab'y' +c'ax"+b'c'z +x'y'a +z'x'c" +y'z'b’

B>l > B! Il > ol >
From (1) we have : {ab_ca_bc d {xy_zx_yz

Z <y <x cd<b<da
Then by Rearrangement inequality we have

{a’b’.z’ +c'a.y'+b'c’.x' <ab.y' +c'a.x"+b'c'.2
x'y'.c'+z'x'".b'+y'z.a <x'y'.a +z'x'.c"+y'z'. b

Summing these inequalities yields the required inequality.

Equality holds iffa' =b' =c'andx' =y ' =2' &
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a=bandx =y.
A.024. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
x y xy Ok y
xz—x+1+y2—y+}+x2y2—xy+1sx2—x+1+y2—y+1

2

+x2y2—xy+1

Lemma : If a,b,c > 0 such that abc = 1 then :

1 1
+ + >1(1
a’+a+1 b2+b+1 c%2+4+c+1 1)

LetA=a’+a, B=b*+b, C=c?+c. Wehave: (1) &

Z A+DB+1)=@A+1DB+1C+1)
cyc

< A+B+C+2=ABC &
(@+b*+cH+@+b+c)+2=2(a+1D)B+1D(c+1)
o a?+b%+c? = ab + bc + ca which is true.
So the proof of lemma is completed.

I A
-x+1 y?—-y+1 z2-2z+4+1
x y? z2

<
_xz—x+1+y2—y+1+zz—z+1

Y (RSl PR I (0 ke P T (N e S
H — — —
T\x?2-x+1 y2—y+1 z2—z+1
x%—x @ =2x+ D +x+ 1)

— _+1=
x?—x+1 x2=—x+1D)(x*+x+1)
2+ (P x4 1)
S (x2—x+D24+x+1)
3 2x* N 1
Cxt+ x4+l x2+x+1

1
Now Let z=—. We have : (x) & —
Xy x

2

Since
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Then we have : (x) &

x4 y* 74
3<2 + +
x*+x2+1 y*+y?+1 zv+z2+1

1 1 1
+(x2+x+1+y2+y+1+22+z+1>

Since xyz = 1 then by the lemma we have :

1 1
>1 (2
x2+x+1+y2+y+1+22+z+1_ @

o 11 1
Also taking in the lemma (a,b,c) = (x_z'}?'z_z) we get :

4 4 4

- +—2 +
x*+x2+1 y*+y?+1 z44+2z2+1

>1 (3)

From (2) and (3) yields the required inequality.
Equality holds if f x =y = 1.
A.025. Solution by Asmat Qatea-Afghanistan

=+ -2+ (z-x*

_ ((x —137)2)2 N ((&»r —12)2)2 N ((z —1x)2)2 Berg;trom

>4(x2+yz+zz—xy—yz—zx)2

> 3 2
_A(x+y+2)? - 3(xy +yz + 2x)) AM—GM
= . >

4 ((3i/x_yz)2 — 3Gy +yz + zx)) _4(9-3(y +yz+ Zx))2

=
3 3

xy + yz + 2 1 1 1\2
xXyz
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=)+ G-+ -0tz 2(3- o)

A.026. Solution by Asmat Qatea-Afghanistan

a b c d AM—-GM
+ + +
bV1+b cV1+c dVi+d a¥Vl+a

AM—-GM 1 AM—GM 1
> 4| > 4. - —
YA +a)A+b)A+c)(1+d) a+t +Z+ +

a N b N c 4 d - 3[4
bV1+b cVi+c dVi+d a¥Vi+a 5
A.027. Solution by Amir Sofi-Kosovo
x3+6x2+x 2, 2x2
10 2GFD 4 102V = 10%V* <1o¥ + 10%>

x24x 2x2

Let 10 2 = a; 10x+1 = b, 10*V* = c;a,b,c > 0, then

ab+c?=cla+b)e (a—c)b—c)=0

x2 4 x
a=c> =x\/§<:>x2—2x\/§+x=0(:)(x—\/§)2=0<:>x
=0,x=1
2x?
b=c= +1=x\/§<:>2x2—x2\/§—x\/§=0

& xVx(2Vx—x—-1)=0

xvVx =0 or (\/E—l)z=O(:>x=0,x=1.50,xe{0,1}.
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A.028. Solution by Nguyen Van Canh-Ben Tre-Vietnam

ax+by
4ab.e( ) < 2ab.Ve*tY + a?e* + b?eY;
ax+by

11
o 4ab.e( a+5) < 2ab.e?*.e2” + a?e* + b?e?;
(ax+by) 1 1 \2
& 4ab.e\"a+b ) < (anx + bezy) ;
ax+by 1 1
< 2Vab. eZ( a+b ) < aeZ* + befy;

ax+by
o 2. eZ “a+b eZ + |- ezy

Let f(t) = et = f"(t) = e® > 0. Using Jensen’s inequalitywe have:

> [= - .
> b+af = =
b \a

_a+ b (1 (ax + by)) _a+ b 1(aX+by) Cal,ffhy 1 ax+by)

. .e2\ a+b > 2_32(a+b
Jab 2\ a+b Jab

A.029. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Let a' =2c+a, b'=2a+b, ¢’ =2b +-c.
We have : a' +b' =3a+ b + 2¢

a+c>b
=2a+(@+c)+b+c S 2a+2b+c
> ¢' (and analogs)

Then a',b’, c'can be the side lengths of a triangle A’ with
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semiperimeter s',inradius r', circumradius R'.
We have : 2s"'=a'+b"+c¢' =3(a+ b +c)

Then a+3b—c=3(a+b+c)—22c+a)=2s"—2ad
= 2(s' —a") (And analogs)

So we need to prove that :
a' N b’ - 2a'b'c’ _24s'r'R" R
b’ a T 2(s'—a).2(s'=b").2(s"=c")  8s'r'? 1

Which is Bandila's inequality in triangle A’

2c+a 2a+b

+
2a+b 2c+a
2(2a+b)(2b + c)(2c + a)

S(a+3b—c)(b+3c—a)(c+3a—b)'

Therefore,

A.030. Solution by Vivek Kumar-India

a? + b2 a+b
Let:u = > and v = — then:

y; 2(x + y)? v(x y)z(:

u v

> —_
T~ 2v+4+2u +2

22
—+
2uv(u + v)(vx? + uy?) = 2u?v?(x + y)? +v(u + v)(vx —wy)? ©
2u(u +v)(wx? +uy?) > 2u?v(x +y)? + (u+v)(vx —uy)? ©
2ul(u+v)(wx? +uy?) —uwv(x +y)?] = (u+v)(vx —uy)? ©
2u(uvx? + u?y? + v2x? + uwvy? — uvx? —uvy? — 2uvxy) =
> u+v)(vx —uwy)? ©
2u(v?x? + u?y? — 2uvxy) = (u+v)(vx —uy)? ©
2u(vx —uy)? = (u+v)(vx —uy)? ©

(u—v)(vx —uy)>>0trueasu > v
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A.031. Solution by Ravi Prakash-New Delhi-India

The equation is defined for —1 < x < 1.

Let f(x)=5[VI+x+V1—x]-4[VI+x+VIi—x];-1<x<1
L SR SR SR

Ja+x0*r Ja-0* Ya+x3 YA -x)3

_ i/(l +x)3 — i/(l + x)* N i/(l —x)*— V(l —x)3

f'x) =

For—-1<x<0;0<14+x<1;1<1-x<2=%1+x)3<
Y@+ x)*and

i/(l —x)*> i/(l —x)3 as% < %. Thus, f'(x) < 0for—1 < x < 0.

For0<x<1;1<14+x<2;1<1—-x<1

VA+x)3<Yd+x)*and (1 —x)3> Y1 —x)* as%<§:o
f'(x) <0for0<x <1.Also, f'(x) <0for0 <x<1.

Thus, f(x) < f(0) =2for=1<x<0and f'(x) < f(0) =2for0 <
x <1

Therefore,
f(x) = f(0) = 2 has only one solution, x = 0.
A.032. Solution by George Florin Serban-Romania

75x + 36(y + 2) X x+y+z®
Z =39z—+36z—2 196
y+z+t y+z+t y+z+t

cyc cyc cyc
x+y+zAM-GM x+y+z
SRy ]y,
y+z+t y+z+t
cyc cyc
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We prove that:

4 +y+z+t 16
z_x 25;(2)®2—x e

yt+z+t yt+z+t 3
cyc cyc
1 AM—-HM 16 16
PR3 D) B DI (e R
y+z+t Yy+z+t 3
cyc cyc cyc

Hence, (2) is true. From (1),(2) it follows thet:

Z 75x + 36(y + z)

4
>39--+36-4=196
yt+z+t 3

cyc
A.033. Solution by Theodoros Sampas-Greece

(x+* y=kxk>0 (1+k)* - 16
= _— — s
x* 4+ x%2y2 + y* 1+k?2+k*" 3

13k* — 12k® —2k* —12k+13 >0
& (k—1)%(13k? + 14k + 13) = 0(true)

Equality holds for k = 1 & x = y. So, we get:

(x + y)*
X+ x2y2 + y2 < 3 (and analogs)

Therefore,

x+y)*
24(2};) 4S16
x*+xcyc+y

cyc

Equality holds for x =y = z.
A.034. Solution by George Florin Serban-Romania

1445
)

@ =9 +1
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1 2
1+\/5+<p2+<p\/$=1+( +<p)2\/5+<p=1+<p \/fﬂpAgM

®n 2
>1+ f(pz\/5<p=1+<p\/5%>4 +\/5
Vo
(D) & Yo +o oo >2+ Y3
Let 3/¢ = x, thenx® = ¢? = ¢ + 1 = x* + 1. Hence,

(2)
x+x2>2+x3ext+x+1>x3+2o
(x3 + 1)(x — 1) > 0 true because x > 0 = (2) = (1) it’s true.

Therefore,

2 +Jo < 1+‘/5+(p+¢‘/5
Vo 2
A.035. Solution by George Florin Serban-Romania

Lemma. det(X +Y) +det(X —Y) = 2(det X + detY),VX,Y € M,(R)

det(A+B+C)+det(—A+B+C)+det(A—B + ()
+det(A+B—C) =

= 2(det(B+ C) + det A) + 2(det A + det(B — C)) =
=2det(B+C)+2detA+ 2det(B—C) =
=4detA+ 2(det(B+ C) +det(B—C)) =

AM—-GM 3
=4detA+4detB+4detC > 4-3VdetA-detB-detC

= 1232 = 24

A.036. Solution by Ruxandra Daniela Tonila-Romania

Bergstrom

2 AM=GM
We have a? + b? + c? > )

a+b+c 3
latbro) > 3Va?b3c?

3
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So it is enough to prove that:

)a+b+c > (3ab)¢ - (3bc)? - (3ca)?

(33 a?b?c?

2
& (abc)3' %P+ > (ab)¢ - (bc)? - (ca)®

abc a+b+c abc a+b+c a+b+c
(abc) (be) & a®-bP-c¢ = (abc) 3

a+b+c — a.bb. c
(abc) 3 a ¢

Let f:(0,4) - R, f(x) = xlog x with f'(x) = log x + 1,

f"(x) > i > 0,Vx > 0 = f convex function. Then

@+ b+ oy Jensen () + F(b) + £(C)
f( 3 )S 3

a+b+c a+b+c aloga+blogh+clogc
3 g3 = 3

a+b+c

a+b+c\ 3
3log (T) < log(a®- b? - c%)

a+b+c
a+b+c AM—GM a+b+c\ 3
3l0£}<—————————)

3log(3\/abc) 3 < 3

a+b+c a+b+c
= log(abc)” 3 <log(a®-b?-c°)  a®* - bP-c® > (abc)™ 3

Therefore,
(3ab)¢ - (3bc)? - (3ca)? < (a? + b? + c?)**P*¢ va,b,c > 0
A.037. Solution by Ravi Prakash-New Delhi-India
32(2x1% + x8 + x® + x*) + 19 = 64x%(x® + 1)
64x'2 — 64x10 + 32x8 +32x° +32x* - 64x2 +19=0

(2x6)2 — 2(2x2)5 + 2(2x2)* + 4(2x2)3 + 8(2x2)2 — 32(2x2) + 19 = 0
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Put2x? =y = y®—2y> +2y* + 4y3 +8y2 - 32y +19=0
G?=2y+Dy*+ (2 -2y + 1Dy +6(y2 -2y + 1Dy +19(y*-2y+1) =0
-D**+y*+6y+19)=0, G-1D*0*+@+3)*+10)=0

AsyeERY*+(y+3)2+10>0=>(—-1)?=0=>y=1=>2x*=1>
x:iiz.

A.038. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
AGM
(a + b)*(8a?x* + ab(x + y)* + 8b%y*) >

> (a+b)* (8a2x4 + ab(Z\/E)4 + 8b2y4) =

CBS
= 8(a + b)?(a? + 2ab + b?)(a?x* + 2abx?y? + b?y*) >

> 8(a + b)?(a’x? + 2abxy + b%y?)? AgM
> 8- 4ab(ax + by)* = 32ab(ax + by)*
Therefore,
32ab(ax + by)* < (a + b)*(8a?x* + ab(x + y)* + 8b%y*)
Equality holds for a = b.

A.039. Solution by Ravi Prakash-New Delhi-India

Lot % =ai+bj+ck {|9?|2=a2+b2+cz
; 91? = d* + e + f?
X-]=ad+be+cf

%2 171? = (X - 9)? = (X x §)?

(a> + b%2 + c®)(d* +e? + f?) — (ad + be + ¢f)? =

QL Q ~

Q o~

~ a X
|
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= (bf — ce)? + (cd — af)? + (ae — bd)?
But1l < b,c,e,f <2,thenl <bf,ce <4and -3 < bf —ce <3,
|bf — ce| < 3, then (bf —ce)? <9
Similarly, (cd — af)? < 9 and (ae — bd)? < 9. Thus,
(a> + b+ c?)(d* +e* + f?) — (ad + be + cf)?* < 27
Therefore,
(a®? + b2 + c?)(d* + e? + f?) < (ad + be + ¢f)? + 27
A.040. Solution by Soumava Chakraborty-Kolkata-India
vmn=0,(m-n)2=20=24mn<(m+n)?=>Vimn<m+n

G9m4+n
= Vam <\/m+nand\/4mn<m+n=>\/mn<

Now, \/4xyz(Vx + [y)
=V (2y)(22).Vx + 3 (22)(2x) J_ \/y+Zx/_

viat) y+z4+x z+x+Yy

_ <
+Vz +x..\[y 5
1/4xyz(\/_+ \/—) <x+y+zwithequalityiff 2y = 2z and 2z

—2xandy+z(—)xandz+x(—)y:>lffx—

=zandy+z=y—z (from (i) and (u))
:>iffx=y=zandz=O:>iffx=y=z=0and

w given equation is that equality case

«|x =y =z = 0|is sole sol" to given equation (ans)

=x+y+z

A.041. Solution by Hikmat Mammadov-Azerbaijan

2 1 3 2
0 =g0+1<=>5=g0—1(:>(p =p‘+1=2¢p+1

Jo+1
T im) =" e
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2
@(1+ﬁ+¢>:‘”+m"”‘2

(p\/_+1

J‘(1+J‘) 1+(p f(1+f+<p)
=pJo—1+9p—-1+ Jplp—-1—-2=

=204+ Qp—-1)Jp=>20-1=V5=V5-3+,/5¢
Now, we will prove that:
\/§—3+,/5§0>2=) qo>\/§—1=)(p>6—2\/§

1 5
§+7>6—2\/§=>1+\/§>12—4\/§

gEoll_ 1 125 121
5 25 & 25 ~ 35 (true)

A.042. Solution by Tapas Das-India

Let f(x) = sinx — x, then f'(x) =cosx—1<0,Vx € (0,m) =
f —decreasing

Let g(t) = sintand t,,t; € (0,m),t, > t,, hence

t,+t t,—t
g(tz)—g(tl)=sint2—sintlzzcos<12 Z)Sin(zz 1)>0

g(ty) > g(ty) = g —increasing

>Vab = sm( ) > sin(Vab)

a+b a+b

and sin(vab) < Vab, hence:

a+b)<a+b

2 2
. fa+b a+b

sin(55°) _ %5
a+b ~ Vab
2

sinx < x :sin(

or
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sinvab__ Vab _ (a+byWab _ 2Vab(2vba)’

Th-ath 4 = 5
Sin(az) aZ (a+b)*(a+b) (a+b)

Therefore,

sin(+ab) - 32a?b*Vab
sin (_a ; b) -~ (a+by

A.043. Solution by Ravi Prakash-New Delhi-India
Fora,b,c > 0,3(a?+b?>+c?)—(a+b+c)? =

= 2a? + 2b?% + 2¢? — 2ab — 2bc — 2ca
=(@a—-b)?*+b—-0c)?+(c—a)=0

Equality holds whena = b = c.

_0L2+b2+c2 - 1
“(a+b+0)? 73
Now, for a,b,c > 0, we have:

a? b? c?
E 1
ela+b+c)? 4 ela+b+c)? 4 p(a+b+c)? > 3e3 = 3ea

Equality holds when a = b = c.
A.044. Solution by Adrian Popa-Romania

log2 +1log5 >log10 > log3
log2+1log3 =1log6>log5
log3+1log5 =1log15 > log 2

Leta=1log2;b=1og3;c=1og5. Wesee that a, b, c can be the sides
of a triangle.

We must show:

(@>+b*+c?)?>3(a+b+c)b+c—a)(a+b—c)(a+c—b)
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(@ +b%>+c?)?>3-2s[2(s—a)-2(s—Db) -2(s — )]
(a2 +b%?+c?)?>48s(s—a)(s—b)(s—¢c) &

(a? + b? + c?)? > 48F? © a? + b? + ¢?
> 4\/3F (Ionescu — Weitzenbock)

A.045. Solution by Soumava Chakraborty-Kolkata-India

2ab
If a=b=0,then,my, = P
:>|a =b=0 isn’tapossibility|and if oneof a,b
=0 (saya=0andb > 0),then : m, =my
a+b
=

a? + b2 a’? + b?
< mpymgy + mym, + mymy, + >

is undefined

b
=0and m, = 5

= (mp +my +my)

b o|b2 b _ BB bt 1
- |- ——<—o- -
2|2 =22 2472 rue

a? + b? a’ + b?
> < mymy + mgmg + mgmy + >

“|(mp +mg +my) if exactly one of a,b = 0 - (1)

We now shift our attention to the case when a, b

a? + b2

> 0 and denoting my, by H,m4 by G,m, by A and 5 by Q,
. a+b 2ab @ G?
we notice that : AH = . =ab=G*=H = —
, , 2 a+b , A
a‘+»b a+b
and Q% + G? = +ab=2.%=2A2
@in a+ b)?
:>Q222A2—GzandA2—GZ=%—ab
a—b)?
=uzoz>A2262=>AzG
A (id)

zE > 1(G+#0asa,b>0)
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Now, via for mentioned substitutions,

a? + b2 a’? + b?
> < mpymgy + mym, + mymy, + >

o (H+G+A4)Q <HG+ GA+ AH + @?
via (0),3ii) (G2 G2 G2
o <—+G+A>.\/2A2—GZSI.G+GA+A.—+2A2—GZ

(mp +my +my)

A A

S (G? + AG + A?).\J242 — G2 < G3 + GA? + 243
& (G3 + GA% +243)? > (242 — G?)(G* + AG + A?)?
expanding and re—arranging
= 2A% — 4A*G? + 2A3G3 + 34%G* + 2AG°
+2G°=>0© 2t° —4t* +2t3 +3t2 + 2t + 2

2o (=)

e (t-1DRt+2(t-Dt3+3t+5+7=>0-

A via (iii)
true'.'t=5 > 1

a? + b2 a? + b?

= |(my + my +my) 5 S mamg + mgmg + mamy, +

Vab>0

- (2)
a? + b2
2

a’® + b?

= combining (1) and (2), (my, + my, +m,)

< mymy + mgym, + mymy, + Vab=>=0(QED)

A.046. Solution by Ravi Prakash-New Delhi-India

a+b

(a+b)>® < 4¥B(Vab)*™",  (a+b)?/® < 22Vablab) =

2vVab 2

() =T, ()7 s (VaB) s (1)

Let f(x) = xx,x = e = log f(x) =ilogx
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];((;C)) =x—12(1— logx) <0,Vvx > e

f —is a decreasing function on [e, ©)

Asa,bZe,#Z\/@Ze:f(%)Sf(\/%)

(a+ b)Y < 498 . (vap)*"
A.047. Solution by Vivek Kumar-India
We have: 2* —1>0,2Y -12>0,22-12>0, so
*-1DERY-1)R2*-1)=0
2% 427 4 27 4 2XFYHE _QXFY _QYHZ _ 254X 1> 0
2% 27 427 4 2XHVHE > xRy 4 VHE L pEx 4]
Also, we have:

2%V > 22XV = 4V
2V*2 > 22V = 4\VZ

22+x 2 22@ — 4‘@

Equality holds for x = y = z = 0. Therefore,
2% 4 2V 4 27 4 2XHVHZ > VRV 4 47 4 giEx 4 g
A.048. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Ifa=b=1wehave: (a+b—1)%"P""14+1
= a® + b?. Assume now that a + b.

Let f(x) = x*, x> 0. We have :

f"(x) = x* 1+ (log x + 1)%2.x* > 0 then f is convex on (0, ).
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b—1
Let t=me[0,1]. We have : 1
=ta+1—-t).band a+b—-1=(1—-t).a+t.b.

Then by Jensen's inequality we have :

1=f(1)=f(t.a+(1—1t).b) <t.f(a)+(1—1t).f(b)
=t.a®*+ (1—1t).b?

And: (a+b—-1)*"P"1=f(a+b—-1)=f((1—t).a+t.b)
<(1-t)a*+t.b°

Summing up the two inequalities, we obtain :
(a+b—1)*P"1 4+ 1 < a®+bP, the desired result.
A.049.

x€la,bl=x—a)x—b)<0=>x>—(a+b)x+ab<0
ab
x2+abs(a+b)x:>x+7Sa+b;(1)
Analogous,
ab
Z+?Sa+b;(2)
yeEl,d]|=>(y—-c)y—-d)<0=>y>—(c+d)y+cd<0
5 cd
y +cd£(c+d)y=>y+7Sc+d;(3)
Analogous,

cd
t+TSC+d;(4)

1 1 1 1y46M 1 1 1 1
x+y+z+t+ab<—+—+—+—) > 2 (x+y+z+t)ab(—+—+—+—);(5)
x y z t x y z t

By adding (1),(2),(3) and (4), it follows that
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1 1 1 1
x+y+z+t+ab(;+;)+cd<;+?)SZ(a+b+c+d);(6)

By (5) and (6):

1 1 1 1
2\/(x+y+z+t)ab(—+—+—+—>SZ(a+b+c+d)
x vy z t

1 1 1 1
ab(x+y+z+t)(—+—+—+—)S(a+b+c+d)2
x y z t

Equality holds forx =t = z = t;ab = 2(a + b).
A.050. Solution by Ruxandra Daniela TonilG-Romania

Using: x? + xy + y? 2%(x+y)2;Vx,y> 0, forx = 1andy=\/5, we

get:
1+\/5+¢2%(ﬁ+1)2=>
1 4 acM 1 12\/p - 12\/5_4

< < o < =
l+o+Jo 3(Jo+1)" 3o 1+ Jo+e ™ 3o

We must to prove:

Vol +49p)(d+¢) >4 o (0 +492)(4+ @) > 64
Since @ —is roof of the eqution x> —x —1 =0, we have > = ¢ + 1 =
(50 + 4)(4+ @) > 64 © 502 + 240 + 16 > 64 =

43
29qo+21>64<=)g0>§

1+V/5 _ 3 _ 43
2 27 29

But ¢ =

Therefore, i/(p(l +4p)4+ ) >4 > 12/¢

1+ o+
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CBS
We have: 1 + 49 < /(12 + 42)(12 + ¢2) = {/17(9p2 + 1) and

CBS
4+¢ < J@ +12)(A% + ¢2) = /17(92 + 1). Hence,

Vol +40)(4 + ) < Y179(p? + 1)

Now, we must to prove /179 (2 + 1) <3¢ &

17
179(p* +1) <279 © 109> > 17 © ¢* > 5 © ¢
> 0,7 true from ¢ > 0,5

Therefore,

_12e < Yol +49)(4+ ) <3¢

1+\/5+qo

A.051.

wlun

cyc
5 5
1 0\3 3
5, x10 1 1 AGM
=3-103 1_[ 5 5 =3-10° 5T — =
cyc 910 - y10 9107373 cyc x10
1 1 1 1
. 5.__ - 2. 5.__. — 2. 4 —
=>3-10 5 3.&5_3 10 39 14—3 10 T =
92 (x+y+Z) 103 (_)
3 3
_ 10° _ 100.000
81 81
Page 77
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Equality holds forx =y = z = %
A.052. Solution by Tapas Das-India

2 y? 2
+ + =
Vi-x2 J1-y2 1-2z2

1< XZ y2 ) 1< y2 Z2 )
2\WV1-x2 J1-y2) 2\J1-y2 ~1-22
1 x?

(=
+= + >
2\V1 - 22 \/1—x2>

1 2xy 1 2yz 1
2_.4 +_.4 +_

2 Ja-x0-y) 2 {Ya-yH(a-2z7) 2
. 2ZXx _
V(A —2z2)(1—x?)

_ xy + yZz + zZXx _
VA -x)A-y?) YA-y»HA-22) Y(A-22)1—x2)

xy yZz zZXx

> + +
J1-xy J1-yz V1-2zx

(1-x)A -y - A —xy)? =2xy —x* -y = —(x —y)?
< 0 (and analogs)

A.053. Solution by Mohamed Amine Ben ajiba-Tanger-Morocco

2a3+3a’+b - 2ab? + b? + 2ab + a
. *
a+1(a+b+1) (2a+1)(a+b+1)'()
cyc cyc

We have : (2a® + 3a? + b) — (2ab? + b? + 2ab + a)
=2a(a? - b?) +3a(a—b) +b(a—b)—(a—>b) =

=(a—-b)[2a(a+b)+3a+b—1]
=(a-b)[2aa+b+1)+(a+b+1)-2] =
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=(a—b)2a+1)(a+b+1)—2(a—b)
=(a—-b)2a+1)(a+b+1)
—2[2a+1)—(a+b+1)]

(2a® + 3a? + b) — (2ab? + b? + 2ab + a) -

Then: (x) & (2a+1)(a+b+1) B

cyc

(a—b)(2a+1)(a+b+1)—2(2a+1)+2(a+b+1)
Hz (2a+1)(a+b+1)

cyc

2 2
— — >
HZ(“ b) a+b+1+2a+1>_0

cyc

2
2a+1"~ Za+b+1

cyc cyc

1 1 2
D Garitmi)z e
2a+1 2b+1 a+b+1
cyc

cyc

Which is true from CBS inequality

1 N 1 (1+1)2 2
" 2a4+1 2b+17 Ra+1D)+@b+1) a+b+1

(And analogs)

Equality holds if a = b = c.
A.054. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

1 1 1
Since I_7+ 5 + ~= 1 then by Weighted AM — GM we have :

1 1 1 11
E.ap + a.bq + ;.cr > (aP)r.(b?)4.(c")r = abc.

Multiplying the both sides by pqr we get :

qra® + rpb? + pqc” = abcpqr
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A.055. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

By Radon's inequality :

x? y? (x+y)? (x+y)? 3

2 x2 2 _ > 5 T <=

nerTyET TR %2 +y? 2
2 2

2

T S A G2 s (x+y)3<(;)

G TGy MO
5 5 5 5 4
m 16x5 + 5 = — +Y_ZM;,MS<E>
ORI

Multiplying these inequalities we get :

7

(x + y)*° <3>
(2x%2 + y2)(4x3 + y3)(16x> + y>) —
=B quality hold 4 2
= - & = .
128 quality ho Slff1 1 y X
2
Now we have : 2* +logey =9 = 2* +loge(2x) = 9.
The function x — 2* + loge(2x) is strictly increasing on (0, ©) and
23 4+ loge(2.3) = 9.
Therefore, x=3 and y =6.

A.056. Solution by Ruxandra Daniela TonilG-Romania

42 [T
+— Z (Vi- \/—) ] Z i+ “\/E:
1<l<JSn ‘/U nlsi<an \/U
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1 i i 1 i i n
=n+- Z \/:+\/;—,—2 =n+- Z \/:+\/;— —2()
n_ 4 ] l n| 44 J i 2
1<i<jsn 1<i<jsn
1 2n(n—-1 1 [ j
SRCICEITEN f+f _
n 2 n - Jj i
1<i<jsn
1 i ] 1 i i
UER f+f il 3 f+f
n - ] l n - ] l
1<i<jsn | 1<i<jsn
n ] n n
1[ f i 1
=—z -+ z -+ =l =—-
n |« [ - j [ n
=1 1<i<jsn i

A.057. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
xyzt(x +y + z + t)? < 2(xy + zt) (xz + yt)(xt + yz); (*)

RHS(y = 2(x*yz + xy?t + xz*t + yzt?)(xt + yz)
= 2xyzt(x? + y% + z% + t?)
+ 2(x%y?z% + x2y2t? + x22%t? + y?z°t?)

- (x) o xyzt(x +y+z+t)?
< 2xyzt(x? + y? + z% + t?)
+ 2(x%y?z% + x%y2t2 + x22%t% + y?72t?)
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o 2xyzt(xy + xz + xt + yz + yt + zt)
< xyzt(x? + y? + z% + t?)
+ 2(x%y?z% + x2y2t? + x2z%t? + y?z°t?)

o xyzt[(x — )2+ (z — t)?] + x22%(y — t)? + x%t2(y — 2)*
+ y2z2(x — t)? + y?t?(x — z)? = 0 which is true.

Therefore,
xyzt(x + y+ z + t)? < 2(xy + zt) (xz + yt) (xt + yz)
with equality iff x =y =z =t.
A.058. Solution by Adrian Popa-Romania
Llet|x —1| =a,|ly—2|=b,|1z—-3|=c;a,b,c =0

a’> b? c?
b 4+—+3=a+b
St tet3=atbic

6a’ + 3b% + 2¢? + 36 = 12a + 12b + 12¢
6(a—1)2+3(b—-2)?+2(c—3)>=0=>a=1;b=2;c=3.
lx—1=1=2>x=0,x=2
ly—2|=0=>y=0,y=4
|z—3|=3=>2z=0,z=6.
S={(x,y,2)|x €{0,2},y € {0,4},z € {0,6}}
A.059. Solution by Ravi Prakash-New Delhi-India

B 4x* -0
xSt xt+xZ+17
5

y

S5y -
ye+yo+yt+yz+1 -

0

62°

X = =0
z0+ 28 + 26+ 24 + 22+ 1
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Ifx=0,theny =0andz = 0.
Assume x > 0,

4% - 4x* x*
Coxb 4 xt4+x24+1°

y 1

Similarly, z < y and x < z.
x<y<z<x>x=y=2z
B 4x*
xS+ xt4+xZ+1
5, 1 1
(v + L 2)+ (x+1-2) =0
X x
s 1\ 112 31 1
(xi——3> +(\/§——) =0=>x2——=0andVx——==10
3 Vx
x2

s> x3=1andx =1.5 = {(0,0,0), (1,1,1)}

= 4x3 =x® +x* +x2+1

y

A.060. Solution by Asmat Qatea-Afghanistan

x+y+3=3xy;(*)
xZ_yZ x2_9 y2_9

+ =0;
=1 3x—1T3y—1 %0

y+3  x+3
3y— 17 " 3x—1

:@—yXWHO+&—$&+3ij+$@—$=0

D=>2x+y=3xy—1)=2>x=

() Xy —1 3x — 1 3y — 1
-3 3
3(x—y)+(x 3x)£x1+ )+x(y—3)=0
(x—3)(x+3)
y(x—3)+ 3 — 1 =0
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x+3 _ x =3 y
(x_azgx—z)_0${x=—3${y

o b|w

A.061. Solution by Asmat Qatea-Afghanistan

Holder

A+14+ D2 +14+y24+14+224+1) 2> (\/x2+1+\/y2+1+\/22+1)2
~ (3v2)

)
x2+y2+22+326>x+y*+2°+6=>29=>3(x+y+2)

?
x+y+z<3;(1)

RMS—AM

We have: Vx2+1 > x—\;;
x+y+z+3 x+y+z+3
ST I g Xty et
o V2 V2

x+y+z<3=(1)istrue.
A.062. Solution by Ravi Prakash-New Delhi-India

o __ 6 .
x+m_1+x—[x]’()

Asx > [x],1+x—-[x]=1=>

9
<62 X+ <6(2)

S S0 x+—=>0>x>0.

Also, T3 2]

[x] =0,vx € [0,1)
9

x> 1. <
x=>1 As[x]_x,[x]

=

R o

9 9
.Thus,x+m2x+;26,(3)

9 6
From (1),(2),(3) we get x + W= T = x = [x].

From (1), x + ; = 6 = x = 3. Similarly,
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+16 8 4

—_—— =

T T T+y-b1 7

Now, z+ 2% +log,z=x+y=>2z+2%+1log,z=7;(4) =z > 0and
ifl<z<2,

we have z + 2% + log,z < 3 # 7.
Forz=2,z+2%+log,z="7.Forz>2,z+ 2+ log,z > 7.
Therefore, x = 3,y = 4,z = 2.

A.063. Solution by Ravi Prakash-New Delhi-India

. x3+1 2
> >
We show that if x = 1, thenm >x+1e

(x+1)(x2_x+1)2x2+1<:>(x+1)2(x2—x+1)2(x2+1)2

Vx2—x+1
&

(x+1Dx3+1) = x*+ 2x%2 + 1 23+ x > 2x2, which is true as AM-
GM inequality.Thus,

x3+1 N y3i+1 z3+1

+ >x2+y2+2z2+3=6
VxZ—x+1 Jy2—y+1 Vz2—-z+1 Y

A.064. Solution by Adrian Popa-Romania

4+ D+ DY (o + )Y < x¥ oy - (e +y + 2)¥HYH2

x+ 1\ y+1\Y x+y+2\"" x+y+2)\?
() (57) ervoros(50) ()
x y x+y 2
Now,
x+1 y+ 1\ "

x+ 1\ y+1yAiM X Ty Ty X +y+2\%

. < =|l—) ;@
X y x+y xX+y
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AM x +1+y+1\° [x+y+2
G+Dy+1) < (+) =(+

2
) ;(2)
By multiply (1) and (2) it follows
Ax+ D (y+ DY (e + Y)Y <x¥ - yY - (x +y + 2)*HYH2

A.065. Solution by Soumava Chakraborty-Kolkata-India

3ab
a+2b\**? 2a + b\4T2P ¢ b 1.a\(2a+b)(a+2b)
( 3 ) ( 3 ) < (a.b%)

a+2b 2a+b 2a+b a+2b 3ab
n( ((5) (55
< n < 3 3
S ln ((ab. ba)(2a+b)(a+2b))

o 3ab ((Za +b)in (a J;Zb) + (a + 2b)In (Za; b))

< (2a + b)(a + 2b)(blna + alnb)

Inm lnn(,:)lna Inb a+2b 2a+b
<:>—+—S—+—<m= ,n= )
m n a b 3 3
aZbandthen:a+2b23bzm2bandalsoz3a22a+b
= a = nand moreover : 2a+b=>a+2b=>n=>=m
-~ we can choose cq, ¢, such that :

b<c,<mandn<c, <a- wearrive at the following chain

tllevesb<c,<m<n<c,<al

Inm Inb Ilna InnVeMVT )
NOW,GK)@T_TST_T (=4 (m—b)F(cl)

< (a—n)F'(cy) (Where F(x) = lnTx Vx € [eve, o)

, 1—Inx 1-Inc, 1-lIng
= F/(x) = — )@g - >0

2 2 2
&) €1
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©E20

= 1—Inc, 1-Incg
('.'m+n:a+b:>m—b=a—n=§(say)) S

c cf
Inc,—1_ lInc, -1
7 = 2
¢ c2

®
¢z . cf

>0

3
= wineg —1,lnc, —1>2=>0
Inc,—1" " Ilnc; -1 ( e e 2

v Cq,Cp = e\/_

x(2lnx -3)

(Inx — 1)?
20( x>e\/_:>lnx> ):f(x)lsTon[e\/_ 00) . as c,
> ¢, = eve,so,f(c;) = f(cy) = (i) = (*) is true

Now,letf(x)z VxE [e\/— o) = f'(x) =

3ab
a+2b\?%? a4 p\4T2P
“Va=>b=ee: (( 3 ) ( 2 ) > < (ab.ba)(2a+b)(a+2b)

[Case2]la < bandthen:a+2b<3b=>m<bandalso:3a<2a+b
= a <nand moreover : 2a+b<a+2b=>n<m
- we can choose ¢4, ¢, such that :
m<cy<banda < c, <n - wearrive at the following chain

tlleve<a<c <n<m<c <b

Inb Inm Inn IlnaVeMVT ,
NOW,(*)@T—727—7 = (b—m)F(cl)

> (n—a)F'(c) (Where F(x) = lnTx VxE€E [e\/E, )

, 1-Inx 1—-Incg 1-lInc
= F'(x) = 2 )(:)f 2 - 2 >0
“E20

(+m+n=a+b=>b-m=n—a=¢§(say)) S

1—-Incg 1-lInc
cf €2

Inc,—1 Inc,—1
>0 2 > L

¢
c? @ ct 3
< wineg —1,lnc; —1=2=>0
Inc;b—1 7 Incyg—1 ( ne nez 2
W Cq,Cp = eﬁ)
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x? , x(2Inx — 3)
x—1" %€ [eve, o) < f1() = (Inx — 1)2

3
= 0( x> eVe= Inx > E) = f(x) is T on [eve, ) = as ¢

> ¢, = eve,s0,f(cy) = f(cy) = (ii) = (x) is true

Now, let f(x) =

2a+b

a+2b 2a + by 2\ * b (2a+b)(a+2b)
“Vb=az=ee: ( ) ( ) < (a.p%)

3 3

- combining cases (1),(2),V a,b > eve, then

a+2b 2a+b 2a+b a+2b 3ab
(( 3 ) ( 3 ) )

S (ab ba)(2a+b)(a+2b) (QED)
A.066. Solution by Khaled Abd Imouti-Damascus-Syria

E(n) 1+§n: ! <n+ !
n): ———=<n
i1+ x; Vi+x +x+-+x,

1
E(1)21+T< 1

1
S R p—
+ x; J1+x;

Suppose that above issue is true forn = 1 and let us prove is true for
n+ 1.

(true.)

n+1

1 1
E(n+1):1+z3—Sn+1+3
=1+ x V1+x+x + -+ 2, + X044

n+1 1 n 1 1
vy = (1) s
i 1+ x 1+ x) Y1+ x4

1 1 )

+ +
Vit +x,++x, Yl4+x4,
1

+
V14 +x + -+ X, + Xppq

<n

leta =x; + x5 + -+ x, and b = x4, then:
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1 1 1

1) e + < +1
1) Vi+a Vi+b ¥Y1+a+b

Letbethefunction:f(a)=3\/;_(1+3\/11W—3\/1iﬁ;a,b20,f(0)=1
lim f(a@) = —— < 1
m a) = =
a0 Y1+Db
a 0 +00
fla) ——-m -
1
al \
fa)|, .
(@) 1( L, 1 ><o:>(2):~<1)<t )
a)=—|— rue.
3\ Ja+a)* YA+a+bh)*

=n
— 1 +x; Vi+x +x++x,

A.067. Solution by Tapas Das-India

1

a+b+c+<\/b+\/z+\/c+\/a+‘/a+\/5>r

1

s (s fervas far )

(va+b+c=3) (1)

Now, Vb + Ve ++c+va+va+vh <

<3
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1 1
2 2

<V3[(a+b+c)+(Vc+va+Vb)]* =V3[3+ (Ve +Va+Vb)]
S\/§[3+\/§(a+b+c)%rS\/§[3+\/§-\/§]%

<V3(6)Z=V3-V3-VZ =32

From (1)

1 1
2 2

<+3[3+3V2]* =v3-V3(1+2) =3/1+x/§

Note:

x{"+x§”+---+x,’{l<<x1+x2+---+xn)m

n n

when m was between 0 and 1.

A.068.

X4+y4 2 2 4 4 2 2 2 2
mZx —xy+y*eoxt+y*>x—xy+y)xc+y°) e

x* +y64 > x* + x?y? — x3y — xy3 + x%y? + y*

x3y +xy3 —2x%y?2 >0 o xy(x? —2xy + y?) > 0

x* + y*

e >x%2 —xy+y? (1)
Analogous:

y4- _|_Z4»

WZyz—yz+zz; (2)
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74+ x* > 2 2, (3)
——— > 7% — zx + x%;
z% 4+ x?

By adding (1),(2) and (3), we get:

xt+yt yt+zt ozt +xt
+ +
x*+y? y*+z? z2+x

>2(x%2+y%+2%) — (xy + yz + zx)

Yy e Z4+x4+ +yz+zx = 2(x* + y62 + z%)
X ZTZX =2 4(X Z
x2+y? y2+42z%2 7?24 x? yey Y

=2-3=6

Equality holds forx =y =z = 1.

A.069.
1000 100 10 1 x 111
100 10 1 1000 |[1 x 1 1

e+ —Ddet| 15" 1 1000 100){1 1 x 1]7
1 1000 100 10/ M 1 1 «x
1000 100 10 1 y 111

_ 100 10 1 1000 |[1 ¥ 1 1]_

tO+DG-Dl 107 1 1000 100)|1 1 y 1]70°
1 1000 100 10/ \1 1 1 y

(c+Dx—DE+3Nx-D3+ @ +3)(y—-Dy +3)(y-1)3)
1000 100 10 1

100 10 1 1000 | _
10 1 1000 100

1 1000 100 10
(@+3)x-D) ' +(+Dr-12) =0
x—1=y—-1=0=x=y=1.
A.070. Letbe f:(0,0) > R, f(x) =x —e* L, f'(x) =1—e*!

ff)=0=>1—-¢e*1=0e¥l=1ox-1=0x=1
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M=r§lggcf(x)=f(1)=1—e1_1=1—1:0

x2

1
S>f(x)<0=x<e'a2x<-e"=>—2>e
e x

) >e= (2)2 e(g)z >e; (1)

Analogous:

2

(g) e(%)z >e; (2)

(%)2 e(%)z >e; (3)

By adding (1), (2) and (3), we get:

(9 e 1 () o 4 (6 5 30

c

Equality holds fora = b = c.

AGM
A.071. (a? + c?)(b? + ¢?) = a®b? + (a® + b¥)c? + ¢* >
> a?b? + 2abc? + c* = (ab + c¢?)?
(a? + c?)(b? + c?) = (ab + c?)?; (1)

AGM
(@®+c?)(b?+c?) =a?b? + (a®> + b )c> +c* =

> 2abc? + a%c? + b%c? = (ac + bc)?; (2)
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By (1) and (1), we get:
((@® + c®)(b? + cz))2 > (ab + c?)?(ac + bc)?
(a? + ¢?)(b? + ¢?) = (ab + c?)(ab + bc)

(a? + ¢?)(b? + ¢?) (a? + ¢?)(b? + ¢?) >3
(ab + c¢*)(ac+ bc) — s (ab + c?)(ac + bc) —

Equality holds fora = b = c.

A.072. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

a+b 2ab
Let x = > y =Vab, Z_a+b'

We have x >y =z with equality holds when a = b.
If a = b = 1we have the equality.
Assume thata # lorb +# 1thena #band x >y > z.
Let f(t) = et’,t > 0.
We have : f"'(t) = 2(2t2 + 1)et” > 0 then [ is convex on (0, )
The problem becomes to prove :
fx=y+2)+f) < fx)+f(2)

By Jensen's inequality, we have :

f(y)=f(i/:;x+§:}zl.z)Sz:j.f(x)+%.f(z)

—Z X — —Z X —
(.-.y T Y022y y=1)
X—Z X—2Z X —Z X —Z

fa-y+n=f (a2 rw+ 2

Summing up these inequality,we obtain: f(x —y +z) + f(y)
<f)+£(2)
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a+b — 2ab\? 4a’p?
Therefore, e( 2 ab+a+b) + e < 3 ea+b)® 4 olatb)?,

A.073. Solution by Fayssal Abdelli-Bejaia-Algerie
53 _ 5 4_ 14
leta = Y307 — x;b = Yx — 63 :%z 120 :%: 120

ab(a — b)
=>—
a—>b

ab(a® + a?b + ab? + b3) = 120

(a® + a?b + ab?® + b3) = 120

ab((a + b)3 — 2a%b — 2ab?) = 120
ab[(a + b)3® — 2ab(a + b)] = 120
ab[(a + b)[(a + b)? — 2ab] = 120

= ab(a + b)(a? + b?) = 120 = (1-3)(1 + 3)(12 + 32) = (a,b) €
{(1,3); B,1)}

j— 5 — p—
{a—li{\/s307 x_1:>x=306
b=3 VYx—63=3

j— 5 — j—
{a—3:>{\/5307 x_3:>x=64
b=1 ({Yx-63=1

A.074. Solution by Ravi Prakash-New Delhi-India
Adding all the equations, we get 2(x3 + y3 + z3) = 40404 —
(Vx+3iy+Vz)=>
x*+y3 +2° =20202 — (Vx + 3y + Vz); (D)

3
From this equation and second equation, we get x> =2 — {x + 3x =
2;(2)

Forx <0,LHS <0# RHS.For0 <x <1,LHS < 2 < RHS.

Forx =1,LHS = 2 = RHS.
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Forx > 1,LHS > 2 = RHS.

So, the only solution for (2) is x = 1. From (1) and the third equation, we
get

y? =514 -3y =>y3+3/y =514,(3)
Fory <0,LHS3) < 0 # RHS.
For0 <y < 8,LHS(3) < 514 = RHS.
Fory = 8,LHS) = 514 = RHS.
Fory > 8,LHS(3y > 514 = RHS.

Thus, the only solution of (3) is y = 8. Lastly, from (1) and the first
equation,

73 = 19686 — 3/z. As above, it can shown, z = 27.
Therefore: S = {x =1,y = 8.z = 27}
A.075. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Ifa=b - a®=b°and a? = b?
Chebyshev

5 2@ +b7) S (a®+b%)(a? + b?)
a? + b2 2  AM_ oM
- < <
a’ +b7 = a5+ bS ashs

a2+b2 CBS ?
Ty @ E e ey erey
cyc

cyc cyc cyc cyc

= \/; (And analogs)

Which is true from AM — GM, Z a’ = 33/ (abc)’ =3

cyc

a® + b? .
Therefore, Z P < Z a.

cyc cyc
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A.076. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

(*) PN 312aabbccdd
>Mb+c+d)Pre (c+d+ )t (d+a
+ b)d+a+b. (a + b + C)a+b+c

a

o 32> 1—[ <(a+b+c)(a+b+d)(a+c+d)>a

a,b,c,d

33(,1;) a+b+c+d\/ 1—[ ((a+ b+c)la+b +d)(a+c+d)>a
o 33>
a,b,c,d

a

By Weighted AM — GM,we have : RHS 4

- 1 Z (a+b+c)a+c+d)a+b+d)

“a+b+c+d . B
a,b,c,d

a

1
=3 Z (@a+b+c)a+c+d)(a+b+d
a,b,c,d

By Maclaurin's inequality, we know that :

xyz+xyt+xzt+yzt<<x+y+z+t

3
2 2 ) ,Vx,y,z,t >0

1
> 3 Z (@+b+c)a+c+d)(a+b+d
a,b,c,d

<<(a+b+c)+(a+c+d)+(a+b+d)+(b+c+d)>
- 4

3

3
3
:<Z(a+b+c+d)> =3% - RHS4) <3%® - (1)istrue.

Therefore, 312gapbccqd
> (4 — @)% (4 — b)*P. (4 — €)=, (4 — )+,
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A.077. Solution by Ravi Prakash-New Delhi-India

1 1
257 (256*°7Y + 256Y°7% + 2567 + 256" %)
1 2 2 2 2
> 256% ty“+ze+t°—x-y—-z—t

256

xP+yt+z2+tt—x—y—z—-t<-1le

1\2 1\2 1\2 1\2
_ = [ —_— _— <
(x 2) +(y 2) +(Z 2)+(t 2) =0
sx=y=z=t=o
X=y=z= =3

A.078. Solution by Ravi Prakash-New Delhi-India

Forn = 0 we take x > 0,y > 0 then,
1
LHS = (x + y) 1 (x + y)? SE-Z & 1< 1true.
We now taken = 1,x = 0,y = 0. If x = 0, the inequality becomes
Yy -lyntl < on=1yn(n+1) ywhich is true. Similarly for y = 0.

So, we assume that 0 < y < x,n = 1. We can rewrite the inequality as

xn2—1(1 + tn+1)n—1(1 + t)n+1xn+1 < Zn—lxn(n+1)(1 + tn)n+1

(1 + tTl+1)Tl—1(1 + t)n+1 y
< 2™ L (i ==<
Ty S2h@),0<t="<1
1+ tn+1 n-1 1+t n+1
La#ﬁ)=( ™« ) <t<1

(1 + tn)n+1 re =

logf() =(m—1Dlog(1+t"" D)+ (n+1)log(1+1t)
—(n+1)log(1+1t")

£/ —-Dh+Dt" n+1 nn+ D™t
f(t)_ 1+ttt +1+t_ 140 -
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(n—1)t" ntn_1+n+1
1+t 14+¢t" 1+t

— n ny __ n-1 n+1
:(n+1).[(n De"(1+t™) —nt™ (1 + ™) 1 l:

(1+ t"*1)(1 + ") 1+t

— n _ 2n _ o en—1 _ 42N
:(n+1).[(n D"+ (n— 1Dt nt nt 1 l:

+
A+t +tn) 1+t

(D =Dt =" —nt" A+ ) + A+ A+ M)
B (14 )1+ ")(1+1t) Bl

A+ D -+ A -]
S A+rHA+mQa+n

(A D[ = ) (L4 2 4 t* 4 e 4 202 T
= (1 + tn+1)(1 + tn)(l + t)

1
But: 1+ t? +t* + -+t 2 >n(t? - t* -t .-t 2)n = nt"L

f'@®

Thus, o) >0,vt € (0,1) = f —is maximum when t = 1.
n—12n+1
= f(t) < Ton+1 = 2n-1

A.079. Solution by Ravi Prakash-New Delhi-India
Llet f(x) =e*—x—1,x ER, then f'(x) =e* -1,
f'(x) <0ifx>0;f'"(x) =0ifx=0and f'(x) > 0ifx > 0.
f(x) = f(0) forx < 0and f(x) = f(0)
forx=0=f(x)=0,vx €R
Hence, e* > x + 1,Vx € R.
Now, a(e?? + e~2¢) + b(e? + e729) + c(e?* + e~?P) >

>a(l1+2b+1—-2¢c)+b(1+2c+1—-2a)+c(1+2a+1-2b)=
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=2(a+b+c)+2ab—c)+2b(c—a)+2c(a—b)=2(a+b+c)

A.080. Solution by Ravi Prakash-New Delhi-India

. 117T_t (127‘[ n)_ trt
Moy =9\ 22 " 22) "%
. 77T_t (127‘[ 57'[)_ t577.'

Moa ="\ " 24) T,

T 11w 51 5w .
Hence, tan— - tan— = 1 and tan — - tan — = 1. The equation
24 24 24 24
becomes as:

4x4—x3+5x2—x+4=0;(x2¢O)=>4x2—x+5—;+x—2:0

o
4(2+1> (+1)+5 0( +1:> 2 z + 2)
xt+—=|—-(x+- =0;ly=x+- =x*+—-
x2 X y x y x2

3 1
4y? —y -3 =0 E{l,——} —E{l,——}
=4y y >y 1 :>x+x 1

=1=2>x2—x+1=0=x € {—w,—w?}, where w # 1 is cube

X4+
X
root of unity.
1 3 5 —3+iv55
=——>4x +3x+4=0=>x3,4=—8

X +=
X 4
A.081. Solution by Khaled Abd Imouti-Damascus-Syria

4x%  8y? 4z x? 2y? z?
+ + =4 + + >
x+y yv+z z+x x+y y+z z+x

?

(x+y+y+2)>?
=>4- >2x+5y+
Qat+y+D+y+z - VT

?
(2x +4y +22)? > (2x+ 2y + 22)(2x + 5y + z)

© 6y2+ 222+ 2xy + 4yz + 2xz =

Page 99

MATH ACCENT



DANIEL SITARU CLAUDIA NANUT!

Equality holds forx =y =z = 1.

A.082. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

AR A >3 Yy .z
1+x 1+y 14z~ 1+x 1+y 1+z

- 33/xyz B Yxyz )
T (1+x0)+A+y)+(14+2) _1+x+y+Z’( )
3 3

By QM-AM inequality, we have:

VT +yT+ 22243 ﬁ; @
1+31/ 3 413/ 1+3
1+xyz =1%+ Y (xyz)3 > ( szyz) = xy24( /xyz)
- 35

Multiplying (1),(2) and (3), we obtain:

x z
(1+xyz)w/x2+y2+zz< +—2 )

1+x 1+y 1+z

X+y+z
> 3V3Y Gy (1 +2) — 3557
1+=—5—
So it suffices to prove that:
XxX+y+z
—%] 2 xyz x+y+z
S >/ xyz; (AM — GM)

=
1+% 1+ 3/xyz 3

Equality holds forx =y =z = 1.

A.083. Solution by Ruxandra Daniela Tonild-Romania

a2+cosa+log(ﬂ) >b%+cosh e
cosb’/ —
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a’ + cosa + log(cos a) = b? + cos b + log(cos b)

We must to prove that:

b
f (2x —sinx —tanx)dx <0

a

Let be the function f(x) = 2x — tan x — sin x, then

— cos x. We have:

fl(x)=2-

cos?x

1 1 AGM T
S—+cosx > > +cos’x > Z;VxE(O,—)c)
CoS* x CcoS* X 2

<0e f'(x) <0;vx

2—coSsx— > =
coSs? x

T
€ (0, E) ,then f(x) decreasing. Namely,

s b T
f(x)Sf(O)=0;Vx€(O,E)ﬁfaf(x)dxso;0<a£b<§

cosa
2
b) >b“+cosb

Therefore, a’ +cosa+lo
f g (cos

A.084. Solution by Tapas Das-India

It is well known e* > x. Need to prove that:

-X - X
eXte ™ 4 e7**t¢" > 2coshx -sechx &
-X _ X
ex+e + e xX+e 2 2
x+e™¥ —x+e* x+e™ | ,—x+eX e~ *+e* erer
Now, e +e 22\/9 e =2\/e =2e 2
— zecoshx
—-X _ X
eXte " 4 e7*t¢" > 2 coshx > 2, where coshx > 1 and

eCoshXx > cosh x
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Letf(y)=e”—y;y>0,thenf'(y) =e? —=1>0;Vy €
(2,3), namely

f (y) increasing function and then f(y) > f(0)or e¥ > y.
A.085.

3(a — b)? + (7a + 19b)?
= 3(a? — 2ab + b?) + 49a? + 361b? + 266ab =

= 52a? + 260ab + 364b% = 52(a? + 5ab + 7b?)

2 z_i A 2 i 2
a*+5ab+7b —52(3(a b) +(7a+19b))252(7a+19b)

1
Jaz +5ab + 7b2 = —(7a + 19b)

N
1
Z\/a2+5ab+7b2>— Za+19z
cyc 2 1 cyc
1 (7@+b+c)+19(a+b +0)) 26 (a+b+c)
= — a C a Cc = a Cc
2V/13 2V/13

=+13(a+ b +¢)
Equality holds fora = b = c.
A.086. Solution by Ravi Prakash-New Delhi-India
ff(yz) +9 < flxy) + 5f(x2); (1)

Putx=y=z=1,thenf?(1)+9<6f(1)=>(f(1)-3)?<0>
f()=3

Puty =z=1,then f(x)f(1) +9 <6f(x) > 3f(x)+9 <6f(x)

= f(x) =2 3;(2)
Next, putx =y =2z=201in (1)

F2(0) +9 < 6f(0) = (f(0)—3)2<0= f(0) =3
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In(1)puty =z =0, weget: f(x)f(0) +9 < 6f(0)
3f(x) +9<18= f(3) < 3;(3)
From (2) and (3), we get: f(x) = 3,Vx ER
A.087. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

x, y, z>1
log,z+logyx +1log,y = log,,(yz) + log,,(zx) + log,,(xy) (1)
x+y+z=6 (2)

Let a=logyx, b=1log,y, c=log,z, a,b,c >0 and abc = 1.

logy+logz 1+logyz

We have : logy,(yz) = logx+1logy log,x+1

_1+ca( d ; )
=771 and analogs

h D +h4 1+ca+1+ab+1+bc
: L d =
en ¢ “Ta+1 " h+1 @ c+1

( 1+ab)+(b 1+bc>+( 1+ca) 0
AR — J— —_— =
Ty c+r1/) T\ T a1
a—1 b—-1 c¢c-1

b ri T cxr ey Y
o (c+D@@-1D+@+1)B*-1)
+ B+ -1)=0

o (ca®?+ab?+bc®)+(@?+b*+c?)=(a+b+c)+3
By AM — GM inequality we have : ca® + ab? + bc? > 3abc = 3
And by CBS & AM — GM inequalities we have : a? + b? + c?

a+b+c)?
2%23\/abc(a+b+0)=a+b+c.

Then : (ca? + ab? + bc?) + (a?+b?>+c?®)=>(a+b+c)+3
with equality holds iffa=b =c = 1.

Thus, x=y =2z and from(2)weget: x=y=z=2.
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A.088. Solution by Michael Sterghiou-Greece

> (Hie+ Vi) LoD+

n
2
k=2

(1) holds forn = 2 as H, + V2 <3 or%+\/§ < 3 which is true.

Let (1) holds forn = n, that is

i (1, + 7)< (n—1(n+4)

2
k=2

We will show that (1) holds forn + 1 or

n+1

S (1 + Ker) <MD 5

2

=
3)= (i Hk> (Z JF) T+t 1)art

= _@ D+ 9

2
> n+

So, as (2) holds by the induction assumption, it is enough to prove that

1
?'l‘ (n+ 1)n+1 <(n+2);4)

n
But (n + 1)n+1 < n + 1 so we get the stronger inequality ﬁ +n+1<
n+2or- # < 0, which is true. Therefore, by induction (1) holds.

A.089. Solution by Bedri Hajrizi-Mitrovica-Kosovo
2
logay(1+Vab) + loga+b 2 = loga+p(a+ b + 2)
2 2

a+b+2>

2
logab(l + \/ab) = loga_+b( >
2
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Let f(x) = log,(1+ x),x > 1then

X

X
1) = log(1+x)\ log (14 x)t+x
~\ logx ~ x(1+x)log?x
Hence, f —decreasing function, then f(x;) < f(x3);1 < x5, < x4.
Therefore,
a+b
f(5=) < f(ab).

A.090.

1=|1l=|1+a—-(a+b)+b|<|1+al+]|a+b|+|b]|

1 <1l= e+ 11 <lc+1]
Mtal+latbl+1b]- |1+al+latb+p "
<|c|+1;(1)
Analogous:
la + 1]

<la+1| < +1; (2
i+ ot letlslad+1@)

|b + 1]
<|b+1
lc+ 1|+ |[c+ a| + |a]

| < |b|+1;(3)

By adding (1),(2) and (3), we get:

la + 1] |b+ 1]

I[b+1|+|b+c|l+]c| |c+1|+|c+al+]|al
lc+1

>
la+ 1| + |a+b| + |b| —

+

>3+ |al + [b] + ||

Equality holds fora = b = c.
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A.091.

a’> b? c?
St =30
b*> c¢? a?
S+t =3®)

By adding (1) and (2), we get:

a bb cc ) ) )
—=——=r,—=-5ad=b’=c?>a| = |b| = |c|
b ac ba
X
-fl-vmreas 3 F TTf=o 1=
y a,yeEA X,YEA
Analogous:
u 2 v w2 w2t w\?
B0 G e (g e ) =
v ou w v t w u t
u vv ww tt u
>5—=— —=— —=— —=—2ul=1v2=t2=w2=>
v uw vt wu ¢t
X
jul = vl = lwl = I > 7| = Liveyes
= 2 Bl [1f=#41=1s
a,YEB X,YEB
Therefore,
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o= 2 GELLE 2, I [T fl=ow =25

a,yeEA

A.092. Let f: R — (0,00), f(x) = e*,
then f'(x) = e*, f"(x) = e* > 0, f —convexe.
By Jensen’s inequality, we have:

e
T & + b & + b & + b

aXf(aZX) + bxf(be) - <a3x + b3x>

a* + b* a* + b*

x a2x + bx . eb2x (ax+bx)(a2x—axbx+b2x)
P >e a*+b*
a

a”-e

azx

2x 2x 2x —aXpX
aX - e + px.eb > (a* + b¥) - e® +b** | ,—a*b

Therefore,
(a* - ™ +b* - eP™) . e%"P" > (a* + b*) - e, vx € R
Equality holds for x = 0.
A.093. 2x —2x° +x* +x3 +x2—2x+2 =
=2x0 —2x5 +2x* —x* +x3 —x?2+2x2—-2x+2 =
=2x64 (x2 —x+1) —x?(x?—x+1)+2(x*—x+1) =

=@ —x+12x*—x2+2) =

_ ( 1)2+1 2(2 1)2+15 L 115 15
“\\F72) ")\ P Ty T8 =178 T 32
Hence,

15
2x6+x4+x3+x2+223—2+2x5+2x

. b2x>
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19
2x6+x4+x3+x2+§22x5+2x
57
Z(2x6+x4+x3+x2)+§222x5+2(x+y+z)=
cyc cyc

3
=2-§+2(x+y+z)

57 -6
32

Z(2x6+x4+x3+x2)+ >2(x+y+2)

cyc

Z(2x6+x4+x3+x2)+5—1>2(x+y+z)
32

cyc
Equality holds forx =y =z = %
A.094. Solution by George Florin Serban-Romania
Letlogx = a;logy = b;logz=c;x,y,z> 0

>b+c—a)[a®?—(a+c—b)(a+b—10)]
=b*’(b—a—-c)+c*(c—a—b)

(b+c—a)(b—c)?=b3—ab?—-b?c+c®—ac®*—-bc? &
(b+c—a)(b?—=2bc+c?)=b3—ab?—b*c+c®—ac?-bc* &
2abc =0=>a=0o0rb=0o0rc=0.
Ifa=0=logx =0=x=1= (1;y;z) —solution.
Ifb=0=logy=0=1y=1= (x;1;2z) —solution.
Ifc=0>logz=0= (x;y;1) —solution.

A.095. Solution by Tapas Das-India

Let f(x) = (2 + 3% + 59) (2% + 37 4 57%) =
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=5+ + @ 0 0 6 -6
rr=(3) o )+ (£) o 0)+ ) v )+ 5) o
“(5) 10 )+ ) w0 (3)-
-~ (5) w0 ()~ &) w0 )+ 3) w0 (5)~¢) o ()
() 10 G) () 0 3)-
| -6 )+ ) - @) a3
S GREIEER
secause ()2 (97, 2 ) ()" 2 () roran 20

i . . b
So, f —increasing function and from % > vab we get:

£S5 2 F(Vab)

(\/2a+b ++/3a+b 4 \/5a+b)< 1 1 1 ) >

\/2a+b + \/3a+b + \/5a+b

11 1
Vab 4 3Vab 4 cVab
> (273 4+ 3V 1 5 )<2m+3m+5m)

Therefore,
1 .1 1
V20a+b 4 y/3a+D 4 \/5a+h _ _ 2Vab " 3Vab " 5Vab
ovab 4 3vab 4 svab 1 1 1

\/2a+b + \/3a+b t \/5a+b
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A.096. Solution by Ravi Prakash-New Delhi-India

(am + bm) J(a+ b)atb > (\/aa“’ + \/ba“’) (a+ b))V &

+b
) ) 2 ) o
a+b a+b “\a+b a+b ’

a b a+b
As 0 < ——,——< 1land —— = Vab,we get:
a+b a+b 2

a+b

a \vab a B2 b VP b \ 2
> : S > .
(a+b) _(a+b) (2) and (a+b) _(a+b) '3
By adding (2) and (3), we get (1).

A.097. Let be the function:
fi(0,0) > R; f(x) =@ +b*+c*)(a*+b*+c7%)

=3+ () ()

cyc

O ((%)x 09 (3)+(2) tos (9)

cyc

=2 ((6) 10 G+ () v () >0

cyc

= f' —increasing = min f'(x) = lirglf’(x) =0=f'(x)>0
X—>04
= f —increasing

s = 1) =1 ()

1 1 1y
am+bm+cm>—

(™ + bm+cm)(
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1 1 1 )

+ +
axty \/bx+y \/Cx+y

< (Va7 + Vb7 + oF) ( -

Therefore,

aV® + pV 4 VXY Vax+y + bx+Y /Xty

. 1 1 =—7 L1 1
NaXty o AbXtY o A[cXty avxy = pVxy  eVxy

A.098. Solution by Ravi Prakash-New Delhi-India
(x+ D**1 < 2x*¥2%,x >0

Let f(x) =(x+1)log(x+1) —xlogx —xlog 2 —log 2, then
1
f'(x)=1+1log(x+1)—1—-logx —log?2 =log<1+;)—log2

>0;if 0<x<1

f'(x) = =0;ifx=1
<0ifx>1

Thus, f is increasing on [0,1] and decreasing on [1, ).
ForO0<x <1,then f(x) < f(1)andforx = 1,f(x) < f(1).
Thus, f(x) < f(1); Vx > 0 and hence,
(x+1Dlog(x+1)—xlogx —xlog2 —1log2 <0;Vx>0¢&
(x + 1)** < 2x*2%,x > 0
Therefore,
8xXyYzZ2XV+Z > (x + 1)¥*(y + 1)¥*1(z + 1)7#*!

A.099. Solution by George Florin Serban-Romania

x + X 5
Let’s prove that: 4 + 4 =>=,letx+y=s,xy=p
/xy X+y 2
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ﬁ>5@zs +2p—55p > 06 (s — 2/p)(25 — P) = 0

%Iw

AGM
true, because s = 2\/§and25—\/524\/5—\/5=3 p=0

Equality holds for s = 2\/5 e x=y.

X+y+z *xyz 10
Let'sprove that: - Y + 4 > —,
Xyz x+y+z 3

letx+y+z=S8xyz=P
S i/F 10
T — =352 +3/P2>10SVYP = 352 — 10SVP + 3 P2

20

AGM
(S —3%¥P)(35 —3YP) = 0 true because S > 33/P and
—YP=8YP>0

Equality holds for x = y = z.Therefore,

6(x+y) 6(x+y+z) 6,/xy  63/xy
+ > 35
/xy /xy x+y x+y+z

Equality holds forx =y =z = 1.

A.100. Solution by Tapas Das-India
x7 +2x% 4+ 5x% +3x* —16x3 —11x2 —20x — 12 =0

x0(x+2) +5x*(x +2) — 7x3(x + 2) — 2x%2(x + 2) — 7x(x + 2)
—6(x+2)=0

(x+2)(x®+5x*—7x3—2x2-7x—-6)=0
(x+2)(x® +x* +4x* +4x2 —7x3 —7x —6x2—6) =0

(x+2)(x*(x2+ 1) + 422+ D - 7x(x?+ 1) —6(x2+1)) =0
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(x+2)(x*+D(x*+4x>—-7x—6) =0
x+2)(x2+Dx*—x3—x2+x3—x?—x+6x2—6x—6)=0
x+2)x*+ D2 —x—-1Dx*>+x+6)=0

x+2=0=>x; =-2

x2+1=0=2x*=-1x,3 ==i
1++5
x2—x—1=0>1x,5 =
' 2
—1+iv23
x2+x+6=0=>x6_7=T

Complex roots are:

{ _ —111'@}
th—

A.101. Solution by Vivek Kumar-India

(a+x)2—(b+y)2—(c+z)2>az—bz—c2 x? —y?—z2

= +
a+x a x
b+ y)?+ (c+ 2)? b? + c? 2 4 72
a+x—( )+ )Za— +x—y
a+x a

b2+c2_l_y2+zz>(b+y)2+(c+z)2

a X - a+x
b2+C2 y2+Z2 b2 yZ CZ Z2
+ =(—+—=|+(—+—]|=
a X a X a X

>(b+y)2_|_(c+z)2_(b+y)2+(c+z)2
T oa+x a+x a+x

A.102. Solution by Ravi Prakash-New Delhi-India

Letbh +ic = by, then X = (?1 bl). LetY = (‘_12 bz), then

by a; by a;
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vy = (@192 + b;b, ayb, + bya,
a,b; + a;b, bib, + a,a,

TT'(XY) = 2a1a2 + blgz + Elbz == 2a1a2 + ZRe(bll_)z)
Tr(X?) = 2a? + 2Re(b,b,) = 2a? + 2|b,|?

Tr(XY) = 2a? + 2|b, |?
1
Tr(XY) < > [Tr(X?) + Tr(Y?)]
Similarly,

Tr(YZ) < %[Tr(YZ) + Tr(Z?)]

Tr(ZX) < %[Tr(zz) + Tr(X?)]

Adding three above inequalities, we get:
Tr(XY) + Tr(YZ) + Tr(ZX) < Tr(X?) + Tr(Y?) + Tr(Z?)

A.103. Solution by Ravi Prakash-New Delhi-India

Leth + ic = by, then X = (?1 bl). LetY = (?2 bz), then

b; a; by a;

vy = [M% + byb, ayb, + bja,
a,b; + a;b, bib, + a,a,

Tr(XY) = 2a,a, + byb, + byb, = 2a,a, + 2Re(b;b,)
Tr(X?) = 2a? + 2Re(b,b,) = 2a? + 2|b,|?
Similarly,

Tr(Y?) = 2a2 + 2|b,|?

Tr(X?)Tr(Y?) — Tr(XY)? =
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N2
= 4(a} + |by?)(aZ + |b,|?) — 4 (a,a, + Re(byb,)) =
=4 [a%a% + a?|b,|? + a3|by|? + |byb,|? — afaf — 2a,a,Re(b,b,)
N2
- (Re(blbz)) ] ==
_ N2
= 4 [a%|b2|2 + a%|b1|2 - zalazRe(blbz) + |b1b2|2 - (Re(blbz)) ] =

= 4(aylb| — az1bs)? + 2a;; (Iby|1b,| — Re(bsb,))
+ (1b1b2] — Re(byb,)) (1b1b2] + Re(b:by) )|

As |Re(b1b,)| < |by]|b,], we get:

Tr(X3)Tr(v?) = (Tr(XY))" = |Tr(XY)| < JTr(X2)Tr(r?)

Tr(XY) < /Tr(X2)Tr(Y2); (1)

Similarly,

Tr(YZ) < Tr(Y2)Tr(Z2); (2)and Tr(ZX) < /Tr(Z2)Tr(X2); (3)
By adding (1),(2) and (3), we get:

Tr(XY) + Tr(YZ) + Tr(ZX)
< JTr(X)Tr(Y2) + Tr(Y2)Tr(Z2?)
+Tr(Z2)Tr(X?2)

A.104. Solution by Ravi Prakash-New Delhi-India

5 2 1 3 —1—-i
pro=( G35, )

2 5 4\-1+i 2
B‘l—l( 2 —1+i>
T 4\-1-i 3
1,5 =2 4 /5 2
-1 -1 _ _ -1 -1\-1 — ___
AT +E _4<—2 5)’ (A= +B7) 21(2 5)
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1 1,52 8 (5 2 5 /52
- _ -1 -1y — = _°2 -
2(A+B) 2047 +57) 2(2 5) 21(2 5) 42(2 5)

1 X
(%) (E (A+B)—2(47" + B—l)—l) (y) =
5 25 2\ 21
- 2 AN “ 2202 s
42(5x + 4xy + 5y°) 22 <x+5 ) +25yl_0
Equality holds when x =y = 0.

A.105. Solution by Soumava Chakraborty-Kolkata-India
/az + b2 a+b a’+b%? a’>+b%? 2ab Q°H
2 Q 2 Vab=6= a+b 2ab ‘a+b  G?

5 5
a? + b2 a® + b? a? + b2
+ — +Vab
2 a+b 2

2 2\ 5
S(a +b> +(\/(E)5

a+b
ZH 5 ZH 5
@QS—GSS(Qm) —<QGZ —(Q—G))
© (Q-6)(Q*+ Q3G +Q*G*+ QG3* +G*)
2 2
< (Q—H - <QG—2H - Q- G)>> (m* + m3n + m?n? + mn3

G2
+n%)
.. Q*H Q°H
assigning = m,F —(Q—-6G)=n

©)
& (Q-6)(Q*+ Q3G+ Q2G>+ Q63 +GH 2 (Q — G)(m*
+m3n+m?n? + mn3 +n*)
()
o mt + m3n+m?n? + mn3 +n* S Q% + Q3G + Q2G% + QG3
Y G (+ Q=G =0)
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)
Q*H Q*H Q* Q -
= = —= el = >
G2~ AH A Q(A) =Q=m=Qandn
QZH via (i) (ii)
= - @-0=m-0+6 2 G=>nZ¢
~ (1), (i) > m* = Q*, m3n > Q3G,m?n? > Q?G? mn3
> QG3
summing up
and n* > G* 3 m* + m3n + m?n? + mn3 + n*
> Q%+ 03G + Q%G?* + QG3 + G* = (x) is true

5 5
a? + b2 a’? + b? a? + b2
+ - + Vab
2 a+b 2

2 2\°
s(a +b) + (Vab)’ (QED)

Now,m =

a+b
A.106. Solution by George Florin Serban-Romania

a+b+c\’
abc < (T)

(a+b)(b+c)(c+a) <

2(a+ b+ c)l3
T ﬁ

6
(@ +b)2(b + 0)2(c + a)? < 64 (Lb”)

3

Therefore,

+b+cy
abe(a + b)2(b + )2(c + a)? < 64 (u)

3
A.107. Solution by Hikmat Mammadov-Azerbaijan

~ v 0y e (k1)
T—x2 1—y2 1-22 078

>x(1-y)A-2z)+y1-2z)1-x>)+z1-x>)1-y?) =0
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x(1+y?z2 —y2 —z2) + y(1 + z%x? — z2 — x?)
+z(1+x%y? —x2—y3) =0

> x+y+2)+xyz(xy +yz + zx)
— (Py+xy* +y*z+yz2 +2%x +zx%) =0

= (x+y+2z)+ &Py +y2z+ z%x + xy? + yz? + zx? + 3xyz) —
—(x*y+y?z+z%x+xy? +yz? + zx*) =0
SX+y+x)+3xyz=0=2xyz=0;("xyz=x+y+2)
x=02y=—-2zy=0=2z=—x;2=0=>x = —y.
S=(0,a,—a),(a0,—-a)(a,—a0)|a e R—-{+1}}
A.108. Solution by Bedri Hajrizi-Mitrovica-Kosovo
Mxz2y>0=22x—y)=x+y)A-1)=>x=y=2>2x=y=2
2)x<0,y>0=220—-x)=(x+y)(-1-1) =
x = y impossible.
Bx<y<0=2y—-x)=—-(x+y)(-1+1 =
(x = y impossible.
BDx>0y<0=22x—y)=x—y)A+D)=2x+y=4
x>04—-—x>0=>x<4
Therefore,
(x,y) € {(a,4 —a)|0 < a < 4}
A.109. Solution by Myagmarsuren Yadamsuren-Darkhan-Mongolia
(ab + bc + ca)(de + ef + fd)

= (abc)(def) (%4_%_'_%) (24_%_'_%) AgM
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9 )
V(abc)(def) =

Let abc = x,def = y; (*)

> (abc)(def) -

©) 9x
> 3xy(x+y—5)+

y 3
=3xy|x+y—5+7 =

Yxy xy

3 ( L. 5> Ly s ( ! )3 5
=3xy|{x+y+ + + — = 3xy Xy - =
3/xy 3/xy 3/xy Sxy

=3xy(5—-5)=0

Equality holds fora=b=c=d =e=f = 1.
A.110. Solution by Kamel Gandouli Rezgui-Tunisia

e* e ™ AGM ex e X 2
3 —x+3 < = 2 3 — 3 x:
Vi+e Vi+e Vid+e™* Vi+te 3\/x x

x _x x _x
x=20>e24+e222=>e24+e2-121

X X
(ef +e2— 1) (e*+e ™) =(e¥+e ™) =2

X X
= (ef + e_f) (e*+e™)=e*+e™*+2

X _X X X
1+———<e2+e 2=1+sechx<ez+e 2>

e*+e X
2 2

=
s[x x A1+sechx
ez +e 2

Therefore,
e* e * 2

3 +3 23
Vi4+e™* J14+eX V1+sechx
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A.111. Solution by Vivek Kumar-India

ac3 AGM ac ac

3 3
a
< = =—
(c*+1D(c2+c+1) = 2vc*-1-3YcZ-c-1 bc2-c 6

Analogously,

ba3 <b q ch3 ¢
(a4+1)(a2+a+1)_6an b*+1)b%2+b+1) " 6

Therefore,
ac3 N ba3 N ch3
(c*+1D(c?+c+1) (a*+1D(@?*+a+1) B*+1D)B?>+b+1)
a+b+c 1
<———— ==
6 2

A.112. Solution by Ravi Prakash-New Delhi-India
Put x = 5t;,y = 6t,. The equation becomes:

25t2 N 36t3
5 6

t2(5 25 5)+t2(6 36 5)—<60 S)tt
1 11 2 2 11 2/ \11 172

5t2 +5t2 —10t3t, =0 © (t; — t,)? =0

1 5
=17 5t +66) +5 (61 — 1)°

S0, S = {(a,ga) |a € ]R}.
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A.113. Solution by Ravi Prakash-New Delhi-India

a+b

Let A = — G =+Vab,x = Gt;,y = At,. The inequality becomes:

2(Gt,)? N 4(At,)? - 4(Gt, + At,)? <th 2At2)2
G 24 T 24426 G 24

2(Gty + At,)?

2(Gt? + At2) — G(t, — t,)? >
(Gt1 3) (t; —t2) 110G

2(G?t2 + A%t2 — 2t,t,)
A+G

2(Gt? + At?) — G(t? + t2 — 2t,t,) =
A+ 6)[Gt? + 2A—G)t2] + 2(A + G)Gt t, — 2G*t? — 24%t2 — 4GAtt, = 0
GA—G)t? +G(A—G)t: +2G(G — At t, =0
G(A—G)(t; —ty)?2 >0, whichistrueas G > 0 and A > G.

A.114. Solution by Ravi Prakash-New Delhi-India

1 3 x x
Let: A = 95c 2 )16 )?f = x4, + 4,, where
x x 5 9
1 3 x x 1—x 3 x x
11 9 x x _|5—x 9 x Xx
Ai=11 x 1 3l @dd=("p" L 71 3
1 x 5 9 0 x 5 9

USIng o D01 =113 =11, — 1
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1 3 X X 6 0 0
A = 0 6 0 0 —le—3 1- 3o =
1710 x—=3 1-x 3—x| |* x X =
0 x—3 5—x 9—x x—3 5-x 9-x
_ 1=-x 3—-x]_ ,|11=-x 2| _,|11—x 2| _ 1—-x 1
_6|5—x 9—x|_6|5—x 4_6| 4 2|_12| 4 1|
= —12x — 36,
9 x x 3 x x
A, =1-x)|x 1 3[-G—-x)|x 1 3|=
x 5 9 x 5 9
9 x x 3 x 0
=1-x)|x 1 3|-G—-x)x 1 2=
0 4 6 0 4 2
9 x 0 3 x 0
=(1-x)|x 1 2|-G—-x)|x 1 2|=
0 4 2 0 4 2

=(1-x)(18-72—-2x%) — (5 —x)(6 — 24 — 2x?) =
= (1 —x)(=2x% — 54) — (5 — x)(—18 — 2x?2) =
=2[(x — D% +27) — (x = 5)(x? + 9)] = 4(2x%> + 9x + 9)
Thus,
A=x(—12x —36) + 4(2x% + 9x + 9) = —4x?2 + 36.

Therefore, A = 0 = x = +3.

MATH ACCENT Page 122



DANIEL SITARU CLAUDIA NANUT!

A.115. Solution by Ravi Prakash-New Delhi-India

F > 0: x+3\/§_x2+y2+19_
ooy E = T T ez T 12
= x4+1+1+1 + y3+1+1+1+1+1 >
- \4y 6z3 6 6 6 6 6]

1 1
X2 1\% 3 156

s a2 ) e (L (D) ) - £+6JZ
4y2 43 6z3 \6 y z

i x_1y_1 -y =
Equalltyholdsfor4y—4,6z—6$x y = Z.

So, 2" equation becomes
2x* 4+ 18x + 54 = x3 + 39x2
2x* — x3 — 39x% + 18x + 54 = 0 > x € {-3V2; -1, 1.5; 3V2}
Thus,

(x,y,2) = {(1.5;1.5; 1.5), (3V2,3v2, 3v2)}

AGM
Al116. x +y+z = 33/xyz

3xyz

3

3xyz
Y > 33 xyz = xXyz

= 23/xyz + —M—M— > S A NN
xy +yz+ zx xy+yz+zx

= My, = M,

But My < My, = My = My, = x =y = z. Hence,
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x® —560x? + x = 56x* + 10x3 + 56
x> —56x* — 10x3 + 560x2 + x —56 = 0
x*(x —56) —10x%(x —56) + (x —56) =0
(x —56)(x* —10x%>+1) =0,
(HDx—56=0>x, =56

(IDx*-10x*+1=0x*—2x>+1-8x2 =0 &

(2 —1)2— (2v2x) =0 (x2 =1 — 2V2x)(x2 — 1 + 2v2x) = 0
o (x?-2V2x+2-3)(x2+2V2x+2-3) =0
(-2’ - (¥3)) ((x+v2) -(V3) ) =0 &

(x =vV2-=V3)(x = V2 +V3)(x + V2 = V3)(x + V2 +V3) = 0
Hence, we have:
X =V2+V3,x3 =V2Z—V3,x, =V3-V2,x5 = 3 -2

Therefore,

. {(56,56,56); (VZ+V3VZ+V3VZ+V3); (V- VB VZ— V32 - @);}
"l (B-VZVE- V23 -V2) (V3 - V2,3 —VZ,—3 - V2)

A.117. Solution by Sanong Huayrerai-Nakon Pathom-Thailand

x8 +y8 + 28 +15 > %3 + y3 4+ 23 + 5/3(xy + yz + zx)

MATH ACCENT Page 124



DANIEL SITARU CLAUDIA NANUT!

xB+y8+28+15>2x3+y3 +23+5(x +y + 2)
B+D+O+D)+EE+D+122x3+y3+22+5(x+y +2)
2t +y*+z) + 12223 +y3+ 23 +5(xc+y + 2)
Qx*—x3—5x+4)+Qy*—y> -5y +4)+ (2z* - 23 -52+4) =0
which is true, because
2x* —x3—5x+4=(x—-1D2x3+x*+x—-4)=>0
2yt —y3—5y+4=(-DQRy*+y*+y—-4) =0
22— 23 -5z24+4=(z-1)223+2z2+2z-4)=>0

A.118. Solution by Tapas Das-India

Using AM-GM inequality, we have: x3 + y3 + z3 > 3xyz

3(Vx + 3y + Vz) 23-3WJ?W=99 xyz
Hence,
3 +y 423 +3(Vx + 3y + Vz) = 3xyz + 93/xyz = 12
Equality holds when x =y =z.Butxyz=1=>x=y=2z = 1.

A.119. Solution by Ravi Prakash-New Delhi-India

log, e (logx)™ + loge e - (log (Z)) =8
X
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log x e v log x - log x € 10a&
g logx g g logx logx
R S Ly -
log*x  1gg2 (E) - log2x  (logx —1)2 F (1)
x

Putlogx =t + % the equation becomes:

t 1t 8= 2 (1 + tZ) 8(1 tz)z
= =3 —_ = —_——
1 2 4 4

(t+2) (3-9)

1 1 1
- 2 — 42 4
2+2t 8(16 Zt +t)

1 1
§+2t2 =§—4t2+8t4<=8t4=6t2<=t2(4t2—3)=0

11+\/—}

t; =0,t _‘|‘\/§ l €
1_'2,3_—21 ng 2 2

\/§ M T
But = (1+\/_) \/_< ok \/§>=‘/§5‘”(Zi§)
Therefore,
X, = esin%,x \/—sm12 X3 = e \/Esin%

A.120. Solution by Ravi Prakash-New Delhi-India

v x% +xy +y? = |x — yw|? where w # 1, is cube root of unit.
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Z\/(a +3b)2+ (a+3b)(3a+b) + (3a+b)?

cyc

=Z|a+3b—(3a+b)w| =

cyc

— z(a+3b)—w2(3a+b) — 14(a+Db +¢) — 4w(a+b + )|

cyc cyc

3 V3
=12|1—w|=12‘———i

= 12vV3.
2 2 V3

NEE
=12V3|———
\/—‘2 2

A.121. Solution by Christos Tsifakis-Greece
x32 4+ x16 4 y2 = 242x1%y,  y2 —2\2xM2y + x32 + x16 =0
A, =8x%* —4(x3%2 + x1%) = —4(x* - x8)2 <0

y

If A < 0 no solution in R
IfFA=0=>x8(x®-1)=0=>x€{-1,0,1}
(x,y) € {(0,0),(1,v2),(-1,v2)}
A122. x€[a,b] > (x—a)(x—b)<0=>x* —(a+b)x+ab <0

ab
x2+ab§(a+b)x:>x+7Sa+b;(1)

Analogous: z + % <a+b;(2)

yeEl,d]=2(y—-c)y—-d)<0=>y2—(c+d)y+cd<0
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cd
y2+cds(c+d)y:>y+7Sc+d;(3)

Analogous: t + % <c+d;4)

1 1 1 1)a4M 1 1 1 1
x+y+z+t+ab<—+—+—+—) > 2 (x+y+z+t)ab(—+—+—+—);(5)
x y z t x vy z t

By adding (1),(2),(3) and (4), it follows that
1 1 1 1
x+y+z+t+ab<;+;)+cd<;+?) <2(a+b+c+d)(6)

By (5) and (6):

1 1 1 1
2 t b(— —+ - —)SZ b d
\/(x+y+z+ Ja x+y+z+t (a+b+c+d)

1 1 1 1
ab(x+y+z+t)(—+—+—+—)S(a+b+c+d)2
x y z t

Equality holds forx =t = z = t;ab = 2(a + b).

A.123. Solution by Ravi Prakash-New Delhi-India

1
2my + \/E ((ma — mg)z + (mg - mh)z + (my, — ma)Z) Smg+mg

1
mg +my —2my, = \/E ((ma — mg)z + (mg - mh)z + (my, — ma)z)
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mg + mz + 4mj, + 2mymy — 4mymy, — 4mymy, >
> mg 4+ mZ + mp — mgmg — mgmy, — mgmy,
3mp, + 3mgmy — 3mgmy, — 3mgmy, = 0
ma —mp(mg +my) + mgmy, = 0, (m, —my)(my —my,) = 0 true.
Equality holds for mg = my, = my; & a = b.

A.124. Solution by Kamel Gandouli Rezgui-Tunisia

2
n“+n
- k \ Acm (1 k) nt—Sor
O | (O e
an? n an? n
k=1 k=1
n? +n\" log(14741
=11+ = en Og( +2an3)_
2an3
nlog(1+nzj)
Leta, =e 2an®) 2 and a, = 0=
nlo (1+nzj) nlo (1+n2+n) 1
e N\ 2an3) < lime" I\ 2an%) < e2a

n-—-oo
1 S 1
N(a) < eza, Analogous, 2(b) < ezb and 2(c) < ezc.
Ifa<b<c=02()=02(0b)=0C)

a0(a) + bAb) + c(e) e %b” (2@@) +2(b) + 2(0))

1 1 1
an(a) + b2(b) + c(c) < eZ2a + e2b + e2c
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A.125. Solution by Sanong Huayrerai-Nakon Pathom-Thailand

Z (Vata +2b) +/b(b + 20)) = %Z (V3a(a +2b) +/3b(b + 20)) <

cyc cyc

- 1 Z(3a+a+2b+3b+b+2a)_ 1 12(a+b+c)_
~ 3 2 2 V3 2

cyc

1 6-3
=ﬁ-6(a+b+c)=f:6\/§

A.126. Solution by Kamel Gandouli Rezgui-Tunisia
VX7 2707 (x 4 2%71) = xB 4 28%-8
(x + 2% 1)2x727%=7 = x16 4 B8x=7 4 716x-16
(x + 2%~ 1)2x727% = x16 4 x828x=7 4 716x-9
(X% + x2% + 22%72)x727% = 2716 4 x8728x 4 216x=9
x927% 4 828X | 5 709%=2 — 27,16 4 188X 4 716x—9
Let 2* = y and 2x = z = x27% 4 x729%72 = 27x16 4 216x-9

29x9y7 + 27x7y9 = 216,416 + y16 = (2x)9y7 + (Zx)7y9
— (2x)16 + y16

2997 + 27y° = 716 + y16 = 29(y7 — 27) = y2(y7 — 77)
07 - -y) =02y =7 ory’ = 2°

h(t) = t” and k(t) = t° are bijective on R = 2* = 2x = x € {1,2}.
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A.127. Solution by Sanong Huayrerai-Nakon Pathom-Thailand
8 24 12

P gLy D (e D) a(e )
a+b b+c cH+a” 4b 4b 4c 4c  4a
2 2 6 6 3 3 5 8 9

SOLUTIONS
GEOMETRY

G.001. Solution by Ravi Prakash-India
Let E = a,b, sin? x + a,b, cos? x — (a, sin® x + a, cos? x) (b sin? x +
b, cos? x) = a;by sin® x + a,b, cos® x —

—(ayby sin* x + a, b, sin? x cos? x + a,b, sin® x cos? x
+ a,b, cos* x) =

= (a,b, sin® x — a, by sin* x) + a,b, cos? x
— a,b, cos* x — (ayb; + a,b,) sin? x cos? x =

= a, by sin? x (1 — sin? x) + ayb, cos? x (1 — cos? x)
— (ayby + a;1b,) sin? x cos? x =

= (a1b1 + azbz - albz - azbl) Sinz X COSZ X =
= (al - az)(bl - bz) SiTLZ XCOSZ X = Z(al - az)(bl - bz) sin”® 2x
Therefore,

1
|E| Sz|a1 — az| - |by — by| SZ,Where la; —a,| <1,|1by —by| £1

G.002. Solution by Tapas Das-India

Z a’cd cot™1(b) =
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= a?cd cot™1(b) + b%da cot™1(c) + c?ab cot~1(d) + d?*bc cot™1(a)
= abcd [% cot™(b) + %cot‘l(c) + gcot_l(d) + %cot‘l(a)] (1)

Let f(x) =cot™tx,x >0

1
1+x2

Sf) = -

< 0 = cot™ Y x is a decreasing function
Again,
Let f(t) = cot™1(t),t >0

1

't = —

F'® 1+t2
2t

—>
(1+1t2)?

@ = 0

-~ f is convex; using Jensen’s inequality

abb cdd -
SFB) = f(O) +2f(@ +—f(a) 2

[a+b+c+d=1]

1 1
=4cot™?! 7 b ¢ d > 4 cot™?! (Z)
pTctata

Since cot™! x is decreasing function and% + % + 2 + % > 4 (AM-GM)
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2 (b)+é()+E w)+§()>4 t*(%
bf cf c df af a) =4co 2
o)+ o0 4 S0+ L@ 2 e () 9
Now, from (1)
Z a?cd cot™1(b) =

= abcd [%cot‘l(b) + %cot‘1 c+ %cot‘1 d+ %cot‘l(a)] > 4abcd cot‘li
(using (2))

G.003. Solution by Tapas Das-India

A

120°

B a C

I' —Toricelli’s point for triangle ABC, then £LAI'B = £BI'C = £CT'A

(I'A® + B3 +I'C3) (i P i) -
ra " TB" IC

3\2 3\2 33 (1 1 1
= T'Az I'B2 Ir'c2 — 4+ a4 |>
(raz) +(rez) +(re?) )(m+ 75+ ) 2
>((TA+TB+TC)>>3(TA-TB+TB-ITC+TIC-TA) >
>3-12r? = 3612
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1
[ABF]=§FA-I”B-Sin120°=T-FA-FB
V3 V3

[ABC] = [[AB] + [[BC] + [I'CA] = ? (TA-TB+TB-TC+TIC-TA)

V3
TS=T(I—'A'FB+I—'B'I—'C+I—'C'I—'A)
4rs Mitrinovic 4r-3\/§r
T’A-TB+TB-ITC+TITC-TA=— = —— =12r2
V3 V3

G.004. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

aa’ bb’ cc’
We have : + +
a+a b+b cH+c’
a? b? c?
=la-— +|b— +|c— =
a+a b+ b’ c+c’
_, a? N b? N c? Berggmm ) (a+b+c)? 3
ST a+a b+b c+c - S_(a+b+c)+(a’+b’+c’)_
452 2s.2s' Mitrinovic 3./3p 3\/3R’ 3V3RR'

=2s — = = = -
2s+2s" 2(s+s") 2(3V3r +3v3r) 2(r+71)

Th aa’ N bb' N cc’ - 3vV3RR’
erefore, a+a b+b c+c T 2(r+7r)

G.005.

Zaz+ab+bc+ca_za(a+b)+c(a+b)
2s+a B (a+b+c)+a
cyc
B (a+b)(a+c) B
B (a+b)+(a+c)
cyc

cyc
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_12 2 AH;AMl (a+b)+(at+c)
) 1 1 - 2 2 B
Y“a+b a+c cye

1 1 Mitrinovic 3\/§R
=ZZ(2a+b+C)=Z-4Za=25 < 2-T=3\/§R

cyc cyc

Equality holds fora = b = c.
G.006. Solution by Tapas Das-India
sin* x + cos? x = sin*x + 1 — sin?x = 1 — sin® x cos? x

cos*x 4+ sin®x =1 — cos? x + cos* x = 1 — sin® x cos? x

Vsin* x + cos? x 4+ +/sin2 x + cos?x + /1 + sin? x cos? x = 3

Jcos*x — cos?x + 1 ++/cos*x — cos?x + 1 ++/1 + sin? x cos? x = 3

2Vcos* x — cos2x + 1 + V1 + sin? x cos? x = 3. Let sin? x cos? x = p,
then:

2J1-p+J1+p=3, 4(1-p) =9+ 1 +p)—6y1+p
25p2+24p=0<:>p=0:>sin2x=0(:>xe{k7n|kEZ}

G.007. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

a’+ b% + c?

From the identity cotw = cot A+ cotB + cotC = AF :

the desired inequality is succesively equivalent to :

a? + b? + ¢? — 4V3F
> zz (a® — bc)
cyc

4abc s(s—a) \/sz(s —b)(s—c)
ey (2 e
S cye bc a‘’bc
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Z (ab + ca — a?) — 4/3F
cyc
=>4 —a)—4 b —b)(s —
chca(s a) chc\/ c(s—b)(s—c)

2 chca(s —a)=2 chc (\/b(s —-b) — \/c(s — c))2 + 43F

Z \/a(s—a)zzz (\/b(s—b)—\/c(s—c))2+2\/§F (D
cyc cyc

Now let's prove that a' =+/a(s —a),b’ = b(s—b),c’
=./c(s —¢) can be the sides of a triangle :

Letx=(s—b)(s—c), y=(6—-c)(s—a), z=(s—a)(s—b)

!

Since : a'? =y + z (and analogs) we have : a'*+b'* —¢'* =2z
>0 then: a' + b’ > ¢’ (and analogs)

Soa',b’,c'can be the sides of a triangle A" with area F' such that

16F'2—zz a'’b'? — Z a'*
—ZZ y+z)(z+x) Z y+z)2—4z yz

=4(s—a)(s—b)(s — — a) = 4sr2.
(s a)(s b)(s c)zcyc(s a) = 4sr?.s
= 4F? then:

F’ZE.

Applying now Hadwiger — Finsler inequality in A" we get :

zcyca’ 2> zcyc(b’ — )2 + 4V3F'
(:)Z \/a(s—a)zzz (\/b(s—b)—\/c(s—c))2+2\/§F
cyc cyc

which is (1) and the proof is complete.
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G.008.
a N b N c " a? N ab N ca %
= = = .
b+c c¢c+a a+b b+c c+a a+b @
L P PN B S R
b+c c+a a+b b+c c+a a+b
a N b N c " ac N bc N c? 3)
= = = C*
b+c c¢c+a a+b b+c c+a a+b <
By adding (1),(2) and (3), we get:
a? b? c? ab+bc ca+bc ac+ab
+ + + + + =a+b+c
b+c c+a a+b c+a a+b b+c
] ] ] b(a+c) c(a+b) a(b+c)
sinx-siny-sinz + + + =a+b+c

a+c a+b b+c
sinx-siny-sinz+a+b+c=a+b+c
sinx-siny-sinz =20
(x,v,z) € {(mm,nm,pr)|m,n,p € Z}

G.009.

sinx +cos3y+2z3+32=3z2+2 sinx=u
sin?x + cos?y +z% =2z+2 .Denote:{cosy =v
sinx +cosy+z=2 z—1=w

S i=utv+w
S, =uv +vw +wu
S3 = uvw

w+vd+z3=1 53 — 383 = 51(Sf —35,) S1=1
uw+vi+z2=1> S2—-25,=1 =>{52:0=>U17W=0
u+tv+w=1 S1=1 S3=0
Hence, sinx -cosy - (z—1) =0
sinx = 0= x € {kn|k € Z}

cosy=0=>y€{i%+2kn|k€2}
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z—1=0=>2z=1.

G.010. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Jnn +1).cos (A — ;) +/n(n+ 2).cos (B - g) +(n+ 1)+ 2).cos (C - g)
(”“23( +1) cos —
n C'OSZ1

We have

CBS
: LHS(,) 2 [n(n+ 1) +n(n+2)+n+1)(n+2)] Z cos? (A — g)

cyc

With:n(n+ 1) +n(n+2)+(n+1)(n+2)
<(m+Dn+"m+2)]+[n(n+2)+1]=3n+1)2

- It's suffices to prove : Z cos? (A _g) < 3 cos? (%)

cyc
Let f(x) = cos? (x —;)x € (0,m) - f'(x)
= —sin <2x — 2—ﬂ> and f"'(x) = —2cos (Zx - 2—n>
7 7

117 4 251
Ty el T

117 25w

— f — concave on ]0 [ convex on [ﬁ% :

WLOG,we may assume that A > B > C.

; A>257r BCE]OHH ( 257‘[+117‘[> )
_— oo

"ilfAzog 2B 281 \" 28 T2 7"

— By Jensen's inequality, we have :

cost (8-3) +cos* (¢ =5) = r 0 + 1@ 27 (55)

_ 5 (n A)—Z 2(571 A)
=2f\377) =20 (1773
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st 257‘[<A< 371'<A 71'<6T[< T d TC<5T[
— ﬁ_ — — — — — — —
mee g Ty 757 ST 51556
<A 571'<71' T[< (
— — — _ﬁ— —
_2 14 7 C'OSZ1 coS

And 0 < (A 571) T (A n) ) (A 57‘[)
— — — — ﬁ — — — — —
n cos > "1 < cos 1 coSs ,COS

< cos? (an) - Z:cos2 (A—7)<3cos (an)

- cos? (A - ;)

A—7)<0

2( n) > 1 141 5 p T S T
_) — — — -— — —
E cos“ A 7 < 2+ + =3 an 00521 cos12

T n) V2 ++/6

=cos(——— =

3 4
2
(T V2+V6\ 2443
- 3cos (21)>3 - = 3.

> z cos? (4~ ;)

cyc

FA<=T L ABCe ]0 ]
—_— >
"lAsg 28
— By Jensen's inequality, we have :

mT T

Y cos?(4=2) = () + £B) + £(©) < 37 (5) = 3cos? (5~ )

cyc
=3 Am 3 7t
= 5C0S (21) < 5cos (21)

- Z cos? (A - ;) < 3 cos? (%),VAABC — () is true.

cyc
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Therefore,

Jnn+1).cos (A - ;) + n(n+ 2).cos (B — g)

+\/(n+ 1(n+ 2).cos (C—g) <3(n+1) cos%

G.011. Solution by Amir Sofi-Kosovo

1o 12
1+ tan*x 10 1+ 3tan?x

10(1 + 3tan?x) + (1 + 3 tan? x)(1 + tan* x) = 20(1 + tan* x)
3tan®x — 19tan*x + 33tan’x—9 =0
(3tan®x — 18 tan*x + 27 tan® x) — (tan*x — 6 tan?x +9) =0
3tan® x (tan®x —3)2 — (tan®’x—3)2 =0
(tan?x —3)?(3tan’x —1) =0
tan?x —3=0= tanx = +V3 =
X1 =g+nn,x2 = —%+mn;m,n€ Z
3tan’x—1=0> tanx = i?::»

/s T
X3 =g+pn,x4=—g+qn;p,q € Z

G.012. Solution by George Florin Serban-Romania

5 2(b%? + c?) — a?
m =

2 2 = 4a? = 2(b? + ¢?) — a® = 5a? = 2(b? + ¢?)

5a?
b2+62—a2_T_a2_5a2—2a2_3a2

cosd = 2bc ~ 2bc 4bc 4bc

,A_a . A_sinA_a 4bc  2abc
SMA=oR ME=0sA” 2R 3a2 3Ra?

and
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2abc  3abc  8rs Mitrinovic 8r - 34/3r
2 A= 2, = = > —_— 2
a“ctan a 3R 3R 3 > 3 8Vv3r

> 2+/3r2

G.013. Solution by Adrian Popa-Romania

A b+c b+c AGM
Z(b+c)-cscizz 1= >
ng G [6=0G=0
bc

cyc cyc Sln7
z AGM Z 2bc _ 4bc _
CyCJ(s—b)(s-c) Gis—bis—c Lua
4ab 1 Ragon 16RF —27 16RF 27
= — > . = T =
WLz = (a+ b+ c)? 452
cyc

_ ARr - 27 Mitri>novic ARr - 27 - 2 _ 72r 27r\/—
s - 3v3R V3~ 3

Equality holds if and only if a = b = c.

= 24+/37.

G.014. Solution by Ravi Prakash-New Delhi-India

2
sec*x + csc* x - sec?x + csc? x
2 - 2

2

:>4+4>1<1+1)2 1<4>>23
sect*x +csctx > = - ==\—==) =
2\cos?x sin%x 2 \sin? 2x

Equality holds for x = %‘

sec?y + csc? y)3
2

1 6 6
E(sec y+cscy) =

3

61t cocby > 1( 1,1 )3 1( 4 ) 42— o
: —_— e = =
SeC YT ey =9 sin?y = cos?y 4 \sin? 2y
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Equality holds for y = %.

Similarly, sec® z + csc® z > 2°

Equality holds for z = %. Now,

16 = i/ (sec* x + csc* x)(sec®y + csc® y)(sec® z + csc8 z) >

> 1/23:24.25 =16 & sec*x + csctx = 23

sec®y + cscby =2*

8 8 5 T
sec®z+csc®z =2 (:)x=y=z=Z.

G.015. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have :

CBS CBS
(2a® + 3b3 +5¢®)(2a + 3b + 5¢) = (2a? + 3b% + 5¢?)? = (2a?
(2a + 3b + 5¢)?

3b2 + 5¢2).

+3b%+5¢0). 15T

h .2a3+3b3+563>2a+3b+56
e ez +3b2 4502 10

Similarly we have :

3a® +5b3+2c® 3a+5b+ 2 5a3 + 2b3 + 3¢3

> &
3a%2 +5b%2 + 2¢2 — 10 5a? + 2b2 + 3¢?
- 5a + 2b + 3c

- 10

Summing up these inequalities we get :

2a3+3b3+503+3a3+5b3+203+5a3+2b3+363> b
2a? + 3b%2 + 5¢2  3a? + 5b2 + 2¢? 5a2+2b2+3c2_a ¢

Mitrinovic

=2s S 2.3V3r =6V3r.
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G.016. Solution 2 by Surjeet Singhania-India

2

X
. — -1 >
Let: f(x) 1_*_xztan x,x =0
(%) x + 2x tan x> 0,Vx > 0
= =
P =g gt x>0V 4
a+b
7 and since =>vVab =
a+b (a + b)? _,(a+b ab .
£(5 )Zf(vab):m“m (52 g ten™ (Vab)
4
Hence,

ab(4 + (a + b)?) tan~'(Vab) < (1 + ab)(a + b)? tan™? (aZLb>,Va, b=>0

G.017. Solution by Adrian Popa-Romania

3 2
6 6
Zam§-32am3-62am2= z:am?1 . Zamf; -GZamgz
cyc cyc cyc cyc cyc cyc

6 3 3 3 6 6 6 Holder
= [(amy + bm; + cm?)(amg + bmp + cm?) =

> i/(amfl + bm} + cm2)é = am? + bmj + cm3

am, + bm, + cm,.)?
(amq b ) <4s?=(a+b+c)?

am3 + bmj + cm?

Holder
But: (am3 + bm} + cm3)(a+ b +¢)> = (amy + bmy + cm,)3
G.018. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Lemma: If x,y,€ (0,1) then:

1 1 2
+ <
1+ x 1+y 14+ /xy

with equality holds if f x = y.
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Proof : We have

2 _( 1 N 1 )
1+\/x_y 1+x 14y
20+ +y) - (1+xy)2+x+y)

(1+/xy)Q+0)(1+y)
(ot —2m) ~ (T - 20) _ (F= ) (- y5)’
1+ )@+ +y) 1+ )A+00+y)
_ - mE-)
A+ x)A+00+y)

So the proof of the lemma is completed.
Equality holds if f x = y. Now, we have :

1 _ 1
zcyc( a)z a chc 1+sina

, a
Sl‘l’l7+C087

1 1 1 1
= + + + <
(1+sina 1+sin,8> <1+siny 1+sin6)

Lemma Lemma
iy 2 2 -
< + <
1+./sina.sinff 14 .siny.siné
2 4 8
< 2 = =i 8(2 —3)
1+\/\/sina.sinﬁ.\/siny.sin6 1+4/1i6 +
1
Therefore, 8V3 + < 16.

cye (sin% + cos %)2 -

Equality holds iff a =B =y =6 = g

G.019. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Lemma (Klamkin, 1975) : If x,y,z
€ R and M an arbitrary point then :

(x+y+2z)(x. MA*> + y.MB? + z. MC?) > yza® + zxb?* + xyc?.
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2
Proof : For any point M we have : (x. MA +y.MB +Z.MC) =0

Then Z x2. MA? + ny. (ZW ME) >0

© ZxZ.MAZ + Z:xy(MA2 + MB? — AB*) = 0

HZx(x+y+z).MA2 ZZ}/Z.BCZ o

(x+y+2)(x. MA*> + y.MB? + z.MC?) = yza® + zxb? + xyc*

Using the lemma for M
= H, the orthocenter of AABC,and (x,y,z)
= (a?, b?,c?) we obtain :

(a? + b? + c?)(a®. HA? + b%2. HB? + ¢?.HC?) > 3a?b?c?
Since HA = 2R|cos A| (And analogs), we have :
(a® + b? + c?).4R?*(a? cos? A+ b? cos? B + c? cos? C) > 48R*F*?
Therefore,
(a? + b? + c?)(a? cos?* A+ b? cos? B + c? cos? C) = 12F°>.
G.020. Solution by Tapas Das-India

sin?x (2sin?x - sin? 2x + 4cos*x + 1)
= cos?x (2cos?x - sin?2x + 4sin*x + 1)

sin?x (2sin®x - 4sin®xcos?x +4cos*x +1) =
= cos?x (2cos?x - 4sin?xcos?x + 4sin*x + 1)
(8 sin® x cos? x — 8cos® x sin? x) + (4 cos* x sin® x — 4 sin* x cos? x) +
+(sin®x — cos?x) =0
8sin? x cos? x (sin? x + cos? x)(sin? x — cos? x) +
+4 sin? x cos?® x (cos? x — sin? x) + (sin®x — cos?>x) =0

—8s5sin? x cos? x cos 2x + 4 sin® x cos® x cos 2x — cos 2x = 0
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—cos 2x (8sin®x cos?x — 4sin®xcos?x+1) =0
cos2x (4sin®xcos?*x +1) =0
cos 2x (1 + sin?2x) = 0 = cos 2x = 0; (* 1 + sin? 2x # 0)

_@n+Dr
= 7 ,n
G.021. Solution by Tapas Das-India
1 1 1
= =
tana ~ tanb ~ tanc

as<b<c>tana<tanb <tanc =

1 Chebyshev 5 3 1
+ ) 3( PR )
tana tan b tanc tana tanb tanc

5 3 1 9/, 1 1 1
+ + > —( + + ) =
tana tanb tanc 3 \tana tanb tanc

( 1 1 1 ) > 3. (1+141)2

tana tanb tanc tana+tanb+tanc

(5+3+1)<

' —h=c="
tan a+tanb+tanc Equality holds fora = b = c = 4’
G.022. Proposed by George Titakis-Greece
ad bd d? ed
c+ -+ + + 5 >

b cot? 231 2 I 2 21
co 20 ccot®ng ecotimoy acottny

>5.%c. —% bd & d__sq
. C . . . .
= 2 T 3t n o 91
b cot? 55 ccotzm e cot? =~ 50 a cot? 50

T ot
Because: cotz—cot2 cot2 cot2 = 1

This is true, due to the trigonometric identity:

cot(a+ b) (cota + cotb) = cota-coth —1;(1)
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Ifa= % and b = Z—Z, then the left part of (1) is zero, due to cotg = 0.
So, from the right part we have that cot % cot Z—Z =1;(2)

. . 7 3
With the same way, if a = % and b = %:

t7ﬂ t3 =1;(3)
co 2OCO 20

7 9
From (2) and (3) it is obvious that: cot2 cot2 cot2 7Tcotz 2’; =1

By AM-GM inequality we have that:

ad bd d? ed
c+bc0t T t23_7T+ t27”+ t29”
20 ccot’>y  ecot’ss  acot’ss

s ad bd d? ed

=>5- [c- = 5d

beot? & . ,3m L, 7m ,9m
Cot"20 ccot®wy ecot’n acotsy

G.023. Solution by George Florin Serban-Romania

wa\? | W,

W§+Waha+hczl<éw <:>(h_a) +h—a+1<§

wg + h, —2¢ (%)Z_I_% —2
a a

w
h—“ = x > 1 because w, = h,

a

x>+x+1 3 5 5
— < - 2x*+2x+ 2 < 3x“+ 3x

X%+ x 2
x’+x—-2>20e (x—1)(x+2) >0 true.

Equality holds if and only if w, = h,.
G.024. Solution by Togrul Ehmedov-Azerbaijan

(sinx + cosx)sinxcosx + 1= (2 +\/§) sinx cos x | sinxcosx # 0

MATH ACCENT Page 147



DANIEL SITARU CLAUDIA NANUT!

y -1
2

sinx +cosx =y = Sinxcosx =

y -1

y- 1=(2+x/i)-yzz_1
v -(2+V2)yt—y+4+v2=0
(r=VD(? 2y - 247 1) = 0

y—\/i=0:y1=\/§

n
V1 =\/§=sinx+cosx:\/§sin(z+x)=\/§

T T
sin(z+x)=1:>x1=g+2kn,k€Z

y, =1+ ’2+2\/§=Sinx+cosx:>xe®
y3=1-— /2+2\/§=sinx+cosx=>\/§sin(%+x)=1— /2+2\/§
sin(z+x)=i— /1+\/§:>x2=(—1)ksin‘1< - /1—!—\/5)
4 V2

G.025. Solution by George Florin Serban-Romania

il =

mg + mghg + hi  (mg +hy)? —mgh, mgh, AGM
Y = 5 —ma+ha——h =
ma+ a ma+ a ma+ a
m, +h, 3(my+ hy) Mazha 3
>mg + hy — a4 2 3 a4 2 2 She

m2 + mgh, + h2
m, + h,

3
Ziha
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G.026. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

The inequality in the statement is equivalent to :

[2a(s — a)
Z\/b(s—b)+c(s—c) —Zza(s_“)

By Holder inequality, we have :

’ 3
[2a(s — a)]3
(; \/b(s —b)+c(s— c)) (Z[b(s —b)+c(s— c)]) > <Z 2a(s — a)>

cyc cyc

Since Z[b(s —b)+c(s—0)] = Z 2a(s — a) then Z Jb(s[fi(;_}__ccz]i =

cyc cyc
>2 Z a(s —a)
cyc
Therefore,
Zs—a 2a(s —a) - s—a
bc (b(s—b)+c(s—c) bc
cyc cyc

G.027. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
Let AA’, BB',CC'be the Lemoine cevians.

AB'  (? 4 AC"  b?
Bc a2 ™ B @

KA _AB’+AC’ 3 b? 4 c?
KA' B'C C'B  aZ

We know that :

From Van Aubel’s theorem,we have :

Sy KA a? a’ + b% + ¢?

Then: — =
et kA KA b2 + c2 b2 + c2
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b? + c? 2bc

Z+b2+c2 @bz
2bc

T2+ br+ 22

3bc
= m GA (And analogs)

Therefore, a’.KA.EA + b%*.KB.EB + c%.KC.EC

3abc
= m(a. GA.EA+ b.GB.EB + ¢.GC.EC)

Thus, KA =

Lemma : If P and Q two arbitrary points in plane of AABC then
a.PA.QA+ b.PB.QB + c.PC.QC = abc.

Reference : D.S.Mitrinovic, . E. Pecaric and V.Volenec,
Recent Advances in Geometric Inequalities,
Kluwer Academic Publishers, (1989),298 — 299.
For P =G and Q = E we get :
a.GA.EA+ b.GB.EB +c.GC.EC = abc.

Therefore,
3abc
a’.KA.EA+ b%>.KB.EB + c2.KC.EC = ——————.abc
a% + b?% + ¢2
B 3a%b?c?
Ca?+ b2+

G.028. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
Mitrinovic
Euler

We have : abc = 4Rrs = R.2r.2s <  R.R.3V3R
3
= (V3R) (1)

[0+ " T e S
- — > —= > '
Va oye Ya abc V3R
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1 8
Similarly, we have : 1_[ (1 + ) =
ey W \/§R'

[+ ) (145 2 = e
et Vet Ve VER VVER
__ 64 MTY 264V3
" V3VRR  © 3(R+R)

Therefore, 1_[ (1 + %) (1 + i/la_’) > 3(1;3\/3).

cyc

G.029. Solution by Adrian Popa-Romania

+-—=0

\/—
)+ %

sin (4x - %) sin (6x - %) sin (8?71 — 10x

1 2m\1  (8m V3
3 [cos(—Zx) — cos (10x — ?)] sin (? — 10x> + 5= 0

1 21 21
(cos(Zx) + sin (— — 10x) — cos (10x — —) sin (— — 10x)>
2 3 3
3 (s (5 - me)sin (5 = 12¢) in (202 - ) =0
2 sin 3 x| sin 3 X sin X 3
2 V3 8 in8x + 3 12 Lo 12 Lo 20
> cos 8x 2Sm X > cos 12x 2Sm X Zsm X

V3
+7COSZOX +v/3=0
V3(cos 8x + cos 12x + cos 20x) — (sin8x + sin12x + sin20x) +v/3 =0
V3 cos 10x cos 2x + V3 cos? 10x — sin 10x cos 2x — sin 10x cos 10x = 0

2coS 2x (sinz cos 10x — cos Esin 10x)
3 3

T T
+ 2 cos 10x (singcos 10x — cos§sin 10x) =0
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2 cos 2x sin (g - 10x) + 2 cos 10x sin (g - 10x) =0

s
sin (§ — 10x) (2cos2x 4+ 2cos10x) =0
km

T T
N sm(§—10x) —O:x—%—ﬁ

(II) 2cos2x+2cos10x =0 = 2cosb6xcos4x =0=x

c(F+5e+Tlken)

Therefore,

'k €EZ

S={%—§—§;%+%;%ﬂ+%|kez}

G.030. Solution by George Florin Serban-Romania

4= Lelbmz 9R? 9
2“” Z4R2 4RZ = 4Rz 1
cyc cyc cyc
. sinB sinC CBS . 1 1
sinA + + < ZSmZA-(1+ + )
Jo @ ¢ @?
cyc
9 @2 1 3 3vV2
ool 3 g 32
4 @2 2¢ 2

sinB  sinC _3vZ® 1 1+\/_+<p

sind + + <
o e T2 et T gy
1 2 3vV2-1 1 3v2 -1

® ®_+¢ﬁ>

1) —+ >

& ¢ 29 2 o 2 2
L oo ofoam 21 9o oo 39> D321
o 4 4 = o 4 4 242 2

Page 152

MATH ACCENT



DANIEL SITARU CLAUDIA NANUT!

02 (3VZ-1) 1+4+¢ 54VZ-54+9vV2—1
T 77 7 27

& (27V5)" > (252vZ — 301)” true.

Therefore,

+ <=
Jo o 0 N
G.031. Solution by Soumava Chakraborty-Kolkata-India

o 5 o < u DB
V3(cscA + cscB 4 cscC) ~ 3v/3.VcescAcscBescC HLIBIR

o3 1_[ ((H(A))CSCA) £32_n\/§

cyc

e In (3\/1_[ ((#(z‘D)cscA)) é In (%)

& % In 1_[ ((M(A))cscA) > In (%) e Z In ((M(A))CSCA) é 3ln (%)

cyc cyc

sinB sinC 1 1+ +
SinA + +M

x2

Let f(x) = In(xcsex) V x € (0,1) = " (x) — SIX— 4nd g'(0)

=1—cosx = 0where g(x) = x —sinx V x € [0,m)
> gx)isTon[0,m) = g(x)=g(0)=0
>Vxe[0n),x—sinx=0and" ="iffx=0=>Vx € (0,m),x —sinx
2

2 X

> via (»)
>1=3MX S0 5 f"(x
sinx sin%x x2 fr@)

>0 = f(x) is convex on (0, 1)
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3

cyc

= 3ln <(g) (%)) = 3ln (%) = (%) is true

21 ,
- V3(cscA + cscB + cscC) < Yu(Du(B)u(C) (QED)

G.032. Solution by Tapas Das-India

CBS
(tan? x + tan? y + tan? z)(tan® u + tan? v + tan*w) >

> (tanxtanu + tany tanv + tanztanw)?; (1)

Now, we know that:

. +x3+2x5+
anx=x+—+—+ -
X 15
. +u3+2u5+
anu=u+—+—+ -
3 15
x3 x> u3 us
tanxtanu =\x+—+—+- |J|\Ut+ 5 +t——F—+" | =
< x 15 )( 3 15 )
+ux(x2+u2)+2ux(u4+x4)+
= ux
3 15
Now,

(ux)®  2(ux)®

an(ux) = ux + 3 + I +
tanx tanu > tan(ux)
tanytanv = tan(yv)

tanztanw = tan(zw)
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From (1), we have:
Ifx,y,z,u,v,w € (—1,1) then:
(tan? x + tan? y + tan? z)(tan® u + tan? v + tan®w) >
> (tan(xu) + tan(yv) + tan(zw))?
G.033. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have :

AM-GM

a3 _Z< abc> & Z( abc )_
bc+a? b+ a? - 4 2vbe.a?)

“N(e-F) E D) e

With equality if f a =b =c < AABC is equilateral < 2s
= 3vV3R.

a3
Therefore, Z— =s o 2s=3V3R.
bc + a?

G.034. Solution by Jose Ferreira Queiroz-Olinda-Brazil
Using algebraic identity:

(x+y+2)°=x>+y>+2°
+5(x+ )y +2)z+x)(x>+y> +z2+xy + yz
+ zx); (1)

Now, replacing x =s —a,y =s — b,z = s — c we get:
x+y+z=3s—(a+b+c)=3s—2s=5;(2)
x+y=2s—(a+b)=2s—(2s—c)=c
xX+z=by+z=a

Hence, (x + y)(y + z)(z + x) = abc; (3)
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x2+y?+z2+xy+yz+zx
1
=x* 4yt ollaty+2)® —x* —y* - 2% =

1
=§[(x+y+z)2+x2+y2+zz]

=%[52+(s—a)2+(s—b)2+(s—c)2]:

a’+ b% +c?
:f;(@

Using (2),(3) and (4) in (1), we have:

a’ + b? + c?
55=(s—a)5+(s—b)5+(s—c)5+5abc-f

a’+ b? + c?
55=(s—a)5+(s—b)5+(s—c)5+5-4Rrs-f

Therefore,
(s—a)®*+(s—b)°+ (s —c)° + 10Rrs(a® + b* + ¢?) = s°

G.035. Solution by Fayssal Abdelli-Bejaia-Algerie

. _ . _ 1 1 _ 1
leta =sinx,b =cosy;ab €[-11] = 1+|al + 1+|b| 1+|a+b|
la| bl la+b la| +2|ab| +|b|  la+b]

1+ |al 1+|b|_1+|a+b|:1+|a|+|b|+|ab|_1+|a+b|
= |a| + 2|ab| + |b| + |a| - |a + b| + 2|ab]| - |a + b| + |b| - |la + b| — |a + b| —
—lal-la+bl—|b|-la+b|—labl-la+b|=0
= |a| + |b| + |ab| - |a + b| + 2|ab| — |a + b| = 0; (A)
1)a=0andb = 0 true.

2)a>0andb > 0,from(A)=a+b+ab(a+b)+2ab—a—-b=0
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>abla+b+2)=0=>a+b+2=0=2a+b=-2=>a=-1and
b = —1 impossible, because a, b > 0.

3)a<0andb <0, from (4) =
—a—b—ab(a+b)+2ab+a+b=0>
ab(2—a—b) =0=a+ b = 2 impossible because a, b < 0.
4)a <0andb >0, from (A) =
—a+b—abla+b|—2ab—|a+b|=0
4.1)Ifa+ b > 0, from (4) =
—a+b—ab(a+b)—2ab—a—-b=0>
—2a—a*b—ab®*—2ab=0=a(2+ab+b?>+2b) =0
impossible because a < 0 and 2 + ab + b? + 2b > 0.
4.2)Ifa+b <0, from(A) > —a+b+ab(a+b)—2ab+a+b=0
= 2b + a’b + ab? — 2ab = 0 = b(2 + a? + ab — 2a) = 0 impossible.

5)Ifa>0andb <0, from (A) = a—b —abla+ b| — 2ab —
la+b|=0

51)Ifa+b>0,from(A) =>a—b—abla+b)—2ab—a—b=0
—2b—a?b—ab?*—-2ab=0=>b(2+a*+ab+2a)=0
impossible because b < 0 and 2 + a? + ab + 2a > 0.
52)Ifa+b <0, from(A)=>a—b+ab(a+b)—2ab+a+b=0=

2a + a’b + ab? — 2ab = 0 = a(2 + ab + b? — 2b) = 0 impossible
because a > 0 and 2 + ab + b? — 2b > 0. Finally,
1 1

+ =14+—-
1+ |al 1+ |b| 1+ |a+ b|
=0=

=>a=0b=0=sinx=0,cosy
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(x,y) € {(km, 3 + k) |k € 2

G.036. Solution by George Florin Serban-Romania

First, we prove that:

o 5) i (35) 5 (55) =
sin 5 sin 13 sin 65 —2
+

__1<4)+ __1(5)_ R 1_25 5 1_16 _
sSit\g) T \13) T s 169 ' 13 25|~
63
=sin 11—
s (65)
1

,_1(63)+ ,_1(16>_ [ 63 (16>2+16 ) (63)2 B
st \es) T \gs) T | 65 65/ " 65 65) |~
Vs

= '_11=—
sin >

Hence,

4 5 16
=1 =1 -1 () —
sin (5)+Sln (13>+Sln (65)

Now, we have:

a- |sin™1 (é) +b- [sin”? (i> +c- |sin71 (E) Cis
si z si 3) e st 1) =

4 5 16\ Leibniz
<+a?+ b2+ c? °\/Si7’l_1 (—) + sin™1 (—) + sin~1 <—) <

NI

5 13 65
m 3RV2m
<VoR? - 5=
2 2
Therefore,
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4 16 3R\/ 2
sin~ sin~ 13 c- [sin~ >

a? + b? + c? < 9R? (Leibniz)

Equality holds if and only ifa = b = c.

a b c
= = false because

\/sin‘l (3) \/ sin~? (153) \/ sin (39)

a=>b=cbutsin™?! (g) = sin~! (%) So, inequality is strictly.

G.037. Solution by Ruxandra Daniela Tonild-Romania
Let be the function: f:(0,0) - R, f(x) =x-logx,f'(x) =1+ log x,

f'(x) = i > 0 = f —convexe function.

(tanA + tan B + tanC) < f(tan A) + f(tan B) + f(tan C) -
3 o 3

1
§(tanA -log(tan A) + tanB - log (tanB) + tan C - log(tanC) >

tanA +tanB + tanC
3 )(:’

log( (tan A)*"4 . (tan B)!*"B . (tan C)**"¢) >

1
g(tanA +tanB + tanC) - log(

tanA + tan B + tan C) AgM

> (tanA+tanB+tanC)'l0g< 3 >

> (tanA +tanB + tanC) - log(gx/tanA -tan B - tan C) S

log((tan A)t*4 . (tan B)!*"B . (tan C)t*" )
tan A+tan B+tan C

> log(tanA - tan B - tan C) 3 =
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(tan A)tanA . (tan B)tanB . (tan C)tanC
tan A+tan B+tan C

> (tanA - tanB - tan C) 3 o

(tanA)3 tan A . (tan B)3 tan B . (tan C)3 tanC
> (tanA .tan B - tan C)tanA+tanB+tan c; (1)

ran A+ tanB + t C_sin(A+B) by C_sin(n—C) sinC
an an an " cosA-cosB an " cosA-cosB cosC
] C( 1 + 1 ) cosC +cosA-cosB
= sin =sinC - =
cosA-cosB cosC cosA-cosB-cosC
cos(m —(A+B)) + cos A cos B
=tanC -
cosA:-cosB
cos A -cos B —cos(A+ B)
=tanC - =
cos A -cosB
sinA -sinB
=tanC-———  =tanA-tanB - tanC; (2)

cosA-cosB

From (1),(2) it follows that:

(tanA)3 tanA ., (tan B)3 tanB (tan C)3 tan C
> (tanA .tan B - tan C)tanA-tanB«canc

G.038. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

zIA"  zxIB' xyIC'
(*):xIA+yIB+zICZ4<y + 4 )

+
y+z z4+x x4y

We have : 1A' =IB' =IC' =r and
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r

IA——r IB = r IC =
AT E T T
sinz sin sin
Then (*) is equivalent to :
X z z zX X
+-2 4 24(y + + y)
y+z z+x x+y

AT BT ¢
Sln2 smz Slnz

We have :
X y 7 Berg'itrom (\/} + \/} + \/E)
AT~ Bt~ = B C
Sin7 sin7 sini Sin7 + sinj + sin7

>3(\/x—y+ vz +zx)

. A . B . C
sin + siny +sin

T
Since x — sinx is a concave function on (O, E) then,

by Jensen's inequality, we have :
) A+ ] B+ ) C<3 . A+B+C_3 w3
sino + sinz + sin- < 3sin c =3sin-=5
Also,by GM — HM inequality, we have :

\/x_y+\/ﬁ+ zx =

2yz 2zx 2xy

+ +
y+z z+x x+y

Therefore,
X z z zX X
+ yB+ 24(3/ + + 24 ) and (x) is true.
yv+z z+x x+Yy

siny  sinm sinx
G.039. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

By AM — GM inequality we have :
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2bc 1 2bc 1 2bc 8abc
+=->2 = =
(b+c)? 27 [(b+c)?'2 b+c 2vab.2vca. (b +¢)
8abc

with :

2@+ et )b+

(a+b)(c+a)(b+c)=(a+b+c)(ab+ bc+ ca) —abc
= 25(s> + 12+ 4Rr) — 4sRr = 2s(s®> + %> + 2Rr)

Therefore,

2bc 1 8.4sRr 16RT

(b + c)2 2 25(52 + 12+ 2Rr) T SZ+rZ+ 2Rr

G.040. Solution by George Florin Serban-Romania

6h)
R?R'F' =R?R's'r’ > 8F(r')3 =8rs(r')® &

ot . S _8r(r')?
R°R's" = 8rs(r’") <:>?2 RZR’ ;(2)

s’ Mitri>novic 337’ 3\/§T' ZT' - 8r(r")?
s - S 3\/_ 3R R = R2R’
RR' = 4rr' which is true from R > 2r (Euler).
Equality holds if and only if triangle is equilateral.

G.041. Solution by George Florin Serban-Romania

m3-(a)? m}-(b')? mc (c’)2 Zma (a")? Z m3 Radon

a? b2
cyc cyc
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(Z ma)3 < ma)3 Leibniz X mgy)?
> - > ————
(Zﬁ) ISy Ry
_ A Eme)® O 3255
B 9R2 = 243R5

3
2

% Z - 8s° Z - 2s @
o = S
Ma | =757p3 Ma =3p7

cyc cyc

Tereshm b2 S — 1?2 —ARr 2s?
>
Z Ma = ZRZ = 3R

cyc cyc cyc

s2>16Rr—5r? > 12Rr +3r? @ 4Rr>8r’ @ 4r(R-2r) =0
true from

R = 2r(Euler).

m3 - (a")? N mj - (b")? N m? - (c")? - 32s6(r')?
a? b2 c? — 243R5

G.042. Solution by Ertan Yildirim-Turkiye

ab+ bc+ca=s?+1r%+4Rr

Z\/(a T b)(a+ obe <

cyc

<J(@+b)c+(b+a+(c+ab
J@+ob+b+ac+(c+ba=

= \/Z(ab + bc + ca) -\/Z(ab + bc + ca) = 2(ab + bc + ca)
= 2(s*+ R?+ 47R)

We must to prove that:

25%2 + 2r2 + 8Rr < 3s?2 —1r2 —4Rr & 3r?% + 12Rr < s?

Gerretsen

3r24+12Rr <  16Rr —5r? < s? © R > 2r (Euler).
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G.043. Solution by Ravi Prakash-New Delhi-India

H(Z —cos?x) + ncoszx =8

cyc cyc

8—42 cos?x + ZZcoszxcoszycoszz—coszxcoszycoszz+

cyc cyc

+ cos? x cos?ycos?z =8

:22c052x=26052x6052y

cyc cyc
:20052x+20052x(1—c052y) =0
cyc cyc
Zcoszx +Zcoszxsin2y =0
cyc cyc

Equality holds for sin? x = sin?y = sin’z ©

s
sinx=siny=sinz=)x=y=z=5.
Therefore, S = {(E,E,E)}

2°2°2

G.044. Solution by Tapas Das-India

1
2 cos?x cos?ycos?z = Z(Z cos?x-2cos?y-2cos?z) =

1 1
= Z(l + cos 2x)(1 + cos 2y)(1 + cos 2z) = Z(l +a)(1+b)(1+c)
a=cos2x,b=cos2y,c=cos2z=a,b,c€(01)
0<x<is0<2xr<—
_: J—
Sx=7 <2<
(a—-1D)b-1)=0=>ab+1=a+b
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2@b+1)=za+b+ab+1=(a+1)Db+1)(1)
2(ab+1)-2(c+1)=2(@+ DB+ 1D(c+1)
4(ab+ 1)(c+1)=2(a+1D)(b+1)(c+1)
2@ab+ D(c+1) =2 (a+ DB+ 1D(c+1)

(ab+1)(c+1) = %(a + 1)+ 1)(c+1);(2)

From (1) and (2), we get :

1
2(abc+1) = E(a +1DBb+1)(c+1)
1
abc+12> Z(a+ DMB+1)(c+1)
1
1+ cos 2x cos 2y cos 2z = > (1+ cos2x)(1+ cos2y)(1+ cos2z)

1
1+ cos2xcos2ycos2z > 1 2cos2xcos2ycos2z =

= 2cos?x cos?ycos?z
8cos?xcos?ycos?z = (1+ cos2x)(1+ cos2y)(1+ cos2z) =
=14+a+b+c+ab+bc+ca=>1+abc=
=1+ cos 2x cos 2y cos 2z
G.045. Solution by Fayssal Abdelli-Bejaia-Algerie
cos x -\tanx = sin3 x + cos3 x
cosx -\Vtanx = (sinx + cos x)(1 — sin x cos x)
cos?x -tanx = (sinx + cos x)?(1 — sin x cos x)?

sinx -cosx = (1 + 2sinx cos x)(1 + sin? x cos? x — 2 sin x cos x)
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. 1 1 1 1 . 1
lety = sinxcosx;—3 <y < - because —- < —sin2x < -

>y=0+2y)A-2y+y)=22y3—-3y2—y+1=0

1 1
(y—z)(yz—y—1)=0=>y=§oryz—y—1=0=>

1-v5 1
Y1 = ) 5
1+V5 1 . 1 .
Y2 =——> 1. Thus,y=;=>smxcosx=5=>sm2x= 1

2x=§+2kn=>x=%+kn
S={%+kn|xEZ}

G.046. Solution by Tapas Das-India

2 4 2 +1+c0tx-tany+1+coty-tanx_
1+tanx 1+tany 1+ cotx 1+coty

2 2 1+c0tx-tany+1+coty-tanx_

- + + =
1+tanx 1+tany 14 1 14+ 1
tanx tany

~ 1 1

2( N )+tanx+tany+tany+tanx_
- "\ +tanx 1+tany 1+ tanx 1+ tany

1 1
= 2+t t =
(1+tanx+1+tany)( Ttanx +tany) 2

1
= 2\/(1 +tanx)(1 + tany) [(1+tanx) + (1 + tany)] =

\Y

1
2\/(1 +tanx)(1+tany)-2\/(1+tanx)(1+tany) >4
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G.047. Solution by Amir Sofi-Kosovo
sinz+ Yx%y-cosz < ’1 + {xty? sin?z +cos?z= |1+ 3xty?
sinz + Yxy?-cosz< |1+ x2y*- Jsin?z + cos?z = /1 + Y2yt

Hence, we get:

(sinz + Yx2y - cos Z) (sinz + Yxy? - cos Z)
< ((1+ V357 (1 + Vo) <

3 (04,2 3[1.24,4 2 2 2
Vxty ;ny SH%SH@

<1+

Therefore,
4 (sinz + Yx2y - cosz) (sinz + Yxy? -cosz) <4+ (x+y)?
G.048. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
We have :

1_[(1 +tanAcotB) =2 +ZtanA cotB +ZtanBcotC.tanCcotA

cyc cyc cyc

_ 2+ztanA+ZtanB
N tan B tan A

cyc cyc

By AM — GM inequality we have :

Z tanA 1 (tanA N tan A N tan B) z tan? A
tanB  Zu3\tanB tanB tanC tan B .tan C
cyc cyc cyc

_ tanA +tanB + tanC
i/tanA.tanB.tanC

And since tanA+tanB +tanC =tanA.tan B .tanC
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then we get :

tan A
Z > {/(tanA.tan B .tan C)2. Similarly we have :

tan B
cyc
tan B
> J(tan A .tan B .tan C)?
Z tan A \/( )
cyc
Then :
2
[To+wnscom =22 [¥i=2+ 2 T et
cyc cyc cyc

3 1
=2 32F21_[ .
+ \/(bz + CZ — a2)2

cyc
Equality holds if f AABC is equilateral.
G.049. Solution by Ertan Yildirim-Turkiye

Ymgmy = s2; (1)

=+/s(s—a);(2)
Ym, 2 Ys(s—a) \/\/52 s(s—a)(s—b)(s—c) =

Mitrinovic 3 2
= 3YsF = 33/s - sr = 3/s2r > 3 /(3\/51”) T =

=33/27r3 = 9r

(mgmyp + mpym, + memg)(mg + my, + m)? = s2 - (9r)? = 81s%r? = 81F?

G.050. Solution by George Florin Serban-Romania

b
(b%+c?)sq (bz"'cz)'i,zcrzg __ 2bcmg

a2+b2+c2_ aZ+b2+c2  aZ+b2+c2?

Lemma. AK =

Now, we have:
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m mg(a®* +b*+c*) 1 1
rerrvis al ) @b 4D Y ——
AK - sinA 2bcmg - sin A c-

cyc cyc cyc b ﬁ
1 2R 3
=—=(a®+ b% + ¢?) -Z—=R(a2+b2 +c?) —=
2 abc abc
cyc

3R Ionescu—Wetzenbock
_m(a +b2+c2)——(a +b2+C2) =

3
>—-4FV3 =3V3
2 = V3 =33
Therefore,

mg my mc
>
AK-SinA+BK-SinB +CK-sinC >3V3

G.051. Solution by George Florin Serban-Romania

Let f: (O, g) - R, f(x) = tanx then

() = 2oinx ~>0= f —convexe.

f'x) =

cos2

Hence,

A+B+C 1
( )<§(tanA+tanB+tanC) =

_

V3 < §tanA tanBtanC & tanAtanBtanC = 3V3

Thus,

Z tan*A-tan*B _ ~C (tan A - tan B)* Ragon X tan A - tan B)* AM;GM
x3y3 (xy)? - Exy)? -

cyc cyc

8

8 3
23(§/tanAtanBtanC) 23( /3\/5) = 243
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Therefore,

tan*A-tan*B  tan*B -tan*C tan*C - tan* A

x3y3 y3Z3 73x3 = 243

G.052. Solution by Tapas Das-India

1 2 HM—-AM
1 1 =5 1 T =

sinx+siny ' cosx +cosy sinx +siny ' cosx + cosy

1 sinx + siny + cosx + cos 1
SE' 4 > y=;[(sinx+cosx)+(siny+cosy)]S

i

1 1
sinx +cosx = \/E(—sinx+—cosx>

V2 V2

T T
= \/E(coszsinx + sianosx) =

I
=2sin (x + Z) < V2(and analogs)

G.053. Solution by Tapas Das-India

sinx 1—cos®x
Let f(x) = = = secx — cosx
cos x cos x

f'(x) =secxtanx + sinx
f"(x) = sec x + tan? x + sec® x + cos x > 0 = f —convex function
on (O,E)
2
3sin?A 2sin*B  sin®C
+ +
cos A cos B cosC

3A+ZB+C)_ <3A+ZB+C>

=3f(A)+2f(B) +f(0) =

2(3+2+1y(

3+42+1 6

sin? (3A + %B + C) sin? (n + 284 + B)
=6 AT 2B+ 0y O T+2A+B
os () eos ()
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Therefore,
3Sin2A+25in2B+sin2C <n+2A+B)
cos A cos B cos C cos 6
] T+ 24+ B
> 6sin? (T)

G.054. Solution by Adrian Popa-Romania

0,4 —tangent of AB,AC = 0,04 —tangentinT = O,T, 04 —collinear
and

00,=0T+T0,=R+R,
In 4004M, (M = 90°): sin 0,0M = 242 = sin2
AOy»y 2 AOp4 sin

04A0 = BAO — BAO4, AQ —diameter, then ABQ = 90° =

N,

__ S AB N A
BAO =90° — ABQ = O°—7=90°—C=>0AA0=90°—C—
B —

:T

From Law of cosines in AA0,0: 00% = A02 — 200, - AO - cos 0A0,

Page 171
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R?2 R B-C
(R+Ry?=—2- 4 )

2 _19. R
-2é+R 2 ) é R cos( >
sin® = sinz

R2 2RR B-C
R? +2RR, + R = —"— + R? — j-am( - )
sin? > sin7

RZ 5 2RR, B—-C
—A—RA=2RRA+ A-cos( ):>
sin?% sins 2

2 2

R s A or . sin2 4 2R - sina . cos (B2C
Ry — Ry st—ZR sm2+2R sin—-cos =

2 2
R ZA—ZR ,A(, A+ (B—C))
4 * COS 5= sm2 sm2 cos >
A B-C . m—(B+0) B—-C
smE+cos( )=sm—+cos< > )

B (B+C)+ (B—C)_
= cos > cos > =

B+C B-C B+C B-C

+ B Cc
= 2cos 2 > 2 cos 2 > 2 =2€osEcos—
Hence,

R 2_=4R -si 4 B ¢ =
4 COS > = sin > coS > cos >

. A B C
4R - Sin= C0S - oS~ T,

RA = =
24 24
coSs 2 cos 2
T r T
Therefore, Ry = —%5,R, = —25,R, = —¢.
0525 cosZE cosZE

2 A 4R +r 4R +r

ZRARB_Z 1 —ZCOS 2 _ 2R =R =
Ty A B~ A osG—a)  _s?F2
e Talb oyc OS2 76052 5 [Icos? 2 1 bc 16R?F?
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_8R(4R +71) - 32R% + 8Rr (>> 6412

52 - 52 — 3RZ <
() (2R” + BRr) 4 84", 96R? + 24Rr = 432r
*x) & L=
27R? = 3R? r=ftesr

96R? 4+ 24Rr = 96 - (2r)? + 24 - 2r - v = 32412 + 4812 = 432r?
G.055. Solution by Amrit Awasthi-India
sin5x + 10sinx = 5sin3x &
(sin5x + sinx) + 4 sinx = 5(sin3x — sinx) ©
2sin3x cos2x + 4sinx = 10 cos2x sinx &
2(3sinx — 4sin3x)(1 — 2sin?x) + 10sinx (1 — 2 cos 2x) = 6sinx;
putsinx =t
© 2(3t —4t3)(1 — 2t?) + 10t - 2t2 = 6t © 16t°> = 0 © sinx = 0
x =km, k € Z.

G.056. Solution by Amrit Awasthi-India

F F
Ta=mr —3=>5—a—§,(1)
F
rb:s—b rb—4=>s—b—z,(2)
F F
=" —5=>s—c—§,(3)

Adding (1),(2),(3), we get: 35 — (a+ b+c) = (3 + 5 +3) F

3 5 47F 47F
—_ = — = —
ST =% 7T 60
Butr——:r—i 60—@
47F 47

MATH ACCENT Page 173



DANIEL SITARU CLAUDIA NANUT!

60
Now, F = /1 - 1,17, = 3.4.5.5_\/%

G.057. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have :

abc a+b 2R ab
4F\/(a+b)(b+c)(c+a)';cscc"/ c :4F;T' /(b+c)(c+a)

Zabc
Z (b+c)(c+a)
’ AM—GM a b
;abZ (b+c)(c+a) 2 ;ab<b+c+c+a)

R
B b+c c+a b+c b+c @ b+c b+c) ¢

cyc cyc cyc cyc cyc cyc

Therefore,

a+b

a
2 2 2>4_F Z
@ +b7+ "2 \/(a+b)(b+c)(c+a) cse
cyc

G.058. Solution by Amrit Awasthi-India

2sinx+2siny =1 {zsm(x;y)cos(xzy) ; @
{2cosx+2cosy=\/§: 5 x+y xX—y _\/_
k cos( > >cos( 5 )—7 (u)
tan(x-l_y)=i=1:anzz>x-|—y=E
2 V3 6 3

Squaring and adding: 2 + 2sinx siny + 2cosxcosy = i + % -1

1 is 21 2T
cos(x —y) = —5 = oSz = cos?:x—y=?;(lv)
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. 2 T
(Lu)+(lv)=>2x=?in=>x=5
T T
) — () > 2y = —Fmy = T
(iii) — (iv) => 2y 3>V c
Therefore,
i i
(x,y) € {(Znn + 7,21171’ _E) |n € Z}

G.059. Solution by Ravi Prakash-New Delhi-India
. 1 1 1y° 1
a +—3—(a+—>=(a+—) —4<a+—>=
a a a a
1 1\2 1 1\2
=(a+—) (a+—) —4 =(a+—)(a——) 0
a a a a

Thus, for x,y € (O, g) we have:

v

1
tan® x + —=— = tanx + ——; (1)
tan3 x tan x

Similarly,

1 1
=tany +
tany

tan®y +
Y tan3y

Hence,

1

tan3y

1
=ztanx +——+tany +
tanx tany

+ tan3y +

tan3 x + >
tan3 x

A

Equality holds forx =y = "
G.060. Solution by Ravi Prakash-New Delhi-India

1
Let f(t) = t? +cost—ﬁt4; 0 <t<1,then
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f'(t) =2t —sint —%t3 and
f'@)=2-cost—t>*=(1—-t*)+ (1 —cost) =0,t e (0,1)
f'(x) increasing on (0,1) then f'(x) > f'(0) =1 > 0; vVt € (0,1)
Hence, f (t) increasing on (0,1). If0 < a < b < g, we have:
sinb = sina = f(sinb) = f(sina)
Therefore,
sin? b — sin? a + cos(sin b) — cos(sina) > % (sin*b — sin* a)
G.061. Solution by Ravi Prakash-New Delhi-India
d-b=2vx+3Vx—1
|d@| - |b| cos & = 2vx +3Vx — 1
i-b=(3Vx—2vx—1) -k = |d||b|sin6 = 3vx — 2Vx — 1

3WVx —2vVx — 1
tan @ = = 13\/5—18:
2Vx +3Vx —1

3vx — 2Vx — 1 = (13v2 — 18)(2vVx + 3vVx — 1)
(26v2 —39)vx = (52 — 39V2)Vx — 1

x-1_13(2v2-3) 1
x T 13(4-3V2) V2

2 —1) =x=>x=2.

G.062. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

From CBS,we have :
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(x2c0t£+ Zcotz—ﬂ+zzcot4—n+tztan8—n><tan£+2tan2—n
1977 19 19 19 19 19
s s 2
+4tanE+8cotE)2(x+y\/§+22+2t\/§)
i
We know that : Va € (0,5); 2cot2a =cota—tana
8ot = 4cot ™ _ 4tan ™ _ 3ot 2E — 2 tanE — 4tan ™
- —_—= —_— —_—= —_—— —_ —_
cot 75 cot 75 an—o cot 75 an—5 an—o
_ tn . T 2t 2T At 41
= cot 75— tanog an—o an—5
t T[-l-Zt 2T[+4t 4n+8 t8n tT[
- —_ —_— — = s
Mg T otangg T * a1 T 0019 = Ot g
Therefore,
x2c0t£+ Zcotz—n+zzcot4—n+t2tan8—n
197 “ 19 19 19
2(x+y\/§+22+2t\/§) tanl—g.

G.063. Solution by Tapas Das-India

W(%+ %) = (3\/a2b+ 3\/abz) = i/a-a-b+3\/a-b-bAMéGM

ata+b a+b+b 3(a+b)

<
< 3 + 3 3 a+b
> Vab(Ya+¥b) < ) (a+b) =4s
cyc cyc
1
Za bc=Z\/ab-acS§Z(ab+ac) =ab + bc+ ca
cyc cyc cyc

Za\/ﬁ ZW(%+ Vb) | < 4s(ab + bc + ca) <

cyc cyc
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a+b+c)? 4s2-4s 4 27R? 33

G.064. Solution by Ertan Yildirim-I1zmir-Turkiye

C s(s—c)
Lemma 1. cos — =
2 ab

Lemma 2. a® + b? + ¢? > 4/3F (lonescu — Weitzenbock)

C s(s—c¢
4ab cos?* = = 4ab (—)
2 ab

452 —4sc—3c2=0=>2s—-3c)2s+¢c)=0=>25s=3c >

=4s(s—c) =3c*>

a+b+c=3c>a+b=2c

= a? 4+ b% 4+ 2ab = 4c?

Lemma

2
5c2=a?+4+b%+c24+2ab = 4V3F+2ab
G.065. Solution by Tapas Das-India

Let f(x) =tan™lx — x;x > 0, then

x2
<0

1
fl(x)=1+x2_1=_1+x2
f —is decreasing function, then f(x) < f(0),f(0) =0
tanlx < x;Vx >0
x<y<z<l>y—-x>0z—-x>0z—-y>0
> @ —-x)tanlx < (y —x)x
z—x)tan "ty < (z—x)y
z-y)tan "tz < (z—y)z

By adding, we get:
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y—2)tan'x+ (@ —-x)tan"'y+ (z—x)tan "tz < (y —x)x +
z—x)y+(@z—-y)z=2z2—-x%2<0

andg —log2>0
Therefore,

T
(y—z)tan‘1x+(z—x)tan‘1y+(z—x)tan‘lz<§—log2

G.066. Solution by Fayssal Abdelli-Bejaia-Algerie
sin2x - sin3x - sin 11x + sin? 5x - sin 6x = sin x - sin 3x - sin 8x

sin3x - [sin2x - sin 11x + 2 sin? 5x - cos 3x] = sinx - sin 3x - sin 8x

T
sin3x=0:>x=§k,k€Z

sin2x - sin11x + 2 sin? 5x - cos 3x = sinx - sin 8x; (4)

But: sinx - sin1lx = %cos 9x — %cos 13x and

sinx - Sin8x = —cos 7x — =cos 9x

1 1 1
4) = 5 ¢os 9x — 5 oS 13x + 2 sin? 5x cos 3x —5cos 7x — 5 cos 9x

= c0s 3x [cos 6x — 2 sin? 3x + 2 sin? 5x — cos 7x cos 3x
+ sin7xsin3x] =0

T kmw
cos3x=0=>x=g+?,k€Z.

cos 6x — 2 sin? 3x + 2 sin® 5x — cos 10x = 0; (B)
(B) >1—2sin?3x —2sin?3x + 2sin?5x — 1+ 2sin?5x =0

= sin? 5x = sin? 3x = sin 5x = sin 3x or sin 5x = sin(—3x) =
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T
x = 2km, x =—+42kn

8
_kn —n+k
X = o x—2 T
Therefore,
S—{k _n+kn_kn_7t+k _kn_n+k7r}
I G I I L R

G.067. Solution by Fayssal Abdeli-Bejaia-Algerie

Let: A=1+2cosx-cos2x-cos5x;B = cos?x+ cos?2x + cos? 5x

A=1+2cosx-cos2x-cos5x =1+ (cos3x + cos x) cos 5x

1
=1 +Ec058x +§c052x+§cos4x+§cos6x =

1 1 1
= 1+§(Zcosz4x—1)+E(2coszx—1)+§(2C05229f—1)

+2cos bx =
2COS X =

1 1
=—c038x+coszx+60522x+zcos6x=Ecos8x+§cos6x
= cos? 5x.
L 8 +1 6 —1+ 10
5 €05 8x + 5 €05 6x = 5 + > cos 10x

cos8x +cosbx —cos10x—1=0
cos8x —1+2sin8xsin2x =0
2cos%?4x —2+2sin8xsin2x =0

—2sin?4x + 4sin4x cos 4xsin2x =0

km
sindx [—sindx + 2sin2x cos4x] = 0, sin4x=0=>x=T
—sin4x + 2sin 2x cos 4x = 0; (B)
Page 180
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(B) > —2sin2xcos2x + 2sin2xcos4x =0=>sin2x =0=x
=kn

T
—CcoSs 2x = —cos4x=>x=?

Therefore,

S_{kn_kn_k _kn}
o

SOLUTIONS
ANALYSIS

AN.001. Solution by Adrian Popa-Romania
b
b3 — a3 =x3| =f 3x% dx
a
We must to prove:
b b
Bf sinx -sinhxdx < 3[ x? dx, sinx - sinhx < x?,x € [a, b]
a a

Let f(x) = sinx - sinhx — x?; f(0) = 0, then
f'(x) =cosx-sinhx + sinx - coshx —2x; f'(0) =0
f"(x)=2cosx-coshx—2;f"(0) =0
f'""(x) =2(—=sinx-coshx + cosx-sinhx); f"'(x) =0

f(iv)(x) = —2sinx-sinhx < O;f(lv)(o) =0
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B3|

O L

f(x) |0 \
iy [0 T T—
fzy |0 @ TT—
f@ o ToT——

Thus, f(x) < 0,Vx € (0,2) = sinx - sinhx < x?,x € [a, b]

b b
3f sinx-sinhxdxs3f x? dx
a a

AN.002. Solution by Ravi Prakash-New Delhi-India

X
tan (n _4 x) (1+sinx) 1+ tan% 2 2

sinx sinx

cos%—sin% x . x\2
X (cosi + sin 7) (

X , X
COSi-l- Slni

cos% —sin %) (cos 5 + sin %)

sinx sinx

2 X . 2 X
coSs 7—Sln 7 coS X

sinx sinx

Hence,
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fb tan (77 —42x> (1+ sinx)

sin b)
sinx

_ : b _
] dx = log(sinx)|g = log (sin "
sinb —sina
= log (1 — —)

sina

sinb —sina
<——; (v log(1+x) <x,Vx = 0)
sina

AN.003. Solution by Ravi Prakash-New Delhi-India

= 3 () (st

0<i<jsn
= OSZ]-STL (:L) (7) cos 2 VT 2(j - - D + OS;Sn (rll) (7) COSM _
e[ () :»;o

nef[ () (e 4 () 0 ()]
65+ (e e e (7]

n

= Re I<1 + ei7ﬂ) (1 + e—%")”l = Re l(1 +2 cos%i + 1>nl _
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= 272" = cos?" (Z—R) — L(Zn)

7 22n\n
21 ny (n G—dDm 1 /2n
2 1-2 _
= () =2 ), () 57 =z ()
0o<i<jsn
Therefore,
n T ny /n 2 —m
2 = lim \/coszn——Zl‘Z" z (_)(_)cosu
n—oo 7 i 17 \] 7
0<i<j=sn
onl 1 /2n
= tim " J () =

C:Dl ] (2n+2)(2n+1)_
T s D+ D

AN.004. Solution by Kamel Gandouli Rezgui-Tunisia

X+
vtan"'x +tan"ly = tan™?! ( 4 ) =

1+ xy
9 X 9 T T
tan - = | — tan (x sec— — tan —)
secs—xtan= 7 7
7 7
X
_ -1 _
- tan sect —xtanZ|
7 7
sect — xtanZ
- n_ n
=——tan™?! 7 7
2 X
T T
T T secs —xtanz
tan™?! (x sec——tan —) +tan™?! =
7 7 X
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s n
/ sec —xtan= T T \
| p +xsecs —tan=

= tan

R xtanZ
n) sec= —xtan=

T
1—(xsec7—tan7 X

T_ T x2gec_ T
. sec= —xtanz + x* sec= — x tan _

_ 2T n n 2 n n_ 2
x —xsec?z + secztan= + x? secz tan= — x tan® =

=tan~

secs — 2x tan= + x? sec = S
= tan~1 7 7 7 ()
= tan =

secEtanZ + x2secEtanZ — 2x tan? Z
7 7 7 7 7
sec 7r tan T + x? sec T tan I 2x tan? T
7 7 7 7 7
= tamz (secE —2x tanE + x? secz)
7 7 7 7
) " 1 T m
= tan ==
tan% 2 7
Therefore,

0(a,b) = g(b —a).

AN.005. Solution by Asmat Qatea-Afghanistan
]

jb 1 ( ) >1 1
e — sin X2 ———
o 2R+ 1 11 \2n+1 2¢ 2

b

[ r

! ﬂ-(k”)(';)z-xl 2= x € [0,0)
—_— sin = og X , 0
V2[x]+1 41 \entl
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Case 1. If x € [0,1) then:

V2-0+1 2n+1

1 Tk O i

—-nsm( )szlogZ:lzleogZ:ZX

k=1
> log 2 — true.

Case 2. Ifx € [n,n+ 1),n € N then:

1 _ ( km )C;)Z_xl 5
_— sSin = (0]
VZ n+1 ijl 2n + 1 g

':ﬁsin( kn )=m

2n+1 2n
k=1

1 @
o > 2"%log2 = 2*" >log 2 — true,because x —n =0

Therefore,

1 1
oz

[x]
—2a 2b
k=

fmns (2+1

1

AN.006. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Let's prove that :
1-xyz\® _ (1-x3\(1-y%\ (123
= ,Vx,y,2 € (0,1).
(1+xyz) _<1+x3><1+y3 1+ 73 x,y,z € (0,1)

Letx =e%, y=eY, z=e", whereu,v,w € (—x,0) and let

1-— 3t
f(t) - lOg <1 + 3t>lt € (_ooﬂ O)
6e3t
We have : f'(t) = —1 g6t and
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18e3t(1 + e®Y)

1 =- (1 — e6t)2

< 0 then f is concave on (—,0).

By Jensen's inequality, we have :

([ i) B

cyc cyc cyc
1 — eutviw\? 1—xyz\3
=log|————=] = log( )
1+ eutvtw 1+ xyz
1—xyz\>  (1-x3\[/1-y3\[/1-2°
Th :( )2 ,Vx,y,z € (0,1).
en 1+ xyz <1+x3><1+y3 1+28) Y72 ©1D
Therefore,

b b b b b b

(_xyz dxdydz > L= (122 ey
fff 1+ xyz xeyez _fff 1+x3 1+y3/\1+23 xayaz
a a a aa3a

_ 1—xd
- f1+x3 x
a

AN.007. Solution by Adrian Popa-Romania

x+yAHQ [x2 +y? <x+y>2 x% +y?
< e <
2 2 2 2
2

2
_(x-;y) 2_x +y

2 2

_(x+y)2>1_x2+y
- 2

1_(x42ry)2=(1—x2);r(1—y)2

Y =x?) + (1 - y)?
IZ.IOJO\/ > dxdy
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V3 s
= si 2 (2 [(1—=sin?t) + (1 — sin?
{x_s%ntzﬂsz ( )+ q)costcosthdq
y =sinq o Jo 2

Y Y
Z (2 |cos?t+ cos2 q
costcosqdtdq

7 7
= Ef f (cos?tcos q + cos t cos? q)dtdq =
0 Jo

T s s T

2 (2 2 2
= f f cos?tcosqdtdq = f cos? tdtf cos qdq
o Jo 0 0

T
j‘il + cos 2t
0 2

dtsin qlg =7

Therefore,

jlfl 1 (x+y)2dd Sz
o ) 2 XEY =%

AN.008. Solution by Adrian Popa-Romania

B j‘% sin(—2x) cos(—4x) cos(—8x)
- , T T
-7 sin® (Z + x) + cos® (Z + x)

dx =

3 j% —sin(2x) cos(4x) cos(8x)
) s (T (T ms (T _ (T
7 COS (2 (4+x)) + sin (2 (4+x)>
Vs
JZ sin 2x cos 4x cos 8x
T (T
-7 C0s5 (Z — x) + sin’ (Z — x)

=50N=0

dx=-0>=>20=0=
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AN.009. Solution by Pham Duc Nam-Vietnam

1 txt
,[;(1+xt)2dt
1t d 2t
_lnxfo (1+xt)2 (x
u=t ) du:dt1
“)’{d”:md("t“ﬁ{v?m

::»J.1 tx” dt = ‘
o T+xH27  Inx(1+xb)

1 1 1
RN L
o ImxJy 1+xt

B 1 1 fl 1
 Inx(1+4x) In?x), xt(xt+1) ()
1 1

- b [ e o [ d e
 Inx(1+x) In%x)J, xt x In2xJ, xt+1 x

1

1 1 xt
N _lnx(1+x)+ln2x<lnxt+1>
1 1 x
:_lnx(1+x)+ln2x(lnx+1+ln2)

1 gyt
x= 0 =Ilim|{In*x. | ———=dt
x—>°o< _];) (1 +Xt)2 )
= lim (ln2x<—;
x—00 Inx(1+x)
1 X
+ lnzx(lnx 1 + ln2)>>

) Inx ] X
= lim (— ) + lim (ln
X—>o00 1+ x x +

xX—00

0

1 +In 2) = [n2
=0
AN.010. Solution by Tapas Das-India

u = 5(1 + e*sinx) + 3e*cosx, du = e*(2sinx + 8cosx)dx

3 du = e*(sinx + 4cosx)dx
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0= f sinx + 4cosx B e*(sinx + 4cosx) B
= ] 5(e=* + sinx) + 3cosx ) 5(1 + e*sinx) + 3e*cosx
1 1 1 _
= fﬂdu = Eloglul + (= ElogIS(l + e*sinx) + 3e*cosx| + C

AN.011. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

x2 y? Z? - 3(x% +y% + z?)

Lemma : Ifx,y,z>0then:7+7+7_ Xty+z (1)
x2
Proof : We have : (1) & Z(——2x+)’>
cyc Y
3(x% + y? + z?)
> -
- XxX+y+z (x+y+2)
@Z(x—y)z>2(x2+y2+22)—2(xy+y2+2x)_ (x —y)?
y = x+y+z Lixty+z
e cyc

Which is true because x + y +z >y (and analogs).
b b b X2 y? 72
Now we have : j j j x+y+2z2)|—+—+—)dxdydz >
a a a y 4 x
LerLl_‘ma b b b b b b
> f f f 3(x% + y% + z?)dxdydz = 3f dyf dzf 3x2dx =
a a a a a a
=3 —a)?(b3—a®) =3(b —a)(a? + ab + b?), as desired.
Equality holds for a = b.
AN.012. Solution by Togrul Ehmedov-Azerbaijan

+ sin x+E sin (== x =lsin3x
( 3 3 4

dx =

0o f%sinx . sin(x +%) . sin(x +2?n)
0 sin 3x + cos 3x
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3 sm3(g—x)
sin3x + cos 3x x_Zfo stn3(g—x)+cos3(%—x)

dx =

T
1 f% sin 3x 1
4 Jy

71'
_ 1f€ cos 3x
4, sin3x + cos 3x

29_1f%sin3x+cos3xd _1f%d m
~ 1), *Ta), T

4 ), sin3x + cos 3x
Therefore,
%sinx-sin(x+%)-sin(x+2?n) T
0= f - dx = —
0 sin3x + cos 3x 48

AN.013. Solution by Serlea Kabay-Liberia

b b b X+y+z—xyz
.(Z(a,b)zf f f tan‘l( 24 4 >dxdydz=
a Ja Ja 1—xy—yz—2zx

©
= f f f (tan™'x + tan™'y + tan™! z) dxdydz =
( tan"lxdx = xtan ' x — log(y/ 1 + x?) )

() (b (b b b ;b b
=J J Jtan xdxdydz+f f ftan‘lydxdydz
a
f f f tan ! zdxdydz =

b b b
= (b —a)? <j tan™lx dx + J tan~lydy + J tan~lz dz) =
a a a

1(/a*>+1
— _ 2 -1 _ -1 _
=3(b—a) (b tan~"b—atan 'a + > <b2 n 1))
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AN.014. Solution by Ravi Prakash-New Delhi-India
Forx > 0= x20(x10 —2)2> 0= x2°(x2° — 4x10 4+ 4) > 0

x*0 — 4x30 + 4x20 > 0 = x*0 4+ 4x2° + 4 > 4(1 + x39)

(x°+2)2>41+x3% > ! > 2
VI+x30  x?0+2
x19 2x19
>
V1i4+x30  x20+2

b 419 b ,19 1 20 b 102 4 p20

———dx =22 | ———=dx=—1 2)| =1 —

_L VI + %30 x= _L 22 +2% 710 090G+ )a °9 |2+ a2
AN.015. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

T
We know that : sinx <x <tanx, Vx € (O’E) and et —1
>t VteER.

tanx — x

T
. ptanx—-x __ _ -X _
Then: e 1>tanx —x or —etanx_exSe , VxE(O,Z).

X _ ,Sinx _
(e* — e ) (tan x x) _

Thus,

(ex _ esmx)e—x =1 — eSinx—x
etanx — eXx

<1, Vxe (o,%).

esn*)(tan x — x) b
etanx —_ ex dx S J
)

Equality holds for a = b.

b (ex _
Therefore, J dx=b—a
a

a

a+
S(b—a)(1+sin

AN.016. Solution by Rana Ranino-Setif-Algerie

a b)—fbt . (30x% —10x p —fbt _, (10x — 30x° p
LOI=) B2 -1 )T 1 =31 )
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5x
10x — 30x3 5x + 5x(1 — 6x2) T—ee2 T
-1 — -1 — -1 X
tan ( 1—31x2 ) tan < 1-31x2 tan 25x2

1 -7—%

25x2 o 1o tan-t 10x —30x%\
Mo\ 3182 ) T

1
> =
~ V31 1-—6x2%2"

a )+t “1(5
T2 an"(5x) —m

5x 2x + 3x
tan~! (1 — 6x2) =tan™! (1 — 6x2) = tan"1(2) + tan"1(3x)

tan~1 10x - 30x° = tan~1(2x) + tan~1(3x) + tan~1(5
an T 3152 = tan x)+tan " (3x) + tan " (5x) — @
b
2(a,b) = J (—m + tan~ (2x) + tan™1(3x) + tan~1(5x)) dx =
a
= [—nx + x tan™1(2x) + x tan~*(3x) + x tan~1(5x)

L og(ax? +1) — S (9x2 + 1) 1(252+1)]b—
g 09 6" 10 =% L

30x3 — 10x\ 1 1 1 b
=|xtan | —————| - Zlog(élx2 +1) — g(9x2 +1)— E(ZSx2 +1)
a

31x% — 1
Therefore,
22 ) b tan-1 30b% — 10b oy (300 100\ 1 (441
Gp)=otan A\ 3pe—1 )T 312 —1 ) T 2%\ 42 11

11 9p% +1 1l 25h% + 1
6%°9\9a2+1)  10°%9\ 2502 + 1
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AN.017. Solution by Asmat Qatea-Afghanistan

b (1 + tan? x)?
2(a,b) = ,
(@ b) ,L cos?x — 3sin?x

fb (1 + tan? x)*? tanx=t
= x =
q €0s2x(1+ 3tan?x)

(@ +t?)? _f1+2t2+t4
) 1-3t2 1 — 3t?
16

1, 7. %
=[|-st?—c+—2=|dt =
f 3 9+1—3t2

= 1t3 7t+16f 1 dt
9 9" 27)1_.,
3
Ly
1 7 16 V3
9 9" 27 2 1,

V3

1, 7t+16\/§ 1 <1+\/§t>+
= —— —_— — =0
9 2%9\1 -3t

9 27

1, 7 16V3
= — — 3 __ -1
5’ —gt+—5tanh (V3t)+¢C

b

1 7 16V3
N(a,b) =|—=tan3x ——tanx + tanh~*(V3 tanx)
9 9 27 u
1 7 16V3 1 7
T3 L -1 Z o3 Lz _
N(a,b) = 9tan b 9tomb+ 7 tanh (\/gtanb)+9tan a+9tana
16v3

- 2\7/_ tanh™* (V3 tan a)
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AN.018. Solution by Tapas Das-India
] s
We know that:0 < sinx < 1; (V)x € (O'E) ,then
sin®x > sin® x and
yis
1 —sin?x < 1 — sin® x, also we have: sinx < x; (V)x € (0, E)

(1-sin®x)” _(1-sin®x)” _ 1
(1-sin3x)8 " (1—sin5x)8 1—sindx

Hence:

b (1 —sin®x)” b
Therefore, . mdx = Ja dx=b—a

AN.019. Solution by Ruxandra Daniela Tonild-Romania
If a = b is nothing to prove.

If a # b using Cauchy’s inequality, we have:

b b b 2
f(ex) dx-fde(f e* dx)
a a a

2

b 2 1 b 2 b 2
f eX dx > <f e* dx) f e % dx
a b—a a a

b 2 b 2 1 b 2 b 2 b 2
J e?x dx-J e ™ dx > f e* dx-J ex dx-f e ™ dx
a a b_aa a a

b b 1 (b, b 2 b/ 1 \*> ocBs
fezx dx-fe"‘ de—Je" dx-j (\/ex)dx-J dx >
a a b_aa a a \/exz
2
1 b 2 b - 1
>—-1 e* dx- ex” . dx
b—a a a exz
Hence,
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b b b
f e2*” dx f =y > —— <f dx)
a a b—a a

Therefore,

(fbezxz dx) (fbe_xz dx) >(b—a) fbex dx

AN.020. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
By Schur's inequality, we have :
wd+v3+wd+3uvw = wwu +v) + vw + w) + wu(w + w), vu, v,w > 0

Also, by AM — GM inequality,we have : u+v
> 2vuv (And analogs)

Then: u3+v3+ w3+ 3uvw > 2 (\/(uv)3 +/(vw)3 + \/(Wu)3)

Taking u=3f(x), v=3fQ), w
= f(2),(x,y,z € [a,b]), we obtain :
FO)+ O+ f(@) +3Yf).fO).f(@
>2 (V@ FO) +VFO)f @)
+ f(z).f(x)),‘v’x,y,z € [a, b]

Integrating the both sides, we obtain :

b b b
f f f (@ +70) + 1@ +3VFC).F ). F @) ) dadydz

b b b
>2[ [ [ (VTGO + VForF@
+ }?é).af(x)) dxdydz

Therefore,
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b b 3 b 2
3(b — a)? f f(x)dx +3 (f : f(x)dx> > 2.3(b —a) (f f(x)dx>

a ) 5 a
=6(b—a) (f w/f(x)dx)

AN.021. Solution by Hikmat Mammadov-Azerbaijan

_r)r)
CT(x+y)

and I'(a) = f S le=Sds
0

B(x,y)
r(Ax + (1= 2dy) = f SAx+A-Dy-15-5 g5 =
0

:f GAE-D+(1-D(y=1) g =25 p~(1-DS gg —
0

— j-w(sx—le—S))L(Sy—le—S)l—A ds Hogler
0

o 1 A 00 1
< <f ((Sx—le—S))l)IdS) <f ((Sy—le—S)l—/l)mds>
0 0

o 1, 1-2
= <J S¥=1g=S ds) <j Sy=1leg=s ds) =T () (y)t=*
0 0

I'(*) —is log-convex, then:

1-1

1 1 11
r (— 245 2y> < I'(2x)2I'(y)2

2
IF'(x+y) <I2x)r2y)
Hence:
1 1 r@rey)  _rero)

r(x+y) = [T (2x)T'(2y) TTh+y) T JI (2 (2y)
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FOre) _ |Fore)  |Freory)
r'x+y)  (I'x+x) (T'ly+y)

B(x,y) 2 /B(x,x) -/B(»,7)
B(y,2) = yB(y,y) -VB(z,2)

B(z,x) = \/B(Z,Z) -\/B(x,x)

Therefore,

B(x,y)-B(y,2z) - B(z,x) 2 B(x,x) - B(y,y) - B(z,2)

AN.022. Solution by Max Wong , Timmy Wong-Hong Kong

Using M.V.T. 3c € (a, b) such that:

b
cotB—cota+f csc? x eS X dy = (esm ¢ 1)f >
a sin?x

e = (e — 1)(cotb — cota)

<(e- 1)]
Also,VOo<a<b< %, 3d € (a, b) such that

MVT
cotb—cota = —csc?d - (b —a)

When a = b,cotb — cota = b — a = 0. Hence,
b - s
cotb—cota+f csc?xes¥dx < (e—1)(b—a);V0<a<bh <§
a

AN.023. Solution by Kamel Gandouli Rezgui-Tunisia

2
1+ tan(x + y)

/I

tan(z—x—y)=1_tan(x+y)

L SN (7r )
= — — - =
1+ tan(x +y) an 4 -y

1+ tan(x +y)) (tan(% —(x+ y)) =1—tan(x +y)
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= [1+ tan(x + y)]|1 + tanx tany tan <% —(x+ y))l -

=1+tanxtany + tan(x + y) —tanx tanytan(x +y) =

=1+tanxtany +tanx + tany

Hence,
i)
(1+tanx)(1 + tany) (1 + tan (Z —X— }’)) _ 2(1 + tanx)(1 + tany)
1+tanx-tany-tan(%—x—y) 1+tanxtanytan<%— (x+y))

_ 2(0+tanx)(1+tany)  2(1+tanx)(1+tany)
" 1+4tanxtany +tanxtany (1+tany)(1+tanx)

Therefore,

e b) = fbfb (1+tanx)(1 + tany) (1 + tan (%—x—y)) dx dy

1+tanx-tany-tan(%—x—y)
=2(b—a)?

AN.024. Solution by Khaled Abd Imouti-Damascus-Syria

We want to prove that:

e tt<1+t-e” <1+evte[01]

e’ —tetP —1<0eoet’—1<t- e’ -t

X -1 x-e*—e*+1
,then f'(x) = > >0
X

e
L =

et f(t) .
Let g(x) =x-e*—e*+ 1, theng'(x) =x-e*

gx)=0e=2x=0
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X —00 0 + oo

gx)| ————————== O+++++++++

g(x) 1y v NN 0 2 2 2+

Thus, g(x) = 0 and then f strictly increasing on R.
From t3 < t% imply f(t3) < f(t?) = () is true.

Let h(t) =t - e’ then h'(t) = (1 + 2t2)et” > 0, therefore for t €
[0, €]

h(t) < h(e).So, e’ +t<1+t-et” <1+4eVte[01]

By integrating, it follows that:

b
Zf e dx+(b—-a)2<2(b—a)+el —e?

a

AN.025. Solution by Amrit Awasthi-India

b 4x — 4x3 x=tant
N(a,b) = tan | ———|d =
(a,b) ,I; an <x4 — 6x2 + 1> x

tan”™" b ) [ 4tant—4tandt
= sec”t-tan” 7 > dt =
tan-1a tan*t —6tan“t+ 1

tan~1b tan~1b
= j sec’t-tan"(tan 4t) dt = 4[ t-sec’tdt =
tan~la tan~la
= [4t - tant + 4 log|cos t|]/*"_, P =
= an ogi|cos tan—la —

cos(tan™' b) _

cos(tan-ta)

_ 1, o 1 a’+1
4lbtan " b —atan a+zlog

=4b-tan"'b—4a-tan"'a+ 4log

b2 +1
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AN.026. Solution by Hikmat Mammadov-Azerbaijan

n n . .
ZZSW(Sn—L—])(Zn—l—])
noo \ n-27M n-—i

= lim
i=1 j=1

2n—i—j=22n—-1, n+1=>i+j

n n
0 1im L 1 GBn-—i-))!
EZ Z 33n-(+)) (2n—i—j)!n!
=1

=1

<

(Zn—l—])' (Zn—l)'
(n—l)'(n+1—L—]) (2n—1)'

n n
i L 1 2n—1\/3n—i—j
=tmz> D e w ) a1 )
n n
i Ln1 1 Bn-—i—j
_nl—mﬂ( n )Z 2 33”‘(”1')( Zn—l)

ke=v-1 i 1(2n—1)zn: k (3n—k—1>
3 33n-k-1\ 2n—1

y
ellow o (Zn — 1) 1 3n — 2)

= — ——(3n-1
fmo )3z G )(Zn—l

1 1
10 = Va0 14 o )
X

VEZLs; T (z)=(w—-1)!
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1 1 1 r(3n)
N ==Ilim —
2n—>oo 33n-2 52 r'(n)3

1 1
1 . . \/En_eBnlog(3n)—3n—ilog(3n)+0(ﬁ) 140 (1)
lim

o0 30— 2 2
2n 3 n 27_[\/? 3nlog(3n)-— 3n——log(3n)+0( )<1+0(1)>

1 1 1 1 n

— _1i — . 3n, __ — 0
2n—>oo 33n-2 2 2 V3
Appendix:
n
Z (Sn—l—k)ll 1 (3n—2)
£33kt =1 )2 3 2\n -1
S 3n—1—k m.kl — (3rom-2
2n—1 3n 2 3n 2
k=1 2n 1 = 2n 1
noy @Bn-m-— 2)'
_ sz n-m-1)!
B (Bn-2)
m=0 (n—1)!
- (n—1)! 1
S -
(n—l—m)' (3n —2)!
=0 (B3n—2-m)!

i_’" m (- = D)(~(1=2)) .. (<(n=1-(m—1) _
ml (~3n-2)(-Gn-3).(-(3n-2-(m-1D)

= ,F(1;,-(n—1);—-(Bn—2);2)

d{~/B3n—1—k S Bn—1—k\ /3n—2\d
dz 2n—1 2n—1 2n—1/dz

= ,Fi(1,-(n—-1);-Bn—-2);2) =
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(3n—2

2n — 1) ( 2F1(1;=(n—1); -(n - 2);2)

s P2 —(n— 1);-(3n - 2);2))

+z

3n—2 n—1 n—-1)n-2)
(Zn—1)(1+3n—2x+(3n—2)(3n—3)zz

n-Dn-2)(n-3)

Gn-2)3n—-3)3n—4)"

n—1 n—-1Dn-2)

N A T KR
3n—2
= <2n B 1) JFi(L,—(n—1);—(3n—2);2)

zn:k<3n—1—k) k_l_(Sn—2> Fy (1 —( ;-3 2:2)
L\ 2n—1 )" T lgn—q) 2T TR T AR

n

z <3n—1 ) k-1
2n—1

k=1

3n—2
= <2n _ 1) JFi(1;, —(n—1); —(3n —2);3)
n
k 3n—1-—-k
Z 33n-k-1 ( 2n—1 )
k=1
1 3n—2
~ 33n-2 (Zn _ 1) F(L,-(n—1);—(Bn-2);3) =

_ 1 (3n—2)3n—1
T 3m-2\2p—1) 2

AN.027. Solution by Remus Florin Stanca-Romania

Leta, = (1 + 20 12k+5)n.
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1 a1 1"
. Qnta . (n+1)2 (1 + 220 2k + 5)
lim = lim

n

n—-oo an n—-oo l n 1
2 (1+ 2%k 5s)
1\ (1422555
=Ilim|1+2 Z kTS 1
oo ikt o \1423n
k=12k ¥ 5
n+1
1

2k+5<2k+6=

> =
2k +57 2k +3 L2k +5

n+1

1
- _1k+3;(1£l-)7§k+3_°°)

n+1 n+1

2 2
Tale ks P70 2k +5 (1)
k=1 k=1
142y 1
let u(n) = — 2k1+ 5
n
1+ 2212k F5
a1 \"
1+ 2 5—=F 1 )
lim 2KE5 ) i (14 (u(n) — 1))F 10D _
n—oo 14+ 22” 1 N 00
k=12k + 5
2n 1
= exp{ lim =e® =1;(2)

From (1),(2) it follows that:

Q—£%ﬁ<1+222 )
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AN.028. Solution by Adrian Popa-Romania

b3 4 cos4x b_3 _ cos4x
oy - [ LETE, __[P3-asts
o 1 —cosdx a

B j‘bl—cos4x—4
), 1-—cos4x

1—cos4x

b b 4 b 2
=—] dx+| —————dx=(a—-b)+ d
,fa X ,Ll—cosélx x=(@=b) fasinZZx x

=a—b—cot2x|% =a— b+ cot2a— cot2b

AN.029. Solution by Remus Florin Stanca-Romania

')
@=lm =D n(H 1 (l"g (n) = Z F(k)>
log(n!) — Zk_z Y(k) =S

% n(H, -1
) logln+1) —yY(n+1)
= lim 1 =
n—oo
(Tl+1)(Hn+n—+1)—TlHn+n
] logln+1) —yYn+1) login+1)—yYy(n+1)c-s
= llm = llm =
noonHy,+H,+1—-n—-1—-nH,+n n-ow H,
n+ n+2 1
. log(n+1) b +2) +p(n+1) , log(n+1)_n+1
= lim = lim =
n+1 n+1

= lim(n+ 1)1 (n+2) 1= liml <1+ -
=gl Dlog (5omy) = 1= Jig log
=loge—1=0
AN.030. Solution by Surjeet Singhania-India
As we known logarithmic function is increasing log: R} — R,

0<1+4+sin"x<1+sin™"1;Vx € [0,1]
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Also,x+1<1+4+x+x"<14+x+1=2+x,then

1+ sin™x <1+sin"x
14+ x4+ xm 1+ x

1 (1+ sin™x)(1 + x)
Let f log dx
0 1+x+xm™
1 1+sin™x)(1+x
< f log<( X )>dx|:
0 1+x
=log(1+sin™"1) <sin"1<1;vyn=>1
Hence, we have:
L 1+ sin™x)(1+x
lim | log ( ) ) dx =0
n-o J, 14+ x4+ x™
jll (1+Si"nx)d jll (1+x)d
_— -
o I\l an) T OO T
Therefore,
_ had (=) 1 . ~ had (_1)n+1_ hod (=)™ (=)t _
Q__; n Lxdx__;n(n+1)__;< n _n+1>_

=—(log2+log2—1)=1-log4

AN.031. Solution by Mohammed Diai-Morocco

a
f (2x —a) log(1 + x + x?) dx = 0; (%)
0
a
J(Zx—a)log(1+x+x2)dx=
0

a a
=j (2x+1)log(1+x+x2)dx—J (a+ 1D log(1+x+x?)dx
0 0
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J.a(Zx + 1) log(1+ x + x?) dx
’ =[1+x+x?)0log(1+x+x?)—(x+x2)]|¢ =
=1 +a+a*)log(1+a+a?
Therefore,

(1+a+a®)log(1+a+a?
1+a

a
(*) & j log(1+x+x?)dx <
0
The function x = log(1 + x + x?) is increasing in [0, a], so:

a a
j log(1+ x + x?) dx Sj log(1+a+a®)dx =alog(1+a+a?
0 0

<(1+a+a2)log(1+a+a2)
- 1+4+a

AN.032. Solution by Tapas Das-India

We know that:

3 5 7 9

I X +x X +x
an"'x=x——+———+——"
3 5 7 9
x.tan_lx—XZ_x_4+x_6_x_8+x_m_...
3 5 7 9
Now,
(x*)*  (x?)° (%) (x?)°
tan 1(x?) = x? — + — + e —
(*%) 3 5 7 9
5 x6 x10 x14- X18
=Xl —

3 5 7 9

Hence,
tan '(x?) —x - tan ' x

1 1 1
= g(x4 —x®) +§(x10 + x©) +;(x8 —x1) + -
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Forx € (0,1):x* > x® > x8 > x10 > x1* ...
Clearly, tan™*(x?) —x - tan™ ' x > 0 © tan™1(x?) = x - tan™ x, thus
tan™1(x?)
x-tanlx =
Therefore,

bsinx - tan™1(x?) b
— dx = | sinxdx
. X-tan7lx a

dx > cosa—cosb

jb sinx - tan~1(x?)
1
. X-tanlx

AN.033. Solution by Naren Bhandari-Bajura-Nepal

Due to Lambert continued fraction (particular case of Gauss continued

fraction)
x
tanx = 5
1+ K® X"
n=12n+1

Now we replace x by ix giving us

X

tanhx =

w _ X*
DLV

. b o
So, we need to integrate I + fa tanh x dx which is easy to see

cosh b)

b d
_]; dx °9 (COS x) x °9 COSh a

AN.034. Solution by Adrian Popa-Romania

o ((a —V2)(b+ \/§)>
No-v2)(a+V2)
= log(\/i - a) - log(\/i — b) + log(\/z + b)
—log(V2 +a)
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\/E—al \/E+b1
= logxl + log xl‘/_”’ J —dx +f —dx =
vV2-b x V2+a x

b1 b1 b 22
= dt+f dt=f x—2\/_f
fax/?—t a V24t a 2—Xx? 2—x?

We need to prove:

b
exp(2V2 | x*dx|=2V2
a a “ xZ

Let £:(0,1) » R, f(x) = x* = e*°9% then f'(x) = x*(1 + log x)

1
f(x)=0<:>x=g

o ! 1
e
fl| —-—————-—- O+++++++++
f(x) N 0 2
g(Ol)—>]Rg(x)— ! 2,g(x)—(z—x>0;‘v’x€(0,1)

x2)2
Hence, f(x) = g(x); Vx € (0,1).

AN.035. Solution by Ravi Prakash-New Delhi-India
LetmeN—-{0},f(x)=(x+1D)*(Mm+1—-x)"*,0<x < [%]

logf(x) =xloglx+1)+(m—x)loglm+1—x)

%=log(x+1)—log(m+1—x)——mrj_;fx=

=1 ( x+1 ) M=* <ov0< <[m]
-9 m+1—-x/ m+1—x ’ x 2
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Thus, f decreases on [0 ] = f(x) = f ,Vx € [0 [ ”
Hence,

1 < 1 _ 1
(k+1DkCn+1-k)>2 %~ (n+D*"(n+ D" (n+1)2"
and

1 1

<
(k+ D*@2n + 2 — k)2nti-k = (n + 1)2n+1

1 2n—-1)'2n+1)
n—1)! z <
— (k+ 1)k2n —k + 1)2nk (n+ 1)
_ (@n+1)!
- 2n(n+ D2
_ (@n+1)!
Let b, = DT and
2n+1
a1 1) "i 1 _@ni@n+2)
' = (k+ 1Dk 2n+1—k+ 1)2n+1-k (n + 1)2n+1
_ (2n + 2)!
T 2n+ D(n+ 1)2n+1
Letc, = mg&% We prove that: b, c,, = o forn — oo,

b, 1 (n + 2)? 1\ e?
= (1 + —) : (1 + ) - —
b1 n/ 2n+2)(2n+3) n+1 4

2
As = > 1,b, = 0asn — oo. Similarly, ¢, = 0 asn — oo,
4

Now,

1
0 <;(k+ Df(n—k + 1)"F

< by, Cp
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As b, = 0,c,, = 0 asn — oo. Therefore,

1
= 1 — ' =
1= lim(n - 1)! kz_; (k+ D*(n — k + 1)nk

AN.036. Solution by Amrit Awasthi-India

Y(z) = %fowxz"le"x log x dx

oo

0 — n+1 -x ] dx — ” n-1 -x ] dx =
(n) fox e *logxdx nJOx e *logxdx
=I'(n+DyYn+1) —nl(Mypmn) =n[Pn+)-yp®)] =
1
=n!(£>=(n—1)!

Therefore,

AN.037. Solution by Ravi Prakash-New Delhi-India

Q()_J dx _j x"1 d_f(l 1 )”‘1d
n )= x(1+xm) ) xn(1 +xn) )0 T Ty x
n

—1j(1 1)dt l(t)+C l(x >+C
)\t t+1 TR\t Tn9\1T

1 1 1 n+1
.Qn(l) =£log(§) = —Elog2+C=>C=

log 2

Thus,

n

X 2 x™
n0,(x) = (n+ 1) log 2 + log (1 +xn) = log2 +log (1 n x”>

/f0<x<§,0<2x<1:>(2x)”—>0
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1
limn,(x) =—w0if 0 <x < >
n—>oo

Forx = % we have: nf2,(x) = log 2 + log <ﬁ> — log2asn — oo,
1+(=
2

Fort<x< 1,(2x)™ > o0, x™ > 00 ad n2,,(x) » ©asn - .
2

Forx = 1,n0,(x) = log 2 — log (zin-l_ ! )—> o gsn — oo,

2N xm

AN.038. Solution by Sergio Esteban-Buenos Aires-Argentina

n n n n n
Sl=2k(n—k+1)=2(nk—k2+k)=n2k—2k2+2k
] =1 k=1 k=1 =1

nn+1) nn+1)2n+1) nn+1) nn+1)(n+2)
2 6 T T 6

S, =;k(n+1)2 =kz=1k[(n+1)2+k2—2(n+1)k] -

n n n
=Zk(n+1)2+2k3—22(n+1)k2=
k=1 k=1 k=1

2
+1 +1 +1)(2n+1
=M.(n+1)2+<n(n—)> _2(n+1).n(n )(Tl )
2 2 6
0= 1im™o2
T RS,

AN.039. Solution by Ravi Prakash-New Delhi-India

Let f(x) =log(1+ x) + x + log x —\/x;x > 0, then

1 1 1
") =——+1+=-——=;x>0
f'&) 1+x X 2\/§x
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fo<x<1, thenZ\/—>\/—>xand 1:1_
\/— X  x

f'(x) > 0;vx € (0,1]

1

2\/}20::»

1 1
Ifx>1,then2x/§>\/§>1=>ﬁ<1=>1—ﬁ>0=>

f'(x).0;vx > 1
Thus, f'(x) > 0; Vx > 0 = f(x) —strictly increasing on (0, o).
Asb>a>1,logb =loga= f(logb) = f(log a)
log(1 +logb) + logb + log(log b) — \/m >
> log(1+loga) +loga+log(loga)— \/m

Hence,

\/logb—\/loga <

<log(1+logb)+logh+log(logh)—log(1l+loga)—loga—Ilog(loga)

b dx (1+ log b) log b®
2] < log =
a xy/logx (1+loga)loga

Therefore,

<2Jb dx ) _ (A +1logb)logb®
ex <
: a xJlogx) ~ (1+loga)loga®

AN.040. Solution by Adrian Popa-Romania

_ b, f(n) (x) B b, f(n) (x) f(n—l) (x) f(l) (x)  4cm
2= nfa \’ f () dx = nfa Jf(n—l)(x) FED0) T FO () dx <
f(n)(x) f(n D(x) f(l)(x) ~
- j <f<” DG " [P +1W<x>> "=

-3 e

k=1
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Let f®(x) =t = f**D(x)dx = dt, then

9@\ NP0
N< Z logt Z log f(")(b) £ (@)
k=0 F®(a) k=0 =0
AN.041. Solution by Kamel Gandouli Rezgui-Tunisia

£ )

letk=n—i+1landp=n—j+1, then

Ql(n)—ZZ|(p— )(n+k n+p)| ZZ(”"'pP)(]:l)"'k)

n
z 1 (p — k)?
= =
n+k n+p
p=1

k=1
(k— 1)2 = (k- 1)2
”1(”)—2 +kz 2(n+k)
Because:
n
— k)2 1
u(zo—k)zz(k—l)z;pzumd >_—;Vp<n

s n+p n+p  2n’
p:

C k-1 (k-1?  (k—1)?
“"on T 2

1 1 (k—1)2 (k—1)2
>—=
n+k 2n 2(n+k)

n n—-1
(k —1)? k2 1 1 1
N > Z = — =_—_n?2__ —_—
1) mo LA 120 8" T
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2(n) = ZZ |(n+k n+p)| ZZ(" JI;)_(::"C)

k=1p=1

Z 1 Clp—k Z 1 ln—kl
p— n-—
= = <
2(n) n+k n+p n+k n+1
k=1 p=1 k=1 p=1

lp—kl<|n—k|<n—1and— < —

n+p n+1

n n n
20 <Y Z Z e
2\ = n+k n+1 1n+kk_1n+1

<n(n—1) 1
T on+1 n+k—
k=1

nn—-1) n n3

. <
n+1 n+1_(n+1)2_n

Therefore,
n” n 1
o 0(m) . 12787727
N = > =
rlzl—tzlo N,(n) — rlﬂ?o n oo
AN.042. Solution by Ravi Prakash-New Delhi-India
F2
Ty s(s—a) (S—b)(S—C)_ né
T, F? s(s—a) 2
(s=b)(s—c)
T, T, A B C m
tan™?! + tan™?! 4 tan™? e
Ty T T,y 2 2 2 2
s
23sin’x + cosx + 2
- [ dox; (1)
o Sinx+cosx+7
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dx; (2)

s
0= f73coszx+sinx+2
o Cosx+sinx+7

By adding (1) and (2), we get:

T

23+ cosx +sinx + 4 m
20:[ xZE

0

cosx +sinx+7

Therefore,

T
f?Ssin2x+cosx+2 s
— X = —
o Sinx+cosx+7 4

AN.043. Solution by Ravi Prakash-New Delhi-India

t-logt

ey 0 <t < x —continuous.

Let f(t) =
lf0<x<1(t)<0=>f1xf(t)dt<0
ifx>1,£(t)>0= [ f(©)dt>0

Forx =1= fle(t) dt = 0 = x = 1is only possible solution.

AN.044. Solution by Ravi Prakash-New Delhi-India

2x+1] 2

2 gy (2eeg) 1 424 de
2= J
1 e[ 4 2

+% e (t]
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3 4 1 4 1 [1 1]
8e2  8e*?  2eZ(e—1) e3?

AN.045. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
Firstly,let's prove that :
f'fx+y+)+f ) =f'(x+t)+f' (y+0t),Vx,y,t =0 (1)
(1) is symmetrical on variables x,y, WLOG,
we may assume that x = y.

Since f' is convex then f'" is increasing on [0, )
Applying Mean Value Theorem,we obtain :
f'w)—f'w) =2 w—-v)f"(v),vu,v = 0 (- f" is increasing)
Then :
ffx+y+t)—f'(x+t) =yf"(x+t) and
ffO-fov+oz-yf"(y+0
Therefore,

[ffx+y+) =+ Ol +[f'(O) - f'y+1)]
2y[f"x+)-f"y+1)] =0

because x =y = 0 and f" is increasing on [0,). Hence,
(1) is true.

Integrating the inequality (1) on [0, z], we obtain
Z z
f(f’(x +y+0)+f(1)dt = f(f’(x +O)+f'(y+1t))dt
0 0

or, [fx+y+2)+f@D]-[f(x+y)+f(0)]
2[f+0)+f+]-[f )+ )]
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Then: fx)+fM+f(@+fx+y+2)
2fx+y)+fy+2)+f(z+x)

By AM — GM inequality, we have :
x+y=2xy,y+z=2][yz
z + x = 2/zx and since f is increasing then
fFO+fON+f@+fx+y+2)=f(2xy) + f(2/yz) + f(2Vzx),vx,y,z = 0.

AN.046. Solution by Pham Duc Nam-Vietnam

j e>*(tan* x + tan® x + tan® x)dx

t=tanx

=fesxtan“x(l+tanx+tan2x)dx =

) t
=fe5t“"1tt4( +1>dt
t2+1
5 _5tan"1t
=fe5t“"_1tt4dt+fte—dt i

t2+1
o tSeStan_lt
:>fe5fa" tt4dt+f—dt

t2+1

1 o tSeStan‘lt tSeStan‘lt
— _45,5tan™ "t __
T5te J t2+1 dt+f zr1 X

1 _ 1
= gtses’:a" "ty = gtans(xesx) +C

n
1
J e>*(tan* x + tan® x + tan® x)dx = 3 tan®(ne°m)
0

n—-oo

n -1
N = lime>™* 1 tan®n <f e>*(tan* x + tan® x + tan® x)dx> =
0
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=5lim——-———="5e
n-o tan®(ne 5")

AN.047. Solution by Ruxandra Daniela Tonild-Romania

+ x +z
J.ff y y >dxdydz+2(b—a)3:
y+z

2(b—a)d+ fbffb(+)1+(+)1 dxdydz <
= —a X Z X zZ =
a Ja Ja Y y+z Y y+x Y

1.1 1.1

<z(b—a)3+jbfbfb<(y+x)-y2—z+(y+z)-¥ | dxdydz
J

AL rorotede D
=3(b—a)d+ %f <b2 +1)+(y+2)109é

+(b—a) <§+§>> dydz =

b?2—a%? b b-—a b?—a? b%?—a®> b
=3(b—-a)®+ f log +— + loga dz +
a

2 2 2

fb (b - a)zl b+b_ab2_a+(b Y2109 2 ) dz =
) a)zlog . 5 a)zlog—|dz =
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3 b
=3Mb—-a)}+ E(b +a)(b — a)? loga
Therefore, we have to prove:

3(b —a)3 +%(b +a)(b — a)? logg <3(b+a)(b—a)’log (g) =

b
(b+ a)(b — a)? loga =N

N| W

3(b—a)3 <

b
b+a, b 2 logy

b—a< log— & < S
¢ °9 a b+4+a b—a
b+a - b—a Vabh>0
2 “logb—loga’ @
AN.048. Solution by Syed Shahabudeen-Kerala-India
Hn HTl
2= lim = lim =
noon(Hyp_q — 2Hy ) oo 1
n|\ Hyp—q — 2 (Hn - ﬁ)
_ Hy _ 1
T nownHpn g — 2nH, —1 now Hpmq o, L
Hy Hy
H HZn—l 2
_ H
Here: limn( an-l 2) = lim —%—
n—-oo HTl n—-oo 1
n
1 1
lim Hypq Cesaro=s i Hyn1 — Haneq — lim 2n + 1 ton —1
n—-oo n n-oo  Hy g —Hy n-—oo 1
n
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li L 0

nl—g}o H, -

Therefore,

Hyp 1 1
lim(n 2n1—2n——>=0:>.(2=lim =0
n-oo H, H, n-oo nHZn—l —2n— 1
H, H,
AN.049. Solution by Kamel Gandoulli Rezgui-Tunisia

Let f(£) =Vt* +t2+ 1 > 0;a,b > 0 and Ietc=%£%b.

From M.V.T., we get:

1 b
Ja € [a,b]: f(a) =mf f(t)dt

a+b «a
f7=2a> ; #0
2 a+b
2
b a+b b a 2 . .
Ifa-0,c —>ﬁand7—>5then,@ =5= c impossible!
2

c<a=f(a)=f()=

1 VaZ+ab +b*\ /(a®>+ab+b2)2+3(a®+ab+b?)+9
—b—aLf(t)dth( 7 ) 3

Therefore,

b
Sf Vx*+x2 4+ 1dx = (b — a)\/(a? + ab + b?)2 + 3(a? + ab + b2) + 9
a

AN.050. Solution by Rana Ranino-Setif-Algerie

X 1(1 — x? =2 1 1
_Q(n) Zj ( )dx t=x E.f tn_le_nt dt_z.[ tne—nt dt

2
enx

%f gn=1e-nt gp 120 %t”e‘"t +%f the ™ dt
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2n

1
Nn) =—tre ™+ C=

2n 2nenx? +

AN.051.
Denote f(x) =y;y € [—%,g] then 2y € [—5,5] and
—2y € [-5,5],15 — 2y € [10,20], hence 15 — 2y > 0.
We will start from (5 — 6y)? > 0;Vy € [—%,g] =N
25 + 36y — 60y = 0 200 — 32y2 < 225 — 60y + 4y2
200 — 32y2 < (15 — 2y)? & /200 — 32y%2 < 15 — 2y
V200 —32y2 + 2y < 15 © /200 — 32f2(x) + 2f (x) < 15
250877 + 2/ () < 15 & 50— B7C0) + £() < =

Therefore,

75

5 5 5

2 50 — 812 d 2 dx < 515d =
f_EJ ~82(0) x+f_5f(x) x—f_ﬁ =

2 2 2

Equality holds for f (x) = g; Vx € [—%,;]

AN.052. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

vis
Let x € [0,a], since a < 1z

- cos x,cos(2x),cos(4x),cos(6x),sinx =0

AM—GM
We have : cos(2x) = 2cos?x—1 < (cos*x+1)—1=cos*x
- cos(2x) < cos*x (1)

~

1) €Y
- cos(4x) < cos*(2x) < (cos* x)* = cos®x - cos(4x)
< cos'®x (2)
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AM—-GM
~
<

cos(3x) = cos x.(4cos?x — 3)

cosx.[(cos®x+1+1+1)—3]=cos’x — cos(3x) < cos®x (i)

1

~
—

~
-

i
- cos(6x) < cos*(3x) 2 (cos®x)* = cos36x —

cos(6x) < cos3®x (3)

(1),(2),(3) - cos(6x).cos®(4x).cos*®(2x)

< c0s3® x . (cos'® x)®. (cos* x)*®> = cos'? x

a a
- jsinx.cos(6x).cos6(4x).00515(2x) dx < jsinx.coslgzxdx
0

0
-1 a 1
= [m cos'?3 x]o =103 (1 — cos'®3 a).
AN.053. Solution by Adrian Popa-Romania
I8 X X s
rzr(l—-—z = =>T(=)'1—=)=
A =2 =7 (2) ( 2)

sin (nz_x)
F(x_l)F(l—x+1)— T _ T _ T
2 2 i (B D) sin (545 cos ()

So, we have:

T T X X
_ . C9 cin (2 Y o2
N(x) = . (n_x) - (n_x) ZSm( > )cos( 2) 27
2 2
Therefore,
, 4x+1 0 , 4x+1 0 ( 1)20
— —=0x —-——+—=0|x——]| =0>
x Nx) mn* X Tz e XTI
1
XZE
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AN.054. Solution by Ravi Prakash-New Delhi-India

Xo=1x=0x,=(n—D(xp_1+x,2),n=2,n€EN; (1) =

Xp —NXp_1 = —[xp-1 — (n —)x,,_5]. Put: a,, = x,, — nx,_4,Vn =
1, al = _1
Also, (1) gives a,, = —a,_,Vn = 2 = (a,),»» —geometric progression

with ratio q = —1.

Thus, a, = (1) ta,vn>1>x, —nx,_; = (-D"vn=>1
n n

ﬁ%_(nxﬁ)z (1)n Z( ﬁi)l)z

xn_ - (_1)r X0
ﬁm—z ]
r=1
n

-D" 1
Qzlimx—nzlimz( ):E

n-o n!  n-oo r!
r=0

AN.055. Solution by Ravi Prakash-New Delhi-India
xf(y) +yf(x) =2f(xy)
Puty = 1sothat xf(1) + f(x) = 2f(x)
f(x)=xf(1) =3x;Vx ER

Similarly, g(x) = 2x;Vx € R. So,

f (Sin;lx) = sinhx and g (COth) = coshx
X _ ,—X
1 %dx 1 (leX —e™>
.Q:J()ex_e_x-l-ex_l_e_xzzfo e—xdx
2 2
o] -5
T2), 0T TP TR T T e
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AN.056. Solution by Yen Tung Chung-Taichung-Taiwan

e T 1-T
n=0 k=0 n=0 k=0 n=0 e
o 1
e 1 T\ _ e 1 z
_e—nZ(ﬁ_e"“) e—T1 17 1
n=0 1—= 1-=
s e
_ e ( Vs _ T )_ e
e—n\r—1 e—1 (m—1De—-1)

AN.057. Solution by Adrian Popa-Romania
Letx € (0,1)

—x n+1_1
1—x+x2+---+(—1)"x”=(_)—_1,(Tl—>°°)$

1
1—x+x24-=
1+x
x2 x3 4
x—7+?——+--~=log(1+x)
x2 x3 log(1 +
O A 9(1+x)
2 4 X
let x = —
1
11 11 11 log(g+1)
m 2 w2 3 w3 4 1
T
> (-2 g=rtoa (4 1)
) n+1 9
n=0
0, =1+241 —z(+1>—l(+1)+1 z
1= 175 o T0d -y 2n 2
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letx = -
1
1111 11 _log(1+g)
e 272373 ; B 1
e
> () et (14])
e) n+1 ¢ e
n=0
0, =—1+4+241——=el (1+1)—l <1+ )+1 z
2= 2 2e 09 e) €09 2e 2

1+
1
vy - 1 1_ 1,1 1
frx 1+ (x+1)2 T ox(x+1D) (x+1)?% 0«3
2x+1

=————>0
x3(x +1)2

AN.058. Solution by Asmat Qatea-Afghanistan

x —
vtan"lx —tan"ly = tan™! (1 - xyy)

“nd+eniP+1ln+6=mn+1)n+2)(n+3)
- L (n®+6n%2+11n+5) -n!
0= Z tan~ =
1+ (2 +6n2+11n+6)-(n!)?

= ((n +6n%+11n+6) - n'—n')
=Ztan
=

1+ M2 +6n2+11n+6)-(n!)?
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= Z tan t((n® + 6n? + 11n +6) - n!) — z tan~t(n!) =
n=0 n=0
= Z tan Y((n+ 3)!) — 2 tan"'(n!) =
n=0 n=0

[oe]

= z tan Y((n+3)!) — 2tan"*(1) — tan"*(2) — ) tan"i(n!)

= — (g + tan‘l(Z))

AN.059. Solution by Ruxandra Daniela Tonild-Romania

CBS
>

1 , 1 . 1 1 1 ,

.’;f (x)dxz.l;f (x)dx-j;dx+§f0f (x)dx =
2%(Lf(x)dx> +%Lf2(x)dx=82—1+%Jof2(x)dx2
>1+§+lflf2(x)dx—1+8J1x2dx+ljlf(x)dx>
-7 3 2), B o 2J, -

1 1
>1+ lf (16x% + f2(x))dx AQM 1 +f 4xf(x)dx
2 0 0

Therefore,

J f2(x)dx =1+ 4J xf (x) dx
0 0

AN.060. Solution by Ty Halpen-USA

QM) = (1 +2)(A+29(1+28) .- (1+22"7) =

_ 92

=1 12 +290+2) o (142777 =
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= —%(1 —291 4291 +28) .- (1+277) = —%(1 -27")

n
n 22

1 \% 1 @)
2= lim (1 + 3.(2(n)) = lim (1 T 1)

22"
= exp iﬁm =e

AN.061. Solution by Ruxandra Daniela Tonild-Romania

n
—lzmn(ﬂf) < log 2
n—-oo

= lim (log n+

n—oo

" g (ﬂ )

n_, V!
lOg.Q = lim (logn — —lOg (1_[ \/_>> + lim g(l_[;;;z )
n—oo N—00

=0+,

n
1
where ; = lim (logn - Elog <| | k\/k!)) and (2,
n—>co
=2

k=
m log (Hﬁ:z W)

n—oo n2
1 n
0, = lim (log n—~log <| | k\/k!))
n—>00
k=2

n
1
= lim —(log n" — log( k\/k!)) =
n-oon =2

1
lim 1 ( n )ﬁ toa | tim " —"__ | =P
= tumlio _— = [0 m _— =
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iy i n+1\" n+1 iy l
=g nl—tg)(( n ) .n+!/(n+1)! B Og( nl—z}or{/—>

iy y nnpn c-p | y (n+ 1" nl
gl ) T 09\ e R (n+1) nv

(n+1> )zloge2=2;(2)

= log (e - lim
n—->oo

109(1_[?:2 W) — lim Dk= Zlog(\/_) c=s

QZ - nl—‘{rolo n n—oo nZ
. log (n“\/ (n+ 1)!) _ logln+1)!
e 2n+ 1 Talemt D2n+ D)

_ lim Yr=1logk Csl' log(n+2)LH

_Lk=1 797 0: (3
T 22 +3n+ 1 noe 4n+5 ®)

From (1),(2) and (3), it follows that: log 2 = 2 = 2 = e?.
AN.062. Solution by Marian Ursdrescu-Romania

Put9x—4=t:x=%,dx=%dt

dt

3x2+2 79

210g(9x — 4 1 (1 logt
Q=j e )d - J t+oi2
1 5
3(—9 ) +2

_1114 logt i =
- 9J5 32 +8t+16) L,

81

—3]14 It 4a
) t2+8t+70 + ()

70 70
14 log t t="— 5 log
T TR Y L 7
5 1

2 2
t2+ 8t + 70 47}%+8 %Jﬂo
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_f4log70—logy
). y2+8y+70

1 70f14 R fﬂ 09y
09 yrxey+707 ). y2+ey+70”

14 1 14

= ~log 70 dy =
2 fs G+ (EE 2

y+4>

lo 70tan‘1(
g Vsl

= nglog 70 (tan‘1 (\/1?8_4> —tan™?! (\/%_4» =
= 2\/1%[09 70 (tam‘1 V6 — tan™! (%)) ;(2)
From (1),(2) it follows that:

2log(9x — 4) 1 3
n= f ———~dx=——=1og 70 (tan‘1 V6 — tan™1 (—))
. 3x2+2 N NG

AN.063. Solution by Cristi lulian-Romania

Using Bernoulli’s inequality, we get:
xY = (1+(x—1))y2 1+y(x—1)

Integrating the previous relation w.r.t. x, respectively to y, and using the
monotonicity property of integrals, we obtain:

b b b b
ZJ J xY dxdy > ZJ J (1+y(x—1))dxdy =
a a a a

b
=2f (b—a)(l+@—y>dy

P +b—2
2] jxydxdyZZ(b—a)2<1+aT(a+b))
a a
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Lastly, we need to prove that:

a+b—-2
2(b—a)2<1+T(a+b)> > (2ab—a—b+2)(b—a)?
That is equivalent to:
a+b—2
(b—a)z(Z+T(a+b)—2ab+a+b—2>20(:)

(a + b)? = 4ab which is true Va,b = 0.
AN.064. Solution by Amrit Awasthi-India
We know: K(n+1) =1'-22.33. .- n"and
G(n+2)=1!-2!-3!.
>6n+2)=1"-2n1.3"2. . (n—1)% -nt

Kn+1)-G(n+2)
=(11-22-3%. .qn) - (17271372 (n—1)2-nd)

= 1" 2 (= DM e = ()

Therefore,

Q=;\/K(n+1) G(n+2) Z /(n|)n+1 Z (O

=1
n!

n=2

AN.065. Solution by Ravi Prakash-New Delhi-India

Lot 4. — (2n+ 1)! 0 <k < p

T anr1—Rr o A
- (en+1)1)” @n+1)! <2n+1):>
kT Cnri—k! % en—k %\ &

MATH ACCENT Page 231



DANIEL SITARU CLAUDIA NANUT!

- 2n+1 2n+1 2n+1
;bk=a0+a1( 1 )+a2< 5 )+---+an< n )>

>02n+1D(a; +a, ++ay) =

=2n(ap+a,++a,)—2n+a,+-+a, >2n(ay++a,)

va;—2n=2n+1-2n=12> 0. Thus,

o< (Sa) (S <

k=1 k=1
Therefore,
-1
(e e+ \ (v (@n+ 1)
a=tm( ) =)\ 2 7) =0
oo\ (Zn+ 1=\ & ki ((2n + 1 - k)1)
AN.066. Solution by Ravi Prakash-New Delhi-India
n-—1 n n mn n—-1 n n n n—-1 n
) = n-k | — n-k | —
D252 (DY m)= > (S (-
k=1 m=1 k=1 m=1 m=1 \k=1
n
= Z[(m+1)”—m"—1)= n+D"—-1-n
m=1
Therefore,
n—-1 n
n m" nm+1D*"—n-1
I -n = s _
0= lim(1+n) kzl () Zlmk R
= m=

AN.067. Solution by Adrian Popa-Romania

O=CD=2(-20) =2 (-26) -

k=0
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X (R ERT

k=0

R A ) N )

I
|_\H4=

k=0 k=0 k:O
2n —
=n—4-2"14+4. ( )
-1
Therefore,
-1 n 2
0= <2n—2) z 1 Zk(n)
N nl—trolo n—1 P n \k
o on—4-2"t 4. (22
= rlll_ff}o (Zn 2 =4

AN.068. Solution by Adrian Popa-Romania

1-x

o) - | GG T
1 (1 + x2)a+h
_ ® y2a+2f-2¢2a-1 (1 + t)2a+2p 2 J u=t?
- (1 + t)2a+2[>’—2 ' 2a+[>’(1 + t2)a+ﬁ ) (1 + t2> -
2a-1
— pa+p-2 ” (\/ﬂ) ) . du = pa+f-2 deu
(1+w)*? 24u o (T+u)e*k
— 2“+B_ZB(CZ,[?)
(e, B) = 2°*F~?B(a, p)
ra3)r(s) 2! - 4!
— 26, =26 —— ~~=—26._____
N(3,5) =2°-B(3,5) =2 TG 15 2 T
r)r() 314!
— 27, =27, ~7 ~7 _927,
r3)r() 2151
= 27. =27 — - 2 =27.—
0N(3,6) =2"-B(3,6) =2 rG+6) 3l
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27 @ 26
J02(4,5) - 2(3,6) = 5\/2! -31-41.51 < S 4e

%\/(2!)2-3-(4!)2-532!-4!@\/Es\/ﬁ.

AN.069. Solution by Adrian Popa-Romania

2n \ (2n)! 1 I e
(n—k) B (n—k)!-(n+k)!:>(n—k)!-(n+k)!_ (2n)!

(=) ) e ()
() () e () -

. (Zn) 4 <2n) 4 (Zn) P (Zn) _92n o 95 4 (271) _ oo
“\o 1 2 2n) n)

s50-(%)
2s= B S () s () - L)

N =lim i (2n)!- ZZH: ! il
T noo ' n—K!-(m+k)! 2n)!

k=0
. n (271) 4n n (21’1)' c— D
= j(zn)! ( 2(2n)! (Zn)' fm, M e
@2n+2)! (@)? @) @2n+ D(2n+ 2)(n!)? B

(Gt D)7 Gl nte  (D2(n+ D@
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AN.070. Solution by Ose Favour-Nigeria

sin~1(1-¢) COS x
N =Ilim log ((cos x)°t* . (sin x)1+sinx) dx =
-0 1
£>0 Sin &
s T
—Ftl( )d+F % Jog(sinx)dx = A+ B
= 0coxogcosx X T+ sinz og(sinx)dx =

= Lou o (!
At Czosxf Zloguduzif u?™*logudu Ef
o 1—u = Jo

1o~ 1 (* I 1 1 2
- 2n+1d - __ =—_7(2) = ——
zzn+1jou R Sy e PR CO it
—si logu 2 2
u=sinx
B = du=Li- (1)) =——=>0N=A+B=——
[ Tomdu= i1 = -5 +5=-1

AN.071. Solution by Adrian Popa-Romania

Q=limn’ Q@) (1) t (1)—
_nl—a}on n Sin n4 an ‘n5 =

1 " K 1 “ k
= limn°(—- z 84(27) N Z eé(z‘ﬁ)
n—oo n n
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_ 10 (e*—1)(e®—-1) B (e®> —1)?
B 24 25

AN.072. Solution by Hikmat Mammadov-Azerbaijan

b rb 1 1 B b rb X(y—x) ~
.fa,fa<1+x2_1+xy>dxdy_fafa(1+x2)(1+xy)dxd)’—
_I( (P x=x) bt yx-y) _
‘E(L f 1+x2(1+xy)dxdy+L J (1+y2)(1+;vx)dydx>_

_lf”f"(y—x)[x(l+y2)—y(1+x2)]
20, ) DA +y)H(A +xy)
_lfbf”y_xxx+“”‘y—yﬂ)
S 2), ), A+x)A+yH)(A+xy)

dxdy =

dxdy =

1t (y=x0)(=1+xy)
‘EL fa A+ 20+ 70 + 1) DXV =

P (y=x?)(-1+a)
e +x)(1+y2)(A +xy)

dxdy =0

Therefore,

b rb dxdy ijb 1
< dxdy = y|btan™1 x|?
L J 1+xy ™~ J, J, 1+x2 . “

a
=((Mb—-a)(tan b —tan ' a)

b—a
— _ -1
= (b—a)tan (1 T ab)

AN.073. Solution by Ravi Prakash-New Delhi-India

nn+1)?’Cn+1) m+1)’2n+1)

F > 1:
orn = nl (n—1)!

Write:(n+ 1)?(2n+ 1)
=An-1)(n-2)(n—-3)+Bn—-1)(n-2)
+C(n—1)+D
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Equaling coefficient of n3, we get: A =2.Putn=1= D =12; n =
2= C =33,

n =3 = B = 17. Thus, forn = 4 we have:

nn+1)?Q2n+1) 2 17 33 12
n! _(n—4)!+(n—3)!+(n—2)!+(n—1)!

—n(n+122n+1) 1w (n+1)2Qn+1)
o= ) :
4" ql 4 4n=1(n — 1)!

112 112 1 33 1 12 1 33 1 17 1 12

“router nte ate ate e ot 3
133 1 17 1 2

fEatE et

Q_in(n+1)2(2n+1)_12 1,331 171 12
B ] 4n . | T4 16 64 256
n=

AN.074. Solution by Said Cerbach-Algiers-Algerie

e T Sy &I T e
=
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Using Cauchy-Schwarz’s inequality, we have:

1 1
f ex* dxf e " dx > 1then
0 0

1 1 1 1
= f e*’ dxf e dx—1= f J (e**¥* —1)dxdy . We have:
0 0 o Jo

(e—1)* cosh1-1
4e 2

We use a change of variables: u = x — y and v = x + y then we have:

2

1 r2+u e —1 1 r2-u e —1
I = j J dvdu + j j dvdu = I_+1,,where
0 Y-u 2 0 2

u
1 2+ueuv_1
I_=jf dv du
0 Y-u 2

1 r2-u euv -1
I, = f f > dvdu
0 Ju

With change u in 1_, we have:

1 Z—ue—uv -1
I_ = j J ———dudv, then:
0 Ju 2

e —1
I = ff dudv, where D is red sector.
D

2

dvdu =

uv uv
1 r2-u eW 4 =WV _ D 1 r2-u (eT — 8_7)
0 Ju 2 0 Ju

2

o 1% L2 %coshv —1
=f f sinh (—)dvdu=f f e dvdu;(0<v<2)
0 Ju 2 0 Ju 2

We have:
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dx =
2 x 2

1

2coshx —1 Lcosh1—-1 cosh1l—1
ISf —def =

0 0

AN.075. Solution by Ravi Prakash-New Delhi-India
(1) =11,9(0) = 2,h(0) = 3,t(0) = 4
fx+y+2z)=gx)+hQ)+t(2),Vx,y,z€ R; (1)
f(x) - g(x) =h(x) - t(x); (2)
Puty=z=0in(1), f(x) =g(x)+3+4=>gkx) =f(x)—7,Vx€E€R
Similarly, h(x) = f(x) — 6,Vx € Rand t(x) = f(x) — 5,Vx €R
Putting z = 0 in (1), we get:
fx+y)=gx)+h()+t0)=fx)-7+f(y)-6—-4=
=f)+f)-9vxyeR
fx+y)—9=[fx)-9+[f(») -9 03)
Let a(x) = f(x) — 9,Vx € R, then (3) gives

alx+y)=alx)+a)y),Vx,y € R. Also, a is continuous on R, a(x) =
xa(1),Vx € R.

Now, f(x)g(x) = h(x)t(x), then
FOIF) =71 = [f(x) - 6][f(x) — 5]
(F@)° = 7f(0) = (F())" = 11£(x) + 30
4f(x) =30= f(x) =7.5 2x+9=77=x=-0.75

AN.076. Solution by Hikmat Mammadov-Azerbaijan

d* /sinx 1 xtk t+k7r P
= —_— -
dxk( x ) xk+1f0 COS( 2)
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dk (sinx)_ 1 fl o ( +k7r) 4
i\ —xk+10uxcosux 5-) X du

1 1 km
_ ko k+1
_xk+1f0ux+ cos(ux+—2)du

1 . km
=f u -cos(ux+—>du
0 2

b b
w—=1<cosz<1,VzeRand f f)dx < f g(x)dx,x € [a,b]
a a

1 1 - 1
—fukdusf ukcos<ux+7>dusfukdu,OSuSI
0 0 0

1 k 1
j uk cos (ux + ) du| < j uk du
0 0

n n
1 d* /sinx 1 1 (. km
#—m:ﬁ dxk< x ) :rlzl—moﬁ xk“fo ‘ COS<t+ 2>dt
k=1 k=1
1 =t . km
= lim— j u cos(ux+ )du
n—-con 0
k=1
1 =t . km
lim— j u cos(ux+—)du < lim— ZJu du
nown L |J, 2 n-on
=1 n
= llm
n-oon
k=1
1 1
lzn: ! €S i . fri_ 1 —0
n-con k+1  now n+1)—n Cnoon4+2

(sinx) zn: 1
dxk\ x k+1

k=1

3|

n
S
n
k=1
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1
Therefore, 0= lim-—
n—>oonk=1

AN.077. Solution by Adrian Popa-Romania

2
1 1 1 CBS

1 1 1
S(1+§+§+---+£)(H1+H2+---+Hn)=

== H’I‘L(Hl + HZ + -+ Hn)

/1 /1 ,1
JH: + SHy+ |SHs+ -+ EHns\/Hn(Hl+1712+---+171n)
H, + / H, + / Hy+ -+ /

nyHy(Hy + Hy + -+ + H,)

<—)0

Therefore,

N =lim

n- n JH,(Hy + Hy + - + Hy)

AN.078. Solution by Duc Nam-Vietnam
By Euler’s identity: e™* = cos x + i sinx

e ™ =cosx—isinx

(¥):e™ 4 2% 4 31 P S N
: elx = p2ix eSix_
cosx t+isinx +cos2x +isin2x + cos3x +isin3x + cosx
—isinx+cos2x—isin2x+cos3x —isin3x = -1
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cosx + cos2x + cos3x = —1

cosx+2coszx—1+4cos3x—3cosx+§=0

1
4cos3x+2coszx—Zcosx—§=0

8cos3x +4cos?x —4cosx —1=0;(*x)
Taking a = 27n and let x = cos a, we have:

4r 6w 8m
cos—- = 2x2 — 1,cos7= 4x3 — 3x,6057= 8x* —8x%2+1

(x—1DBx3+4x>—4x—-1)=0

The polynomial P = 8x3 + 4x? — 4x — 1 has the same form as (xx) and
have 3 roots

2T 41 6m
C0S —,C0S —,COS —

7 7 7
So,
_ 2T _ 11 _ 6m
CO0S X = COS 7 ,C0S X = COS 7 ,C0S X = COS 7
2T 41 6m
x € {17+ 2k, + o + 2k, £ 57 + 2kn|k € z}

AN.079. Solution by Ravi Prakash-New Delhi-India

n = (268))
0(n) =j log(vVn+x++Vn—x)dx G
0

0
= njn log (\/%(cos 0 + sin 9)) (—2sin20)do =

4

= n[%log(Zn) —I]
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Where,

0
d
I = [ — 2 =
f% log(cos 0 + sin6) 70 (cos 208)d6

= log(cos 0 + sin ) cos(20) I%
%
%cos 0 —sin6 .
f (cos? 0 — sin?0)do =
0

cos O + sin@

= J4(c059 —sin0)%do = 14(1 —sin(20))do =
0 0

s
4 mw—2

0 4

= (9 + %cos(za))

Thus,
1 T—2 n
Nn)=n [Elog(Zn) + T] = 2 [2log(2n) + m — 2]

AN.080. Solution by Tapas Das-India

Let f(y) = siny —y, then f'(y) = cosy — 1.

Now —1<cosy <1,f'(y) <0;Vy > 0, thus f —is decreasing
function.

f) <fO)=>siny—y><0=>siny<y
Now, sin 3x < 3x and sin 5x < 5x.

sin® x 1——cos?x 1+cosx tzx
— cot2>

(1—cosx)2=(1—cosx)2=1—cosx_c 2

Now, we know that
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1

cotx < —

X
tx<2 t2x<4
cot — — = C0 oy s
2 x 2 x2

sin 3x - sin 5x - sin® x
(1 — cos x)?

<60

Therefore,

bsin3x - sin5x - sin?x b
J dx<60J dx < 60(b—a)
a (1 — cos x)? a

AN.081. Solution by Ravi Prakash-New Delhi-India

n-1 n

D EDE() —lom =) orDR( " )kn =

k=0 n k=1
= (-1n ;(—1)" (1) s

We have:
n

> () Dk = -2y

k=0
Differentiating w.r.t. x, we get:

Z (Z) (—D*kx*1 = (-1 -20)"'(n) >

k=1

n
> (1) DRk = (- = 0" ()
=1
Differentiating w.r.t. x, we get:

z (Z) (—1)kk2xk-1
- =(-DA-)"tn) +nn - D(D*A - 20" %(x)
Multiply again by x, we get:
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z (Z) (—D¥k2xk = (=11 — 0™ 1 (x) + n(n — 1D (=1)2(1 — x)" 22
= Differentiating again, we get:

Z( 1)’< )kt = (=11 =)™+l - D(=D? @01 — )2 +

+n(n—1Dn-2)(-1)3(1 — x)" 3x?
Continuing this way, we get:

Z( DF (1) kit = (1 =09 () +nl (<)
Putting x = 1, we get
Z( D () k" =l (-1 )
From (1),(2) it follows

Z( 1)“ ) (=" — (~D"nl (~D)" = !

Now,
n—-1
1n c-D (ﬂ,+1)' n"
— 714 _ _1\k n — ki 1 —_—
0= tim D 0t () =0 = fim A i B
I 1 1
= lim n
)

AN.082. Solution by Tapas Das-India

LetP=5+exsin(x+%)+e‘xcos(x+%)

dP = (e* —e™™) [sin (x + %) + cos (x + %)] =dx

1
=(e*—e™) [—smx+—cosx+—cosx——smx dx =

N AN, B
= (eX — e ™)V2cosxdx = 2 sinhxV2 cos x dx =

= 2v/2 sinh x cos x
cos x - sinhx

s
4
Q=f0 5+exsin(x+%)+e‘xcos(x+%)

dx =
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1 s+et P 1 Stet
=——IlogP =
2\/_ 542 P 2‘/_ 5+v2
1 5+e4

= lo
2v2 \5+ vz
AN.083. Solution by Nikos Ntorvas-Greece

Let be the function f(t) = tlogt,t > 0, f —is a strictly convex function
on (0, ), as a continuous function on (0, ©) where

F(t) = % >0,Vt >0
For t; + t; = 1 we have from Jensen’s inequality that:

f)+ £ 22 (A2 o

1
tllogt1+t2logt2ZZf(E)ﬁtllogt1+tzlogt22—log2<:)

1 1
—tllogtl—tzlogtz<log2<:>t1log( )+tzlog< ><log2;(1)

Fort, =

;(2)and t, =

t1+t2 = 1,0 < tl,tz <1
Combining (1), (2) and (3) we have:
e, (1+3b) b, (1+2)<l 2
2a+3b 9I\" " 2a) T 2a+3p 09\ T 3p) =%
Equality holds for 2a = 3b.

2a+3b

AN.084. Solution by Adrian Popa-Romania

b++V1+b?
log <m> log (b+\/1+b2) log (a+ 1+a2) =
fa V1+x2

= log (x + 1+ x?
We must to prove:
tan™1x

X A1+ x2

Vx>0
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X V1i+x2-1
Let: f(x) = tan™'x — .1+x2,x>0thenf’(x):W
>0,vx >0
=>f72and f(0)=0= f(x) >0,Vx >0=>tan tx > +2,‘v’x>0.
Therefore,
fbc,t ‘1>d > <b+V1+bj
—-tan"tx)dx = log| ——
a X g a++vV1l+a?

Equality holds for a = b.
AN.085. Solution by Ravi Prakash-New Delhi-India

Forx,y > 0,letx =rsinf;y=rcos8,r >00<86 S%

sin™?! <L> + sin~?! <L>
/x2 + yZ /xZ + yZ
= sin"1(sin0) + sin"*(cos B) =
—0+o—0=s
B 2 2

a+1 a+1 x
n= f j sin™t <—> dxdy
a Jx2+ y

at+l ra+1 y
f f sin™1 <—> dxdy =
Jx?+y?

dxdy =

a+1 1 y
= J J lsm 1 (—) + sin™?! <—)l
a a VX2 + y? Jx?+y?
a+l pra+1l
—f f D axdy =2
A
AN.086. Solution by Yen Tung Chung-Taichung-Taiwan

3xe* + 2
0) =J dx
(2log x + 3e* —1)(2log x* + 3xe* + x)

_f 3xe* 4+ 2 dr —
) x(2log x + 3e* —1)(2log x + 3e* + 1) x=

j 3e* +— dx 2log x+3eX=y
B (2!0gx+3€x—1)(2[0gx+39x+1) B

Zlogxi3ex—yj dt = 1 dt 1 dt _
B @—1xy+n 2)y—-1 2)y+1
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2logx +3e* -1

=—lo ‘—+C——lo | iC
g ngogx+3ex+1
AN.087. Solution by Mohammad Rostami-Afghanistan
oo x™ sm 4)
= lim — f dx
n—-oo nl
1 [©x" eix+%i _ e—ix_%i
= lim— | —- , dx =
n-oon! 0 eXx 2i
1{ed (= ST .
= lim — e—f xNe~(A-Dx gy _ € f xe—(+DX gy (1iX:)l=u
noonl\ 20 J, 20 J,

. TT.
b oo, (+D)-1,-u 2 oo (n+1)-1,-u
1 [e% umt-1, e & u@mt-1,
=lim—|—| ————du- -
0 0

nownl\ 20 J, (1= 0n+t 20 ot
1 y T
=lim———T(n+1) |= © : —— .e =
n-ow ['(n + 1) 2i(1 =+t 2i(i + 1)ntt
TT. TT.
li e’ e &
- T}o n+1 nti| =
a2 (\/Ee_%l) 2i \/fe%l)
. 1 efl‘l‘znl e_fl_zm
N 1€l—>oo (\/E)n+1 21 - 2l -
1 (cos > + i sin 2) e(%n)i
= lim — .
n-o (\/7) 2i
~ (cos( 2) +isin (— 7)) e(_%n)l B
20 -
_ 1 (TT )i + e( 4n)l 1 T _
" no (\/E)nﬂ 2 n-oo (\/—)”‘*1 cos (Z n) =0
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AN.088. Solution by Samar Das-India

sinx + /3 cos x sinx +/3cos x
- J. sin(3x) x= 3sinx —4sin3x
_ [ sinx++3cosx (sinx + V3 cosx)dx
- fsinx (3—4sin?x) dx = fsinx (3sin?x 4+ 3 cos?x — 4sin? x)
_ (sinx ++/3cos x)dx _ J (1 ++/3cos x) sec? x dx y=tanx

sinxcos?x (3 —tan?x) 3 —tan?x

<1+£> dy
=f 3—yy2 =fy?3+—\/y§2) dyw%f@

1 1
=—/(lo —log|V3—=y|)+C=—lo
75 (loglyl = log[¥3 =) Nl N
1 1, sinx | s
og
\/— V3cosx — sinx
AN.089. Solution by Adrian Popa-Romania

Q= lim (2n —5)!
nae (m+1)-(2n)! - B(6,2n—4)
(2n —5)! ] 2n-5)-Ir(2n+2)

= lim
(n+1)- o)L (?)(27523 ;)4) noe (n+1)(2n)!I T(6)I'(2n — 4)

(2n—5)!(2n + 1)! o @miert+l 21

= D@ 5 =5 A G F D) 5l 51 60

= lim

n—-oco

AN.090. Solution by Kamel Gandouli Rezgui-Tunisia

x,y,z€[a,b}?,0<a<b<landf(t)=t>+1-t—tt=
=t?2—t+1-tt>0in[0,1]andtt <1
X2 +y*+z2+3=x*+1+y*+1+2°+1
>x*+x+y’+y+zi+z>

1 1
<
x2+y2+zz+3_xx+x+yy+y+zz+z
(+b+)< +1+1)C§S9 ! <1 1+1\1 b,
ﬁ— —_— JES— J—
¢ ¢ bTc) = T atbtc9a 9b oc e

>0
Hence, we have:

MATH ACCENT Page 249



DANIEL SITARU CLAUDIA NANUT!

1 1 1 1
> > > < + +
X2+y?2+2z24+379(x*+x) 90Y+y) 9(=z%+2z2)
and then

J"’J"’fb dx dy dz
a Ja Jo X2 +y*+2z2+3
.[‘ffdxdydz j‘bfbfbdxdydz
< = —
9 x* +x adata VY

1[”[ f dx dy dz
+_ —_—
9y Jag )y Z%F+2z

:(b—a)zj‘b dx +(b—a)2fb dy

9 x* +x 9 V' ty
b—a)? (b d
+( )] z
9 @ 27tz
_ s (b—a)sz dx _(b—a)zjb dx
9 @ XX+ x 3 @ XX+ x
Therefore,

fbfbj‘b dx dy dz <(b—a)2j‘b dx
a Ja Jo X2ty +2z2+3~ 3 @ X+ x*

AN.091. Solution by Kamel Gandouli Rezgui-Tunisia

?
eX 4+ ¥ — et 2 eXty-e
Let f(x) = e* + e” —e® —e*™ ¢ then f'(x) = ¥ — e**V ¢
x+y—e<xbecausee>y=>f'(x)>0=f 7
lim f(x) =e” —e®—e¥™®
x—>0+
letg(y) =e¥ —e® —yY Ctheng’'(y) =e¥ —e¥ ¢ <0=>g\=>1-—
ee—g(y) <e°
1
zg(y)20because1—;>0=>f(x)2g(y)21—;>0
> e* +e¥ —ef >e¥tye
e*+e¥+e?+et=e¥+e¥—e®+e?+et+ef
> e¥ty=e 4 3.3/ eZetee >
> eXty—e | 3.3 pzttte
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AN.092. Solution by Ravi Prakash-New Delhi-India

For1<k< = B ]
or1 <k <n,leta kn—k+1D2+k ((n—k+12+ Dk
n—k+1 Hy, 1

m—k+12%+1 kK n—k+1 n—k+1
Hence,

n n
0<1Z <1Z Z
n W nk n— k+1 k

k=1

TI.

1 1Lc-

As lim — _bes
n-oon k
k=1

By the sandwich theorem, we get
0 =lim- z =
noonlak(n—k+1)?2+k
AN.093. Solution by Ravi Prakash New Delhi-India

Putn? —n+ 1 = cot@, then

2 _
cos™1 <\/1 _:l(nzri-;j_ 1)2> = cos (cosB) =0 =
n—(n-1) ) 3

1+nn—-1)
=tan 'n—tan"'(n - 1)

c n*—-n+1 c
= 2 ( ) = Z(tan‘ln —tan"'(n — 1))
— J1+(n2—n+1)2 ]
~2
4w dx 2T dx

I: —— ——
! fo 3 +sinx fo 3+ sinx

j” dx JZ" dx  x=n+6

o 3+sinx J 3+sinx

_J” dx +f” de _f” 6 d—6jn dx
~ J, 34sinx  J, 3—sin@ J;, 9—sin2x *= o 8+ cos?x

=cot™!(n’-n+1) = tan‘1<
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71' V(4
6[7 dx N 6}” dx x=5+6
~ ), 8+cos?x m 8+ costx

2
T T

_6f7 dx +6J7 do _
~ ), 8+cos?x o 8+cos20

T T
2 sec’x 2 csc?o

= 6f —dx+6f ——df =
0 0

8sec?x+1 8csc2h+1

_6f2 sec? x dx +6J2 csc? x dx _

~ J, 8tan2x+9 o 8cot?x+9

Vs Vs

6 <2\/§tanx> 6 <2\/§cot0> 2
=——tan | —— _—

———tan"™
6v2 3 . 6V2 3

T

. V2

k3 x3 x
I =j —dx=j—dx=
* )y Vitx+az 0o V1+x +x?
flx(x2+x+1)—(x2+x+1)+1d
= x

N izt
J(x—l)mdx+JW
X
—f Qx+1-3)Vx2 +x + 1dx + \/ﬁ=
j(2x+1)mdx__f mmf ———

1 3t 31 12 (V3
— 2 (42 2| =2 - —
—3(x +x+1)20 Zfo\](x+2> +<2>dx

Ry

3 1
x2+x+1 +Zlog<x+§+ x2+x+1>

dx =

!
=—(3\/_ 1)—— 2

+

0
1

1
+log(x+5+ x2+x+1)
0
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12 \/—+ log<2>—110g<;+\/§>

24 8
Therefore
mo[l 3 1 3
Q= 5 2t \/—+ log(z) —glog<§+\/§)]
AN.094. Denote: s = f(x) + f(y) + f(2)

RGO i N i O N
f+f@ f@O+fx) f&)+fQ)
f)=s—f)—-f(@
f2(x) = s% - 2s(f(y) + @)+ (fO) + f(2)°

f2(x)
FO+f@ fOO+f@ - 2s+f() + f(2); (D)

Analogous:
N _
D™ @ rrm ST @@
@ S i+ 3)
FEO+f0) f@+fo) Yo
By adding (1),(2) and (3), we get:
@ o) e
)+ 1@ @+ Fe+f0)

) 1
=S <f(x) +70) ) + 7@ 70 +1f(x))
<f(x) +f() f(y) + f(z) f(z) + f(x))

—4s

S = 4s

5s =" (f(x)+f(y) Sf(y)+f(z) Sf(z)+f(x)>

FO+0) fTO+f@ @+
FO+fON+f@)  fOT OV + (@ fG)+fO)+f()

O+ fO+f@ | f@+f@)
) J76%) f(2)

FO+f@ F@+f@  FaO+10)

Hence,

=5
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b b b f(x) () f(2) )
Il f <f(y)+f(Z)+f(Z)+f(x)+f(X) Tio)) e

=2(b— a)3

f(x) dx _ Wz o gy
fO+f@)

Therefore

b b b dde
([ FFefi-doo

AN.095. Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

The desired inequality is equivalent to :
x+y

Jm(xfl—ﬁ)wm(y‘*—ﬁ) W( ﬁ)

X 1 y 1 1
T . + . <
x+y 4_ﬁ X+y 4—+x

2xy
xX+y

<f (;%) where f(x) =

4 —

X
r m-f(Y) L
€ (0,1).

1
—, X
4 —+x

We have : f'(x) = ! > and f"(x) = — 43V 3
2vx(4 —Vx) 4/x3(4 — x)
<0, Vvx € (0,1).
So f is concave on (0,1) and by Jensen's inequality we get :
X y 2xy
x+y SO+ f()_f<x+y'y+x+y'x)_f<x+y>
So the proof is completed. Equality holds if f x = y.

AN.096. Solution by Tapas Das-India

Let f(x) = e=**(1+2%) _ 1, then

f'(x) = —2x3e™*° < 0 = f —decreasing, then f(x) < f(0) =
1

e (14+x2)—1<0=2e¥(1+x2)<12e* <
x2+1
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a+b a+b a+b b

2 1 a+
_ _ _ 1 —1(4/
J- *dx < T2 dx = tan~ x|J_ = tan~ (T) — tan ( ab)

AN.097. Solution by Ravi Prakash-New Delhi-India

Letb > a:
1 dx 1 dx 1 !
_j;) xa+(1—x)b_f0 x(a—b)+b_a—blog[(x(a_b)+b]0_

5 (logb —log a)

x _1f°°(1 1>d—1l(x+b)
0 (x+a)(x+b)_a—b0 x+b x+a x—a_bog x+all

1 (l 11 (b)) loga—logh
—p\ 9T d a—b
Thus, we must to show that:
4 SZ.loga—logbs 2 - 2 Sloga—logbS 1 (D
a+b a—b>b Vab a+b a—b>b Jab
Fort = 0, we have:
t2 4+ 2tVab + ab < t2 + (a + b)t + ab

a— b\*
<t2+(a+b)t+ab+< > ) =

2

a+b a+ b\?
=t2+(a+b)t+(T> S<t+ > )
1 1 1

7S = 2
(t+a+b) (t+a)(t+b) ™ (¢ 4 vab)

2

t <f°° dt <f°° dt
eyl b AR,

1 _ [0 0]
Sloga logbs_ 1
a+b a—>b

2 loga —logb 1
< <
a+b a—b>b vab
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. 2
For a = b, all the three expressions are equal to -

AN.098. Solution by Ruxandra Daniela TonilG-Romania

3x 13x
Q= f cosh(3x) - cosh (7> - cosh (T) dx =

3x 3x  13x _13x
.[ 3x+e_3" ez +e 2 €2 te 2

2 2
3x\ ( 13x  _13x
f(e3x+e 3") e2 +e” 2)(e2 +e 2)dx=
3x oy, 13x  _13x
8_[ e2 +eZ +e 2 +e 2)(62 +e Z)dxz

zgf( 11X 4 2% 4 08X 4 o~ 5x+65x+e 8X | 02X 4 o~ 11X)dx_

dx =

1 ellx _ e—11x er _ e—2x eSx _ e—Sx eSx _ e—8x
N §( 2 T T 5 T3 ) te=
sinh(11x) sinh(2x) sinh(5x) sinh(8x)
=" tT7 8 TT20 T332t ¢

AN.099. Solution by Ravi Prakash-New Delhi-India

2.

']
5 0 ! 1 5 2 25 3 35 4 45
(1 —a)u+ zv

u, log u)

Let 0 < x < 1. From the figure, it is clear that foru,v > 0,0 < x < 1:
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(1-x)logu+xlogv <log[(1—x)u+ xv]
ul™v* < (1 —x)u+xv; (1)

Now, putin (1)u = a + c,v = b + d to obtain:
(a+)™b+dD)*<A—-x)a+c)+x(b+d); (2)
Now, putin (1), u =a —c,v = b — d to obtain:
(a=)*b-d)*<(1-x)(a—c)+x(b—d);(3)
Multiply (2) and (3) to obtain:

(az _ C2)1—x(b2 _ dZ)x
<[1-x)(a+c)+x(b+D]A—-x)(a—-c)
+x(b—d)] =

=[1-x)a+xb+ (1 —x)c+xd][(1—-—x)a+xb—(1—x)c—xd]
=[(1-x)a+ xb]?> = [(1 — x)c + xd]?
Therefore,

(1-x)a+ xc)2 -(1-x)b+ xd)2 > (a? — b2)1*(c? — d?)*
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