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PROBLEMS
ALGEBRA

A.001.If a, b, c > 0 then:

(@+(@a+b+c)>)B*+(@a+b+c)®)(c®2+(a+b+c)? - 1000
abc(a+ b + c)3 - 27

A.002.If a,b,c > 1 then:
loga -logh -logc (log, e + log, e + log, e)?> > 3 log(abc)
A.003.If a,b,c > 1 then:
3loga-logh -logc (log, e +log, e + log.e) < log?(abc)
A.004. Find x,y,z € [2, 3] such that:
4xyz+25(x+y+2z) =10(xy + yz + zx) + 62
A.005.If a,b,c > 0;ab + bc + ca = 2018 then:

a b c 1
+ + >
a?—bc+2019 b2—-ca+2019 c2—ab+2019 a+b+c

A.006. Solve for real numbers: {4(xy +tyz+zx)=3
8xyz=1
A.007.Ifa,b,c > 0; ab + bc + ca = 3 then:

(a® + b*)(ab + 1) N (b2 +c*)(bc+1) (c2+a*)(ca+1) 6
a+b b+c c+a -
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A.008.Ifx,y,z € (0, g) then:

(1_[ log(1 + 2 sin? x)> (1_[ log(1 + 2 cos? x)) < log®2

cyc cyc
A.009.Ifa,b,c,d > 0; abcd = 1 then:

1 1 1 40

atbtctdt ot 8T8 T dr8=9

A.010.If a,b,c > 0;: a® b** ¢ = 1 then:
(a*—2a*+a)+ (b*—2b?> +b) + (c* —2c¢*+¢) >0

A.011. Solve for real numbers:
x>+ x y:+y z’ +z
x24+x+1 y*+y+1 z2+z+1
A.012.If x,y,z = 2 then:

1 . 3x2+x+4 +2<2<1+1+1>

= = - —_ —

Zx+1 (x+1D(x*+2) “T\x y z
cyc

cyc

[
=

A.013.Ifa,b,c > 0; abc = 4 then:

2(a®+b°)+c> 2(b5+c%)+a® 2(c®+a’)+b°
> 15
(a + b)? (b + ¢)? (c + a)?

A.014. Solve for real numbers:

{x4+2x3+2y4=0
3% 4+ 47 = 57
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A.015. Solve for real numbers:

( 0<x<y<z<t
x+ty+z+t=4
x-max(y) +y-max(z) + z - max(t) =

x-max(z) + y - max(t) + z - max(x) =

x - max(t) + y - max(x) + z - max(y) =

3
7
19
\ 3

1 1 1 17
A.016.Ifa,b,c > O,m+m+c+—1—?then.
abc+bc+2a> 1
2bc+a+1 3

cyc

A.017. Solve for real numbers:

3COSX+COS_'Y+COSZ — 3C0$2 xX+cosx + 3COS2 y+cosy + 3(1052 Z+cosz

A.018.If x,y,z,t > O then:

(xz — yt)? + (xz — yt)(xt + yz + yt) + (xt + yz + yt)? -
xyzt -

9

A.019.Ifx,y,z > 0; xyz = 1 then:
2

(x+y—%> +(y+z—\/%>2+<z+x—\/—1;>223

A.020.If a,b,c > 0; abc = 1 then:

a+b 1—[ a+b 1—[ a+b - 1
LaVa+vb Va+Vb Va+3b)

cyc cyc
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A.021. Solve for real numbers:

1 11 x+y+zl
1+ x| 14|yl 1+ |z| 1+|x+y+z|_

A.022.If0 < a < b < c < d then:

33\/ab — 2vVab - c
d ~ 4%¥abcd — 33 abc

A.023. If f: (0, ) — (0,); \/F(@)f(b) = f(“;—”); (V)a, b > 0 then:
b
f@) + f) + fe) = 3f ()

A.024. If f: (0,0) — (0,0); f(a) + f(b) = 2f ("“’) S(V)a,b >0

2

then: f(a) - f(b) - f(c) < f3 (“*”*‘); (V)a,b,c > 0

3

A.025.1fa,b,c > 0;:11+%+%= 3 then:

> 3abc

Za3(b+1)+b3(a+1)
a+2ab+b

cyc

A.026. Solve for real numbers:

i/x2—5x+4+5\/2+x—x2=5\/6—4x

A.027.Ifa,b,c > 0;a + b + c = 3 then:

Z alc(b+1)+b3c(a+1) -
a’b(b+1) + b%2a(a+1) —

cyc
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A.028.If x,y,z > 0 then:

x* y* z* 1

2y +2)%2(2z + y)? + 2z + x)2(2x + z)? + (2x + y)2(2y + x)? = 27

A.029.1f0 < a < b < c < d then:

9abc _ 4ab
ab+bctca a+b_ c
d - 16abcd 9abc

bcd + cda + dab + abc  ab + bc + ca

A.030.If x,y,z,t = O then:

+3y+Vz+Vt<16(x+y+z+10)

A.031.If x,y,z = 1 then:

(V1ogx + i/logy)(/1ogy + /logz)(i/log z + {/log x)

< 4{/(log xy)(log yz)(log zx)

b(a+ab) 4

A.032.1f 0 < a < b then: 7 <
(at+b+vVab)” 27

A.033.1fA,B,C,D € M,(R); AB = (g 3) :CD = (; g) then:

det(BA + 2A71B~1) = det(CD + 2C~ DY)

A.034. Solve for real numbers:

x+y+z=11
{ yz + 36x 4 zx + 36y + xy+36z
xy—x)(z—-x) yx-y)(z-y) zx-2)(y—-2)
k xyz = 36
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A.035.If X = (I: Z) € M,(C) denote X = (g g) € M,(C). Prove

that if: (X,)"(Xn-1)" - X2)T- X)" - X1 Xy o Xy = (‘cl Z)

thenta+b+c+d=>0;(V)X,X;,..,X, EM,(C);neEN;n=>2
A.036. Solve for complex numbers:
3x%—9x5 +18x* —21x3 + 1522 —6x+1 =0

A.037. Solve for real numbers:

x,y,z,t>0
{ [x] - (x — [x]) + ¥ + t = x* + 2z; [+] — gif
6 6 6 1 1 1
\ 3 + 3 + 3yz viz':
y+2z)33+2 (z+t)3+2 (t+y)3+z y z t

A.038.If a,b,c > 0;ab + bc + ca = 4abc(3 — a — b — c) then:

a N b 4 c <1
4a2+2a+1 4b%2+2b+1 4c2+2c+1~ 2
When equality holds?
1 1 1 1
A.039. Solve f I b Ve Vx o Vxo2 =0
.039. Solve for real numbers: x Y2 JE al|”
x2 x3x x 16
A.040.1fa,b,c > 0;a + b + ¢ + 3 = 33 then:
b(a?+2) c(b*+2) a(c*+2
@+2) P +2) a4 o,

a+1 b+1 c+1
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A.041. Solve for real numbers:

1 1 1 1
e* e* 2
e3x e6x e9x 8
e4—x e8x 16

A.042. Solve for real numbers:

xy+yz+zx =26
{48+yz(y+z)_|_48+zx(z+x)_|_48+xy(x+y)_9
x-»kx-2) Y-00-2 Z-x(Z-y)
k xyz = 24
A.043. Solve for complex numbers:
( 1 1 1
—4+—+==1
x y z
X zZ X z
i—+z+—+—+z+—+2=0
y zZ X Z X Yy
A.044. Solve for real numbers:
32x° — 48x* +36x2 -2 -3 =0
A.045.If a, b, c > 0 then:
(3a+2b+c+6)(3b+2(:+a+6)(3c'+2a+b+6)>216

@+ Db+ D+ 1D

A.046. If a, b, c > 0 then:

(a+2c)Va+ (b+2a)Vb+ (c+2b)Ve<(a+b+c)/3(a+b+c)

A.047.1fa,b,c > 1then: aV@ - bYP . V¢ > g Vbe . p¥ea . Nab
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A.048.If x,y,z > 0; {x}° + {y}° + {2}° = éthen:
x7[x]-{x}+y7 - [y] -y} + 27 - [2] - {z} < 64([x]° + [y]° + [2]°) + 1
{x} = [x] — x; [*] - great integer function
A.049. Find a, b, c,d € R such that:
a b c d 1 0
(—b a) + (—d c) 0 1)
a b\’ c d\} (2 0
(% &+ (5 o=@ 2

A.050. Solve for real numbers:

Il
/N

{Jx2+y2+J(x—4)2+y2+Jx2+(y—3)2+J(x—4)2+(y—3)2=1o
x+2y=>5z

A.051.If n € N — {0} then:

tan'1+3tan"'3..+ (4n—-3)tan"1(4n-3)
>2n—-1)%tan"1(2n-1)

A.052.If a, b, c > 0 then:

Z(zz—(ws “(a5p)

— ( Jab + Zab )
y z__3 .
A.053.Ifx,y,z > 0, G +1)2 + D T OrZ 2 then:

y z
<3
xz—x+1+y2—y+1+zz—z+1_
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A.054.If x,y,z > 0, different in pairs, then:

X
3+Q(x,y)+Q(y,2)+ Q(z,x) > log 1_[ \/;+\/z
cyc

o )_i 1 (%% —2xy +y2\"
XY= 2k \x2 + 2xy + y?

k=1

A.055.If a,b > 0 then:

2(5a® + 5b* + 6ab)(5a? + 5b° + 8ab) _ (a? + b? 2
(7a? + 7b% + 10ab)? 2ab

A.056. Solve for x,y,z,t > 0:

xt = 4e
x* + y? y2+zz_|_zz+x2
x+y y+z zZ+x

tlogy — 4

=x+y+z

A.057.1fa,b,x,y,z > 0 then:

y > (x +y+2)%(a+ b)?

4ab(
a a b ax +\aby + bz

A.058.If z € C — {0} then:

lz—1*+ |z + > 3(1 + 2|z|? + |z|*)?

4 4
1—iV3 1+iV3
2 Zt—

A.059.If a,b,c,d > 0,[+] — great integer function, then:

2ab+c+d+a+b+ 2 <[2ab [c+d] [a+b]+[ 2 ]+3
a+b 2 2ab  c+d a+b 2ab c+d
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A.060.Ifa,b,c,d, e > 0 then:

(4Vabcd — 3Vabc)(5Vabcde — 4Vabcd) < de

A.061. If a,b,c > O then:

@ b A\/1 1 1y a b c\®
vtate)@teta) 2lEtata)

A.062.Ifa,b,c = 1,a,b,c € N then:

Z ((a +1) ((be) + (zcc)>> > 2 (477 4 475 4 49%0)

cyc

A.063. Solve for real numbers:

x3 +log, x +log,y = 67

1 1 2 2
x\/x_y y\/x_y + x\/x_y y\/x_ — \/xx+y ym + /yx+y . xm
x,y,Z>0
A.064. Solve for real numbers: xt+ty+z+xyz=4

Vx+ y+Vz=x+y+z

A.065. In AABC the following relationship holds:

1—[ aIb—c|+b|c—a|_c|a—b| <8abc|(a—b)(b—c)(c—a)|
b+c c+a a+b |~ (a+b)(b+c)(c+a)

cyc

A.066. Solve for real numbers:

x,y,Z>0
{3x+3y 3y+3z 3x+9z
y+2z x+2z x+y+z
xX*+y'+z2=3
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A.067.1f a,b,c = 0

27abc < Z\/E Zm Em <(a+b+c)}

cyc cyc cyc
A.068. Solve for real numbers:

1 1 1 1
logx log(ex) log(e?x) log(e3x)
log?x log?(ex) log?(e*x) log?(e3x)
log3x log3(ex) log3(e?x) log3(e3x)

=7+2*10 tlog, x

A.069. If x,y € R, x* + y> — 6x — 8y + 24 < 0 then:
16 <x*+y* <36
A.070. If xeR then:

log?(1 + sin*x) + log*(1 + log*x)
+ log((1 + sin?x)(1 + cos?x))? < 2

A.071.Ifa,b,c = 1,a,b, c € N then:
Z 1
(Za

a

3 9

3 (2 S )
a

A.072.If a,b,c,d > 0,a+ b + c = 3 then:
(a+b+c+d)*+4=c(a+b)?+256d

A.073.If a,b > 0 then:
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2+ b%/2ab +b\® +b Z + b2
256/—“2 (aa \/_+—) 27( +Va +a ,—az )

A.074.1f a,b,c,d = 0 then:

4

27(a+b+c+d)*+ (4—-256d)(a+ b+ c)® >27c(a+ b)?

A.075. Solve for x,y,z > 0:

( x-y+z=3

PR S S S NS
1T+ 2x+4xy " 1+2y+4yz 1+2z+4zx) - Y72
k 8xyz=1

A.076. In AABC the following relationship holds:

1 1 1 < 1
H<a+b+b+c+c+a>_(a+b)(b+c)(c+a)

cyc

A.077.1f 0 < a < b then:

(2a+b 3a+b 4a+b)( 3 4 5 )<2a 2b

3 + 4 + 5 2a+b+3a+b+4a+b b+ +5

A.078. Solve for x,y,z > 0:

4(xy+yz+zx) =3
J ( ! + ! + )—2( +y+2)
1+2x+4xy 1+2y+4yz 1+2z+4zx) 7Y 77
k 8xyz=1

A.079.1f a, b, c > 1 then:

3,1 1 1 1 1 1,1 1 1
Zaa<bb+cc—aa>Saa-bb-CC(aa+bb+CC>

cyc
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A.080. If x,y,z > 0 then:

y@B8x+5) z(B8y+5) x(8z+5) (1 1 1)
< |(x24v2a4 2y (=0 — 1=
18 +1 sy 1 Taem i1 s KX Ytttz

A.081.

A B € M,(C),B3 =1,,A3 = AB? + BA?,

28 18 36 723

120 121 45 891
330 27 151 210

450 150 180 181

C =

Prove that: det ((CA — CB)(A% — BZ)) +0

A.082.If a, b, c > 0 then:

(a®? — ab + b?)°® N (b? — bc + c¢?)° N (c? — ca + a*)* - 3
(a + b)12 (b + )12 (c+a)2 ~ 4096

A.083.If x,y,z > O then:

x+1(y+1) 3

=—= )Y Jx+1D)@y+1)=3
cyc(x+2)(y+2) 4 ;

A.084.1f 0 < a < b < 1 then:

sinb a sinb
109 (a) 2 (1 * ﬁ) fog <m)

A.085.If a,b,c > 0,abc = 1 then:

(a+b)\/E<1_(a+b)\/E> 2 ( 2 _1>

2 2 S(a+b)\/E (a+ b)Vc
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A.086.If a, b > 0 then:

a+b 2ab\* (a+b)* 2ab\*
( +Vab + ) 2( ) +15a2b2+64( )
2 a+b 16 a+b
A.087. Solve for real numbers:
{ 6x+3y+2z=18
108(3( +y+ Z)x+y+z — xyzz3 - XYtz

A.088.If a, b, c > 0 then:

1 1
(Zeyeab) (Sove ) _ (Zoegg) (B0 72)
Coe VO e V&) (3070 a252) (Sore )

Zeye gZp2

A.089.1f A, BE M,,(R),neN,n=>2,A+ B = AB,det(AB) # 0
then:

det ((In — A3 - B3+ (4B)3)(I,, — A5 — B5 + (AB)5)(I, - A7 — B” + (AB)7)) >0

A.090. If 0 < x,y,z then: x(y?[x] + z%{x}) = (y[x] + z{x})?,

{x} = x — [x], [*] —great integer function.

A.091.Ifa,b,c,d,e,f > 0,a+b+c=3,d+ e+ f =09 then:

a®-b?-c¢-d-e®- ff (3)8

3(a+ )b+ e)rre(c + [ — \8

A.092.If x,y,z > 0; Vx + [y + vz = 3 then:

x+y+z=x+3y+z
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A.093.Ifa,b,c > 0; abc = 1 then:

c@*>+pr>H)+1 3,1 1 1
P
a+b 2\a b <

cyc
A.094.If x,y,z > 0 then:

(DO D)
Vi+tx-31+y-V1+z

A.095.Ifa,b,c,d > 0,a+ b+ c+d = 12 then:

ab N abc N abcd <1
12(a+b) 8(ab+ bc+ca) 6(abc+ bcd + cda + dab)

A.096. Solve for real numbers:

X y z 6 2
+ + +xye?’ = -+ 4e
y+z+1 z+x+1 x+y+1 5
A.097.1f x,y € R, |x| < % ly| < %then:
1 1 1 1 8

o o o e

A.098. Solve for complex numbers:
3x6 —9x° + 18x* —21x3 + 152> —6x+1 =10
A.099.Ifa>2,0<x<y<zx+y+z=3then:
(x —1)logalog(a—1) + (y —1)log(a — 1)log(a+ 1)

+(z—-1)logalog(a+1) >0
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A.100.1f x,y = 0,0 < z < 1 then:

47y <201 - (VI +y)fay + 2(Va + ) < 2(x+)

A.101.If a,b > 0 then:

bta

2vVab a+b\[ |a®+b? 2ab \(\/2(a? + b?) a+b _( b\3
<a+b+zm> Zab | |aZ 1 b2 atb ' 2@ ibd —(_ )

A.102.Ifa,b,c > O then:

(3a+2b+c+6)(3b+2c‘+a+6)(3c+2a+b+6)>

@+ Db+ D+ 1D 216

A.103.If a,b,c > 0 prove:

@+a+1D)BM2+b+1)B3@+a+1)3(%+c+1)3 <1

eZa . eZb . eZc
A.104. Solve for real numbers:

x,y = 0; [x] — great integer function
(x+2)(y+3)=8

VI -]+ = XDy = [y]D) = Jxy

A.105.1f a, b, c > 0,a’b? + b%c? + c?a? = 12abc then:
3 a 3 b 3 c 3

+ + >

4a + bc 4b + ca 4c+ab — 2

A.106. Solve for real numbers:

52x+1 4 20x% +29x+ 6 = 11 - 5% + x - 5**2
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A.107.If a, b, c > 0 then:

12

> @) (Y () <o

cyc cyc cyc cyc
A108.1f x,y,z,u,v,w > 0,uv + vw + wu = 3 then:

(x% + y? + 2% + 2xy + 2zy)u?
Xz

> 18 + u? + v? + w?

cyc

A.109.If x,y,z > 1 then:

n(x + 1) + 8xyz H(x +3)=>16 1_[(3x +1)

cyc cyc cyc
A.110.Ifa,b,c > 0,a + b + c = 3, then:

2

z\/m 29+6-3\/1_[(3+a—b)

cyc

cyc
Al111. If0 <a < b,0 < c <1 then:

{ 2c(a+ b)Vab + (1 —c)(a+ b)? = 4ab
2¢(a + b)Vab + (1 — ¢)(a + b)? < (a + b)\/2(a? + b?)

A.112. Solve for complex numbers:

x7 vy 7 (x+y+2z)’
y30 T 730 T 330 T (x5 1 y5 + 75)6
x*—3y3—-2z22-3y+1=0
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A113.1f0 <x,y,z< 1,a > 0 then:

ZZ(\/(l—xz)(l—yz)—xy)<3a2+6—4a(x+y+z)

cyc

A114.1f x,y,z,t > 0 then:

9

(xz — yt)? + (xz — yt)(xt + yz + yt) + (xt + yz + yt)? -
xyzt -

A.115. Solve for real numbers:

{ xt+y+z+u=4
x*(x? —v?) + y2(y? — v?®) + vt = 22(v? — z%) + u*(v? —u?)

A.116.Ifa,b,c > 0,abc = 1 then:

1—[ a+b a+b a+b - 1
) n el 3 s =
L‘yC\/a-I_\/E cyc\/a-l_\/z CyC\/E-i_\/B
A.117. Solve for real number:
32x% —48x*+36x2 -2 -3 =0
A.118.Ifa,b,c,d,e > 0,a+ b+ c+ d + e = 41 then:

a’ b?+c? + d?

=+
TR
When equality holds?

+e? >41(8V4 -2 -5)

A.119. Solve for real numbers:

x=>0,y,zt>0,[x] — greatinteger function
J [x](x—[x]) +y+t=x%*+2z
1 1 6 6 6
z t

= + +
+2)B3+2 (z+t)3+2 (t+y)3+2

1
vl
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A.120.If a,b,c > 0,ab + bc + ca = 4abc(3 —a — b — c) then:

a b c
< —
4a2+2a+1+4b2+2b+1+4c2+2c+1_2

[y

When equality holds?

A.121. Solve for real numbers:

x,y,2>0
X y z 1
x+1 (x+D@+1D) +DY+D(Ez+1) 8 /xyz

A.122.If a,b = 0 then:

\/%_l_\/(Zab) _(\/—) (a+b) >aZjbb+a;-b

A.123.If x,y,z = O then:

n(x+ 1) +1_[(2x+ 1) n(x+ 2) > 21_[(3x+2)

cyc cyc cyc cyc

A.124.1f x,y,z > 0 then:

1 1 1 E 3
\/(x+y)(y+z) \/(y+z)(z+x) \/(z+x)(x+y) 2 |xy+yz+zx

A.125.

7 _ 5 3 _
A= {x l X€EL [x 15x -|5—649x 36x] =0, [+] —GIF}

Find:
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0=>x

X€EA

A126.1f0<a<bhb < gthen:

a?b?(2 —a—b)%?(2 + a+ b)? < (1 — a?)(1 — b*)(a + b)*

A.127. Solve for real numbers:

2 6
4sin’xsin®y(sin’x + sin’y) + 4cos*xcos*y(cos*x + cos?y) = sin*2x + sin®2y

{ 14 5w
O0<x,y<—=,x+y=—
A.128. Find all roots:
64x°(x — 1) +32x*(x* +x+1) —64x+19=10

A.129.

A={x|xeRVZ+x+V5—x=17}

B={x|xeRY3+x+V6—x=39}
Find the sets (14, ), such that:
AN, =B 0,AB =4, (XAY =(X/Y)Uu(Y/X))
A.130.If x,y,z € R then:

(2 +x°+ D +y2 + 1)(2°° + 2% + 1)

2.,4.,6
@+ DO+ D+ 1) > Xyz
A.131. Find x,y,z > 0 such that:
2 2 2 2 2 2
1+x*)(1+y*) (1+y*)(1+2%) (1+z)(1+x)+24ﬁ=36

1+x)1+y) 1+y)1+2) 1+21+x)
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A.132. Solve for real numbers:

x*+2y3-6z22+1=0,x,9,2>0

1 1 1 _1<111

2

—+=+
X y z

42x +43(y + z) * 42y +43(z + x) * 42z +43(x+y) 128

f,ghR->R
{ f(xX)+gx)+h(x)=3x+3,VxeR
ffx)+g“(x) + h*(x) =3x*+6x+5Vx€ER
20+ g3(x) + h3(x) =3x3+9x%2 +15x + 9,Vx € R

Solve for real numbers: f(x) - g(x)-h(x) =0
A.134.If a,b > O then:

(a+b)® 8a’b? (Va - \/—)
8 T laypy 2 obVab+ 2 a+b

A.135.Ifa,b,c > 0,vab + vVbc + Vca = 12 then:

(a+b+vab)’ (b+c+vbe)' (c+a+ea)

(a + b)? (b +c)? (c +a)? =81

A.136.If a, b, c > 0 then:

Z c+Vab 1 N 1 N 1
vab(a + b + 2¢) a+b b+c c+a

A.137.1f m,n € N — {0}, F,, —Fibonacci numbers, L,, —Lucas numbers

then:
s(FEZF3LZL3 s |F3 FZL3L2
=4 <2
Fm+n Fm+n
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A.138.1fa,b > 0,n € N,n > 2,4 € M, (R), A*> = 0,, then:
det(vV3(a+b)A+ (a®> +ab + b)) =0

A.139.1f m,n,p € N then:

3 5 7

m n p
3@<(m 3t mrn T o+

) <y ()2 + mH? + (p})?
A.140. In AABC the following relationship holds (Vz € C) :

|z — cosA — isinA| + |z — cosB — isinB| + |z — cosC — isinC|
>3(lz| - 1)

A.141. Solve for real numbers:

(S5 -20 4 ) =

xz(z* +10z% +5) = y(5z* + 10z% + 1)
A.142.Ifa,b,c,d > 1,abcd = e* then:

e? e? e? e?
tog (%) 10 () tog (%) 10 () _ 1
S —_

log(ab)-log(bc) -log(cd) -log(da) — 16

A.143. Solve for real numbers:

3 X

+ =2V4
Vitx V1+a3

A.144. Solve for real numbers:

xy(4xy — 1)? + 16xy = 162>
yz(4yz — 1)% + 16yz = 16x*
zx(4zx — 1)? + 16zx = 16y>
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A.145.1fx,y,z > 0,3(xy + yz + zx) = 1 then:
27Zx3y+362x2y+ 6Zx > 11
cyc cyc cyc

A.146.If a,b,c > 0,abc = 1 then:

(a10 + blO)(a9 + b9) S 3
(a* + b*)(a3 + b3) —
cyc
A.147.1f a,b,c,d € R then:
4(ad — bc)® + 4(ac + bd)® > (a? + b?)3(c? + d?)3
A.148. Solve for natural numbers:
1
(x + y)ﬁ (z + .X')x
2 2
1 1
(y + Z)y_z (x + y)x_
2 2
1 1 1 1
(z * x)"y . (y * Z)” . e ==y
2 2
\ x+1)(y+1(z+1)=336
A.149.If a,b,c,d € R then:

[~

( 1 1

= xx(xty) . yy(y+2)

<

1 1
— yy(y+z) . 7z(z+x)

<

A

(ad — bc)3(a? + b?)(c? + d?) + (ac + bd)1?
< (a®? + b*)5(c? + d?)°

A.150. Solve for real numbers:

[x]-{x}+1=y, [*]-GIF

xXyz xXyz [ xyz B
\/xz—xy+y2+\/y2—yz+zz+ zZ—zx+x2_\/E+‘/;+\/E

\ ] 7} +1 = z,{+} =« —[+]
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A.151. Solve for natural numbers:

x=2M(x—3) (=3I (x—D (x—4) (x— 5N
G-I x—5)  x=B)x=6)  (x=6)(x—"7)I

=38

A.152.If x,y,z > 0,x3 + y3 + z3 = 24 then:
(x5y + y°z + 25x) (x%y + y?z + z*x) = 576xyz
A.153. Solve for real numbers:

0<xyz<1
{(x2 +1DP*+ 1D +1D)=8+(x*-1)(H*-1)(z*-1)

A.154.I1f a,b > 0 then:

3la® + b3 +|a* + b* 5a5+b5<a5+b5
2 2 2 ~ a? + b?

A.155.Ifz € C, t € [0,2m), |z| = 1 then:

22 + z — cost + isint| + |cost + isint — 22 + z

+ |cost + isint + 22 — z| < 6

A.156.1f m,n,p,q € N;m,n,p,q = 4 then:
4"(4"+1)+4m™4™+1) +4P(4P +1) +49497+ 1)
> 4mnpq(mnpq + 1)

bc ca
" (a +b)2 (b+c)2 t (c+a)?

62 +b Z:(a+b)2>12 4Z:a+b

cyc cyc

A.157.1fa,b,c > 0,

3
= Zthen.
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A.158. Solve for real numbers:

x,y,z,t>0
xyz+yzt+ztx+txy =1
X yb 26 £6

+ +——=
yzt ztx txy xyz
A.159.Ifx,y,z€ R,a,b,c > 0 and
Q= (x—a)? + y*> +2%)? + (x* + (y — b)? + z?)?

+ (x?+y* + (z—-c)?)?

Q- (a® + b?»)(b? + ¢*)(c? + a?)
2 2(a? + b? + ¢?)

Prove that: (); > (),. When equality holds?

A.160. Solve for real numbers:

( xX,y,zt>1

2 2 2 2 16
{ log, x**Y + log, y¥*% + log, zz+t + log, tt+x = m
\ (2x+ 3y +4z+100)1° = 1012x2y32*

A.161.1fa,b,c,d > 0,a+ b + c + d = log3,98 then:

1 1 ., 1 1y, .,
(E + E) logi,9 + (E + E) logipll > 4
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PROBLEMS
GEOMETRY

G.001. In AABC, N —nine point center, the following relationship

holds:
a? + R2\> (b2 +R%\® /c%+R?\
> 192712
(3) +(we) () =10

G.002. Solve for real numbers:

|cosx| + |cosy| = \/(2 + sinx + siny)(2 — sinx — siny)
G.003.If a,B,y, 0 € (O, g) ,16sina - sinf - siny - siné = 1 then:
sina  sin’?B sin’y sin%é - 23
cosa cosB cosy cosé 3

G.004. In AABC the following relationship holds:

648V3r3 < a(a—3b—-3c) +bBa—b—c)? +c(3a—b — c)?

< 813R3
2
G.005. In any A ABC with B = 2A and C = 4A, Yh? > ”ﬁ“
G.006. If in AABC, m(<A) = 90 then:
bc +2bc+(a+b+c)2 3V3+vV2+2
a(b+c—a) a(a+b+c) 2

G.007.1f0 < x,y,z < gthen:

cos*x + cos*y + cos?*z + (1 + sin®*x)(1 + sin®y)(1 + sin’z) < 8
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G.008. Solve for real numbers:
sinx +siny =1
cosx + cosy =3
Vz +sin=Sx + 3z + sin~by = 42

G.009. Solve for real numbers:

15
( tan’x(1 — sin8x) + cot?*x(1 — cos®x) = 5

x+y=m
31

Ltanzy(l — sin1%y) + cot?y(1 — cos'%y) = Te

G.010. In any acute-angled AABC:

n(tanA + cotA)(cosA + secA)

> H(tanA + cotB)(cosA + secB)

G.011. Solve for x,y,z € (— g,g) then:

cos(5x) cos(5y) cos(5z) 15
+ + =
cosx cosy cosz 4

G.012.f0 < x < gthen:

sinxcosx

tanh(sin2x) < tanh(sinxcosx) + -
( ) ( ) cosh?(sinxcosx)

hprZ n he? _ V6  r(4R+r)?
my m, 3 R+(V6-2)r

harg
G.013. In any AABC: - +

G.014. Solve for real numbers:

sin?x - cos*t + sin’y - cos*x + sin®z - cos*y + sin’t - cos’*z = 2
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G.015. In AABC the following relationship holds:
9R?> a? b? ?
a’> 9R?* ¢* b?
b*? ¢* 9R? a?
c> b? a’ O9R?

G.016. In acute AABC the following relationship holds:

>0

tanA tanB
- (1 +4 ) >6
= VtanA + tanB + tanC VtanA + tanB + tanC
|{x2 +xy+y?=36,x,y,z>0
2 2 _
G.017. If! y ryz+z =100 hen:
z°+zx+x° = 64
La+b+c=8‘{/§,a,b,c>0
a’x + b%y + ¢%*z > 2xyz
G.018.If x,y,z € (0, g) ,Sinxsinysinz = cosxcosycosz then:
8+ (1+ tan3x)(1 + tan3y)(1 + tan3z) > 2
~ cos?xcos’ycos?z

G.019. Solve for real numbers:

4si i + 4xsi 31T+4 it _ ++v13
sm26 xsm26 sm26—x
G.020. If x,y,z € [0, 1] then in AABC the following relationship holds:
(a+b+c)d

(@ +b*+ (@ + bY+ c¥)(a*+ b* + c?) <

G.021. In AABC, AA'B'C' the following relationship holds:

(Va+ Vb ++c)(Va' +Vb' +c') - 2ss’
Yaa'bb’cc ~ V2RR'FF
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G.022. Solve for real numbers:

y o

0<i<j<5

CLAUDIA NANUTI

(f) (f) cos(2j—2i)x+63 =0

G.023. If in AABC, u(<A) = 45, u(¥B) = 45", u(xC) = 45’ then:

1 1

tanA + tanB + tanC)? ( +
( ) cos?A

G.024. Solve for real numbers:

1
+—==
sin“x

tan’x — 1 3
— 2cot’x

tan*x

G.025. Solve for real numbers:

cos?y cosz

cos?z cosx

\ cos’x

G.026. Solve for real numbers:

sin3 3
cos2x +

+
cos’B

(tan’x + tan’y N (tany)
< tan’y + tan®z N (tanz>

tan?z + tan’x (tanx)

X —CO0S™ X

sin3x + cos3x

G.027.Ifa,b,c,d,e, f,g,h,i > 0,

=tan (x —E)

— 3) > 243
cos%C

+ 2(cotx + cot3x) = 4

4

a?+b%*+c2=d?+e?+ f% = g%+ h? + i? = Y2 then:

G.028.1f x,y € (0,%) then:

sinZx\ "
(1+55m) (a
cos?y
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G.029. In AABC the following relationship holds:

1 1 1 V3
3 3 T3 3 T3 3 = 3
a’*+ b3 +abc b3+ c®>+abc ¢+ a®+abc 72r

G.030. In AABC the following relationship holds:

1
am, + bm, + cm, 26F+E((a—b)2+(b—c)2+(c—a)2)

2
G.031.fO<x+y+z <n7then:

xcosVz + ycosvx + zcos,[y
[xy +yz+zx
cos xX+y+z

G.032. In AABC the following relationship holds:

=2xty+z

a? b? c?
8a3 + (a + b)b? + 8b3 + (b + ¢)c? + 8c3 + (c + a)a?
5s2 + 1%+ 4Rr
<
10s(s? +r? + 2Rr)

G.033. In AABC the following relationship holds:

7ZZ<1 +2)<1 N 2)(1 +2><(s)3
b+c c+a/\c+a a+b/\a+b b+c/ \rR

cyc

G.034. In AABC the following relationship hods:

81V3 H(sz + 2¢? + a?) > 409653111,

cyc
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G.035. In AABC the following relationship holds:

4 9 1 9 1 4
Qb+cﬁ+(c+aﬂ+(a+bF>Qb+cF+(c+aﬁ+(a+bﬁ>

1
”}:
> (@+Db)2(b +c)?
cyc

G.036.1f 0 < x,y < 7 then:

cos?x - cos?y - (tanx)t™™ - (tany)'*™y
< (1 — sinxcosx)(1 — sinycosy)

G.037. . Solve for real numbers:

T T
15cosx - cosy - cosz + 42 cos5x - cosy - cosz = 0, 3 <xyz< >

cyc
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PROBLEMS
ANALYSIS

AN.001.1f0 < a < b then:

b b b b

1 x+y NEY N
—ff dxdy+2ff dxdy < log (—)

2 Jxy x+y a

AN.002.a,b,c > 0,abc =1

a
3x2

— 3x2 X
Q(a) f 1_|_ex+6xe log(1+¢€*) |dx

-a

Prove that: Q(a) + Q(b) + Q(c) > 3%’ +b*+¢

AN.003. Find:

n n
Q= 1111_)210 (Z —2nk + n2> <Z —3nk + n2>

AN.004. Find:

11'
/ =
Q=1lim| Yn'- f
n—-oo
12+22+

AN.005.If a,b,c > 0,a + b + ¢ = 9 then:

je dx+z Je dxza) S _aJ e dx

cyc cyc
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AN.006. Find without any software:

AN.007. Find:

AN.008.1f0 < a,b,c < 1 then
1 1

1
fx"dx + f x*dx +fxxdx >log((2—-a)(2—-b)(2-0))
a b c
AN.009. Find:
1n n
n n\ /m n\ /m
vemh S OSSO0
n—e L NUNj) 24N\
0<i<jsn i=0 j=0

AN.010. If a > 1 then:
a 1 2
4a—-1)% + f /1—;dx < (a—1)>2
1

AN.011.1f 0 < a < b then:

2(b — a)?

b b
jj (1+1>(1+1>d dy >

x* y* XY =T b
a a
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AN.012. Find:

2= tim Z )

AN.013. Find a closed form:

. 1
Q:EF:EEiE
n (1

k=1 -

2

9

AN.0O14.ifa,b,c > 0,a+ b +c =

n

1

1} , 1 € M>(R)

2
ne

N*, F,, —Fibonacci numbers

)

then:

a* b* ct

. + —
sin3(Fy,,,) sin3 (F,Zl) cos3(F? +2)
AN.015. Find a closed form:

2 nn+1
=] |5

n=1

AN.016. Find:

T e—1 (e — Dk
Q—}gg(B<1+ o log(l—i——n )))

AN.017. Find a closed form:

[0e]

_ (-1
- = m+1D)n+2)2n+3)2n+5)

. 1\"
AN.018.Ifa,b,c,d = e,e = lim (1 + ;) , then:

n—oo

5log(ae) - log(be) - log(ce) - log(de) > log(abcde)'®
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AN.019.1f 0 < a,b, ¢ < ~ then:
(1 + cos?a)(1 + cos?*b)(1
+ cos?c)(sina)?sn* e (sinb) 2sin*b (sinc)2sin’c > 1

AN.020.1f0 < a < b,n € N — {0} then:

b, n n b
(b — a)"‘lj <g erf(k)) dx > Baf erf(kx) dx

AN.021. Find without softs:

= f(lOtan3x + 7tan’x + 12tanx + 9)e*dx

AN.022.Ifa, b, c > 1,% n % + % — 18 then:

I'(@) I'(b) I'(c)

9T T T < gbe

AN.023.

f € C'(labD.£(0) = 0,f (5) = 96, (x) = f (5~ x), vx € [a,b]

Find:

z
Q= fx(g—x)f(x)dx
0

AN.024. Find:

J || sm2
Q = lim -
A P <n>sm <,z>

AN.025.

(4
< — :
If0<a_b<10 then
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an G0+ Y can (6 )

< tan (; (Va + \/3)%) -tan (; (Va + \/5)2>

AN.026. If a,b = 0 then:
b b
fflay — ab + bx|dydx < a*b?
a a

AN.027. Find a closed form:

B 1 °9 n) %9 n+1
n=

AN.028.If f:IR — (0, ), f —continuous,a > 0, f(x) = f(—x),Vx ER
then:

a++v1+4a?
— =z
r x + logx 1 dx
f =3 f f(x)
% xf (x N E) 1+v/1+4a?

2a

AN.029.1f0 < a,b < gthen:

. (a+b
2 _ 2sin(Vab) - 2sin (_2 )
T - a+b
(a + b)sin (Z +all:>

AN.030.1f1 < a < b < e then:
1257 (4a + b)***? < 125" - (a + 4b)***?
AN.031.1f2 < a,b, ¢ < 3 then:

2(Va® + bt + V) +a+b+cza? + b2 +c?+6
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AN.032. If 0 < x,y < gthen:
. 2 4 . 3 5
sin x tanx sin tan
(59 ) 52>+
X X y y
AN.033. Find:

) sink - sinj sink - sinj
Q = lim exp Z Z -2 z T
n—oo sink + sinj , sink + sinj

k=1 j=1 1<k<jsn

AN.034.If f:[0,1] — (0, o), f — continuous then:
2 1 3

1
f\/f(x)dx ij(x)dx+ ji/f(x)dx
0 0 0
AN.035.1f0 < a < b < Ethen:

tan(2Vab) - tan (%b) < tan(Vab) - tan(a + b)

AN.036. Find:

AN.037.

If x,yeR, x* + y* = 3 then:

x4+ 2 x+3 x+4
tan‘l( 3 y>+tan‘1( 2 y>+tan‘1< 5 y><n

AN.038.Find x,y,z € (0, g] such that:

sinx siny sinz 8—-4m ) )
+ + =3+——— " +y°+2°)
X y z 4
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AN.039. Find:

n k(k+1)(2k+1)
Z k(k + 1)8 n(n+1)(n+2)

nn+1)(n+2)

Q= lim
n—ooo

AN.040.1f 0 < a < b then:

2ab vVab a+b 2ab Vab

(1+a+b) '(1+M)Ts(1+@)m,<1+a;b>

AN.041.1f 0 < a < b then:

b b b
tan~1(e ") 1 Jdr1
f—zdxzf—zdx-tan‘ j—zdx
ex ex ex
a a a
AN.042. 0 <a<bh < gthen:

b

4 sin x

§(b3 —a3) +1t3dex > 3n%(b — a)
a

AN.043. Find:

n
. nlrx"le*(xlogx + nlogx — n)
Q = lim J Tog" 1 x dx

n—oo
e

AN.044.1f n € N,n > 1 then:

(H? + HO)(HP + H®) > (HD + HD)'

AN.045.

1 L, 1 )
xSln t xCOS t
Mm@ = .f 1 + xcos?t dt, 0,(t) = .f 1 + xsin’t dt
0 0

Prove that:
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20+ 00 > ot p e [0, 7]

8 + sin 2t
AN.046. If f:R — R, f — continuous, f(x) + f(y) = 3f(x+y),Vx,y €
R then:

111 1
SOfbfoff(x+y+z)dxdyszSOff(x)dx

AN.047. Find:

2((A+HD?*+ (A +H)"+ -+ (1 +H,)*
logy n

Q=li

noe log,(1+ Hy) -log,(1+ H,) - ...-log,(1 + H,)

AN.048.1f 0 < a < b then:

(a2+b2)(b—a) b
e ab(b+a) >—
a

AN.049. Find:

o

8= Z((Z H})IZZ 1))

AN.050. f:R - R, 2f*(x) + 2f%(x) + 2 < 3f3(x) + 3f(x),Vx € R
Find:

AN.051. Find:

e Z< sz ,->>

n=2
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AN.052. Find:

Q = lim (4\/(2n +3)3. " (n+ 1) - 4\/(211 +1)3. W)

AN.053. Solve for x > 0:

X
e’ + f (t"’gt(l + 2log t)) dt = x*
e

AN.054. Find:

_ 1 (K +k
“:E?o<n(n+1)z<kta“ 1<n2+n>>)

k=1

AN.055.If f:R — (0,),a,b € R,a < b then:

b b
) + Fo) tan-t (TR ETON gy
J ]« ) ;

b
<2(b—-a) f(f(x) tan"1(f(x))) dx

AN.056.Ifa,beE R,a<b,f:R > (O, g) , [ — continuous then:

b

b
4f csc(2f(x)) dx + f cos <§ — f(x)> dx >5(b—a)

AN.057. Find:

. (n+i)*
Q= lim (n <log2 N Z 3+ (n+i)5+cot-(n+ i)))

n
i=1
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AN.058. If f: IR — (0, ), f — continuous, a,b € R,a < b then:

f f/ [ (14 7)(1+ /)
\ \ (x)+f(y))

b b 2
< (b—a)ff%x)dx—(ff(x)dx)

AN.059. If 0 < a < b then:

, _(be’—ae® ae? — be® 5
a” < W_l —a+1 <b

AN.060.1f0 < a < b < ¢ < d then:

1 f"dx+ fxdx+—f e* dx
b—a —-b

a
> 3 1/e(a+2b+2c+d)2

AN.061. Find:

1
Qz.f dx, x

(2x +5)/(x + 2)(x + 3) <4tan—1< ;I 3) - n>

>0
AN.062. If f: (0,0) — (0, ); fcontinuous; f: f(x)dx =5(b —

a); 0 < a < b then:

f(Sf(x)+3 6f(x)+ 4 7f(x)+5> <9(b—a)

©+7 f+9 f(x)+11
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AN.063.If m,n,p,q,r,s € N\ {0} denote

m 1,1, .. +L :
H," =2+ 55+ + —. Prove that:

2
(H;Zp) n Hngq)) (H;Zr) n H;ZS)) > (H;p+r) n Hglq+s))
AN.064.f0 <a<bh < gthen:

b
— )2 _ x dx . béf:log(Si: x)dx
(b—a)*+ (b—a) f Sinx eb-a

b

b
sin x dx xdx
o [snxdr)( fx
X sinx

a a

AN.065. Find (¢ — golden ratio):

Q=tim( 14—+ 14—t 1ttt 14—
Rt ne ng? ng3 nen n

AN.066. Find:

AN.067. f:[0,1] — (0, ), f — continuous. Find: Q = Il{leiﬂlalK such that:
111

[ || (@ +r0) @ + (100 + £@) V(1@ + f @) ) dx dy dz

000

1
<K| f(x)dx
|
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AN.068.
. oon(n+1)(n+2)-...-(n+a—1)
Q(a) = ll)l_}lg <Z —pynT ,a €N —{0,1}
n=1
Find:
_ i 1
- Lu9(a
a=2
AN.069. Find:

n

1 2
Q= lim f <e7> dx
n—oo

0

AN.070. If f: [a. b] — (0, =), continuous, a < b then:

b b ‘
2 2
]j \/f (x) + f*(y) +JfFOOF(Y) |dxdy < 2(b— a)Jf(x) dx

AN.071.1f 0 < a < b then:

ax+by

tan

:\G‘

)dxdy+ (b—a)flogxdxs

b b

ax+b
Jlog y dxdy+(b—a)ftan‘1xdx
a

IA

fo
I

AN.072.If p,q,r > 0,neEN,n>2,0<a < b < rthen:

bbb b
+qy+ .
Jjjj px ay rz)dxdydzz(b—a)zj\/sinxdx
a

ptq+r

aaa
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AN.073.x, > 0,n € N,n>1

n—-1

n n—-1
li n 1 Y 1 n _
il | =) (G |=im () x) (o) f=e

i=1 xl.

Find:

AN.074. If x € (0, g) then:

/ . sinx\ x
sinx x X tan x
a\ x b a \tanx b \

\( 5 +le) I\

AN.075.1f0 < k <m;0 <l < nthen:

k+l 1 1

4 _ _— (tan~1(1 + x?))™m*"
(;) f (tan~1(1 + x2))™*" dx > f Cani (L s 2y
0

0

AN.076. Find:
Q = li ( t 1, ! +
Taom\m+ )" 2-aml 32 (n—1)nZ

+ ! + ! + ! )
(n_l)n—z.gz nn-1.2 (n+1)n
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AN.077. Find:

AN.078. Solve for x > 1:

f(logt—l)dt_ll (e—l)
t2 —log?t —2 %1
1

AN.079.1fa,b > 1; f € C%([0, 1]), then f convexe:

1 1
1 a b
2| f(x)dx=a? | f(x)dx + b? | f(x)dx
[rowza | rwir]

AN.080. Prove that:

2

1
2 1
3 1
(log(l + x) - log (E + x)) dx < 2 log(1 + x) dx
0 0

AN.081. Prove that:

1 1

f(t 1x+ ad )Zd +4f ! d >(n+2)2
an v e Y 1+~ " 16

0 0

AN.082. Solve for x > 0:
X
e’ + J (t"’gt(z logt + 1)) dt = x*
e

AN.083.If f:[0,1] — (0, ); f continuous and fol f%(x) dx = 7 then:
1 1

st(x)dx> 6+ff3(x)dx

0 0
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AN.084.If a,b € R; a < b then:

logs-fsxzdx+1og5-f5x“dxzsb—sa
a

AN.085.If a,b > 1 then:

l
1

1

a
a+b+2fe"2dx22+a Jex dx+b2fe2dx
0 0

AN.086. If x,y € R; x? + y? = 3 then:

x+2 x+3 x+4
tan‘l( 3 y)+tan‘1( 2 y)+tan‘1( = y)<7r

AN.087. Solve for real numbers:

p q

Z z(logx—ll) (Ing—]l) =0;p,q € N\ {0}

i=1 \ j=1
AN.088. Let be f: (1, 0) — (0, ); f continuous; f"f(x) dx =e*> -1

@ +f0) = ef () xyem
Find:

mmTTT
x+y+z
szfff dxdydz
e e e

AN.089. Let be f: [0,00) — (0,); f(x) = 4;:23

= rlll_)l’g (kl_r)n (f fo..o f) (x))
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AN.090. If a > 0 then:

a a 4 a 2

2a3 f et dx + fexz dx | > 3a? fezxz dx
0 0 0
AN.091. Prove that:

1
= 1 2

2
ZWI(ezxz +x)dx < f e*’ dx
0 0

AN.092. If a > 1 then:

a

4log 2 ] 2xtan~!x —log(1 + x?) a?
T (1+ x%)(tan"1x)2 *Stanla
AN.093. Find:

o=timi(1y 41 T2k
T aigp\2nT 08 A2k=1

AN.094.1f 0 < a < b then:

vab
) + f et dt < arctan(Vab)

2ab
a+b

AN.095.f0 <a<b<e0<x<y<zx+y+z=3then:

2ab
arctan (
a+b

a+b 2

)m+(y—1>(ﬁ)“%+<z—1)(“;")m

2ab
a+b

-1

AN.096.1f0 <a <bh < gthen:

b b
8 j j (sinxsinysin(x+y)
/4
a a

=) ) dxdy < 81V3(b - a)?
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AN.097. If a > 1 then:

a

8 x—tan x dx 4 16 - 1
m—2) (1+ x%2)2(tan"1x)2 T = (tan—1a)?

1
AN.098. Find:

0 /1n1" ’k<2i)

e \311 n! 2k
i=1 \I=1

AN.099.

n np
1
Q(p) = lim (— W) ,p €N —{0}

Find:
£ Q) p)
AN.100. Find:
_ 11 k41
Q = lim | n®sin— tan— sin (—)
n-oo n3 ns n
1<k<l<n

AN.101.If 0 < a < b < 1 then:

. /3a+b+2\ . a+3b+6\ _ (a+3b+2\ . 3a+b+6
sm( ) )sm( 4 ) < sin <—> sin (T)

AN.102.If x > 1,p,q,7 € N then:

(x+ DTG -1)° _ (2p)! (29)! 2n)!
(x2P+2 — 1)(x29%2 — 1)(x?7*2 - 1) ~ plq'r!

AN.103. Find:

Q=1im< o 'H‘l)

n—ooo \@1+2™+3m+ - +nm n
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AN.104.1f0 <a<bh < gthen:

b
sinx-sin(2) - ...-sin(2019x
J.l 2) ( )lde2019!(b—a)

Sin2019x
a

AN.105.1f a,b = 0 then:

a b

t t
J- (J- log®(x* + x + 2)dx> dt + f (f log®(x* + x + 2)dx> dt > ablog?2
0 0

0 0
AN.106. Find without any software:
Q- f 3x% +x d
~ ) 1+ 6x(1 + e3%) + 2e3% + 6% + 9x2 o
AN.107.1f0 <a < b < 1,f:[0,1] - (0,), f —continuous then:

fb fb fb fb (f@® + f@)(f®) + f(©)) dxdydzdt

b
> 2(b — a)? 2ff(x)dx—2b+2a

AN.108. Find without softs:

s

4

Q= J sin (x — g) \/(1 + sinx)(1 + cosx)dx
0

AN.109. f: (0,0) = R, f —continuous, f(x) —log; x = 4 —
f(5'983%), vx > 0. Find:

3
Q= f(f(x) —2)-log, 15dx
2
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AN.110. If a > 0 then:

f fl(x +y)(1 — xy)|dxdy < §(3a+ a3)?

—a —a

AN.111. Find a closed form:

AN.112. Find:

"~ (xy)~(00) .
6

Q= lim fde) 7@dx>

AN.114.If a,b,c > 0,a + b + c = 3 then:

m ud
2

2
asinxdx+fbsinxdx+fcsinxdxs?’2_n
0 0

S — iy

AN.115.

1) 2
_ (’Vk+1+’Vk+3)"
Q=| | lim| - —
oo \Vk+ 2+ Vk+4

k=1
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AN.116. Find:

S~ k- (2n—2k—1)!
erlzz;)(k:o(k-i-1)!'(2+2n—2k)!!)

AN.117.1fa,b,c € (0,1),a + b + c = 1 then:

4a 4
X3+ x2+1)\ X3+ x2 + 1)\
[(EA2nY [ (Frny,
x—1 x—1
0 0
4

Ve
422+ 1)\
2T\
x—1

0

AN.118.If f: [a, b] — (0, g),f —continuous, a < b then:

b b b b
]sinf(x)dx+lj tanf(y)dy + J cosf(t)dt+lf cotf(z)dz
2 2

>(V2+1)(b-a)

AN.119. Find:
1
T sin(y—Hy,+logn)
Q= lim | tan (y —H, + 1 + logn)

n—oo

AN.120.1f 2 < a < b then:
log(a+ b) — log2 - log(ab)
log(a+b—2)—1log2 ™ 2log(vab—1)

AN.121.

/2

Q(m) = f Vtanxdx, me Nm > 2
0
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Ifmn,peNmnp=>2then:

am) - o) - Q(p) > i

T T T
2 (cos2 + cos2 + cos Zp)

AN.122.1f 0 < a < b then:

j‘ f dxdy (b —a)?(a® + ab + b?)
(x+ y)4 48a3b3

AN.123.If0 < a < b then:

[ [t | [t 2y

AN.124. Find:
2
/ log 1 4 1)) \
= lim |
n—->oo
==2
AN.125.If f: [a, b] — ,a < b, f —continuous, then:

b
?fsinf(x)dx+%f tanf(x)dx+¥fcosf(x)dx

b

>
10 cotf(x)dx>b—a

a

AN.126.If x,y,z,a > 0 then:

aaa( )3 273

X+y+z a
>

[ iy aravis==5

000
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AN.127.1fa b, c > 1,l n 1 n 1 — 1 then:
I'(a) 1 I'(a)
Ta ) < log(abc) 2 -+ O
cyc cyc

AN.128.

Xo=7,Y0 = 52xn_xn 1+ Yn- l'yn_\/xn—l'yn—l'nEN/{O}
Find:

5 Hy
X\ n
Q = lim (—")
now \7y,
AN.129.
_1_
. 1 — (coskx)km+2
Qr(m) = 21lim 5 ,k,me N*
x—-0 X

Find a closed form for:

(&) )

AN.130.Ifx;,y; > 0,i =1,n,n € N —{0},0 < a < b then:

bb b

j‘j‘ f dx,-dyi (b—al b)"
xl+yl 2 O‘qa

aa a

for 2n"times

=

AN.131. f: (0,0) = R, f —derivable, f(1) = 2,
(1 + 2x%log2)f(x) + xf'(x) = 1,Vx > 0. Find:
Q.= lim(nf(n))
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AN.132.
a
a( )_f sinht - cost dt a>0
v = (sint + cosht)(sinht + cost) @
0
Find:
Q =1lim(2Q(x))*
x—0
AN.133.
1 1 1 2
Q= f erf3(x)dx + 36jerf(x)dx— 12 jerf(x)dx
0 0 0
A.Q0<0 B.QO=0 c.Q0>0

AN.134. 0 <a<bh < gthen:

tanb
log ( a: ) + 4v2(cosa — cosb) + 4\2(sinb — sina)

>10(b—a)
AN.135. Find:
n
. (202) (202) 2200220
m (n+2020) (n+2020 Tn+2020Y
n+1 n+2020

AN.136.1f 0 < x < 7,0 < y < 1 then:

x
2x < mXycos 7 + (1 —y)sinx < x

AN.137. Find:

Q=i 2n+2 i k (n)
T el [md2rr —pn) £ \[k+1\k
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AN.138.1f 0 < x,y,z < 1 then:
9yzsin~lx 9zxsin™ly 9xysinlz
1+sin"1x 1+sinly 1+sin1z
AN.139. Find:

<(x+y+z)?3

= (\/Zn - Z 4/ (2% — 1)k'>

AN.140. If f:[0,1] - R, f —continuous then:

11
| [ VB ~ P - o) - @ Pdxdydz
00

o —

1

< 3ff2(x)dx

AN.141.1f0 b then:

<a<
fff((x+y+z)(xy+yz+zx)

Xyz ) dxdydz

- (2a% + 5ab + 2b%*)(b — a)3
- ab

AN.142. Find without softs:
1.[5
243

- j‘ sin(Yx) - sin(5¥x) - sm(S\/_)

| Vet
(3
1024
AN.143.
n
(-D* m
Q)= Y eN,r— fi
(n,1) _03r+3k—2(k)'r ,T — fixed
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Find: w(r) = lim Y/ Q(n, 1)
n—-0o

AN.144.1f0 <a<bh < gthen:

b b
sin3x + tany)?(cos3®x + tan
ff(l )2 ( y)dxdyZ(b—a)Z

(sin?x - cosx + tany)3

AN.145. Prove without any software:

1 1

2 .2 1+ez
fexdx-fexdx<( >
2\/e

0 0

AN.146. f:R — R, f —continuous, a,b € R, a < b. Prove that:

b b
[P @+ fendx+b-a> [(£00 + f0)dx

AN.147. Find without any software:

Q= f(4cot3x — 5cot*x + 7cotx)e*dx

AN.148.
If a > 1 then:
a
4log2 J 2xtan~1x — log(1 + x?) a?
/4 (1 + x?)(tan=1x)? *<tan1a
AN.149. Find:

0 = tim Lh, + 109 T |22
Twmn\20m T O 2=
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AN.150. Find:

k(k + 1)
= iﬂ'ﬁ( Z (k2 +n>)(kZ+2k+1+ n2)>

AN.151. Find:

Q=1lim| —
n—-oo n

n

1 H. H

Ez kfln+k
k=0

AN.152.If a, b, c > 0 then:

2a 3b 4c
J‘J‘J 6x+1 y+1+loz+1 dxdvdz > 15ab
y+1 z+1 x+1 x@yaz = Iaade

AN.153.1f 0 < a < b then:

b
y*dxdy
(b~ “)2J1+ z+ (b= “)”(1+x2>(1+y2)

b b b
j j J z?dxdydz -+ log? b
A+x)A+y)(1+22) 29\ |a
a aa
>(b—a)l
AN.154. f:R - R, f —continuousinx = 0,

+

3f(3x) =3x+ f(x),Vx € R.Prove that Vt € R, x,y > 0:

sin®t cos?t

%'@f(x)) '(if(y)) < sin’t - f(x) + cos®t - f(y)

AN.155. Find:

5 -1 log5 log?5 log"s

— 1 _ _ e >
Q(m) y—%( xntl xn 2xn—2 n'-x ),n ENn=2
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AN.156. In AABC,M,, € (BC),N,, € (CA),P,, € (AB),n€ N,n> 2,

BM, CN, AP .
t=—"=—""=n.Find:
CM, AN, BP,

AN.157. Find:

0 = fjm YA+ O"

noo  n-(n!)!

AN.158.1f0 <a < bh < gthen:

b b
2 f f cos’xcos’y(1 + tanxtany)|tanx — tany|dxdy < (b — a)?
a a

AN.159.If f, f': (0,00) — (0, ), f —differentiable, 0 < a < b then:

b b Ve F2(b)—f2(a)
[ f(f(x)+f(y))f O D) eay < log (f(b)+\/1+f2(b>

V1+fOOf®) fl@+yJ1+ f*(a
AN.160. Find:
n-1 r km 2n km
= (e | [ () ] [ Grs) [ | o)
AN.161. Find:

_ R K2+ k+1+i
Q = lim (1—l)| |
n-00 r 1 (k2 + 1)(K2 + 2k + 2)

AN.162. |f§ < a < b then:

b

/4
Jx-singdxzx/1+b2—\/1+a2
a
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AN.163. Find:

AN.164. Find:

AN.165.1f0 <a <bh <

(tanxtany + 1)(tanytanz + 1)(tanztanx + 1)dxdydz

ﬂ\v
ﬂ\v
ﬂ\v

< (tanb — tana)3

AN.166. If 0 < a < b then prove:

bb b—a
E = (QX/E)

AN.167.1f0 < a < b, f:[a,b] — (0,0), f —continuous, then:

- [ ) o [ 2

AN.168. If 0 < a < b then prove:

(erf(b) - erf(a)) = —<€Tf (3a - b) - erf(d)) (erf (a :Sb) - erf(a))

AN.169. Find without any software:
Tl’
f sin?(7x) + cosz(10x)
Q= 3 dx
sin*x

T
3
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AN.170. Find:

AN.171 Find:

=t (@) =)
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SOLUTIONS
ALGEBRA

A.001. WLOG, we supposea +b+c =1

(a?+1)(b2+1)(c?+1) -, 1000

Inequality s —

& 27(a? + 1)(b%? + 1)(c? + 1) = 1000abc

10 1,27
= 27(a® + 1)(b? + 1)(c? + 1) = 27 -1000 ’(abc)2 (5)
10 1 27
We must show that 27 - 1000 _|(abc)? (;) > 1000abc

0, L 8 1
s (27) -ﬁz(abc) @abcﬁﬁ

It is true because:

1=a+b+c233\/abc=>%23abc<:>2—172abc

A.002. If x4, x5, ..., X, > 0 denote:

By Syerpinsky’s inequality:
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HI 1A, < G™ (1)
Forn=3in(1): H?A; < G3

2
3 X1+X+x3
. < X1X,%x3 (2
(L+L+L> 3 —123[)

X1 X2 X3

Replacing in (2): x; = loga; x, =logb;x3 =logc

9 log(abc) < louh 1
(log, a + log, b + log, c)? 3 —08a-108b-10gc

loga -logb - logc (log, a + log, b + log, c)? = 3log(abc)
Equality holds fora =b =c =e.
A.003. Denote x =loga;y =logh;z =1logc = x,y,z>0

Inequality can be written:
3 (1+1+1><(+ +2)?
xyz\S 5Tz S xX+y+z

xy +yz+zx
xXyz

3xyz - <(x+y+2)?

3(xy +yz+zx) < x2+y?+ 2%+ 2(xy + yz + zx)
x2+y?+z2—xy—yz—2zx =0
2x% +2y% +22% = 2xy — 2yz —2zx = 0
x=y)>P+@-2P>+(z-x?%*20
Equality holds forx =y =z a=b=rc.
A004.x>2,y>2;z222=2>x—-220y—-220,z—22>20
x=2)(y-2)z-2)=(xy—-2x—-2y+4)(z—-2) =
=xyz—2xy—2xz+4x —2yz+4y+4z—-8=0 (1)
x=>22,y<3;z<3=>x-220y—-3<0;z—3<0
x=2)(y-3)z-3)=(y—-3x—-2y+6)(z—-3) =
=xyz—3xy—3xz+9x —2yz+6y+6z2—18=>0 (2)
x<3;y22z23>x—-3<0,y—-2>20,z—-3=20

x—-3)y—2)z—-3)=xy—-2x—3y+6)(z—3) =
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=xyz—3xy—2xz+6x—-3yz+9y+6z—18=>0 (3)
x<3y<3z22>x-3<0,y—-3<50;,z—-22>20
(x=3)y-=3)(z-2)=Cky-3x-3y+9(z-2)=

=xyz—2xy—3xz+6x—-3yz+6y+9z—-18=>0 (4)

By adding (1); (2); (3); (4):
4xyz+25(x+y+2z)—10(xy+yz+2zx)—62=>0
dxyz +25(x +y +z) = 10(xy + yz + zx) + 62
Equality holds forx = 2;y = 2;z = 2.

For x = 2 equality can be written:
4-2yz+25Q2+y+2) =102y + yz + 2z) + 62
8yz —50+ 25(y +z) =20(y +z) + 10yz + 62
5(y+2z)=2yz+12
y=>22z<3=(y—-2)z-3)<0
yz—3y—2z+6<0=2yz+6 <3y+2z (5)
vy<3;z=22=>Up-3)(z-2)<0
yz—2y—3z2+6<0=2>yz4+6<2y+3z (6)

By adding (5); (6): 5(y + z) = 2yz + 12
Equality holds fory = 2,z =2o0ry =z =3.
Solutions are: (2,2,2); (2,3,3) and permutations.

A.005.

a a
ZaZ—bc+2019_Za2+ab+ac—2018+2019_

cyc cyc

2

a a
= = >
Za(a+b+c)+1 Zaz(a+b+c)+a_

cyc cyc
Bergstrom (a+b+c)?

- (a+b+c)(a2+b2+c2)+(a+b+c)=
a+b+c 1

= > &
a?+b%2+c?2+1" a+b+c

MATH PHENOMENON-A NEW DIMENSION Page 66



DANIEL SITARU CLAUDIA NANUT!

o@+b+c)?>a?+b?>+c?+1
a?+b%?+c?+2(ab+bc+ca)>a?+b*+c?+1
2(ab + bc+ca) > 1, 2-2019 >1, 4038 >1

AM—-GM

3[2v2,2 — 3% | L _3
A.006. xy +yz+zx = 3,/xyz-3\/;—4

Butxy+yz+zx:%:>xy=yzzzx

8xyz:1=>xy:§;yz=%;zx=%
1 1 1
§_§:@:}x:y22
1 1 3 1 1 1
XYZ=gD XX X=gIx"=g2x=2y=z=7

A.007. First, we prove that for a,b > 0 holds:

(a?+b?)(ab+1)
a+b

(a® + b?)(ab + 1) = 2ab(a + b)
a3b + a? + ab® + b? — 2a%b — 2ab? = 0
a3b + 2a?b? + ab® + a? + b — 2a?b — 2ab? + 2a?h? > 0
ab(a? + 2ab + b?) + a*(1 — 2ab + b?) + b?>(1 —2a+a?*) =0
ab(a+b)?+a?(1—-b)?+b?*(1—-a)>=>0

2 2 2 2
Analogous:% = 2bc (2), (Z+a®)(cat) > 2ca (3)

By adding (1); (2); (3):

(a®+b*)(ab+1) ((B?>+c?)(bc+1) (c*+a®)(ca+1) -
a+b b+c c+a -
> 2(ab+ bc+ca) = 2 -3 = 6. Equality holds fora = b = c.

>2ab (1)

AM—GM
A.008. log(1 + 2sin?x) -log(1 + 2cos?x) <

2

- (log(l + 2sin? x) + log(1 + 2 cos? x))
- 2
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1
=2 (log(1 + 2 cos? x + 2sin? x + 4 sin? x cos? x))? =

1 AM-GM
=2 (log(3 + 4sin®x cos?x))? <

2
<1 | 344 sin x + cos? x\° _1(1 <3+4 1))2_11 24
=7\'%8 2 —2\% 1)) T3

=log?2

nlog(l + 2sin? x) nlog(l + 2cos?x) | =

cyc cyc

= n(log(l + 2sin?x) - log(1 + 2 cos? x)) <

cyc

< 1_[log2 2 =1log?2-log?2-log?2 =log®2

cyc

g1 AM-GM 81 _ _
A.009. a +8+— > 2/(a+8)-m—2\/ﬁ—18

81 81
a+8+——=218=>a+——2>10

a+8 a+8
81 1
Z<a+—)210-4, Za+81z—240
a+8 a+8
cyc cyc cyc
1
81Za+8lz——802a240
a+8
cyc cyc cyc
1 AM—-GM
81 Z(a+—> 240+802a =
a+8
cyc cyc

> 40 + 80 - 43abcd = 40 + 320 = 360

812( o )>360 Z( Lt )>360—40
T8 =" T8/ =81 9

cyc cyc

A.010. Letbe f:(0,0) - R, f(x) = x? +%—1nx
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1 1 2x3—1—x_

O R
2x3—2x+x—-1 2x(x—DEx+1D+(x-1)
- x? - x?2 -

(x—1(2x%2+2x+1)

f'x)=0=>x=1=>maxf(x) =f(1) =2
1
:>x2+;—lnx22:>x4+x—x21nx22x2

For x = a;x = b respectivelyx = c: a*+a —a’Ilna > 2a? (1)
b*+b—b%Inb =>2b? (2), c*+c—c?Inb=>2c? (3)
By adding (1); (2); (3):
a4+b4+c4+a+b+c—ln(a‘12 -bbz-ccz) > 2(a? + b% + c?)

a*+b*+c*+a+b+c=2a%+2b% + 2¢2
(a* —2a? +a) + (b*—2b%> +b) + (c* —2c?+¢c) =0
Equality holds fora =b =c=1.
A.011. Solution (George Florin Serban)

Z x%+x +1_0=>Z x% 4 x 1 0o
x24+x+1 Zrx+173)°

cyc cyc
4x? +4x +1 (2x + 1)?
Z—=0=> ———2>0,Vx e R,
x> +x+1 x> +x+1
cyc cyc
2x+1)?*=0and=>x*+x+1>0A=-3<0
2x+1)%2=0 1
(2y+1)2=0=>x=y=z=—5
2z+1)2=0
A.012. For x,y,z> 2 and —+m+m—1 We may write Inequality :
3x2+x+4 3y2+y+4 3z24+z+4

(x+1D(x*+2) + y+DO*+2) + z+1Dx*+2)

1 1 1 1 1 1
] )J<2(5+5+2);
x+1 y+1 z+1 y z
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3x2+x+4 2 < 1 1 1
‘_’Z((x+1)(x4+2)+x+1>—2<}+§+E)'
2x*+3x%2+x+8 2
HZ( )Sz—; ()

(x+ 1D(*+2) x

Hence, we must show that:
2x*+3x2+x+8 2
it S (V¥=2)

o xx*+3x2+x+8) <2(x+1D(x*+2)
o2xt—3x3—x?2—4x+4=200 (x—-2)2x3+x2+x—-2)=0
Which is true because:
x=22-5>x—-220;2x3+x2+x—-2=216+4+2-2=20>0

Similary:
2z*+3z24+2z+8 2
z

2y*+3y2+y+8 2
4 y 7y <—; (Vy=2),
+DO*+2) "y (z+ 1D(z* +2)

AM—-GM
A.013.3a°+b°+c5 > 5-3/(a®)3b5¢5 =5a3bc (1)

AM-GM
as+3b°+c®> = 5-3a5(b>)3c5 =5ab3c (2)

AM—-GM 5
2a°+2b°+c® = 5-3(a%?- (b5)?%-c5 = 5a%b%c (3)

<—; (Vz=2)

AM-GM 5
2a°+2b°+c®> = 5-3(a%)?%- (b5) - c5 = 5a%b%c (4)
By adding (1); (2); (3); (4):
8a® + 8b> + 4c® > 5abc(a? + 2ab + b?)

5 2(@®>+b%+c% 5
2a® + 2b° + ¢ > Zabc(a + b)?, CEL > Zabc
ZZ(a5+b5)+CS>SZ 5 5 3ab 15 415

(@t b)? —aL, W7y tT
cyc

cye
Equality holds fora = b = c = V4
A.014. (x*+xy —y?) 2+ (xy +y?)?* =
=x*+x%y? +y* 4+ 2x3y — 2x%y? — 2xy3 + x%y? + yt + 2xy3 =
=x* + 2x3 + 2y*
x*+2x3 42yt =0 (2 +xy—y)+ (xy+y3)?=0
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:>{x2+xy—y2=0
yx+y)=0

x+7=0>y=—x>x>-x>-y2=0=>y=0

>x=y=0

30 +4% =52 = 52 = 2 = z = logs 2. Solution: (0,0,logs 2)

A.015.
x<y
x<z
<t S24x<x+y+z+t=4=>4x<4=>x=1>max(x) =1
X<x
y=<z
y<t;=>3y<y+z+t<x+y+z+t=4
y=Yy

4 4

z<t

< < =
ZSZ}:Zz_t+z_x+y+z+t 4

22z<4>z<2>=>max(z) =2

t<x+y+z+t=4=>t<4=>max(t) =4

( 4 22
|x-§+y-2+z-4=

3
x-24+y-4+z-1=7

44+y-1+ S
X y z:3=3
With solution: x =y =z = 1.

abc+bc+2a
2bc+a+1

(abc + bc+ 2a)(a+ 1) = 2a(bc+a+ 1)
a’bc + abc + 2a? + abc + bc + 2a > 4abc + 2a? + 2a

A.016. First, we prove that: > %; a,b,c>0 (1)

a’bc — 2abc + bc = 0
bc(a? —2a+1) = 0;bc(a—1)>=0

abc+ca+2b 2b abc+ab+2c 2c
g 2 2 V2 3
2ca+b+1 b+1 2ab+c+1 c+1

By adding (1); (2); (3):

Analogous:
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abc + bc + 2a ( a b c )_

2bc+a+1 a+1+b+1+c+1
cyc

~2(- ) 2 73
a+1l b+1 c+1 6 3
Inequality is strict because if
1 1 1 3 17
arithvi ol 276

A.017. 3cosx+cosy+cosz — 3cos2 x+cosx 4 3cos2 y+cosy 4 3cos2 z+cosz >

a=b=c=1

AM—-GM
> 3\/3cos2 x+c0s2 y+cos2 z+cos x+cosy+cos z

(3zcyccosx)3 > 27. 32}63,Ccos2 X+YcycCOSX

3Zcosx23+2coszx+ZCosx, Zcoszx—22c05x+3ﬁo

cyc cyc cyc cyc cyc
(cosx —1)2+ (cosy —1)? + (cosz—1)> <0
T
(xzi—+2m7r;mEZ
cosx =1 l
>{cosy=1=> y=*x=-+2nm;n€Zl
cosz=1

t-+2pmp€EZL

TN

A.018. (xz — yt)? + (xz — yt) (xt + yz + yt) + (xt + yz + yt)? =

= (¥ + xy + y?) (22 2 AM;GM
= v+y)(ze+zt+t*) =

> 33/x3 - y3 - 3233 = 9xyzt
(xz — yt)? + (xz — yt) (xt + yz + yt) + (xt + yz + yt)? S
xyzt -

Equality holds forrx =y =z =1t
A.019. First we prove that: 2(x +y — \/x_y)z >x2+y% (1)
2(x% +y? + xy — 2x,[xy — 2y [xy + 2xy) = x? + y?
x% +y% 4 6xy — 4x[xy — 4y [xy = 0
x2+2xy +y? +4xy —4/xy(x +y) 20
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(c+ )2 — 4 fxy(x +y) +4xy >0, (x +y —2,/xy) =0 (True)
By (1): (x+y—Jxy) =22 )

Z(x+y—%)2=2(x+y—\/x_y)2 (g

cyc cyc
2 + 2

x AM—-GM
Zz Zy =x24+y2+22 > 3Y(xyz)2=3-Y12=3

cyc

Equality holds forx =y =z =1.
A.020. (a— \/E)z >0, a® + bc = 2avbc

a? +ac + ab + bc = ac + ab + 2avbe, (a + b)(a + ¢) = a(b + ¢ + 2vbc)
(a+b)(a+c)=a(vVa+c)* (1). Analogous:
(b+0)(b+a)=b(e+a)' (2) (c+a)c+b)=c(Na+vb)' (3)
By multiplying (1); (2); (3):

(H(a + b)>2 > abe (ﬂ(«a + ﬁ))z = (]_[(va + ﬁ))z

cyc cyc cyc
[eye(a+b) = Tleyc(Va +Vb)  (4). Replacing a, b, c withva,vb,\c in (4):
[eyc(Va +Vb) = [eye(Va + Vb) (5)
Replacing a, b, ¢ with/a, Vb,\cin (5):
Meye(Va + Vb) = [eye(Va + ¥b) (6)
By (4); (5); (6):
[[@+mz] [Wa+vB) 2] [Wa+¥B) 2| [(¥a+¥)

cyc cyc cyc cyc
n( a+b> 1—[< a+b > n( a+b >>1
' 2= a0 ] 8— . 8/ | =
cyc \/a+\/E cyc \/a+\/B cyc \/a-l_\/E
A.021.
|x + y| :1+|x+y|—1= —;s1——s
1+ [x+y| 1+ |x+y] 1+ [x+y| 1+ [x]| + |y]
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) 1 _ el + Iyl + 1xl - Iyl
T+ I+ T+ - A+ DA+ 1D~

[l + 1yl + 2% - Iyl _ Jxl L+ IyD + Iy +1xD) _

A+1xDA+1yD — A+1xDA+1yD
| x| [v] 1+x]—-1 1+4+]|yl—-1 1 1
TTa e 1l 1l el C T T 1+
1Lxl+i/|yl =2- 1+1|x| B 1+1|y| (1)
lx+y+z  [(x+y)+z (2
1+ |x+y+z 1+|(x+y)+zl ~
B 1 1 |x + y| 1 (2
1+ |x+yl 14|z 1+|x+y| 14|z —
<1+2- - ! - !
- 1+ x| 14|yl 1+|z|
[x +y + z| 1 1 1

+ + <3
1+x+y+z 1+x] 14|yl 14|z

Equality holds forx =y =z = 0.

A.022. c>a;c>b=c?>ab=a’b*c?>a’b3 =

VYabc

= \/(abc)z > \/(ab)3

d>a;d>b,d>c=>d?®>abc> a3b3c3d3 > a*b*ct

= 2/(abcd)3 = 3/ (abc)* = YVabcd = Vabc = 3abc >1 (2)

_ﬂ_c—.abc)_ _(3Vabc> Bernoulli;(1)
> aB | 143(S 1 - 1) | = V@b + 3Vae - 3V -
a

= 3Vabc — 2vab, 3Vabc —2Vab <c (3)

_abcd (\/abc ) Y (‘%/abcd)4 Bernoglli;(Z)
~ abc ( [abc ) Yabc -
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VYabc

= 4%abcd — 33abc , 4Vabcd —33Vabc <d (4)
By multiplying (3); (4): (33\/ab - 2\/%)(44\/abcd — 33Vabc) <cd
33¥abc — 2+ab < c
d ~ 43abcd — 33abc
Equality holds fora = b = c = d.

A023. JF@F®) = £ (*57) = f@) - f ) = f2(%}7)

c+d)_
> =

ey - () (s

a+b+c+d)
4

Vabcd
>3 abc(l +4<L— 1)) = Yabc + 4Vabed — 43/abc =

@@ =2 () 2

F@FBFOF@ = 1

a+b+c

We take d =

b Th4 +a+b+c
F@f®f©f (F55) = 1 (a 3

4

F@@rf () = p (B

3-4

a+b+c> (a+b+C)

F@FBFOf ( .

b
F@fBf© = 7 (5

e < MO

b
() s r@+ 5@+ 5@
Equality holds fora = b = c.

f(a+§+€)
f
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A.024. f(a) + f(b) + f(c) + f(d) = 2f (a+b) +2f (C+d) =

2 2

at+tb c+d
5t at+b+c+d
BT ﬂf(f)

a+b+c

Letbed =
b a+b4c+dFhFe
f(a)+f(b)+f(6)+f(a+3+c)=4f< 3 -
3la+b+c)+(a+b+c) a+b+c
=4f< 3 >=4f< - )
b b
f(a)+f(b)+f(c):4f(a+3+c>— (a+3+c>
b
Fl@) + £ )+ £(©) = 3f ()

i }
3 (U ) = r @+ )+ 0 3@ B @

b
3Yf (@) - f(b) - f(c) S31C(a+3 +C)
b
F@- f) - f© < 7 (25

A.025. (a —b)*>(ab+a+b) =0, ab(a—b)*+ (a—b)*(a+b) =0
ab(a—b)?+ (a®> —=b*)(a—b) =0
ab(a? —2ab + b?) +a®—a’*b—ab?+b3>0
a®bh —2a?b? + ab3 +a® —a’b —ab? + b3 >0
a®b + ab® + a3 + b3 = a?b + ab? + a?b? + a?b?
al(b+1)+b3(a+1)=a?(b+b?) + b?(a+a?

a3(b+1)+b3(a+1) s g g 1
bt tabi@i) = 1. Multiplying with =
al(b+1)+b3(a+1) 1

>
a’bc(b + 1) + ab?c(a+1) ¢
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Za3(b+1)+b3(a+1)>zl 1 1 1

S 44--3
abc(ab +a+ba+b) — c a+b+c
cyc cyc

> 3abc

= )’

1 Za3(b+1)+b3(a+1)>3 Za3(b+1)+b3(a+1)
abc a+2ab+b a+2ab+b
cyc cyc
Equality holds fora =b =c=1.
A.026. a=Vx2—5x+4,b=32+x—x2,a5+b5=6—4x
Vx2—5x+4+2+x—x2=36—4x

a+b=3Va5+b5=> (a+b)=a®+b5=(a+b)5—a>—b5=0
a® + 5a*b + 10a3bh? + 10a?b3 + 5ab* + b> —a®> —b°> =0
5ab(a® + 2a?b + 2ab? + b3) =0
5ab(a’(a+ b) + ab(a + b) + b%>(a+ b)) =0
5ab(a + b)(a®? + ab + b?) =0
a=0=x>-5x+4=0=>x,=1,x, =4
b=0=>2+x—x?>=0,x3=—1,x, =2

3
a+b=0:>x2—5x+4=x2—x—2=>x5=§

b\*> 3b?
a2+ab+b2=(a+z> +T¢O
A.027. (a—b)?(ab+a+b) =0, ab(a—b)*>+ (a—b)?>(a+b) =0
ab(a —b)?+ (a®> = b?*)(a—b) =0
ab(a? —2ab + b?) + a® —a’b — b%a+b3>0
ab + ab® + a3 + b3 > 2a?bh? + a®b + b?a
al(b+1)+b3(a+1)=a?(b+b?) + b?(a+a?
a3(b+1)+b3(a+1)
a?b(1+b)+b2a(1+a)
a3c(b+ 1)+ b3c(a+1) .
a’b(b+ 1)+ ab?*(a+1) —

Za3c(b+1)+b3c(a+1) S atbhtce3
a?b(b+ 1) +ab2(a+ 1)~ €=

cyc

= 1. Multiplying with c:

Equality holds fora = b = c.
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A.028.

i} 2 2
2y 4222 4) AM<GM (2y+z+22+y> _ <3(y2+z)> =z(y+z)2

2
1 4 1 16
= = >
QRy+2)2z+y) 9@y +2)?? QRy+2)?Qz+y)? 81(y+2)*
x* 16x*

>
Ry +2)2(2z+y?)  8l1(y+2)*
4

x 16 x2 CBS

> — ) >

Z(2y+z)2(22+y)2 — 81 y+2)?2) —
cyc cyc

2

>16 1 Z( X )2 Cgs 16 1 Z x
— 81 3 y+z —81-3 |3 y+z
cyc

cyc

2\ 2

81-3 9 \2) ~81-27 16 27

Equality holds forx =y =z =1

NEs>531T 16 1 (3)4 16 81 1

, 9abc 4ab
. . e ——<
A.029. First, we prove that s oy =€ (1)

9 4 1 1 1
——=<c Denote-+-=y;,-=x

T 11 1,15 a ' p Ve

a b c a b

9

4 1
——<-©o9%y—4 <
Ttz y_x(:} xy x(x+y)<ylx+y)

9xy —4x? —dxy <xy+y’ oy’ +4x?—4xy>0 (y—2x)2 =0

Second, we prove that:

16abcd 9abc (2)
bcd+cda+dab+abc  ab+bc+ca —

—-=7==d. Denotel+l+l=z;l=t
+ a b ¢ d

1
+=
c

z+t__st' 16zt —9t(z+t) <z(z+1t)

16zt — 9tz — 9t% < z% + zt, z24+9t2—6tz>20 (z—3t)? >0

By multiplying (1); (2):
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( 9abc 4ab )( 16abcd 9abc ) <
ab+bc+ca a+b/\bcd+ cda+ dab + abc ab + bc + ca =¢
9abc _ 4ab
ab+bct+ca a+b _ c
d - 16abcd 9abc

bcd + cda + dab + abc ™~ ab + bc ¥ ca
Equality holds fora = b = c = d.

A.030. Denote x = a3;y = b3;ab > 0. We prove that:
Va+y<Yax+y) (1)
%+WSWSa+bSW@
o (a+b)3 <4(a®+b3)
4(a+b)(a*—ab+b?)—(a+b)3>=>0
(a + b)(4a? — 4ab + 4b*> —a?> —b%? —ab) >0
(a+b)(3a?—6ab+3b%)=>0, 3(a+b)(a—b)>=0
By (1):Vx+3fy<Yalx+y), Vz+Vi<Y4z+0 (2)
By adding (1); (2):
i/§+i/§+i/5+§/fs§/1(i/x+y+i/z+t)%)
<V&-Yax+y+z+t)=Y16(x+y+z+1t)
Equality holds forx =y =z =t.

A.031. First, we prove that if a,b = 0 then:

Va+¥b<Ya(@+b) (1)
Denoteu = Ya;v=Vb = ud =aq;v3 =
Vur + Y3 < 2P+, u+v< AW +03)
u+v)3 <43 +v3)
Au+v)W—uw+vH)-w+v)3=>0
(u+v)(4u? —4uv + 4v? —u? - 2uv —v?) >0
(u + v)(3u? + 3v2 — 6uv) =0, 3(u+v)W? +v?2—2uv) >0
3(u+v)(u—v)2=0 (true)
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Replacing a =logx = 0; b =logy = 01in (1):
Ylogx + logy < {/4(logx +logy) = /4log(xy) (2)
Analogous: [logy + 3/logz < {/4log(yz) (3)
Vlogz + /logx < {/4log(zx) (4)

By multiplying (2); (3); (4):

(Vlogx + logy)(logy + {logz)(i/logz + /logx)

< 4i/log(xy) -log(yz) - log(zx)
Equality holds forx =y = z.

a+b+vab

A.032. First, we prove that: —5=— =1 (1)

2

2(a+ b ++Vab) = 3(a + Vab), 2a + 2b + 2vab = 3a + 3Vab
2b > a + Vab. Butb = +/ab becauseb>* > ab © b > a
b>+vVab;b>a=2b>a+Vab

+b+ab)’ 3
a a
< 3 ) a++ab L;\/% Bernoulli;(1)
(a+ﬁﬁy B a+Yab )
) 2
a+b++ab \
o [eop D
-2

3
143 ————-—1 =
k a+\/% )
2

+ b +b++Vab
_atvabfatb+vab _\_ L e eE

2 a++ab
2
a+b+\/%3 s
3 (a+b+\/%) 4
s—=b= : s=b
<a+\/%> 27 (a+\/%)
2
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(a+b+Vab)’ 27  b(a+vab)' _ 4
b(a+Vab): *  (a+b+vab) 27
A.033. Tr(AB) = 13;det(AB) = 42 — 40 = 2

fag(X) = X* — (Tr(AB))X + det(AB) = X*> — 13X + 2
feaX) = fap(x) = X* — 13X + 2
fea(BA) = 0, = (BA)?> —13(BA) + 2, =0, (1)
Multiplying (1) with (BA)™:

BA—131, +2(BA)™' =0, = BA=24"'B~! = 131,
det(BA + 2A71B™1) = det(131,) = 132 =169 (2)
Tr(CD) = 13;det(CD) = 2
fep(X) = X2 — (Tr(CD))X + det(CD) = X? — 13X + 2
focX) = fop(X) =X? —13X 42
fpc(DC) = 0, = (DC)?> —13(DC) + 21, =0, (3)
Multiplying (3) with (0C)™1:

DC — 131, +2(DC)' =0, = DC +2C~*D~!t =13I,
det(DC + 2C~1D71) = det(131,) = 132 = 169 (4)
By (3); (4) =
det(BA + 2A7'B~1) = det(CD + 2¢~'D 1)

A.034. Solution (Bedri Hajrizi)
Lletx =11 (1); [Ix =36 (3)

yzzz+362

From second questions (+(1),(3)) we get: — ), 3G =

—36[[(x —y) = y32%2 — y223 + 362y — 36%z + z3x% — z2x3 + 36%z —
36%x + x3y% — x2y3 + 36%x — 362y

-36 H(x —y) =x%2%2(z—x) +y3(z+ x)(z — x) — y?(2% — x?)

-36] [c-» = -C-00 -6 -nay+yz+m
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-36] - =] [e-n (D)

Ifx =yory=zorz = x no real solution!

x+y+z=11
System become {xy +yz + zx = 36 ; x,y, z solution of the equation:
xyz = 36
t3 —11t2+ 36t —36 =0
t-2)t—-3)(t—6)=0

Solutions are (2,3,6) and permutations.

A.035. Lemma: If X = (f Z) € My(C)and XT - X = (Ccl Z) thena + b +

crazoxtx=0 - 9= HC 9=

pp +71r ﬁq+Fs)=(a Z)
c

:(Qp+s_r qq +Ss
at+b+c+d=pp+rr+pq+rs+qp+35r+qq+ss=
=p@+P+tq@+P+rF+35)+sF+535)=
=@+DP+D+FT+9)r+s) =
=p+q- @+P+7+s-+s)=@+q*+ T +5)*20
Back to the problem: Denote X = X, X, - ... X, € M,(C)

Bylemmaif()?)T-X=((Cl Z)=>a+b+c+d20

(¢ b) =XT X=X Ky o X)) - (X1 Xg s Xyp)
c d
= (Xl . Xz et Xn)T . (X1X2 L. Xn) =

=X)" K)o C)T - XD X - Xy X
>a+b+c+d=0

A.036. Letbex = % The equation can be written:

3 9 18 21 15 6
——t———t+———41=0

¥ YR yE YRy
y® —6y> +15y* —21y3 +18y2 -9y +3 =0
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(y® — 6y° + 15y* — 20y3 + 15y2 — 6y + 1) —
—0* =3y +3y-D+1=0, OG-D°-@-1D*+1=0
Denote(y—1)3=z=222—-2z+1=0

_1+iV3 T T
21,2, = ———— =cosz £ ising
R+ 2kn 2 2kn
o _3 3
y—1€{zy,71,2,}; 2, = 3 + isin
5:;T+2k 5?3T+2k7r
y —1€{z},21,23}; z;, = cos 3 + isin
k € {0,1,2}

yef{zg+ 1,21+ 1,2, + 1,20+ 1,2y + 1,2z; + 1}

c 1 1 1 1 1 1
* Zo+1' 21+ 12, +1' 20+ 121 +1' 25+ 1

AM-GM 3
A.037. y2 +2 > 3y3-1-1=3y

1
y3+2

— Replace ywitht + z

1 1
<
(t+z)3+2_3(t+z)

Z(t+z)3+z '3 t+z Z( + )=%

cyc cyc

1 1 1
2(—+—+—)
y z t
Equality holds fory =z =t = %
[x] - (x=[xD+2=x2+2

Denotea = [x;b={x}=x—[x], ab=(a+b)>=>a’+ab+b* =0

Z  3p?
:(a+§) +T—O=>b=a=0:>x=0

x=0
Sol y=z=t=%

A.038. ab + bc + ca = 12abc — 4abc(a + b + ¢)
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1 1 1 1 1 1
—+—-+-=12—-4(a+b +0), 4a+b+c)+—+-+-=12
a b ¢ a b c
Z a <1 122 a <6
—_— _c) —_—
42 +2a+1" 2 402 +2a+1"
cyc cyc

a
122—S12—6<:>
402 +2a+1

cyc

12§ b4 Fiiiils
42 +2a+1" ¢ ¢ a b ¢
cyc

2(4 +1)>6+Z 12a
@ — —_—
a al — 402 +2a+1

cyc cyc

Z 4a® +1 >Z< 12a 2)
a - 4a2+2a+1+

cyc cyc

4a%+1 12a 4a%+1 12a
We prove that: > 2 2> 4 s
p a ~ 4a%+2a+1 + a ta=z 4a2+2a+1 +

& (4a?+2a+1)2>122+4a(4a’>+2a+1) © (4a®2-1)2>0
1

Equality holds fora =b =c = >

A.039.

|1 1 1 1|
Vx Vx Ve 2

R () () 4|70
V)' (R) () 16
(Vx + Vx + Vx + 2)Vand (Vx, Vx,Vx,2) =0
Vi=2=>x=4, Yx=2>x=8 Yx=2=>x=16
Vx = Yx = x® = x? = x € {0,1}. Observation: x > 0. S = {0,1,4,8,16}

A.040.(a—(\/§—1))220=>a2—2a(\/§—1)+(\/§—1)220

a’+2a+4
a2+2a—2\/§(a+1)+4ZO:>TZZ\/§
a’?+2 a’+2 b(a? +2)
=>2V3—-2> >2(v3—1 ———2>22(Vv3—-1)b
a+1 — V3 a+1 — (3-1) a+1 (3-1)
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Z%ZZ(ﬁ—l)Zb:

cyc cyc
=2(V3-1)(a+b+c)=2(V3-1)-3(vV3-1) =
=6(3+1—2v3) =12(2—+3). Equality holds fora =b =c =3 —1
A.041.
1 1 1 1
ex er e3x 2
(e¥)3 (e2¥)3 (e3%)3 23| = 0
(e¥)* (e¥)* (e3%)* 2%
= (e¥-e? +e¥-e3* +eX.2+e?*.e3% 4 2e2% 4 2e3%).
- Vand (e*,e%*,e?%,2) =0, e* =2 = x =log2
e?* =2=2x =log2 = x =logV2,e3 =2 = 3x =log2 = x = log {2
e*=e*=x=0
e3¥ + e + 2e¥ + %% + 2e2* + 2e3* # 0
S ={0,log2,logV2,log ¥2}
A.042. Solution (Tran Hong)
XEVBYVFZ,Z#EXX,Y,Z*0
xy +yz+zx =26;xyz = 24
48+yz(y+z) 48+zx(z+x) 48+xy(x+y)

G-Ne-2  G-00-2  G-0G-n
48( ! + ! + ! )+
x=-Nx-2 @G-0@-2 E-xE-y)
< yz(y + z) zx(z + x) xy(x +y) > PR

x=—Nkx—-—2) G-00@-2) @E-x@z-Yy)

—-y-2)-(2-x)—(x—-y)
”( G- - D@ )*
< yz(y + z) N zx(z + x) N xy(x+y) )_9
x=-Nx-2 O-0@-2 -0z-y))
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<—yZ(y +2)(y—2) —zx(z+ 1)z —x) —xy(x + y)(x — y)> _ 9
x =)y —2)(z—x)
yz(y? = z?) + zx(z® = x*) + xy(x* = y?) = -9(x = ) (y = 2)(z — %)
3y +y3z+z3x — (xy® + yz3 + zx3)

+9(x%z+ 2%y + y?x —xz?2 —zy? —yx?) =0

x—yoy—2z—x)(x+y+z—-9)= wa+}/+z—9 =0
x+y+z=9
So, by Viete’s Theorem: X3 —9X%2 + 26X — 24 =0
(x;y;2z) = (2;3;4) and cyclic.

A.043. Solution (Florentin Visescu)

( 1 1 1 1 1 1
et AR
{x y z x Yy z = 1 1 1 1 1 1 =
Gty tet tyt;+2=0 v(~kﬂ+y(ﬁ~)+z@+—)+2=0
Yy z x z Xx Yy y z zZ x Xy

xy +yz+zx = xyz

1 1 1
x(l——)+y(1——)+z(1——>+2=0
X y z
{xy+yz+zx=xyz=c;c€€*
x—1+y—-14+z—-1+2=0

:{xy+yz+zx=xyz=c;cEC*
x+y+z=1

But: x,y,z —are solutions of the equation: t3 —t2 + ct —c =0 &

t-—D(?>+c)=0 o t; =1;t, =i/|c| =k € C5t; = —iy/|c| = —k
So, (x,¥,2) € {(L;k; —k)¢yc | k € C}

A.044. The equation can be written:

18x°% — 24x* +18x%2 — 1 = \/; Letbe f(x) = 18x% — 24x* + 18x%2 — 1

V3 T

f(cosa) = 18cos®a — 24 cos*a + 18cos?a — 1 == cos 6a = cos ¢
T T km — T km —
6a=g+2kn=>a=%+?;k€0,5 = X =COS<%+?);I€EO,S
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A.045. Letbe f: (0,0) = R; f(x) = log(x + 1)

f100 =7 f 00 =

e e < 0; f concave

(Fa+3b+za)22f@+3f0) +3(©
flzat+zbtge)z5/(@+3f 6
3a+2b+c
log(—6
3a+2b+c+6
log(

6
3a+2b+c+6

6
3a+2b+c+6 1 1 1
1_[ . zn(a+1)i(b+1)§(c+1)6

cyc cyc

1 1 1
+ 1) > Elog(a +1)+ §log(b +1)+ glog(c +1)

) > log((a DI b+ 1F(c+ 1)%)

1 1 1
>(@+1)z-(b+1)3-(c+1)s

1
EH(3a+2b+c+6)2(a+1)(b+1)(c+1)
cyc
(3a+2b+c+6)(3b+20+a+6)(3c+2a+b+6)>
(a+1DB+D(c+1) -
1

A.046. f:(0,0) > R; f(x) =vx; f'(x) = N

216

1
8x\x

By Jensen’s inequality for A, + 1, + A3 = 1:
fAaxg + x5 + A3x3) = A1 (1) + A1 (x2) + A3f (x3)

a’+2ac _ b%*+2ba _ c*+2¢cb
(a+b+0)2’ 72 7 (a+b+c)2’ 73 T (a+b+c)?

A+, +2;=1 —1 —1 —1
1 2 3= 'xl_a'xz_b'x?’_c

a’?+2ac 1 - a® + 2ac 1
f (a+b+c¢)? al— (a+b+c) Ja
cyc cyc

a+2c >z a(a+ 2c)
Cyc(a+b+c)2_ (a+b+c)?-+Va

cyc

1
f'(x) = :—f =— < 0; f concave

For A, =
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f 3 1 (a+2c)Va
(a+b+c)2(a+b+c)2; 1

Z(a+2c)\/_<(a+b+c)2’ —(a+b+c)w/3(a+b+c

cyc

x=y
A.047. Letbex,y = 1. Ifx2y=>§21;x—y20:(§) >1

=)

1; (E)H >1

X

By multiplying: (%)x_y . (X)y_z . (E)Z_x >1

z X

Ifx<y=-= >1y—x>0:>()

IV

In both cases: (g)x_ = 1. Analogous: G)y_y

v

XXV L YYTE L gETX > XY L gYTZ L 27X

y
y* z¥ x
—_—— > — . — xzx.yZy.Zzz2xz+y.yx+z.zy+x
x¥ yZ zX T yY zZ xX’

We take x = Va;y = Vb;z = +c
W)™ - (B)™ - (Vo) = (va) Tt (vB) Y (V) =
AM GM (\/_)2\/— ( )zﬁ/c_a.(\/z)z‘ﬁ/ﬁ

aﬁ-bﬁ-cﬁZam-bW-cW

2vb

Equality holds fora = b = c.

[x]9+{x}9 _ @ @ BERGSTROM ([x]4+{x}4)2

A.048. xl{x} — {a}  [x] = O+x] T
1 x]2 + {(x})2\* 1
LGP L s
X 2 4x

>1 [x]+{x}24_ x® X7
= 4x ( 2 > T 16-4x 64
64([x]° +{x}*) 2 x7 - [x] - {x};x 2 0, x7 - [x] - {x} < 64([x]° + {x}°} (1)

Analogous:

MATH PHENOMENON-A NEW DIMENSION Page 88



DANIEL SITARU CLAUDIA NANUT!

vy -]y} < 64(y]® + (y}°} () 27 [z] - {z} < 64([z)° + {z}°} (3)
By adding (1); (2); (3):
x7 - [x]- {x}+y y]-{y}+27-[z] - {z} <
< 64([x]° + [y]° + [2]°} + 64({x}° + {y}° + {2}°) =
= 64([x]° + [y]° + [z]°} + 1
Inequality is strict because (1); (2); (3) are equalities only forx =y =2z =10

and in our case {x}° + {y}° + {z°} = 6_16 £0

A.049. Letbe K = {( & )| aber) 0+ >

(€ +); f ((_ab Z)) = a + ib, isomorphism
A D+ 9)=r(G D)=
(D 9)=r(C D)=
f<(_ab Z)>=a+ib=21;f<(_cd ?)) =c+id =2z
{z1 +z, =

3, .3 —
Z1 +Zz—
S=1zy 42y P=2.2;2% — 212, + 2% = 2

1
52—3P=2;1—3P=2:>P=—§

2—Su+P=0=>u’ L om=t(1+ L)im=t(1- |
u u = u u 3= ,21—2 3 ,22—2 3
! 1+ ’ 0
2 3
a

2:(21 +2))(2f — 212, + 23) = 2
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C(0,3) B(43)

)

A(4,0) X

A.050.
M(x»Y);M0=\/m;MA= (x — 4)2 + y2
MB=\/(x—4)2+(y_3)2;MC= X2+ (y—3)2
MO+MB>0B=5  MC+MA>AC=5

MO + MB + MC + MA > 10

Equality holds for {M} = AC n OB, AC = OB = 5;M (2;%)

3 3
x=2;y=§, 2+25=5Z=>Z=1

A.051. Solution (Jalil Hajimir)
F(x) = tan~! x is a convex and increasing function:
1tan"'1+3tan™ 13 + -+ (4n—3)
=F(1)+3FQB)+:-(4n—3)F(4n—-3) =

Chebyshev 1 4+ 3 4+ ..+ +(4n — 3 Jensen
> 2n—1( )[F(1)+F(3)+---+F(4n—3)] >

14+3+...++ (@n-23)
2n—1

> (2n— 1)2F< ) =(2n—-1D%*tan"'(2n-1)

A.052. Solution (George Florin Serban)
We use the following formula:
(x+y+2)P°—x5—y>—25=5(x+y)(y+2)(x+2)-
- (x?2 +y?+ 22+ xy + yz + xz). Denotey —» —y
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(x—y+2)°—x>+y>—2°

=5(x—y)z—yY)(Ez+x) (x*+y*+2z2—xy—yz+x2)

b 2ab
Denote x = M, =%,y=\/ab =Mg,z=M, zﬁ

x=2y(Mg=2My)=2x-y>0z<y(M<My)=z—-y<0z+x>0=
=>5x—-y)z-y)(z+x)<0
We prove thatE = x*> + y? + z2 —xy —yz+ xz > 0
2-E=2x*+2y*+222 - 2xy —2yz+2xz(—x+y—2)> + x> +y?+2z2 >0
Sh—y+2)°—x>+y>—2°
=5x—-yz—-VEz+x)x*+y*+z2—xy—yz+xz) <0
S>x-—y+2)°-x°+y°-z°<0=>(x—y+2)°<x°—y>+2°

>

x5_y5_|_ZS x5—y5+25

ke S LIPS o S AL PO
(x—y+2)° (x—y+2)°

cyc

cyc
A.053. Solution (Tran Hong)
Ifa> 0then:4(a®> —a+1) > (a+ 1)
©4a?—4a+4=a*+2a+1e3a>-6a+3=0
& 3(a—1)? =0 (true). Equality & a = 1

4 4 4
y z X - y z X

+ + < + +
x> —x+1 y?>—y+1 2z2—-z+4+17 (x+1)? @y+1)? (z+1)?

= 2 z a = . 3 = I = =
=4 ((x+1)2 + (y+1)2 + (z+1)2) =4 Z 3. Equalzty eox=y=1

A.054. Solution (Remus Florin Stanca)

o (1 (x—y\2K _
Qlx,y) = Xr=q (ﬁ (%) ) Iet% = a, we also know that x,y,z > 0 =

:—y<y:x—y<x+y=>%<1becausex+y>0,soa<1 (1)

e =3 (5) =3 ([ (%) ae)-

k=1
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2 n_1
k= 1) da —f 11m< %) da
n—oo as—1

- ([aroran)= (3

k=1 k=1
a
:_faz—lda:
! 2a a<l
__Efa2—1d ___ln(|“ - 1) ———ln(l—a)
S PO o b i
- T2" x2+2xy +y2)
__l 4xy _ 24Xy
= ln((x+y)2)— ln( +y)becausexy>()

Jo

= Qx,y) = _ln<x+y> 3+Q0,y)+Q0,2) +Q(z,x) =

- / e+ )|
Y (b f)/
—3—1In(8) +In r[cyc \/§+\/%)) )

we knowthat2 <e=8<e3=In(8)<3=3-In(8) >0=>

X Y x AR
o [ (5 )
x [y
z3+ﬂ(x,y)+ﬂ(y,z)+ﬂ(z,x)>1n<n<\g+\[£>>
cyc

A.055. Solution (Soumava Chakraborty)

a?+b?

QM ofa,b = = Q (say) and GM of a,b = Vab = G (say)

~a?+ b= 2(22 and ab = G? - using this, proposed inequality <

2(10Q +66)(10Q* +8G?) _ (20 2
(14Q2 + 10G2)2 = <2(;2>
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& 0*(14Q% + 10G?)? — 2G*(10Q? + 6G?)(10Q% +8G?) =0

& 49t8 +70t% — 25t* — 70t —24 >0 (t = %)

& (t —1)(49t7 + 49t° + 119¢t° + 119t* + 94t3 + 94t? + 24t + 24) >

€>1> proposed inequality is true (Proved)

0-trug~t==2=
G

A.056. Solution (Tran Hong)

a’+b% _ a+b
> *
a+b — 2 [)

e2@+b?))=(a+b)?> e a?—2ab+b*>=>0
© (a—b)?>=0 (true)

Forall a,b > 0 we have:

Equality® a=0»>

2,,2 2,2
ye+z zZ°+x xty | ytz z+x

+ >——4+—+—=x+y+z
x+y y+z zZ+x 2 2 2

“__»n

=S X = y =Z
tlosy =4 = log(t1°g3’) = log(4)
= (logy)(logt) = log(4) = (logx)(logt) = log(4)

xt=4e 4e 4e
= t= < = (logx) (log7> = log(4)

< (logx)(log(4e) —logx) = log(4)
< (logx)(1 +log(4) —logx) = log(4)

a=logx

< a(l+log(4) —a)—log(4) =0
o —-a?+a+(a—1log(d) =0 —a(a—1) + (a —1)log(4) =0
o (a—1)(og(4) —a) =0 a =1ora =log(4)
(fla=1=>x=y=z=e>t=c¢
(Ja=log(d) =x=y=z=4=>t=e
A.057. Solution (Serban George Florin)

X y z (x +y+2)?(a+ b)?
4ab(—+—+—)=4 bx +Vaby +az) <
a +ab b ( Y ) ax ++vaby + bz
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‘:’(bx+m}’+az)(ax+\/_y+bz)<(x+y+ij(a+b)2

M- AM((a+b)X+2\/_y+(a+b)Z) -
2 <

(bx+\/_y+az)(ax+\/_y+bz)
(x+y+2)?(a+b)?
< 2 =
(@a+b)(x+2)+2Vaby < (x +y+2)(a+b) =(a+b)(x+2) +y(a+b)
= 2vaby < y(a+b) © y(a—2Vab + b) 20@31(\/——\/5)2 > 0 true
A.058. Solution (Ravi Prakash)

Leta=|z—1|*>=z|> —2Re(2) + 1

143’

i

b=|z+ 5 =|z—-w?|? =|z]? = 2Re(Zw?) + 1
1-3i[°
—/3i

c=|z+ 5 =|z—w|? =|z|? — 2Re(Zw) + 1

a+b+c=3z]>—2Re(z(1 + w + w?)) +3 = 3|z + 3 =3(|z|* + 1)

Now,

2.p24 -2
a“+b“+c a+b+c
> (

2
2 2N = (2 + D% E 2= 11 + |z — 0]* + |z - w2*

>3(|zI2 + 1)2 = 3(|z|* + 2|z]* + 1)
A.059. Solution (Petre Daniel Alexandru)

a,b,c,d >0
Dt 5+ am T <Ll + 5]+ ) + [ +3
x = [x] + {x}
e G+ Gt {5+ 5 <3
2ab c+d

1 1
=m, =n,m,n>0=>{m}+{—}+{n}+{_}<3
a+b 2 m n

or{m}+ {%} < %

{fm}=m

If0<m<1:{i}:0}—>{m}+{%}<l

Ifm>1,m=[m]l+{m}=k+tkeNandt € (0,1)
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B3B3

{m}+{;}—t+—<t+—<—

k+t 1+t 2

1 3
f(t)—t+1—Tte(01):>f(t)<f(1)_1+mzz

A.060. Solution (Adrian Popa)

MA>MG
3¥abc + d = Vabc + Vabc + Vabc+d = >

> 4"|(Yabc)’ - d = 4¥abed = 4Vabed —3¥abc < d (1)

MA>MG
43¥abcd +e > 5 (4\/abcd)4 . e = Vabcde =

= 53abcde — 4Vabcd < e (2)
(1) - (2) = (4Vabed — 3Vabc)(5Vabede — 43abed) < de

A.061. Solution (Adrian Popa)

a> b® 3\/1 1 1)\°
ﬁ+ﬁ+§(ﬁ+ﬁ+ﬁ)=
a®> b A\r1 1  1\/1 1 1\ Holder
(m +§Xﬁ+z+EXﬁ+z+ﬁ) >

><§/a3-1-1 Vp3-1-1 i/c3-1-1>3_(a b c>

3

i/bz.bz.bz-i_i/cz.cz.cz-i_i/az.az.az ﬁ+c_2+ﬁ

A.062. Solution (Soumava Chakraborty)

We shall first demonstrate, that, Vn > 1, (3)2 + (’11)2 I (2)2 W (Zr:l)
we have (142" 2 (7) + () + (3) x2 + 4 x () an
ot (14" € () ()24 (D44 ()
vow, (5) + (1) + () -+ ()

= coefficient of the term independent of x in
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[+ ()t ()] [0+ ()2t () ]

by (0).(i0) . . ]
= coefficient of term independent of x in

(1 +x)”(1 +§)

= (1) is true. = f(t) = t? is convex, -

n(1+x)?"
- n

, = coefficient of x™ in (1 + x)*" = (Znn)

2

CF 4 (O + () ot () > () * )4 )

0 1 2 n+1
_ @y . . (N n (M _on
= [putting x = 1in (i), (0)+(1)+ +(n)_2]
by (1) opy @) 52 ]
> (n) = Using (2), LHS of (a)
22b 22C ZZC 22a
> 1 b+1
=(at )(b+1+c+1)+( * )<c+1+a+1>
22a 22b
1
Tt )<a+1+b+1>
:[(a+1)22b+<b+1)22a]+[ a+1 226+(c+1)22a]+
b+1 a+1 c a+1

+[(b+1>220+(c
c+1 b+1

A(%G 2\/2213 .22a 4 2\/220 . Q2a 4 2\/22c . 22b — 2(2a+b + 2¢ta 4 2b+c)
3

Now, (In2)(b + ¢ — 2vbc) = 0 = (b + c)(In2) > (2Vbc)(In2)
= In(2°*¢) > In (22\/’;) = 2b+¢ > 2Vb¢ gnd analogs - (3) = LHS of (a)
> 2 (22 4 22VP¢ 4 92Ve0) = 2 (4V9P 4 4VP€ 4 4V7%) (Proved)

A.063. Solution (Khaled Abd Imouti)

1 1 x+y 2 x+y 2
x@.y\/@.'—xm.y‘/ﬁ:x 2 yx+y+y 2 xx+y
1 1 1 1 xty
xC - yG +xG -y =xM . yM + yM . xM,M = > ,G =./xy,M =G
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eGln(x)+é1n(y) + eéln(x)+Gln(y) — eMln(x)+%ln(y) + eMln(y)+%ln(x) (*)
(*) satisfying when G = M
WhenG =M = 4and x = 4,y = 4 then:
()3+1n(4)+1n(4)—64+2+1—67 S={(x,y) = (44)}
Wi @) T @) = o0 —wayI =

From (*):
eGln(x)+%ln(y) _ eMln(x)+%ln(y) — eMln(x)+%ln(y) _ eGln(y)+%ln(x)

1
Suppose: f(t) = et M@+ 5

£ = (1nG) ~ 5 InG)) - M)
3c; € (M, G) such that:
1
6= 1) = (1nG0) 510 ) (6 = )
1

in a similarly way: .
dc, € ]G, M| such that:

1
fM) = £(6) = (ln(X) - C—zln(Y)> M -G)
2

1 1
(ln(x) — C—Zln(y)> (G—-M)+ (ln(x) — C—Zln(y)> M-G)=0
1 2

1 1
<ln(x) - ?ln(y)> G—-—M) - (ln(x) - C—zln(y)> (G-M)=0
1 2

1 1
In(x) — C—Zln(y) —In(x) + C—zln(y)] G-M)=0
1 2

(_12 ——12) ‘In(y)(G—M)=0.So:G—-M=0=G =M.
cy cqy
*0

A.064. Solution (Tran Hong) With x,y,z > 0 we have:
B.CS
x+y+z=1-Vx+1-\Jy+1-vz < V3-[x+y+z
> Jx+y+z<V3=2x+y+z<3 (¥

x+y+z)> x+y+z)>
xyzsu:»é}Sxyz+x+y+z£u+(x+y+z)
27 27
©x+y+2)>3+27(x+y+2)—108=>0
Page 97
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t=x+y+z>0

&  t3427t-108=>0o (t—-3)(t?+3t+36)=>0
eotz3eox+y+z=23 (¥

(),(+%)
= x+y+z=3ex=y=z=1=(x;y;2) = (1;1;1) (Answer)

A.065. Solution (Soumava Chakraborty)

alb—c| _ _ blc-al _ cla—-b
_‘xl - ’

b+c c+a a+b

Let

= z. Then, the proposed inequality

(€Y
transforms into: [[(x + y — z) < 8xyz

Schur

Now,xyz—[[(x+y—2z) =Y x3+3xyz— Y x?y—Yxy?> > 0
( x,v,z are non-negative) .- [[(x + y — z) < xyz < 8xyz
(wxyz=0asx,y,z=>0) = (1) = proposed inequality is true (Proved)
A.066. Solution (George Florin Serban)

8_3x+3y 3y+3z+ 3x+9z
oy +2z x+2z x+y+z

3x 3y 3z 3y 3z 9z
y+2z x+2z x+y+z y+2z x+2z x+y+z
_ Bw? (3y)? (3y)? (32)? (3x)?
" 3xy+6xz 3y2+6yz 3xy+6yz 3xz+62z2 3x2+3xy+3xz
(32)2 (32)2 (32)2 Bergstrom

3xz+3yz+3z%2 3xz+3yz+3z2 3xz+3yz+ 372

- (6x + 6y + 122)?
T 3x2 +3y? 4+ 1522 + 9xy + 21xz + 21yz

(6x + 6y + 12z)?
8> <
3x2 4+ 3y2 + 1522 + 9xy + 21xz + 21yz

;x%,y,2>0

(z=y)? +(z—x)?<0e x=y=zandfromx* + y¥ + zZ = 3 we get:
3x* =3 = x* = 1. Therefore: (x,y,z) = (1,1,1)
A.067. Solution (Sudhir Jha) We have:

1 GMsAM GMsAM a+b b+4+c c+a
3(abc)3 < Vab++Vbc++ea < > + > + >
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= 3(abc)§SZ\/ES (a+b+c) (1)

1 GM<AM GM<AM
3(abc)3 < a?b+i/b2c+3cta <

<a+a+b+b+b+c+c+c+a
- 3 3 3

:S(abc)iszms(a+b+c) (2)

1 GMsAM . .
and 3(abc)3 < Va3b+ Vb3c+ Vci3a
GMsaM a+a+a+b b+b+b+c c+c+cH+a
= 4 + 4 + 4

= 3(abc)§ <Y Vadb < (a+b+c) (3). Then (1) x (2) X (3)
= 27abc < (Z\/E) (Z m) (Z m) <(a+b+c)?

A.068. Solution (Ravi Prakash) Given determinant
= [log(ex) — log x][log(e?x) — log x][log(e?x) — log(ex)]
[log(e3x) — logx][log(e*x) — log(ex)]
[log(e3x) — log(e?x)]
[Vandermode Determinant]= (1)(2)(1)(3)(2)(1) = 12
212=74+2"1 4 ]og,x = x =12
A.069. Solution (Ravi Prakash) Let z = x + iy. Rewrite the equation
lz—@B+4D|<1= |1 - @ +4)|| < |zl <1+ 3 +4i]
=4<|zl<6=>16<|z]?=x2+y2 <36
A.070. Solution (Ravi Prakash)

Let a = log(1 + sin’x),b = log(1 + cos?x)

1
a+b=1log(1l+sin?x)(1+ cos?x) = log (2 + Zsin22x>

<log(2-25)<1=a’+ab+b?*<(a+b)’<1
(log(1 + sin?x))? + (log(1 + cos?x))? + (log(1 + sin?x)(1 + cos?x))?
=a’+b*+(a+b)?>=2(a*+b*+ab) <2
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A.071. Solution (Soumava Chakraborty)

Firstly, Yn > 1andn € N, (8)2 + (’I)2 4ot (Z)Z W (Zr:l)

n

Proof of (1): (1 + x)™ © (0) + (q)x + -+ (Z)xz and

() O O ()

Now, (8)2 + (711)2 + -+ (2)2 , = coefficient of term independent of x in

)+ (s () [) () s 62

by (i),(i) ., . ;
= coefficient of term independent of x in

(140" (1 +%>” _@+x

le
= coefficient of x™ in (1 + x)?" = (Znn) = (1) is true.
Of course, putting x = 1 in (i), (g) + (rll) + (n) @ 2"
Py Zk 0( )3 by:(1) (8)3"'((;)3"'"""(3) p)
(2“) k [+ (@]
3 3
[(8) (0 ++ (@) ] [(‘S) +(1)+ -+ ()]
() + () + =+ () -2
2
+ .

2

e [©) ()

..+(Z)2] (by:(z))i=> 1 i(af (i) 1

B R O N CO R = A
Similarly,(2b+)2'22=o 2)3 (Q%and(zc%)z k=0 (Ii) (gzi

Bergstrom

(a)+(b]+(c)=>2<(2a)2 X O(Z)3>222_1a > ——— (Proved)

A.072. Solution (Tran Hong)
e f(d)=0B+d)*—-256d (d>0)= f'(d)=43+d)>-256
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Y d)=0=24B+d)P=256=B+d)>’=64=d=1>0
:>f(d)mein(1)=(3+1)4_256=0

:>(3+d)4—256d20a+b;czg(a+b+c+d)42256d )
ec3-0)?0<®he<3.3_ 13-
1 AM-G6M1 1 3
—E(Zc)(B c)(3—-¢) < 3 ﬁ(ZC+3+3 2¢c)
L2 65=4=cla+h)?><4
- .. — * %
2 27 c\d <4 ()

Q) ;(**)(a +b+c+d)*+4>cla+b)?+256d
A.073. Solution (Michael Sterghiou)

256

a?+ b%/ 2ab a+bh\>
2 (a+b+“‘ler 2 )
4

2ab a+b a? + b2
< _ .
<27 7 b+Vab+ > + ’ > ; (D)

aZ+b? 2ab a+b
Let: t = > andu=m+\/@+7
Then (1) becomes:
256tud —27(t +u)* <0 © —(u—3t)?(27u? + 14ut + 3t?) < 0
Which is true for u, t > 0.

A.074. Solution (Tran Hong)

3 u=a+b+c=0

27(a+b+c+d)*—256d(a+b +c) 27(u + d)* — 256du3
= 27u* — 148u3d + 162u?d? + 108ud?® + 27d*
= (u—3d)?(27u? + 14ud + 3d?) = 0 (trueforu,d > 0)
4(a+b+c)® —27c(a+ b)? vmaxbo 4(v +¢)3 — 27cv?
= 4v3 — 15v%c + 12cv? + 4¢3
= (v —2¢)?(4v + ¢) = 0 (true forv,c = 0)
LHS =27(a+b+c+d)*+ (4—256d)(a+b+c)3
=27(a+b+c+d)*—256d(a+b+c)®+4(a+b+c)®=27c(a+ b)?
= RHS
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A.075. Solution (Serban George Florin)

1
3 E S —
1+ 2x + 4xy

_3( 1 4 2x 4 4xy )_
S\l 4+ 2x+4xy 2x+4xy+1 dxy+1+2x)
1+ 2x + 4xy

3
=3 — - =3=2 ——
15 2x + 4xy x+y+z)=>x+y+z >

1 1 1
x—y+Z:E:>2y:1:>y:E:>x+Z:1:8 'Exz:l

. t? t+1 0<t 1)2 0=t =t !
= = —. —_ - = —_—— = —3 = = -
=y el S 1=6L=7

1 1
:>x=Z=E.So,x=y=Z=E

A.076. Solution (Ravi Prakash)

101 1 . .
—,——,—— are also sides of a triangle.

As a, b, c are the sides of a triangle,
’ f g ’ b+c’c+a’ a+b

1
ct+a

LHS=H(x+y—z)

cyc
:\/(x+y—z)(y+z—x)\/(x+y—Z)(Z+x_}’)
Jo+z—x)(Gz+x—y)

1 1
Letx—m,y— ,Z—m.Thenx+y—Z>0,etc.

gB(x+y—z+y+z—x)][%(x+y—Z+Z+x—}’)]

X[%(y+z—x+z+x—y)]=xyz=(bic><c_ll_a)<aib)

Equality when triangle is equilateral. Let’s assumea =b >c,2s =a+b+c
1 1
= =
b+c c+a a+b

. - 1 1 1
It is sufficient to show that: e <matis

e(ct+a)a+b)<@+b)b+c)+b+c)(c+a)
obctala+b+c)<ac+bla+b+c)+ab+c(a+b+c)
Sbc<alb+c)+(a+b+c)b+c—a)
obc<alb+c)+(b+c)’—a’?=0<alb+c—a)+b%+c?+bc

225s—a<2s—-b<2s—-c=>
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A.077. Solution (Serban George Florin)

2a+b __ 3a+b __ 4a+b
3 2T 4 3T g
2a+b

0 <a <b. Wedenote x; =

We prove that x1,x5,x3 € (a,b),a < <b=>3a<2a+b=>a<b

2a+b<3b:a<b(A)
3a+b

a< <b=>4a<3a+b<4b>a<b

4a+ b

a< <b=5a<4a+b<5b=2>a<b

R=13,xx€(a,b)=>a<x, <b=(x,—a)(x,—b) <0
ab
xl%—(a+b)xk+ab<0|:xk:>xk—(a+b)+x_<0
k

ab<( +b) L atb=% 13
Xk ¢ xk’xk ab ’ ’

3 3
Zl <2(b+a)+5_2a2+2b2+5ab
lxk X a b - ab

k=1

6 <S3(a+b) S 2a + 2b? + 5ab
1xk’ xk - ab ab ab

3(a+b)S—S?<2a’+ 2b2 + 5ab,S? —3(a +b)S +2a® + 2b* +5ab >0

A = 9a? + 9b? + 18ab — 8a? — 8b? — 20ab = (a — b)?
3(a+b)+a-—-»b

§2—3(a+b)S+2a%?+2b?>+5ab =0,5; = 5 =2a+b
3(a+b)—a+b
S, = ( )2 =a+2b=(S—5)(—5,)=0
G_5 _2a+b+3a+b+4a+b ) b
1773 4 5 ¢

_(2a+b )+<3a+b >+
T3 ¢ s ¢

4a+b b—a=t>ob—a b—a 4(a—b) t t 4t
+( - b) +

5 3+4- 5
20t + 15t — 48t 13t
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_2a+b 3a+b 4a+b

S—S;=——F—+——+—F——a-2b
2a+b 3a+b
:( 3 _a>+( 4 _b)+
4a+b b—a=tb—a 3(a—b) 4(a—b) t 3t 4t
(o) = s
20t — 43t — 48t
- 60

:—%<0=>S—SZ<0butS—Sl<0:(S—51)(5_52)>0tme_

A.078. Solution (Remus Florin Stanca)
3 3
We know thatx +y+z=>3/xyzeo x+y+z =7

3 3 3 1+—21x+22
We also know that: = T=1T 1T T

142x+4Xy  142x+—  —++— 3

2z 1 3% 2z

1 1 1
:>3( + + )S
1+2x+4xy 1+2+4yz 1+2z+4xz

1 1 1
3t oyt 20ty H2)  5isio(xiy4z) | 6+2(x+y+2)

< . 3 5 (U

3
x+y+22§=>4(x+y+z)26=>6(x+y+z)26+2(x+y+z)=>

6+2(x+y+z
N (x+y+2)

3 <2(x+y+2z) (2)

“52) 3( ! ! ! ) < 2(x +y + z), but we know
T42x+4xy | 14+2y+4yz = 1+2z+4xz
that:

1 1 1
3<1+2x+4xy+1+2y+4yz+1+Zz+4xz> =2ty +a)=
=>1=i=22=i=2x=—=2y=>x=y=z=—

2x 2y 2z 2

A.079. Solution (Adrian Popa)

3,1 1 1 11 1,1 1 1
a,b,c>1:Zaa(bb+CC—aa)Saa-bb-CC<aa+bb+CC)
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1 1

a>1=as>1Letas=x>1

b>1=>b%>1.Letb%=y>1
c>1=>c%>1.Letc%=z>1

We must prove that ¥ x3 (y+z—x) < xyz(x+y+2) &

exdy+xdz—x*+y3x+ydz—y*+23x+ 23y — z*
<x*yz+xy’z+axyz? o

ext+yrt+zt—x3y—x3z—y3x—y3z—23x — 23y + x%yz + xy?z
+xyz2 >0
o x?(x?—xy—xz+yz) +y*(y?> —xy — yz + x2)
+z%(z?—zx—zy+txy) =20 &
ox?(x—yx-2)+y*(v—x)y—2)+2z%(z—x)(z—y) = 0-True
Schur’s inequality for k = 2.

A.080. Solution (Tran Hong)
LHS — y(8x+5) z(By+5) x(8z+5)
T 48x3+1  48y3+1  48z3+1
(8x + 5)>2 ((8y + 5)>2 N ((82 + 5))2
48y3 + 1 4873 + 1

BCS
2 2 2 2
s |0F 2 +x)((48x3+1

- oo (B (B ()
+=)

Because: RHS = \/(xz + y2 + z2) (x_lz + % >

So, for x > 0, we need to prove:

((8x+5))2< 1 l (8x +5) _1
Bx+5\ _ 1. L Bxt+5) 1
a8 1) S yolanalogs) o g sy

& 8x?+5x<48x3+1 & 48x3 —8x*>—-5x+1>0;
o (Bx+1)(A4x—-1)%2>0;
Which is clearly true by: x > 0 - 3x +1 > 0, (4x — 1)? > 0;
Page 105
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Hence,

Z((8x+5)>2< 1
48x3 +1) ~ Lux?
y(8x+5) z(By+5) x(8z+5) (1 1 )
< 2 2 2y — o4 _

CUBB 1 48511 488+ 1 (% +y%+2%) 2ttt e

Equalityifandonlyif x =y =2z = %

A.081. Solution (Adrian Popa)
(CA—CB)(A? — B?) = CA%® — CAB? — CBA? + CB?
=CA3 - C(AB?> +BA®) + CB®* = CA* - CA*+CB*=0,+Cl, =C
We must show that: det(C) # 0

We determine the last digit of det(C):

121 45 891 120 45 891
U<28- 27 151 210 > =8, U<18- 330 151 210 ) =0

150 180 181 450 180 181

120 121 891 120 121 45
U<36' 330 27 210 ) =0, U(723' 330 151 210 ) =0

450 150 181 450 150 180

U(det(C)) =8=det(C) #0
A.082. Solution (Abner Chinga Bazo)
(a—b)?>>0= a?+b?>2ab © 3(a® + b?) > 6ab
4(a% + b?) — 4ab = a® + b? + 2ab © 4(a® — ab + b?) = (a + b)?
a?—ab+b* 1 (a®?—ab+b?»°® 1

> _
@+b2 ~4°  (a+bz =212
(a? —ab+b2)6+ (b? — bc + ¢?)® N (c? —ca + a?)® 3
(a + b)t2 (b +c)t? (c+a)? 4096

A.083. Solution (Ravi Prakash)

x+Dy+1) 3 "
L@+ +2) 4 =
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(x+D)(y+1) 1
x+2)(y+2) 4

Rewrite (1) as chc( ) =0; (2)

For x,y = 0 we have:
4x+ DY+ 1D —(x+2)(y+2) =3xy + 2x + 2y = 0, equality for x =
y=0
(x+1)(y+1) 1

GtD0+2) 1 = 0equalityforx =y =0

As each terms of LHS 3y = 0

(2)canholdiffx =y =2z=0= Y e y(x+ D +1) =3

A.084. Solution (Florica Anastase)

sinb a sinb
log (%> > <1 + \/%) log (—Sin(\/ﬁ))
sinb sinb a sinb
= tog (g) ~tog (m(@)) = \E 9 <sin(\/%)>

o <sin\/ab> - \/ﬁl ( sinb )
og|—— | = [~-log| ———
g sina b g sin(w/ab)

& Vblog(sinVab) — Vblog(sina) > Valog(sinb) — vValog(sinVab)
& (Va +Vb)log(sinvab) = Valog(sinb) + Vblog(sina)

Va

Va ++b

=) log(sin\/cz) > log(sina); (1)

Vb
log(sinb) +
7 Va+b
We have:

\/a \/E logt—concave
log(sinb) + log(sina <
Ve b o+ o plesine)

\/a \/a sint—concave (0,1)
<lo sinb + sina <
g <\/E+\/E Ja + b )

bva + avb
Va ++b

From (1),(2) it follows that:

< log sin( > = log (sin(@)) ;(2)

MATH PHENOMENON-A NEW DIMENSION Page 107



DANIEL SITARU CLAUDIA NANUT!

sinb a sinb
log (%> > <1 + \/%) log (—sin(\/ﬁ))

A.085. Solution (Adrian Popa)

m

(a+bIE "5 2ab e = 2vabe = 2 - TV 5

(a+b)Ve _
I =

Let: t

We must show that: t(1 — t) < %(% — 1) Ve =1

) 1 1, 1 1 2
t—t St——?Ht-F?St +t—2<—>t+?S<t+?) -2

Let:t+%=u;u22. We must show that: u < u? -2 o u?>—-u—-2>0

A= 9,u1 = —1,u2 =2

u —00 -1 2 + oo

ut—u-—2 ++++0--0++++

So,u? —u—2=>0; Yu > 2 then

(a+b)\/E(1_(a+b)\/E> 2 < 2 _1>

2 2 S(a+b)\/E (a + b)Vc

A.086. Solution (Khaled Abd Imouti)

Let us prove: (M +G+ %2)4 ; M* +15G* + 65 (%2)4

Where: M = asz,G =+ab

(M2+MG+G?)" _ MB+15M*G4+65G°
> &
M* M*

(M? + MG + G?)* > M® + 15M*G* + 65G8

4
) M? M 8 M8 M*
G E+E+1 =G F+15F+65

M2 M * M8 M*
— +—41) >—4+15—+65
<62+G+ ) > gt 15+

Let us prove:
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Suppose: t = %;t =1L,(M=06)
Let us prove: (t> +t+1)* > t8 + 15t* + 65 ©
t8+4t7 +6t° + 45+t + 42 +t)3+6(t2+ )2 +4(t2+0) +1
> t% + 15t* + 65
I =4t7 +10t® + 16t> + 10t* + 16t> + 4t + 4t > 64
Because: t= 1 = | = 64 (true)
A.087. Solution (Jalil Hajimir)
From second equation x +y + z > 0, since 6x + 3y + 2z > 0 we conclude:

x,y,z>0

SR CRORE

66

. xty+z
s

From (1),(2) we have:
y z

{ x=§=§ >x=1Ly=2,z=3
6x+3y+2z=18

=1t 21,02)

A.088. Solution (Sudir Jha)

1 1
(Zeycab) (chc %) - (2Cyc ﬁ) (chc 3 az) _
(Zeye Va) (Zeye Va2) (Zeyca?b?) (chc 1 )

a?b?

ey

Hence
(chc ab) (chc ﬁ) (chc a2b2) (chc #) =
(chc %) (chc W) (chc %) (chc 3{/%)

Hence
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v

(Zeye ab) (Zeye ) (Reye 0262) (Leye rns)

eve VO Eeye Vo) (Seve ) (S 11y
Hence
(Seye ab) (Zeye @) (Beye a2b2) (Leye a?) =
@?b?¢*(Zeye Va) (Beye Va?)(Beye Vab) (Zeye Va?b?); (2)
By Chebyshev’s inequality, we have:

Z ab > (chc \/CE)(BZC:VC Vazbz); (3)

cyc
Z al> (chc )gZCyC ); (4)
cyc
Am—-Gm
z:azb2 Zaz > 3-31_[a4-3-31_[a2=9a2b202; (5)
cyc cyc cyc cyc

Multiplying (3),(4),(5) we get (2) is true, then (1) is true.Proved.
A.089. Solution (Marian Ursarescu)

A+B=AB© A+B—-AB=0,9AB—-A—-B+1I,=1,
AB-1,)-B-1)=1, (A-1,)(B —I,) = I, that mean
XY=L, eY=X1=YX=1,
A-L)B-1)=1,2BA—B—-A+1,=1,>BA=A+B = AB =BA
and (I, — A) (I — B) = I; (1)
I,—A3>—B3+(AB)3=1,—A3>—B3+ A3B3 =1, — A3 - B3(I,, — A3)
= (I, =A%) U, — B®) = (I, — AU, — B)U, + A+ A*)(I, + B + B?)

€]
2, +A+ A%, +B+B?; (2)

I, —A> —B5 + (AB)®> =1, — A> — B> + ASB® = I, — A> — B>(I,, — A®)
= (In_AS)(In_BS)
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=, — AU, —B)I, +A+A*+ A3+ A", + B+ B*+ B3+ B*)

6))
S, +A+A*+ A3+ AYH(U,+ B+ B*+ B3+ B%); (3)

I,—A”—B”+(AB)" =1,—A"—B” +A’B” =1,— A” —B’(I, — A7)
= (I, - A")(I, — B)
=, - AU, —-B)U, +A+A%+ A3+ A*+ A5+ 4% (I, + B+ B? + B3 +
B* + B® + +B°)

€Y
S, +A+A2+A3+A*+A°+ AU, +B+B*+B3+B*+B% +

B®); (4)
From (2)+(3)+(4) we must show:
det(I, + A+ A?)det(I, + A + A? + A3 + AY)det (I, + A + A% + A3 + A*
+ A5 + A®) -
-det(I, + B + B*)det(I,, + B + B?> + B3 + B¥)det(l, + B+ B> + B3 +
B* + B5+B®) > 0 true because
det(l,+ X+ X?> + -+ X?™) >0 (RM.M.-22)
A.090. Solution (Adrian Popa)
([x] + D G2 [x] + 22 {x}) = y2[x]? + 2% [x]{x} + 2 [x]{x} + 2°{x}?
=y2[x]? + 22 {x}? + [x]{x} (2% + ¥*) = y?[x]* + 2*{x}? + 2yz[x]{x}
2yz
= (y[x] + z{x})?
A.091. Solution (Tran Hong)

Fora,b,c,d,e, f > 0 we have:

d d d d d 3 3
3 3 3 4z d
NENLINLI GRS S i ) IR G

3

3

3

d
(a +d)a+d < 4atd. ga -‘;—d and analogs

(b + e)b+e < 4b+e . bb . :_:’.
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f
(c+ f)H <44 . c© Rid

3f
(@+ ) (b+e)bte- (c+ f)H

1
S4a+b+c+d+e+f_aa_bb_cc.dd.ee.ff.?’d_'.—eﬁ
_412.a.bb.c.dd.e.f.1¢>
= a c e’ f 39
aa_bb_cc_dd_ee_ff 39

>
(a + d)a"'d(b + e)b+e(c + f)c+f T 412
a“-bb-cc-dd-ee-ff 38
3(a+ d)*+a(b +e)bre(c+ )t/ — \8
Proved.Equality fora =b =c=1landd =e = f =3

A.092.First we prove that if t > 0 then: 3t® — 3t? > 4t3 — 4

€Y
3t2(t*—1)—-4(t3-1)=>0

32—+ D> +1) -4t -D(*+t+1) =0
e (t-DB23+t+t?+1)—4t*+t+1) =0
e (t-D[Bt*t-1)+6t3(t—1)+9t%2(t—1) +8t(t — 1) + 4(t — 1)]
>0 ©(t—1)2@t*+6t3+9t2+8t+4)=0
Replace x = t®in (1):3x —3¥x > 4/x —4 (2)

Analogous: 3y — 33y = 4,/[y—4 (3 and3z-3Vz=4Vz—4 (4)
By adding (2),(3),(4) we have:
3x+y+2) -3 x+y+Vz) = 4(Vx + [y+Vz)—12=0
Then: x+y+z2Vx+ 3y +Vz

A.093. S35 3 (4 1) (1)
4(a? + ab + b?) > 3(a + b)? © 4a? + 4ab + 4b? > 3a® + 6ab + 3b?
& 4a? + 4ab + 4b* —3a* —6ab—3b* =20 a*—2ab+b* =20

(a — b)? = 0. By multypling (1) with c:
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azc+abc+bzc>3( ) )@Za2c+abc+b2c>32( +b0)
a+b _4ac ¢ a+b 4 ac ¢

cyc cyc

P ZZ(ab+bc+ca)

c(@>+h>)+1 3,1 1 1
e
a+b 2\a b

cyc

z:ozzc+ozbc+b2 3

cyc

V

A.094. Solution (Sanong Huayrerai)
Forx,y,z > 0 wegivex = a%;y = b3;z = c®

(1+f)(1+3if)(1+6f)
Vitx31+y-81+z

HA+a)A+b)(1+c) <4Vl+aZ-V1+b3-V1+co
=41+ a?)3(1 + b3)2(1 + ¢b)
Iff (14 a)®(1+b)°(1+c)® <4% - (1+a?)3(1+ b3)?(1 + c®) true, because
(1+a)® <23(1+a?)3, (1+b)® <2%(1 + b3)?
(14 ¢)® <251 +c®
A.095. Solution (Tran Hong)

Hence

1 5551(1+1) ab (@45 (D)
a+b ~4\a ' b 12(a+b)_48a
1 Cgs1<1+1+1) abc ( rhac) @)
ab+bc+ca  9\ab bc ca 8(ab+bc+ca)_ ¢ ¢
1 1 1 1 1 1

s—(—+—+—+—)

abc + bcd + cda +dab — 16 \abc bcd cda dab
abcd W+(2)+(3)
(a+b+c+d) }) ——

6(abc + bcd + cda + dab) _96
1
< — R -
LHS_48(a+b)+72(a+b+c)+96(a+b+c+d)

_138 13 13 1 _atbtctd_
~288% " 288” "288° T 96 12 =
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A.096. Solution (Jalil Hajimir)

Let: fi(x,y,z) = + = xye folx,y,2) = 4+1 xye

y+z+1 Z+x+1

1
+ —xye?

z
oy s =y 1ts

fO,y,2z) = fi(x,y,2) + f,(x,y,2) + f3(x,y, z) is convex function.
A={x,y,z€R,0<x,y,z < 2}is aclosed convex set
f(2,2,2) = g + 4e? is the greatest value, then f(x,y,z) < S + 4e? is sum of

there convex functions is convex.

Let’s prove f;(x,y,z) = +1 xye is convex.

y+z+1

VZ(f) is a positive semi definite matrix.

1 1
0 zZ __ z _
¢ (y+z+1)2 ve (y+z+1)2\
1 2x 2x
Z Z
—_ - +—
| € (y+z+1)2 y+z+1)3 xe (y+z+1)3
1 2x 2x
zZ __ Z+ Z+
ve (y+z+1)2 xe y+z+1)3 xye y+z+1)3

Therefore, x = y = z = 2 is only solution for the given equation.
A.097. Solution (Tran Hong)
Let:a=x—%;b =y—%;c =x+%;d =y+%
1 1 1 1
= + + +
(0D G D D)

_ (a2+a?)(c2+b?)(c2+d?)+(a +b?)(c2+b?)(c2+d?)+(a? +b?)(a?+d?)(c2+d?)
- (aZ+b2)(a2+d?)(c2+b2)(c2+d2)

(a +b2)(c?2+b?)(c?+d?)-8(a?+b?)(c2+b?)(c?+d?)(a? +d2)
(a2+b?%)(a?2+d?)(c2+b?%)(c2+d?)

_ —16[8(x® +y®) + 32x7y*(x* + y*) + 48x*y* + 12x7y*(x* + y°) — 28x%y* —4(x° +y°) + 2(x* + y*) — (x* +¥?)]
(2x242y? —2x — 2y + 1)(2x% + 2y% + 2x — 2y + 1)(2x2 + 2y2 — 2x + 2y + D) (2x2 + 2y2 + 2x + 2y + 1)

& 8(x8 + y®) +32x2y2(x* + y*) + 48x*y* + 12x%y% (x%2 + y2) +
2(x* +y*) <28x%y2 +4(x® + %) + (x2 + y2) (»)
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1 1 1 1 1 1
|x| <§.|y| <§=>x2 <—; y?2<—,x8+y8 =x%x0+ y2y® <—x6+1y6

4 4 4
8(x® +y®) <2(x®+y°%) <4(x°+y% (1)
1 1
Xt +yt = x2x2 4922 < sz +Zy2

1
=2(x*+yH < E(x2 +y3) <x?2+y?% (2)
1

1 1
xty* = x%x? - y?y? < sz -Zyz = Exzy2 = 48x*y* < 3x?%y? < 6x2%y? (3)

1 1 1
x2+y?< 2t173° 12x2y2(x? + y?) < 6x%y% (4)
From (1)+(2)+(3)+(4)=(*) is true. Equality= x =y =0

So, LHS > 8 > %.Proved.

A.098. Solution (Lety Sauceda)

3x% —9x% +18x* —21x3+15x2 —6x+1=0

1
x6—3x5+6x4—7x3+5x2—2x+§=0

For: (x? —x + a)(x? — x + b)(x? — x + ¢) = 0 we have:
x=3x5+(a+b+c+3)x*—Q2a+2b+2c+ 13
—(a+b+c+ab+bc+ca)x? + (ab + bc + ca)x + abc =0

3abc =1
=y atb+c=3
ab+bc+ca=2
363 -9a?+6a—-1=0<3@-1)3%-3(a-1)-1=0

a-1=w 3 3 1 w=s+r
—— 3w -3w—-1=0ew —W+§=0:>

1
s3+r3+(3sr+1)w+§=0
3 _ 1
27s3
1

\ s3+r3—§=0
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3+ V-3 w=s+
2756—9s3+1=0:>s3=T¥
)
_33+¢-—3++33—¢——3
Wi = 18 18
1
) 3+\/ 14+v=3\/3-vV=3\3
W2 = 2 18
1 1
3 [1+V=3) (3+V=3)\
|3 = 2 18
a1=W1+1
{a2:W2+1
a3:W3+1

let:ay =a; a, =b; a3 =c=>
(2=—x+w; +DE2—x+w, + D2 —x+w3+1)=0

a =2.1371580426 ...
b =.25777280103 ...
¢ =.60506915636 ...

(x? —x +2.1371580426 ... ) (x?> — x +.25777280103 .. )(x2 —x + ¢
=.60506915636...) =0
A.099. Solution (Tran Hong)
For x > 0 we have: ¢(x) = logx increasing on (1, )
g 0 < log(a—1)loga < log(a — 1)log(a+ 1) < logalog(a+ 1) (1)
0<x<y<zx+y+z=3>z2=1
Casel: x > 1y=2xy =1
= (x — Dlogalog(a — 1) + (y — Dlog(a — 1)log(a + 1)

+(z — 1)logalog(a+1) =0

v y>12x
Case 2: 0<x<1:>{0£x£y£1

If0<x <y<1then:
(x — Dlogalog(a—1) + (y — Dlog(a — Dlog(a + 1)
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+(z — 1)logalog(a + 1)
> (x — Dlogalog(a + 1) + (y — 1)logalog(a + 1)
x+y+z=3
+(z—1)logalog(a+1) = (x +y + z—3)logalog(a + 1) = 0
If0<x <1< ythen
(x — Dlogalog(a—1) + (y — Dlog(a — 1log(a + 1)
+(z —1)log(a — 1)log(a+ 1)
> (x —1Dlog(a —Dlog(a+1)+ (y —1)log(a
—Dlog(a +1)
+(z —1)log(a — 1)log(a+ 1)

xX+y+z=3
=((x+y+2z-3)log(a—1)log(a+1) = 0

A.100. Solution (Tran Hong)

CBS 2
(Vx+7)" 2 <\/12+12+ /\/}2+\/}2) =2(x+Y)

Am—-Gm

(i 2 ) ) 2y
=x+ty

=50=20 - D(VE+ V) +2(VE+ ) S @224 22)(x +9)
=2(x+y)

Am—-Gm

Vx+y) S afay=Va+ )y =24xy = (Vx+7) % = 2/xy
— 0> (4z+4(1-2)),/xy = 4,[xy

0=<z<1

A.101. Solution (Abdallah El Farissi)

24 p2 Z1p2
LetA=2m;B= a?+b ;C=\/2(;1+-;-b)

a+b 2ab

Wehave:lSAS%;lSB<%;1SCS

SRS}

MATH PHENOMENON-A NEW DIMENSION Page 117



DANIEL SITARU CLAUDIA NANUT!

Let f(x) =x + %,f —is positive and increasing function in [1, o), it follows

that fFF(BIF(©) < f7(5) =

zm+a+b a2+b2+ 2ab ,/2(a2+b2)+ a+b
a+b  2ab 2ab a? + b? a+b [2(aZ + b?)

A.102. Solution (George Florin Serban)
Denote:a+1=x;b+1=y;c+1=2zxy,z>0=>

Bx+2y+2)(x+3y+22)2x+y+32) -
xXyz -

216

Am—-Gm

3x+2y+z=x+x+x+y+y+z = 6-Yx3y%z

Am—-Gm

x4+3y+2z=x+y+y+y+z+z = 6-xy3z?

Am—-Gm

2x+y+3z=x+x+y+z4+z+z > 6-x2yz3

3x+2y+z
1_[(33( +2y+2) =63 Yx6y626 = 216xyz, ¢ xyzy ) > 216
cyc

Equality fora = b = ¢
A.103. Solution (Adrian Popa) a,b,c > 0

@+a+DBB2+b+ D@ +a+ 132 +c+ 1)V
eZa.ezb.eZC

H(a2+a+1)ﬁsne2a (%), \/§Zlog(a2+a+1)s22a

cyc cyc cyc cyc

<ls&e

Let: f:(0,0) = R; f(x) =V3log(x* + x + 1) — 2x
F1(x) = —2x2+(2v3-2)x+v3-2

x2+x+1

, f'(x) <0,Vx =0 then

{f(({)\‘: 0 = f(x) <0,vx = 0 =>V3log(x? +x + 1) < 2x
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V3log(a® +a+1) < 2a
V3log(b?2 + b + 1) < 2b = (¥)
V3log(c? +c+1) < 2¢
A.104. Solution (Adrian Popa)
(x+2)(y+3)=8..(1)

VEI- 1+ - Do - = 2y .. (2)
x=>20=>x+22=22
y=20=>y+3=23>
(x+2)(y+3)=8

x<1=[x]=0
{yS1:>[y]=00r[y]:1

by (2)

i) [x] =0and [y] = 0= \[xy =[xy

i)[f x=0theny =1

8
ii)[f x > 0 th +3=——
I f x eny )

1 . (4
P <1 thenx >0..(4)

From (3)+(4) we have:
2—3x
x+2

2
X €E (0,—) andy =
3
A.105. Solution (George Florin Serban)

ab bc ca
a’b? + b%c? + c?a® = 12abc > — + — + — =12
c a b
bc

Letx—ﬂ =— —%a:x+y+z=12

(*)3
Z\J4a+bc Z\/ﬁ \/4+—x

cyc

Let be the function: f:(0,0) = R, f(x) = = (x + 4)_5 —convex.

\/_

) =3+ )51 = 5 (4 475 >0
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x+y+7\ _ FOH W@
3 - 3

- >
\/ +x 3\/ +1 CyC\/4+

From Jensen Inequality, we have: f(

=
N| W

cyc

A.106. Solution (Bedri Hajrizi)
52%+1 4+ 20x% 4+ 29x 4+ 6 = 11-5% + x - 5**2
5:52% +20x% +29x + 6 = 11+ 5% + x - 5¥*2
5-572¥ — (25x + 11) - 5¥ + 20x?> +29x + 6 = 0

25x + 11 £,/ (25x + 11)2 — 20(20x2 + 29x + 6)

= 10
25x + 11 + V625x2 + 550x + 121 — 400x2 — 580x — 120
- 10
25x+ 11+ (15x — 1)
- 10

5*=4x+1or5* =x+2
i)5*=4x+1 e x€{0,1}
ii) 5* =x+ 2 = x = —1 one solution
Let f(x) =) 5* —x—2
f(0)=1-1-2<0and f1)=5-1-1-2>0=
Jda € (0,1) such that f(a) = 0. So:x€ {—1,0,a,1}
A.107. Solution (Tran Hong)

Let: f(a) = Va3;a>0= f'(a) = %a‘l

]ensen
3 _5 a+b+c
f'"(x) =—=—a 4<0,Va >0, Z\/ ( )
16 3
cyc
Similary
Jensen s 4 ]ensen
~ a+b+c a+b+c
Ya 2 s (B, Y 2 sy
cyc cyc
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cyc cyc cyc
a+b+c\’ a+b+c\* a+b+c\’
<v(t5—) #(5) ()
3 3 3
=27(a+b +c)'?
A.108. Solution (Tran Hong)
x% +y% + 2% + 2xy + 2zy)u?
LHS :Z( y y +2zy)
Xz
cyc
_ Z (x2 +y? + 2% 4+ 2xy + 2zy + 2xz — 2xz)u?
B Xz
cyc
x +y+2)?% - 2xz)u? u?
22(( y+2) ) =(x+y+z)22——22u2
Xz Xz
cyc cyc cyc
C-B-S u+v+w)?
> (x+y+z)2-¥—22:u2
xy+yz+zx
cyc
Y x223Y xy

> 3(u+v+w)2—22:u2

cyc
=u?+v2+w?+6(uv+vw+wu)=18+u?+v?+w?
A.109. Solution (Tran Hong)
XY,z = 1=>x+3,y+3,z+324:1_[(x+3)24-4-4
cyc

So, we must show that:

4 H(x+ 1) +8xyz | = 1_[(3x+ 1) e

cyc cyc
4O9xyz+xy+yz+zx+x+y+z+1)
>Q27xyz+9(xy+yz+zx)+3(x+y+2)+1)
Oxyz=>5(xy+yz+zx)—(x+y+2z)—-3 &
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Ixyz+ (x+y+2z)+3 =5y +yz+2zx)
Letf(z):(9xy+1—5(x+y))z+x+y—5xy+3;(zz1)
Ixy+1—-5x+y)=9x—-5)y+1—-5x>O9x—-5)-1+1—-5x=
=4x+1-5>4-1+1-5=0;(x,y > 1)
f@)7[1,0)=f(2)=2fQ)=4x-1Dy—-1)=0,vx,y=>1
f2)20=2>9%yz+(x+y+2)+3=25(xy+yz+2zx),Vx,y>1
A.110. Solution (Tran Hong)

2

Z\/a+2b :3(a+b+c)+22[\/a+2b-\/b+2c]

cyc cyc

=9+ ZZ[\/a+ 2bVb + 2c]

cyc

Am—-Gm

S 9+2-3 i/(\/a +2b) (Vb + 2¢) (Ve + 2a)°

=9+6-3(a+2b)(b+2c)(c+ 2a)

=9+6-YB+a-b)B+b—c)B+c—a)
A.111. Solution (Adrian Popa)

0<a<hl<c<1

Am—-Gm

2c(a+b)Vab+(1—c)(a+b)?>4ab..(1) ~a+b 3> 2Vab=
2c(a+b)Wab+ (1A —c)(a+b)2=2c-2Vab+ (1 —c¢)-4ab =
4abc + 4ab — 4abc = 4ab

Am—-Gm

2ca+bVab+(1—=c)a+b)? 2 cla+b)a+b)+(1-c)(a+b)?
= (a+ b)?
We must show: a + b < /2(a? + b?) true from Qm-Am.

A.112. Solution (Petre Daniel Alexandru)

x7 7 7 7 7 7 Radon
ey

z x z x+vy+2z)’
xX Ly AN S (x+y+2)
y30 T 730 T30 T (y5)6 T (25)6 T (x5)6 (x5 + y5 + 25)°
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Equality for
X y z
—_——_—= -5 = =
)z % X=y=2z
x€Zx*—3y3—2z2-3y+1=0 (x> —4x+1D(x?*+x+1)=0
-1+iv3
X2—dx+1=0>x,=2+3, x2+x+1=0<:>x3_4=‘T

A.113. Solution (Ravi Prakash)

. . . T
Let x = sina,y = sinb,z = sinc;0 < a,b,c < >

Consider 2(v1 —x2 /1 —y%— xy) +2a(x+y) =
= 2(cosacosb — sinasinb) + 2a(sina + sinb)

= 2cos(a + b) + 2a(sina + sinb)

_2[1 2,2(a+b>_|_2 ,(a+b) (a—b)}
= Sin 5 asin ) coSs )

_,(a+bh o /a+b
=2 —4sin (T>+4asm( > )

. (a+b 2
=2- (ZSln( 5 )—a) —a?t<2+a?>
2(\/1—x2\/1—y2—xy)52+a2—2a(x+y)

Similarly write the other two terms and add to obtain the desired inequality.

A.114. Solution (George Florin Serban)

x%z% — 2xyzt + y?t? + x%zt + xyz? + xyzt — xyt? — y?zt — y*t? N

xyzt
x2t2 + y222% + y2t2 + 2xyzt + 2y2zt + 2xyt? >
xyzt B

x22% + y2z% + y2t? + x%t% + x?%zt + xyz? + xyzt + xyt? + y?zt S
xyzt -

xz yt yz xt Xy z t
E+D)+(E+ )+ (C+2)+(+) 28
yt  xz xt yz y X t z
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Am—-Gm

XZ t zZ Xt X z t o
Ger )+ G oD s
yt xz xt yz y X t z

X t Xt X
zj_z.y_njz_nj_.hz
yt xz xt yz y X

A.115. Solution (Tran Hong)

t
-— =8 true.
z

| N

Pyt ztut vt = (P Y+ 22 HuP)v? L (x)

1 Am—-Gm 1
<
x4+1v4 > 2 x4-Zv4=x2v2

Am—-Gm Am—-Gm
1 ) 1 1
y4 +Zv4 > y2172, Z4 +Zv4 > szz, u4 +Zv4 > u

4
xt+yt+ztrut+ vt =P+ y?+ 22+ ut i e

4
xt+yt+ztut vt = (2 + Y% + 2% +uP)v? = ($true.
1
Equality ® x2 =y2 =z2 =u? = Evz =a? (a >0)

= x| = Iyl = lz| = |ul = & |v| = aV2

clf ;y;zzu=20=2x+y+z+u=4a=4=2a=1=2x=y=z=u
=1v=+V2 =>(x;y;z;u)=(1;1;1;1),v=i\/§
elfx;y;zzu<0=>x+y+z+u<0<4

No solution.

. xy <0 xz<0 {xu<0 3
If{zu<00r{}/u<00r yz<0thenx+3’+z+u—0<4=>

No solution.
elfx>0;y=z=u<0(andcyclic)thenx+y+z+u=a—a—a—
a = 4= a = —2 =no solution.
elfx<0;y=z=u=2(andcyclic)thenx+y+z4+u=—a+a+a+
a=2a=4-=>a=2=>x=—2;y=z=u=2;v=12\/§
= (x;y; z;u) = (=2;2; 2; 2)(and cyclic), v = +2v2
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A.116. Solution (Sanong Huayrerai)

For a,b,c > 0 and abc = 1,we have

< a+b )( b+c )( c+a >>(\/E+\/E)2(\/E+\/E)2(\/E+\/E)z
Va+v5) \V5+ve) e+ V@) = 8(va + vB)(Vb + Vo) (Ve + va)

_ (Ja+VB)(VB + V) (Ve +va) _ (Yfabe + Yabe)’ _
_ ! , (Jabe + Yabe) _

( a+b >< b+c >< c+a )
Va+¥5) \Vb + ¥c/ \Ve + Va
_ (Va+ YB)(VB + Ye) (Ve + Ya)(Va® + VB) (VB2 + Vo) (Ve + V)
8(Va + Vb)(Vb + V) (Ve + Va)
_ (V@ + YB3 (VB™ + V) (Ve + V@) _ (Y/(abe)® + Y/(abe)) _
- - > - =

(a+b )( b+c >< c+a)
Va+ b/ \Vb +¥Vc) Ve +a

(§/_+ Vb)(XVb + Ve) (Ve + Va) (Va7 + x/_)(‘i/_+ V) (Ve7 + Va7)
8(¥a + Vb)(Vb + V) (Ve + Ya)
_ (V& 4 VB (V7 + V)V 4 VaT) _ (4Cabe)” + fCabey’)” _
= 3 > 5 =
A.117. Solution (Orlando Irahola Ortega)

32x6—48x* +36x2—2—-V3=0&
(2x)® — 6(2x)* +36(2x)2 =4 —2V/3 =0

Let 2x = t+2:x=%Vt+2:t3+@t+(16—2 3)=0
p q

2 3

A=%+Z—7=75—16\/§>0=>3tlelR,t2,t3e(C

Applying Cardano Theorem:

=3\/\/§—8+ /75—16\/§+3\/\/§—8— /75—16\/§
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Howtzi% t+2=>x=

ii/i/\/g—8+\/75—16\/§+3\/\/5—8—\/75—16\/§+2

A.118. Solution (George Florin Serban)
a? b? ¢* d? e?Bergstrom (q+b+c+d+e)?
stttz tT 2 3 3
VA V2 2 V201 Va+332+1
412 &) . 5
=—— = 41(8V4-32 -5
Va+3V2+1 ( )
D e (%/Z+ 3V2 + 1)(83\'/1 -2 - 5) = 41 true.
Equality holds if and only if:

a_b_c_d_e_a+b+c+d+e_ 41
Va 2 2 V2 1 A+3V2+1 0 V443241

( 4194

| T Ya+3%Z+1

. a2

{Ib_c_d_%+36x/§+1

_ 41
k T Q2+3%2+1

A.119. Solution (Tran Hong)
AM—GM
s+ +2=0+2%+1+1 = 3Y(r+23-1-1=3@+2)

Similary: (z+t)3+2>3(z+t)and (t +y)> +2 = 3(t + 2)

6 6 6
Q=(y+z)3+2+(z+t)3+2+(t+y)3+2
2 2 2 1/1 1 1/1 1 1/1 1
Sy+z+z+t+t+ysz(;+;)+§(;+z)+§(z+;)
=1+l+l=‘1’(-'-Weusing:isl+l,\7’a,ﬁ>0>
y z t a+ a B
y=z=t 1
Q=lP(:){y+z=z+t=t+y=1®y:z:t:§
Page 126
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y:Z:t
~

X]x—[xD+y+t=x2+2z 3 [x](x—[x])
=x2..(1);(x=0=>[x]=0)
(1) & [xl{x} = (x} + [xD)? & [x]{x} = ([xD? + 2[x]{x} + ({(x})?
S (xD? + [x]{x} + ({(xhH? =0
But: [x] = 0; {x} = 0,equality for [x] ={x}=0=2>x=0

11 1

SO! (xlylzlt) - (0151515)

. _ x ' o 1-4x?
A.120. Solution (Tran Hong) Let f(x) = prereeweil it 0,f(x)= izl

1
x = 3 € [0,)
cf(X)=0e1-4x’=0o 1 =
X = _E E [01 OO)

f<oexe (%oo) fR>0exe (0%) 5 () < fnar (%) =%

a 1
A2 10011 <_ llllll
LHS = 24(12 T 2a+1 fl@+fb)+f() < > (true)for all
cyc a,b,c>0
Equalityfora=b =c = %

A.121. Solution (George Florin Serban)

x y z 1 1
x+1+(x+1)(y+1)+(x+1)(y+1)(z+1)+8 xyz <
x y+1-1 z+1-1 1 _1
1 Gt DO+D G+ DO+DE+D symz
X y+1 1 z
At T GIDOFD) GFDO+D GrDOFDEFD

1 1
TGTDOTDEED 8l

X 1 1 1 1 1
x+1+x+1_(x+1)(y+1)+(x+1)(y+1)_(x+1)(y+1)(z+1)+8 /xyz=1
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x+1 1 1

- + =le
x+1 (+D@+D(E+1) 8/xyz

1 1

TGrDOIDETD  8ynyz
1 1

x+D@+DE+1) 8 /xyz

x+ 1Dy +1)(z+ 1) =8/xyz true from AM-GM we have

1e

=0

X+ 1> 2Vx; y+1= 2ﬁ;z+ 1 > 2+/z. Proved.
A.122. Solution (George Florin Serban)

szO:%zgmmUb¢Q%:t>0:

jG__y_(Jj C+1> t+1_\/—+t_il

(657 -0+ () 25 =

t t+1
t

+ +
=

7

(52 -0 = (B -ve+ t“) (ii) -
B-@)E + (5 v
)

1
2t t+1\°
— t [
(v )

t+1 2t
Q+1_J_ Ct+1 2
t+1\> 2t 2t \°
Q+1_J_ >t+1+m+<b+J}
t+1
— >t ————V_>0
t+1 t+1 2t  t+1
R, - t>0
V_—t+1 Vet Tt+1 2 —Vez
t+1
_\/__

t
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t+1 2t t+1 t+1 2t t+1
= > —Vt+ —
(59 = (B 5) ~ 5= a5

:>\/f2—truebme-Hm.
t+1 2t t+1 t+1 2t t+1
= > —Vt+ —
(5 = (- 5) ~ 5 - vie
:\/fzmtruebme-Hm.

(\/_) = (z—tl) =t = t2+—t1 true by Gm-Hm.

A.123. Solution (George Florin Serban)

n(x +1)+ H(Zx +1)"S° Jl_[(x FDQE+D > %

cyc cyc cyc

Meye(3x + 2))2

1) o H(x +1)Qx+1) > ( D)

cyc

ﬂ(x +1)(2x + 1) +2)? > 1_[(3x +2)? o

cyc cyc
x?2+3x+1D(x*+4x+4) > 9% +12x + 4 ©
2x* + 11x3 + 12x2 + 4x > 0,Vx = 0 (true).
A.124. Solution (Khanh Hung Vu)
1 1 1 BCS
+ + <
Va+no+2) Jo+2@+x) JE+0x+y)

 Florpgra raaTs G roa)

x+y+2z) O+2)@+x) @+x)(x+y)
1 + 1 4 1

Ja+no+2 Jo+2z+x0) JE+0E+y)

< 6(x+y+2)
T & +2)(z+x)

; (1)

On the other hand, we have:
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I x+y)y+2)z+x)=9x+y+2)(xy+yz+zx) — Ixyz
And by Cauchy inequality, we have:
Oxyz = 3i/x_yz- 3Vx2y2z2 < (x + y + 2)(xy + yz + zx)
Ix+y)y+2)(z+x)
>9x+y+2)(xy+yz+zx)—(x+y+2z)(xy+yz + zx)
Or we have:
Ix+y)y+2)(z+x)=28x+y+2)(xy+yz+2x) =

6(x+y+2z) 27
x+y+2)(z+x) " 4xy+yz+zx) <

\/ 6(x+y+2z) SE\] 3 @
x+y)y+2)(z+x) " 2 |xy+yz+zx

From (11),(2) we have the thing to prove:

1 1 1 3 3
\/(x+y)(y+z)+\/(y+z)(z+x)+\/(z+x)(x+y) Szwlx}"*'}’z‘sz

A.125. Solution (Ravi Prakash)

Let f(x) = x7 — 15x° + 49x3 — 36x = x(x® — 15x* + 49x? — 36) =

t=x

= x(t3 — 14t% + 49t — 36) = x(t3 —t? — 13t? + 13t + 36t — 36) =
x(t—1D(t?—-13t+36) =x(t - 1Dt —4)(t—9) =
=x(x?*-1)(x?*-4)(x*-9)
=(x+3)x+2)x+Dx(x—1D(x—2)(x—3)

Note that f(x) = 0forx € {0,+1,£2+ 3} = [%] = 0 for

x€{0,41,42+3} > A={0,+1,42 + 3}

For x €Z; x =24
— x+4 X + 4 | | —
f(x) =P7 > ; (7)) = f(x) > 7! = 5040,Vx > 4 =

f()

>1,vx > 4
56 VX =
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forx < —4,x €L f(x) = (—1)(P;**) < =7 = —5040 =

f(x)
— -1,vx < —4
56 | S ThVES
Q=Zx=0
XEA

A.126. Solution (Remus Florin Stanca)

a’b?(2—a—-b)?QR+a+b)?*<(1-a>)1-b*(a+b)* e
2

a b ab <( a+b )
. . @
1—a? 1-b?% (a+b)> ™ \4—(a+b)?
a+b
1 2a 2b ab )
Z. . . < S
4 1—a%® 1—b% (a+b)? 1 a+ bh\?
-(*279)
a+b ?
2a 2b ab_ _ 2= 1
. . ._@
1-a?2 1-b% (a+b)?>~ 1 a+m\’| 4
-(*279)
tanZ+tanZ
Let: tan> = a, tanZ = b,M = tana &
2 2 2
Xiand
tanztan2

tanxtany - < tan’Qa) ©

tan’a

X Y 2 2
tanxtany - tanztanz < tan“atan“(2a); (1)

X ran\ 2
tan2+tan2)

Let’s prove that: tangtang < tan’a tan%tan% < ( 5

a+b
(true by 5 > ab,Va,b = 0; (2)

Let’s prove that: tanxtany < tan?(2a) ©
a+b

Tz
- (%)

L ( a4 )+1l ( b ><l
209\T —2) T09\T Tpz) =0
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Let;f(x)=log(1_"x2):>3_£=l.1‘_xz.(L_L)'=%_1—x2'

1 1 x%+1

((x—l)2 + (x+1)2) T x—x3

’f Bx*-1D*+1) - 0(
ox? (x — x3)2 -

1
a< —) = f — concave =

V3
a+b
W = true(3)
(2); 3) = (Dtrue = a?b?(2—a—b)?*(2+ a + b)?
<(1-a®>)(1-b?(a+b)*
A.127. Solution (Ravi Prakash)

L ( 4 )+1l ( b )<z
209\T " 2) TR0\ \1TTpz) =0

sin*xsin?y + sin?xsin*y + cos*xcos?y + cos?xcos*y — sin’x + sin*x
— cos?y + cos*y = 0=
sin*x(1 + sin?y) + (sin*y — 1)sin?x + cos*y(1 + cos?x)
+ (cos*x — 1)cos?y =0
sin*x(1 + sin?y) — sin?xcos?y(1 + sin?y) + cos*y(1 + cos?x)
— cos?ysin?x(1 + cos?x) =0 =
sin?x(1 + sin?y)(sin’x — cos?y) + cos?y(1 + cos?x)(cos?y — sin?x)

= 0(sin’x — cos?y)[sin’x(2 — cos?y) — cos?y(2 — sin®x)]
=0

T
2(sin’x — cos?y)? = 0 = sin’x = cos?y = sinx = cosy ( 0<xy< E)

sx=C $+—nbt+—5ﬂ
x—2 y=>x y—2 ut x y—6

So the system has no solution.
A.128. Solution (Abner Chinga Bazo)
64x>(x —1) +32x?(x? +x+ 1) —64x+19=0
64x% — 64x> + 32x* + 32x3 + 32x%2 — 64x + 19 = 0; (Horner) &
(2x —1)?(16x* + 4x*>+12x+19) =0
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16x* + (4x2 +12x+9)+10 =0

1
16x4+(2x+3)2+10>0,VxeR:>2x—1zo:x:E

053

A.129. Solution (Adrian Popa) V2 + x + V5 —x = V7

7 7 _
Let:”—2+x=a,7r—x=b:>{a+b_‘/7=>{(a+b) —7;(1):)

a’+b’=7 la’+b"=7
7a®b + 7ab® + 21a°b? + 21a®b® + 35a®b* + 35a*b3 = 0
7ab(a® + b%) + 21a?b?(a® + b®) + 35a3b3(a + b) = 0
ab(a + b)(7(a* — a®b + a?b? — ab® + b*) + 21ab(a® — ab + b?)
+35a%bh?) =0
lfab=0thena=0=>b=3VY7and h=0=>a =17

a+b=VY7+#0
7(a* — a®b + a’b? — ab® + b*) + 21ab(a? — ab + b?) + 35a*b*> = 0
a* + b* — a®b — ab® + a?b? + 3a3b — 3a%b? + 3ab® + 5a?h? = 0
a* + b* + 2a®b + 2ab® + 3a?b? = 0
a* + b* + 2a%b? + 2ab(a® + b?) + a?b?> =0
(a? + ab + b?)? = 0 impossible, because A< 0.

V2+x=0
So,{ =>x€e{-2,-5
V2+x=147 t )

VB+x+V6-—x=39

_ 9
Let:3/3+x=a;3/6—x=b=>{29++bb;=‘/2=>(a+b)9=9=>

9a8b + 9ab® + 36a’b? + 36a?b” + 84a°b3 + 84a3h® + 126a°b*
+126a*bh5 =0

ab (3a7 +3b7 + 12ab(a® + b®) + 28a%b?(a® + b3) + 42a3b3(a + b)) =0
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ab(a + b)(3(a® — a®b + a*bh? — a3b® + a?b* — ab® + b®)
+ 12ab(a* — a3b + a?b? — ab® + b*)
+ 28a%b?(a® — ab + b?) + 42a3h3) =0
Ifab=0thena=0=>b=3Y9and b=0=a=139
at+b=39+0
3a® 4+ 3b® + 19a*b? + 23a®b® + 19a%b* + 9ab®

=3(a®+ab+bH)*+a*b?(a+b)>?=0a=b=0
>0 =0

So,V3+x=0ox=-30r3+x =39 & x =6thenx € {0,6}
A={-25),B = {-3,6}
AAQ; =B = ({—2,5}/ Q) U (Q,/{-2,5}) ={-3,6} > Q; ={-2,5;-3,6}
Q,AB = A=({-3,6}/Q,) U (Q,/{—3,6}) = {—2,5} = Q, = {-2,5;3,6}

A.131. Solution (Remus Florin Stanca)

2 2
Let’s prove that: Zw =36 — 242, let

(1+x)(1+y)
A B C T
X = tanz,yz tanE,Z = tanE,A,B,C € [O'E ,
. . . 2z
smA=x2+1,smB =y2+1,smC=22+1
sind + =2-x+1:>sinA+2coszé—1+1=2-x+1=>
x2+1 x2+1 2 x2+1
) x+1 x%*+1 2
SmA+COSA+1=2.x2+1:> x+1 =sinA+cosA+1=>
1+x3)(1+y? 4
Z 1+x)A+y) =Z(sinA+cosA+1)($inB+cosB+1)
cyc cyc
> 36— 242 &
1

=>9-6V2;(1
(sinA + cosA + 1)(sinB + cosB + 1) V2

cyc
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1 Bergstrom

>
Z (sinA 4+ cosA + 1)(sinB + cosB + 1) -
cyc

9
> Yeyc(sinA + cosA + 1)(sinB + cosB + % (2)
Let’s prove that:
9
Yeyc(sinA + cosA + 1)(sinB + cosB + 1) >9—6V2
We need to prove that:
- >3-22=—— o
Yeyc(sinA + cosA + 1)(sinB + cosB + 1) (\/f N 1)2

Z(sinA + cosA+1)(sinB+cosB+1)<9+6V2 &

cyc
Z(sinAsinB + sinAcosB + sinA + sinAsinB + cosAcosB + cosA + sinB
cyc
+cosB+1)<9+6V2 &
Z(COS(A — B) + sin(4 + B)) + 2(sinA + sinB + sinC)
cyc

+ 2(cosA + cosB + cosC) < 6+ 6\2

T
Z (cos(A — B) + cos (E —A— B)> + 2(sinA + sinB + sinC)

cyc

+ 2(cosA + cosB + cosC) < 6+ 632 &

ZZ(COS(%—B)COS(%—A)+2\/§ZCOS(%—A)S6+6\/§

cyc cyc
Let: cos G— A) = Xq; COS G — B) = X,; COS (g — C) =x; &
(X125 + X3 + x3%7) + V2(x; + x5 + x3) <3+ 3V2; (3)

(1 + x5 + x3)?
3

= X1Xo + X2X3 + X3X1 =
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(125 + Xox3 + x3%1) + \/E(xl + x5 + x3)

X1 + Xy + x3)? 3)
S(l ; 3 + V20, + x5 + x3) =

We need to prove that:

(1 +x5+x3)*

s +V2(x; + x5 + x3) <3+ 3V2 let x; + x, + x3 = s and we know

0,2
that 0 <s<3=s524+35sV2-9-9V2<0 :(; we peove that (1),(2) are

true.

But we have in the equality case s® + 3sv2 —9 — 9vV2 = 0; A= 54 + 36V2 =

s = 3, becauses =0 =

—~—A -
ZCOS(Z—A)—3:>ZZSLH > :0:>A=B=C:Z:>

cyc cyc

_ _ T
=y=z= 718

1—cos—

T ’

sm8 ’

tan—— T = =2 - l=>x=y =z=+2-1.
cosg ’1+c

A.132. Solution (Remus Florin Stanca) We know that:

n X+t x, 128
< > =
1,..1 n 42z +43(x + y)
X1 Xn
42 43 43
B 128 - Zz T x 'y
Cz+z+ e tztxtx+otx+y+y+oty 128
(z — 42 times, x — 43 times,y — 53 — times) =
42 1. 1
1 = +a3(s y)
42z +43(x +y) ~ 1282
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1 1 1
Z L <128(§+§+E)_ 1 <1+1+1>
42z+43(x +y) ~ 1282 T 128\x y  z
cyc
1 1 1 1 1
But Ycyc 422+43(x+y) FS(; + y + Z) sx=y=z=

x*+2x3 —6x2+1=0=
x*—x3+3x3-3x2+3x—x+1=0>
Bx-1D+3xx?2-1)-3x(x-1D)-(x-1)=0=>
(x—1Dx%2+3x2-3x-1)=0=>(x—-1)?x*+4x+1)=0=>x=1
=y z) e{(1;1;1)}
A.133. Solution (Adrian Popa)
fO)+g() +h(x) =5,

Denote: < f(x) - g(x) + g(x) - h(x) + h(x) - f(x) = S,
fx)-g(x)-h(x) = S;

S;=3x+3; S?—25,=3x>+6x+5=9x%+18x + 9 — 25,
=3x2+6x+5=225,=6x2+12x+4=>S,
=3x%2+6x+2

S3 —35,5,+35;=3x34+9x? +15x + 9

27(x3 +3x%2+3x+ 1) —9(x + 1)(3x% + 6x + 2) + 3S;
=3x3+9x%+15x+9
353 = 3x3 + 9x2% + 6x = S3 = x3 + 3x% + 2x

fG) - gx)-h(x)=x3+3x2+2x=0¢&

x(x2+3x+2)=0>x€{-2;,-1;0}
A.134. Solution (Ravi Prakash)

Let%(a+b) = A;Vab = G;ZL:;= H then

A+H—1( +b)+ 2ab 5 |atb b e AtH-2620
_Za a+b 2 a+b -

Also, AH = G?
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(a + b)3 N 8a3h3
8 (a +b)3

2 a+b

2 3
—+/b 2ab
_abm-((ﬁ vb)_, 2a ) _
=A3+H3-G3*—(A+H-G)3 =
=AB3+H-G*—[(A+H)®-3A+H)?*GC+3(A+H)G*-G3] =
=A*+H*-G -

—[A% + H® — G3® + 34%H + 3AG?> — —=3(A+ H)?G + 3(A+ H)G?] =
=3(A+H)’G-3(A+H)G?>—-3AH(A+H) =
=3(A+H)GA+H-G-G] =0

3
(@+b)®  8a3b? ((\/E—\/E)Z_i_Zab)

>
5 Tlagpy S abvab+ 2 atb

A.135. Solution (Tran Hong)

(a+b+vab)’ (b+c+vbe)  (c+a+vea)’ radon
(a + b)? (b +c)? (c +a)? -

>(2a+2b+2c+x/%+\/ﬁ+\/a)2_(2a+2b+2c+12)3_
= (2a + 2b + 2¢)? T QRa+2b+20)?2

_8a+b+c+6)° 2(a+b+c+6)°
~ 4(a+b+c)?  (a+b+c)?
Let:t =a+ b+ c = Vab +Vbc +ea = 12

We need to prove:

2(a+b+c+6)3 2(t +6)3
( ) = 1®(—)281®2(t+6)3281t2=}
(a+b+c)? t?

2(t+6)3 —81t? > 0 © 2t3 — 45t2 + 216t + 432> 0
e (t—12)2(2t+3) =0

Which is true because: t = 12.

A.136. Solution (Tran Hong)

¢ ++ab _
Vab(a + b + 2¢)
cyc
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_ c+vab N b ++ac s a ++/bc
Vab(a+ b +2¢) “ac(a+c+2b) be(b+c+ 2a)
1 1 1
Vab(a+b +2¢) Vac(a+c+2b) Vbe(b + ¢+ 2q)
c b a
+ + + =
Vab(a +b +2¢) “ac(a+c+2b) vbe(b+ ¢+ 2a)
Am—-Gm 1 1 1
= + + )
a+b+2c b+c+2a a+c+2b

2c 2b 2a
a+b a+c b+c
a+b+2c a+c+2b b+cH+2a

=0

2c 2b 2a
+b_|_1+a+c 1+b+c

a+b+2€ a+c+2b b+cH+2a
a+b+2c a+c+2b b+4+cH+2a

1+

__a+tb n a+c b+c
a+b+2c a+c+2b b+4+cH+2a
1 1 1

= + +
a+b b+c cH+a
A.137. Solution (Marian Ursarescu)

We must show: \J E2E3L2L3, + E3E2L3 12, < 2Fp.p; (1)

Am-Gm 2F L.+ 3F, L

JERE L = Y L (B L)® < = (2)
Am-6m 3F - L.+ 2F, - L

SRR = Y L (B L)? < e (3)

From (2),(3) we have: \JF2E3 L1213, + \/F3F2L31%, < Ep * Ly + E, * Ly; (4)
But: Fy, - Ly, + F, - Ly, = 2F, 4y (Ferns identity); (5)
From (4),(5) we get (1) is true.
A.138.Solution (Marian Ursarescu)
det(V3(a+ b)A+ (a® + ab + b2)I,) =
= det(A? + V3(a+ b)A+ (a® + ab + b))
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— ot [(A N V3(a + b)2+ i(a—b) In) <A . V3(a + b)Z— i(a—b) In)]

= det [(A + (\E(ZH’) + iaz;b) In) (A + (@ + @) In>] > 0. Because

det(XX) > 0,vX € M, (R)
A.139. Solution (Tran Hong)
Form e N =
m3 )3 m3
)44

- . R 3
nt3)] m o9 (m+3)!<m!<:>9m <m!(m+ 3)!

3\/§<

Which is true because:
Ifm=0then:01(0+3)!=1>0=0-93
Ifm>1,m € N then: m! = mand
m+3)!=m+3)(m+2)(m+1)m!'=>4-3(m+1)m! > 12(m+ 1)m! >

9(m + 1Dm >9Im? > m!(m + 3)! > m-9m? = 9m3 = () true.

Similary:
) <E P ) 5.
3V3 ((n+5)!) <5/ nhvn€Nand 3V3 ((p+7)!) <3 'pLVpEN
So,

LHS < ?(m! +nl+ph) 2 ? V3 /(m)2 + ()2 + (p)? =

=/(mH2 + (n!)2 + (p!)2
A.140.Solution (Ravi Prakash)
Let z, —be any complex number such that |zy| = 1. We have:
1z] = |(z = 20) + 20|l < |z = 2ol + |20| = |2 — 2| = |2]| — |20| =
|z — 2ol = |z| = 1; (I20] = 1)
Let: z4 = cosA + isinA, zg = cosB + isinB, z; = cosC + isinC then
1zl = |zgl = lzc| =1 = |z = zal, |1z — 2|, |z — zc| 2 |2] = 1

Adding, we get: |z — z,| + |z — zg| + |z — z¢| = 3(|z]| — 1)
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A.141. Solution (Rahim Shahbazov)
Itis clear that: x > 0,y > 0
Let:x = a'%,y = b1% > 5(a? + b?) —2(a® + b°) =6 -
2a° + 3 + 2b° + 3 = 5a% + 5b?

{2a5+3=a5+a5+1+1+1255\/a10
2b° + 3 > 5h2

Then 2(z* + 1022 +5) =5z* + 10z + 1 <

sa=b=1-x=y=1

z°+52* +1023-1022+52-1=0o (z-1)°=0o2z=1.
So, (x,y,z) = (1,1,1)
A.142, Solution (Rahim Shahbazov)

abcd = e* - loga + logb + logc + logd = 4
a,b,c,d >1 - loga,logh,ogc,logd =

Let: x = loga,y = logb,z = logc,t = logd -
C-02-NC-22-1 _
(x+y)(y+z)(z+t)(t+x)

S X+ +2)z+t)(t+x)=>@-2x)(4—2y)(4—22)(4 - 2t) -
x+y)+2)z+t)(t+x) =
>@Z+y+t—-x)z+x+t-y)z+x+y—-t)(x+y+t—2)

y+z+t—x=4>0 2z+t)=A+B
Z+x+t—y= B>0 2x+y)=C+D
Z+x+y—t=C>0_ 2x+t)=B+D
x+y+t—z=D>0 20v+z)=A+C

- (A+B)(C+D)(B+D)(A+ C) =16ABCD true from Am-Gm.
A.143. Solution (Do Chinh)

3 X
+ =23§/Z,x¢1;(1)(:>
Vi+x Y1+a3
3 X

§/1+x+i/(1+x)(1—x+x2):
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PR z
Vi+x V1—x+x2

=234(x +1)

x , —x2-1
Let:f(x) :ﬁ,x ER, f (%) :W,fod <0,vxeR

f (x) —is decreasing function (2)

Let:g(x)=2i/m 3,x ER, g(x)—3m ,g(x) >0,vx ER
g(x) —is increasing function (3)
We have, f(1) = g(1) and from (2), (3) = x = 1is only solution.
A.144. Solution (Bedri Hajrizi)

It’s clear that trivial solution is (0,0,0). Suppose that (x,y,z) # (0,0,0)
Produce all we get:[[((4xy — 1)? + 16) = 163

(xy=2

-

1

163 = 1_[((4xy -1)?2+4+16)>163 > {yz =2

I 1

kzx =3
2.2.2 _ (1\* 2,22 _1 2

Produceallxyz (Z) andxy——=>xyz =% =
L22=Lo,=41 Similarly: x =y = +-

16 ot 2 L1 1\ 11

Finally solutions are: (0,0,0), (— ST 5) ) (E’ > 5)

A.145. Solution (Sanong Huayrerai)
Forx,y,z > 0,3(xy + yz + zx) = 1 we get:
27(x3y +y3z+ z3x) + 36(x%y + y?z+ z?x) + 6(x + y + 2) =

> 27(x2+y2+223)(xy+yz+zx) n 36(x+y+z);xy+yz+zx) 6+ +2)

_3(x2+y2+zz)+12(x+y+z)

1
>3- = =
3 3 +6(x+y+z)=3 3+4+6 11

Because:3(xy +yz+zx) =1=>xy+yz+zx = é

1
:>(x+y+z)221=>x+y+221=>x2+y2+222§
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A.146. Solution (Sanong Huayrerai)

(a'® + b1 (a® + b?)
(a* + b*)(a® + b3) —
cyc

(a* + b*)(a® + b3)(a® + b®)(a® + b®) - (a® + b®)? -
- (a* + b*)(a® + b3) - Z 4 -

cyc cyc

a® + b6\°
(Z 2 ) (a® + b® + c®)?
> = >3
3 3
fabc=1=2>a+b+c>3=2a%+b®+c®>3

A.147. Solution (George Florin Serban)

Applying Lagrange identity: (ad — bc)? + (ac + bd)? = (a? + b?)(c? + d?)

— 213 213
[(ad — bc)~] N [(ac + bd)“] HolZder
1 1
- [(ad — bc)? + (ac + bd)?]®  (a® + b?)*(c® +d?)?
(1+1)-2372 B 4
4(ad — bc)® + 4(ac + bd)® = (a? + b?)3(c? + d?)3

A.148. Solution (Santos Martins Junior)

(ad — bc)® + (ac + bd)® =

Observethatx +# 1,y # 1,z # 1.
Indeed, if one of the three equals to 1 then from the three first equations of the
system we have x = y = z = 1 but that does not satisfy the last equation of

the system.

1 1

1 1 1
leta = (H—y)xy ,b = (H—x)xy c= (y_-I-Z)yz and p = x*x+y) q = yy»+2),
2 2 2

1
r = zx(z+x), Where x,y, z naturals, a, b, c,p, q,r > 0 real numbers.

ab = pq; (1)
System of the first equations, becomes: { ca = qr; (2)
bc =rp; (3)

Doing%+ MD:a?=q¢*ea=q; (4
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(4) implies from (1): b = p; (5)
(5) implies from (3): c = r; (6)

1

1
Considering (5): (HTx) xx(x+y) s (Z;’x)"y xx(x+y) (7

Yy y
+
Slnce—< 1, we have x*+y <x:>ZT:xx+y <x=>z<x(8)

1 1

Considering (6): (y Z)y f =720 &Sy 4z = ZZz+x 9)

1.
Assume z =y then —_— < — andfrom (8);— < — < — =-5sincez < x.
+x Z+x Z+x zZ+z 2

Hence:y + z < 2\/Efrom AM-GM 2,[y\Jly <y +z =
2y fy<y+z<2/z

= y < 1 impossible, since we have y natural number.

Therefore, we must have y > z; (10)
We must have thaty > z + x; (11)

Yy Yy
Indeed if y < z + x, then from (9): zz+x < z implying yT+Z =zztx < 7

& y < z impossible by (10)
Hence, we have z < x; (8)andz <y; (9)
(11):z+x<yo2z<y; (12)
For the 4" equation: (x + 1)(y + 1)(z + 1) = 336; (13) we get using (8) and
(12):
(z+1)(2z+2)(z+3) <336
(z+1)?(z+3)<168=1<z<3.

i)z =1 = x =y = 1 using the 3 first equations but does not satisfy (13).
ii) z = 2 is not possible because from (13) that implies 5 / 336 impossible.
iii) z = 3 then from (13): (x + 1)(y + 2) = 56; (14)

Also from (12): y > 2 =z > 7.
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Also from (8): x > z = x = 4 but couples (x,y) = (3,12), (1,26) that satisfy
(14) don’t satisfy y = 7 and x = 4. No solution for natural numbers.
A.149. Solution (Tran Hong)
(a® + b?)(c? + d?) = a®’c? + a?d? + b?c? + b?%d?
= (ac + bd)? + (ad — bc)? =
(ad — bc)®(a? + b?)(c? + d?) + (ac + bd)'° =
= (ad — bc)®[(ac + bd)? + (ad — bc)?] + (ac + bd)° =
= (ac + bd)° + (ad — bc)*® + (ad — bc)8(ac + bd)? =
= [(ad — bc)?]® + [(ac + bd)?]° + [(ad — bc)?]*(ac + bd)?
Let: x = (ad — bc)?,y = (ac + bd)?. We need to prove:
X+yS+axty<(x+y)P e
x® +y5+xty < x5+ 9%+ 10xy(x + y) + 5x*y + 5xy*
xy[4x3 + 10xy(x +y) + 53] = 0
Which is true, because:
x,y=0=xy>04x3+ 10xy(x + y) + 5y3 > 0.
A.150. Solution (George Florin Serban)

D DA
cyc x? —xy +y? cyc xyz y cyc
w/xz—xy+y2 > /xy © (x —y)? =0 true.

chcm chc equallty holdsifx=y=z=>[x]-{x}+1=x&

[x] -} -1-[x] -{x} =0 (x] -D{x} -1) =0
Iflx] -1=0=>x€[1,2)=x,y,z€[12)
If{x} —1 =0 = {x} = 1 contradiction.
A.151. Solution (Bedri Hajrizi)

=2 =3)" (x=3)Mx-D" (x—4H"(x -5
=N x=5" (x=5"x-6)!! (x—6)1(x—-7)!
x—-2)x—-3)+x-3Nx-4H)+(x—-4)(x—-5=38¢&

=38
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3x2-21x=0e3x(x—7)=0,xeNeox=7.
A.152. Solution (Tran Hong)
We have: 576 = 242 = (x3 + y3 + z2)2. Inequality becomes as:
(xSy +y°z+2°x)(x%y + y?z + z%x) = (x3 + y3 + z3)% - xyz; (1)
y6 76 Bergstrom (x3 + y3 + Z3)2

5 5 5 x6
Xy+y Z+ 2z X=T+7+7 y
y

X Z
Z x vy ztx

(P +y 42 xyz
T x2z+y2%x + 22y

WLOG, suppose: x =y = z. We need to prove:
xly+y?z+z2x=>x*z+y*x+z22y o (x—y)(y—2)(x—2) =0
truebyx>y>2z=>x—-y=20x—2z=20,y—2z=>0= (1) s true.

A.153. Solution (Michael Sterghiou)

{ 0<x,y,z<1
P+ +DEP+ 1D =8+ - D - D(E*-1); (1)
Expanding (1) we get
2 zx2y2+1 =8or szyz =3
cyc cyc

But x,y,z € [0,1] 50 ¥cyc x2y* < 3 with equality when x* = y? = z* = 1.
Given x,y,z = 0 the only solution is the set {1,1,1}.
A.154. Solution (Sanong Huayrerai)

For a,b > 0 we have:

1 1 1
3la® +b% +lat+b* s[aS+b5  (a®+Db*\3 [(a*+Db*\* (a®+Db%\5
2 2 2\ 2 2 2 B
20 15 12
ad +b3\60 (a* + p*\60 (a®+ p5\60 g5+ p°
- : : < =
(=) () () ==

(az + b2)60 . (a3 + b3)20 . (a4 + b4)15 . (aS + b5)12 — 247 . (a5 + b5)60 P
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(a2 + b2 - (a® + b3)20 - (a* + b5 < 247 - (a5 + b5)*® &
(@ + 25 - (a3 + b3 - (a* + bH)15
(@ +b?)(a® + b*)]™

2

(a2 + b?)*0 - (a* + bH)IS < 227 (a5 + b5)2® &
((a® + D)D) - (a* + bM)15 < 227 (a5 + b5)?® o
(22(a* + b)) (a* + b5 < 227 - (a5 + b5)%8 &
(a* + b5 < 27 (a5 + b%)?®

(a*+b*)°<2-(@®+b>)* o 2-(a®+b>)* <2 (a®+ b5)* (true).

< 247 (a5 + b5)28 P

A.155. Solution (Rovsen Pirguliyev)
Denote: z; = z?,z, = z,23 = cost + isint and z; + z, + z3 = z;, then we
have:
LHS = |z — 2z4| + |z — 225] + |25 — 223]; (1)
Now, applying Cauchy-Schwartz inequality, we get:
(2 = 221 + |2z = 22| + |2 — 2231)°
< 3(lzk — 22112 + |2k — 22,1 + |z, — 2231°); (2)
Yialzi — 22412 = 3|zi|* = 2242k — 2217k + 4(|1|* + |2,]% + |z3]?) =
—|z,|? + 12. Hence:
(Izx — 221 | + |2k — 225 | + |zx — 2231)% < 3(—|z > +12) < 36 &
|z2 + z — cost + isint| + |cost + isint — z% + z| + |cost + isint + z? — z
<6

A.156. Solution (Ravi Prakash)

1
Let f(x) = xx,x = e;logf(x) = %logx

j;((;c)) = xiz (1 —logx) < 0,Vx = e the f — strictly decreasing on [e, o).

1 1
If x > 4, then 42 > xx = 4% > x* Vx > 4 = 42X 4 4* > x8 4 x*

Therefore,
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4@+ D +HAMET+ D)+ 4P AP+ D)+ 4947+ 1) 2
>n®+mP+pP+q®+nt+mt+pttgt

> 41/n8m8p8q® + 4 /n*m*p*q* = 4mnpq(mnpq + 1)
A.157. Solution (Tran Hong)

For a,b,c >0 and (ajl;)z + (bicc)z + (C:)Z = %. Inequality becomes

162 ZW’)Z 162( zr

Hence, we must that:

16m+(a+b)2>16 ab +4a+b_
‘a+b ab — " (a+b)? “Vab '’
16v u? 16v? 4u

u 2
o 16uv® + u* > 16v* + 4vu® © u* — 16v* — duv(u? — 4v?) > 0;
e (u? + 4v?»)(W? — 4?) — duv(u? — 4v?) > 0;
e (u? — 4v?)(W? + 4v? — 4uv) > 0;
oW -4wHu-2v)2 =20 (u-2v)3u+2v) > 0;
Which is true by: u = 2v > 0

—(u—a+bv—\/_ u=2v>0)

uz

= (1) true. Proved . Equality & u =2v& a=b =c = 1.
A.158. Solution (George Florin Serban)

X6 6 Z6

—+ LA +—+— Z Z xXyz =
yzt | ztx | txy | xyz xyzt
cyc cyc
Z x’ = xyth xXyz =
cyc cyc

z x” = (xyz)?t + (xyt)?z + (xzt)%y + (yzt)?x

cyc

AM-GM _,
2x7 +2y7 4227 +t7 = 7Y (xyzt)4t7 = 7(xyz)*t
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7 74,7 7 AMZGM 2
2x" +2y"+z" + 2t > 7(xyt)z
AM-GM

2x7 +y7 +2z7 +2t7 = 7(xzt)?y
AM=GM

x”+2y7+2z7+t7 = 7(yzt)*x
Therefore,

72 x7 = T(xyz)?t + 7(xyt)?z + 7(xzt)?y + 7(yzt)*x

cyc
Zx7 > (xyz)%t + (xyt)?z + (xz2t)?y + (yzt)*x

cyc

Equality holds ifand only ifx =y =z=t > 4x3 =1 >
1

x:y:z:tzﬁ

A.159. Solution (Tran Hong)
By Cauchy-Schwartz Inequality, we have:
a— x\2 a— x\?2 a— x\2 a— x\?2
)2 2 _
(x a)+2x—(2)+(2)+(2)+(2)
a—x 2
3 (4' 5 +x+x) _ (2a—2x+2x)* 2a®
B 6 B 6 3
.. 2 2 2b2 2 2 2c2
Similarly: (y — b)* + 2y~ > 5 -0 +2z°=2—
>0, =((x—a)?+y?+2%)% + (x? + (y — b)? + z2)?
+ (X2 +y%2+ (z—c)?)?
- (x—a)?>+2x%+ (y —b)?> +2y% + (y — ¢)? + 222

3

2a>  2b* | 2¢%\
N\ HITTE) 4@ b+ Q@4 D)B (P +ad)
2 3 = 27 = 2(a? + b2 + c?) o

(*) © (2a® + 2b?% + 2¢?)? = 27(a? + bH)(b? + c?)(c? + a?)
Which is true by AM-GM Inequality:
2a? + 2b% + 2¢?)3
(a® + b2)(b? + c®)(c?* +a?®) < ( 33 )
(A= —
2

b-y
T:y(:}x:y:z:

wla

Equality holds if and only if: J
cC—Z
—_—=Z
2
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A.160. Solution (George Florin Serban)

2Zlogyx 16 Zlogyx 8 AM;GM
= = =
x+y x+y+z+t x+y x+y+z+t
cyc

cyc

AM;GM 4 1—[ logy x 4 AM;GM 4 8
- tye xX+y 4/Hcyc(x + ) - chC(Z +) chcx
Equalityholdsif x+y=y+z=z+t=t+xoSx=y=z=t.

(2x + 3x + 4x + 100)10 = 1012x2x3x*
& (9x + 100)1° = 1012x% = 9x + 100 = '\/1012x?

= 9x + 100 = 10'1/100x? =

9x + 100 0 [100 AM;GM 9x + 100
—_— = XXX < ——
10 \/ 9—-times 10

Therefore:x =y =z =t = 100.
A.161. Solution (Rovsen Pirguliyev)
Let’s prove that: log?,9 + log?,11 > log,,98
2 2 9 2 11 2
logio9 + logipll = (1 + log1g 1—0) + (1 + logqo 1—0) >

9 11 99
> 2 + 2 (logloﬁ + loglo 1_()) =2 + 2l0g101_0 = 2l0g1099 > l0g1098

1 Bergstrom (1 + 1)2 .
> - 7
(a )log109 + (b d) logt,11 > P log79
(1+1)?
e lo9holl=
_ (2logfe9)? = (2logfe11)? Berg;”"m 4(logfo9 + logfy11)?
 a+c b+d - a+b+c+d
410g7,98
log?,98
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SOLUTIONS
GEOMETRY

G.001. Solution (Tran Hong)
The nine-point center N satisfies:
AN? + BN? + CN? = 3R? — ON?

Other, ON = % (N —midpoint OH) =
1 1
AN? + BN? + CN? = 3R? — 2 OH? = 3R - Z(ng — (a® + b? + ¢?))

a’? + b? 4+ ¢ + 3R?
- 4
i a? + R?\’ (a? + R?)? Bergstrom (g2 + b2 + 2 + 3R%)?
SZZ( NB ) “/ T NBZ  ©  TANZ+BNZ+CN?

cyc cyc
_ (a®+b*+c? +3R%)?

a? + b? 4+ c? + 3R?
4

=4(a® + b? + c? + 3R?) > 4(4V3S + 3R?) =

§23+/37
R=22r
= 16\/§'ST+12R2 > 16-9r2+12-4r? =192r?

G.002. Solution (Ravi Prakash)

|cosx| + |cosy| = \/(2 + sinx + siny)(2 — sinx — siny); (1)
= (|cosx| + |cosy|)? = 4 — (sinx + siny)? =
cos?x + cos?y + 2|cosx||cosy| = 4 — 2sinxsiny — sin’x — sin’y ©
|cosxcosy| + sinxsiny = 1
If cosxcosy = 0 we get:
cosx—y)=lex—-y=2rmmex=2rn+y,reEl=
y =2nm + x,n € Z. If cosxcosy < 0 we get:
cosxcosy + sinxsiny =1 cos(x+y)=—-1lox+y=>2r+rn e
y=Qr+1)r—x,relZ
Thus, y=2nn+x,n€Zory=2r+1)n—x,r€Z
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G.003. Solution (Avishek Mitra)

AM-GM 1
Zsinza > 4-\/1_[sin2a=4-\/1_[sina=4- —=1
16
Z(l—cosza)z1:26052(134—1:3

2 2 2
cosaq\ powermean ¥ cos“q cosa 3
(.-,<Z4 > < 2 ) :>(Z 16) SZ:> EcosaSZ\@)

2
sin®q Bergstrom (Y sina)? AM-GM (44 Hsina) 16-
> = >
Z cosa - Y. cosa - 23

G.004. Solution (George Florin Serban)

X=a(a—3b—-3c)2+b(Ba—-b—c)?>+c(Ba—b—c)? =
= a3 4+ 9ab? 4+ 9ac? — 6a?b + 18abc — 6a’*c + 9a?b + b3 + bc? — 6ab?
+ 2b?%c —

—6abc + 9a%c + b?%c + ¢® — 6abc + 2bc? — 6ac? =
=a3+ b3+ c3 +3a%b + 3ab? + 3ac? + 3a%c + 3b%c + 3bc? =
=(a+b+c)®=8s3

Applying Mitrinovic Inequality: 3v/3r < s < @ we get:
3
3 3V3R 27 - 3vV3R®
(3v3r) -8 <8s3 S8-<T> ©27:3V3-8r <X <8 ———

648v3r3 < a(a—3b—3c)>+bBa—b—c)?*+c(Ba—b—c)? < 81V3R?

G.005.Solution (Soumava Chakraborty)

A+2A+4A=> A= T 2n dcC im
= = = — = — E—
m= 7 = an = i
s 31t 51t 251n17Tcos = + 251n17Tcos 37 + 251n17Tcos 7T[
Now, cos =+ cos— + cos— = T
7 7 7 2sin= 7
2n o dm_ o 2m o 6m_ . 4n
_ sin = sin = sin = sin = sin =
T
251n7
. T LT
Sin (T[ — 7) sm7 1 i 31 51t (1) 1
= T = T[:—-‘- COS—+COS—+COS_ =
25in7 251n7 2 7 7 7 2
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2

) 21'[+ 41'r+ 8m < 51'[+ 31'[+ ‘rt)bym
= €0S—- + COS—-+ c0s —- = —  cos —- + cos —- + cos -

2n+ 4-1'[+ Sn(g 1
COoS 7 COoS 7 COoS 7 = 2

N 21'[+ 41'r+ 81'[2+(. 21'[+ . 41'[+ . 81'[)2
ow, (COS 7 COoS 7 COoS 7) Sin 7 Sll’l7 sm7
—342 2T 4 42 i1 8 +2 8n 2T

= cos 7 cos 7 cos 7 cos 7 cos 7 cos 7
+2_2T[_4T[+2.4T[_8T[+2_8T[_2T[

sin 7 sin 7 sin 7 sin 7 sin 7 sin 7
_3+2< 21 41 _211_411)
= cos 7 cos 7 sin 7 sin 7
+2< 4n 81 A4 81‘[)

cos - cos 7 sin 7 sin 7

+2< 81 21 8 2n)_3+2( 6TIT+ 121‘[+ 1011)
cos - cos = sin - sin =)= cobs (7) cos - cos -
y (1

=3 2( 1T+ ST[+ )ﬂ 3—-1=2
= COS7 COS7 COS7 = =

( 21‘[+ 41‘[+ 811)2+(_ 2TE+ i 41T+ ) 811)2
“ | cos—+ cos—-+ cos— sin—-+ sin—-+ sin—
RAGH 2m 4n 82

=2 = sin7+sin7+sin7
(,2n+_4n+_8n>2 7 _21T+_41T+_81T V7
= _ —_ —_ = - —_— J— _
Sin 7 Sin 7 sin 7 2 Sin 7 sin 7 Sin 7 2

2T 4n n® V7

51n7+51n7 sm7 >

Aoai (_11_211_311)( s 21 311)
gain, | sin=sin—-sin—-} { cos - cos —-cos —
3n 3n

(Zsin ; cos ;) (Zsin 271T cos 2711) (ZSin —7 cos 7)
B 8

2m . 4m_ 6m
=51n751n751n7

8
2w . 3m .
B (sm7sm7sm 7) m 2m  3m (,i) 1

g = COS7COS7COS7=§

Al (2 ) Zn) (2 ) 2211) <2 - 311) _ <1 Zn) <1 411) (1 611)
so, ( 2sin 7 sin 7 sin - ) = cos 7 cos 7 cos 7

_1+1<2 21 T[+2 T T[+2 T T[) 2T 41
= > cos 7 cos 7 cos 7 cos 7 cos 7 cos 7 cos 7 cos 7
6m 2m 4n 6m

— COS— — COS—-COS—COS—
7 7 7 7
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_1+1< 61'[+ 21‘[+ 101‘[+ 21‘[+ 81‘[+ 411) 2T 4n
= > cos 7 cos Z cos 7 cos 7 cos 7 cos 7 cos 7 cos 7
61 2T 3mn T
— cosT— cos7cos7cos7
by;” - ( T N 21 3n N 21 T 31'[) 21 4m
= > cos7 cos 7 cos 7 cos 7 cos7 cos Z cos 7 cos 7
6m 1
cos — "3
7+ 21 T 3 21T+ 31‘[+ mn 7 om 2w 3m
= — _ —_— _— _ _ —_=— — _ _
3 cos 7 cos7 cos 7 cos 7 cos 7 cos7 3 sm7sm 7 sin 7
|7 T 21 | 41'[(i)\/_
= lez sm7sm 7 sin - =g
. 3m . 5m 4m
1 1 sin -+ sin—- 2sin—- v cos7 1
Moreover, + = = =
L 2m o 3T 2m 3w 2sin X T Am g
sin—-  sin— sin—- = sin —- 27 sin = cos = sin — 7
1 1 1 —0
= ; 2_“+ 3_“ sir1E B
sin— sin = 7
1 1 1 5 1 1 1 —0
USRS TN e el O TN TN L U S DL
sin? = sin = 7 sin—- = sin 7 sin—rsins  sinzsin=
1 1 1 2 ) 21'r+ . 3m oW 0
= — sin— + sin— —sin=| =
. 5 2T 31'[ 2 It LT, 2T . 4T ( 7 7 7)
24T 220 = xt
sin® = sin - sin 7 sin = sin—- sin =

by (3) and (5) 1 1 1 16 ﬁ
= T 31‘[+ -2“_(ﬁ)<7>=0
sin? == sin?=- SIn“7

)

~
)

1 1 1

U
113

sin? 2 sin? = 3m * °
7 7

. 1
2
sin
7

Now. S'h? — (bC)Z _ o [4R%sinBsinC\* AR Sin? Bein?C
ow,Yh; = X oR) © °R = Y'sin“Bsin
4R2( T 2m 41'[)2 1 1 1
= sin = sin—-sin
7 7 7 sin? 271T sin? 37“ szg
by®and©® 56y 7R TR 7V2IR?
= 4R2( ) ~||LHS = — Proved
64) = 2 2 1o (Proved)
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G.006. Solution (Ravi Prakash)

- [
B % A
Let: ¢ = acosO; b = asinf
bc 2bc+ (a + b + c)?
LHS = + =
a(b+c—a) a(a+b+c)
sinfcos6 2sinfcos6

sin9+cosl9—1+sin9+cost9+1+Sm + cosO +

__sinBcosf(sind + cos8 + 1 + 2sinf + 2cost — 2)

B (sinf + cosf)? — 1
_ 3sinf + 3cos6 — 1
- 2

+ sinf + cosf@ + 1 =

+ sin@ + cosf8 +1 =

1 1
=5 (5sinf + 5cos6 + 1) < > (5V2 + 1)

It is sufficient to show that: 5v2 < 3vV3 +V2 + 1 & 4 < 6v/3 (true).
G.007. Solution (Sudhir Jha)
Lhs = cos?x + cos?y + cos?z + 1 + (sin®x + sin’y + sin®z) +
+(sin®x - siny + sin?y - sin’z + sin’z - sin®x) + sin’x - sin®y - sin®z =
= (sin’x + cos?x) + (sin®y + cos?y) + (sin’z + cos?z) + 1 +
+(sin®x - siny + sin?y - sin’z + sin’z - sin®x) + sin’x - sin®y - sin®z =
= 4 + (sin’x - sin®y + sin®y - sin®z + sin®z - sin’x) + sin®x - sin’y -
sin?z < 8 true from:
(v sinx - sin?y < 1; sin?y - sin®z < 1; sin?z - sin’x
< 1;sin?x - sin®y -sin?z < 1)

cos?x + cos?y + cos?z + (1 + sin®x)(1 + sin®y)(1 + sin?z) < 8
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Equality holdsforx =y =z = %
G.008. Solution (Khaled Abd Imouti)

sinx +siny = 1; (1)
cosx + cosy =V3; (3)
Vz +sin~6x + iz + sin~Sy = 4J2; (3)

From (1): sin®x + sin?y + 2sinxsiny = 1
From (2): cos?x + cos?y + 2cosxcosy = 3
Adding (1) and (2) we get: 1 + 2(sinxsiny + cosxcosy) + 1 =4 &
cosx—y)=1eox—y=2kn,k€Z=>x=y+2kn k€L

V3 s
cos(y + 2km) + cosy = V3 = 2cosy = V3 = cosy = o T cosy=cose

y=m+2m
= { . Similarly, cosx = g,sinx = %

y=5§+2kn

Vz+26+z+26=4V222Yz+26 =422 Yz +26=2V2=

z+260=2%-2=z=0.
S={x=y=E+2kn,Z=0/kEZ}
6

G.009. Solution (Bedri Hajrizi)

x+y=m=y=mn—Xx. Thesystem is equivalent with:

, 30
tan?x(1 — sin®x) + cot?x(1 — cos®x) = o (D
31
tan®x(1 — sin'%x) + cot?x(1 — cos'%x) = e (2)

From (2) — (1) we get:

1
tan®x(sin®x — sin'%x) + cot?x(cos®x — cos’x) = — &

16
sin’x o , . cos’x 6 5 1
5= SIN°X  €os“X + ———"cos°x " sin“x = — &
COS*x sin“x 16
.10 10 1
sin~’x + cos x—1—6=0
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. . 1
Let be the function f(x) := sin'®x + cos'%x — —

f'(x) = 10sinxcosx(sin®x — cos®x)
) = g = oy = KT
f(x)—O@x—mn,x—2+mt,x—4+Z,m,n,kEZ
f(mn)—f(z+mt)—1—5 (n kn)
S 0\2 T 16’
km 3w

So, f(x) 2 0,vx € R, (x, y)e{( +7,T——)/kEZ}

G.010. Solution (Soumava Chakraborty)

x2+y222xy=>x?2+y? +1+x%y? > 2xy + 1 + x%y?
=51 +x)A+y3) =1 +xy)?
(€9)

>JA+x)A+y2) S 14+xyVxy>0
n(tanA + cotA)(cosA + secA) = n(tanA + cotB)(cosA + secB)

S 1_[ (tanA + ﬁ) (cosA + ﬁ) = 1_[ (tanA + ﬁ) (cosA + cotB)
o (1—[ (1 + tanZA)> (1—[ (1 + c052A>>
tanA cosA
1 + tanAtanB 1+ AcosB
(e MG

S \/(1 + tan?B)(1 + tan?C) \/(1 + cos?B)(1 + cos?C) S 1

(1 )( ] (] ]
+ tanBtanC)) (1_[(1 + cosBcosC))

Now, (1) = /(1 + tan?B)(1 + tan?()

multiplying together

> 1+ tanBtanC and analogs 3
(@)

1_[\/(1 + tan®B)(1 + tan2C) = 1_[(1 + tanBtanC)

Also, (1) = \/(1 + cos?B)(1 + cos?(C)
multiplying together

=1+ cosBcosC and analogs 3
)

1—[\/(1 + cos2B)(1 + cos2C) S 1_[(1 + cosBcosC) - (a).(b)

= (i) is true (Proved)
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G.011. Solution (Khaled Abd Imouti)

elx+e—lx

1, ; PN
We know that: cosx = o cos°x = E(e”‘ +e ”‘)

5
coS x _ ilz ka —(5 k)x] _
k=1

B 1 5 ei5x+e—15x+5 ) el3x+e—13x+10 ) elx_l_e—ix B
T 32 2 2 2 B

1
=33 —[2cos(5x) + 10cos(3x) + 20cosx]

32co0s®x = 2cos(5x) + 10cos(3x) + 20cosx
16c0s°x = cos(5x) + 5cos(3x) + 10cosx
cos(5x) = 16cos®x — 5cos(3x) — 10cosx
cos(5x) = 16cos®x — 5(4cos3x — 3cosx) — 10cosx
cos(5x) = 16cos®x — 20cos3x + 5cosx; (cosx # 0)

cos(5x) 52§
= 16cos*x — 20cos?x + 5 = 16(cos x—g) — =

cosx 4
So, we get:
cos(5x) cos(5y) cos(5z) 15
+ + =—
cosx cosy cosz 4
16(cosx—2) =24 16(cos?y —2) =316 (costz-3) ~2 =2
cos®x — g 2 cos’y —g 2 cos’z — ¢ 1= 2
16( ) 5>2+( ) 5>2+< ) 5)2 15 15
cos®x -2 cos’y —g cos®x — 2 =7

to(cste—5) +(eosty =)+ (coe—3) | =3
CcCos™Xx 3 cos~y 3 cos™Xx 3 —2

If cosx = cosy = cosz then:

316( 5)2_15®< ) 5)2_5
cos®x 3] =3 coS“x 3] =32
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2 5+\/§
cos“x =—+——
87 442
__[z5 = < 1 (impossi
Case l. cosx = — |-+ o cosx = 5 4\/§< 1 (impossible)
_ & _[E_&
Case ll. cosx = §+m=>cosx— 3 4\/EE(O,l)

_ vy o1 [5_ 5
So,S={x,y,z/x =y =2z=cos (8 4ﬁ>

G.012. Solution (Khaled Abd Imouti)

Let denote y = sinxcosx = Estx 0<2x g

We must show that: tanh(2y) < tanhy + ——— Coshzy

Let us prove that: tanh(2y) — tanhy < o h2 By using M.V.T. we have:

tanh(2y) — tanhy = y - tanhc;y < ¢ < 2y

tanh(2y) — tanhy = cos};lzc;y <c<2y

2y) — <
tanh(2y) — tanhy < coshZy

G.013. Solution (Soumava Chakraborty)

h,r?  hyr? h.r?
a'b b'c cla
: + +

mg mp me

2rsri  2rsr?
amg bm,,

N 2rsr? Berggmm (2rs) (p+1, +1.)2 L5 2rs(4R +1)?
> rs
cmg amg +bmy +cm. 3./ a?m2
4rs(4R + 1)? _ 4rs(4R+1)?

- \/§\/Z a?(2b? + 2¢? — a?) B V3/4Y a?bh? — Y a*

3 4rs(4R + 1)? Gomg'me 4rs(4R + 1)?
V32X a?b? + 161252 V3VBR%sZ + 1612s?
<\/§> 7(4R + 1)?

ﬁ VR? + 2r?
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é@ r(4R + 1)?
3 'R+ (V6 -2)r
? squaring
oR-2r+VerSJR2+2r2 S (R—2r)?+6r?
?
+2V6r(R — 2r) SR? + 212
? ?
© 8r2 — 4Rr + 2V6r(R — 2r) S0 & —4r(R — 2r) + 2V6r(R — 2r) 30

? Euler

4:)2(\/6—2)7‘(R—2r)20—>true “R 2 2randV6>2

hot  hpr? hea? V6 r(4R +7)?
+ + = —.
m, my, m 3 R+(W6-2)r

G.014. Solution (Adrian Popa)

sin?x - (1 — sin®t) + sin?y - cos?x + sin?z - cos?y + sin’t - cos?z =2 &

sin?x - cos?t + (1 — cos?y) - cos?x + sin?z - (1 — sin?y) + (1 — cos?t)

- cos?z =2
& sin?x - sin®t + cos?y - cos?x + sin?z - siny + cos?t - cos*z
& sinx - sint = 0,cosy - cosx = 0, sinz - siny = 0,
cost-coxz =0

)] sinx = cosy = sinz =cost =0 &
T T
(x,y,z,t) = (mn,nn +—,pm,qu + —),m,n,p,q EZ
2 2
ii) sint = cosz = siny = cosx = 0
s s
(x,y,z,t) = (m’n +-,n'mp'n+—-, q’n) ,m',n',p',q' €L
2 2
G.015. Solution (Abdul Hannan)

det (x y) =x—y?=(x—-y)(x+y); (1

y X

For square matrices A, B of the same size, we have:
o G D6 I=0'3" 445

der(y 7 )der(y y)aet(y )=dec("p7 0 p)=
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det (g ﬁ) = det(A — B)det(A + B)
Take A = (9522 9‘3:2),8 = (ZZ; IC;)

_ (9R? + b? a2+c2> _ p_(9R?*—-b?* a%?-—c?
A+B_<a2+c2 9R? + b? and 4 B_(az—c2 9R2—b2)

A B\ _ 9R? + b? a2+cz) 9R%2 —p%2 g2 -2 \@
:’det(B A)_dEt(a2+c2 9R? 4 b2 det(az—c2 9R2—b2)_
= (9R?* — b* + a® — c*)(9R? — b* — a* + c*)(9R* + b* + a* + c*)(9R?

+b%—a?-c?)
Leibniz
9R? —b%+a®—-c® > a?+b?+c® —-b%*+a*—-c*=2a*>0
Leibniz
9R2 — b2 —a%+c%2 > a?+b%+c2—-b%2—a%+c%2=2c¢2>0
OR? +b%*+a’+c%?>0

Leibniz

9R? +b? —a®—c? > a?+b%+4+c2+b*—a*—-c?=2b%>>0

Therefore,

A B

det (B A

)>0
G.016. Solution (Adrian Popa)

Let’s denote: tanA = x,tanB = y, tanC = z then

Y ) T e e
1+ = + =
Cyc3x+y+z x+y+z cyc3x+y+z Cyc3x+y+z

xt+ty+z xy+yz+zx xy+yz+zx AM;GM

=Yx+y+2)2+

xtytz Yxty+2)? Vae+y+2?2
AM-GM €Y
> 2Jxy+yz+zx =26, DHexy+yz+zx=>9
AM—-GM

xy+yz+zx = 3Yx2y2z2>9 o x?y?z2 227 &

xyz > 3V3 & tanAtanBtanC = 3v/3; (2)

sr
@) sinAsinBsinC 2R2 2rs
(=4 = =
cosAcosBcosC  s2—4R2 —4Rr —r?2  s2 —4R2 — ARy — 12
4R2

MATH PHENOMENON-A NEW DIMENSION Page 161



DANIEL SITARU CLAUDIA NANUT!

From s? < 4R? + 4Rr + 3r? (Gerretsen) it follows that:

2rs S
——— > - = 3+/3 true from
s2—4R%2—4Rr-r2 — 1 V3 f

s > 33 (Mitrinovic) = (1) is true.

S2 —4R? —4Rr —r? < 2r? >

G.017. Solution (George Florin Serban)

(9]

Let be AABC,u(<A) = 90°, M € Int(ABC),AB = 6
,BC =10,CA =38
u(XAMB) = u(¥BMC) = u(¥CMA) = 120°
AM = x,BM = y,CM = z

In AAMB from cosines law:

AB? = MA? + MB? — 2MA - MBcos(<AMB) = I 4
x2+y?2+xy =236 !
In ABMC from cosines law: y
BC? = MB? + MC? — 2MB - MCcos(<BMC) = %
y2+z2+yz=160 " g E

In AAMC from cosines law:
AC? = AM? + MC? — 2MA - MCcos(XAMC) =
x?+z%+xz =064

8:6 xysin120° yxsin120° zxsin120°
OaBc = OamB + Opmc + Ocma = > = > + > + >

=xy+yz+zx =32V3

a’x + b*y +c%z = a—2+ £+ i Berg;trom (a+Db+c)xyz _ 64\/5_)953’2
Y 111 xy +yz + zx 3243
X y z
= 2xyz

G.018. Solution (George Florin Serban)

tanx = a,tany = b,tanz = c;a,b,c > 0,abc = 1,a® + 1 = >
cos?x

8+(1+a®>(A+b>A+c®)=>20@?+1D)B?+1D(c?+1)
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9+Za3+2(ab)3+122+22(ab)2+22a2+2

cyc cyc

cyc cyc
1 1
Za3+2—3+6222a2+22—2
a a
cyc cyc cyc cyc
3 1 2 2
cyc

3 2 2
@ +—=5+2-—-2a%>0,Ya>0
a a

>
2 0

1\ 3
a6—2a5+2a3—2a+120@(a—1)2[(a2_5> + ]

2
_1\2 2_1 353
True from (a — 1)* > 0 and (a 2) +424>O

Hence,
1 2
Z(a3+—3+2——2—2a2) >0
a a
cyc
Therefore,
8+ (1 + tan3x)(1 + tan3y)(1 + tan3z) > 2
~ cos?xcos?ycos?z

G.019. Solution (Carlos Eduardo Aguiar Paiva)

T 3T o
4sin— + 4xsin— + 4sin—=x + V13

26 26 26
21 + 6m 8t x++v13
= — _—— —=
cos 13 cos 13 XCcos 13 7

Ifm = % and k = cos(2m) + cos(6m) + cos(8m), k > 0 then:
k? = cos?(2m) + cos?(6m) + cos?(8m) +
+2[cos(2m)cos(6m) + cos(2m)cos(8m) + cos(6m)cos(8m)]
If n = 2[cos(2m)cos(6m) + cos(2m)cos(8m) + cos(6m)cos(8m)], then:
n = cos(2m) + cos(4m) + cos(6m) + cos(8m) + cos(10m) + cos(14m)
But cos(14m) = cos(12m), hence

MATH PHENOMENON-A NEW DIMENSION Page 163



DANIEL SITARU CLAUDIA NANUT!

n = cos(2m) + cos(4m) + cos(6m) + cos(8m) + cos(10m) + cos(12m)
os (Zm + 12m) sin (6(22m))

_ 2
()
_ cos(7m)sin(6m) _ 2cos(7m)sin(6m)
B sin(m) - 2sin(m)
. T
_sin(13m) —sin(m) ~_ sinm—sSingg 1
2sin(m) e 25in1n_3 =Ty

_cos(4m) +1+cos(12m) + 1+ cos(l6m) +1 1

2 2
2k? = cos(4m) + cos(12m) + cos(16m) + 2

k2

But, cos(16m) = cos(10m). Then:
2k? = cos(4m) + cos(10m) + cos(12m), Adding 2k? and k, we have:
2k? + k = cos(2m) + cos(4m) + cos(6m) + cos(8m) + cos(10m)
+ cos(12m) + 2
2k +k=n+2

1 -1++/13
2k2k=—§+2;4k2+2k—3=0;k=T
8n=—1+\/1_3

21 61
Therefore: cos — + cos — — xcos —
13 13 13 4

x=-1
G.020. Solution (Abdul Hannan)
The function f (t) := t* is concave in the interval (0, ) since

f"(t) = x(x — 1)t*~2 < 0. Therefore,

a+b+c a+b+c\*
@ +b* +c* = f(a) + f(b) + f(c) < 3f (T) _ (T)
Similarly,
y
ay+by+cys3(%b+c>
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a+b+c\*
@+ et < 3(22EE)
Hence,

a+b+
(@ +b*+c*)a +bY+cY)(a*+b%+c?) < 3(—)

3
letx+y+z=3p.Since0 <x,y,z<1,wehave, 1 <p <1

So, it is enough to prove that:

a+b+c\** (a+b+c)3
27(—> <

3 ~ 3/(abc)3-3p
& (27abc)'™P < (a + b + ¢)3>A=P) which is true by AM-GM
G.021. Solution (Abdul Hannan)

(\/_+\/_+\/_)(\/_+\/_+\/_)BCS\/3(a+b+c)\/3(a +b' +c)
Yad'bb'cc’ Yaad'bb'cc’
6Vss'’
V4RF - 4R'F’
It is enough to prove that:
6vVss' 2ss’ 3 ss’
6 = 3 < 6 = 3
VARF -4R'F'  N2RR'FF'  4RF -4R'F'  \2RR'FF’
36 53513 36 535.13

< o —
4RF - 4R'F' = 4R2R'2F2F'2

4 RR FF’
3
So, it is enough to prove that for any tr/ang/e — < E
Indeed, we have
5R
s> s®  s? Gerretsen 16Rr — 5r%  16R — 51 Euler 16R ==~ 27
e J— > = D — R
RF Rrs Rr - Rr R R 2
G.022. Solution (Adrian Popa)
(- 1)’ !
( )( )COS(Z} —20)x + 63 =
0<i<j<5 ]
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:—“’;“-[<><>+<;>
100
o (O3 + )
(OG-0
e (0)5) 1

45 1
= —105co0s2x + 60cos4dx — 7cos6x + 5c0s8x — Ecolex +63=0

—+

CO

We observe that sum of coefficients — 105 + 60 — 475 +5— % + 63 =0, hence

cos2x = cos4dx = cosbx = cos8x = cos10x =1

Therefore: x € {2knt/k € 7}
G.023. Solution (George Florin Serban)

ZtanA HtanA > 3° ntanA
cyc cyc cyc

u(2A) = 45°, u(«xB) = 45", u(xC) = 45" = tanA, tanB, tanC > 1

3 2
ntanA > 27 1_[ tand = ntanA >27> 1_[ tand > 33
cyc cyc cyc cyc

Hence,

1 1 1
tanA + tanB + tanC)? ( + + - 3) =
( ) cos?A  cos?B  cos?C

2 2
B nt 4 Z( 1 1) B nt 2 Zl—coszA 3
= an —y = an osid |~
cyc cyc cyc cyc
2 2
sin?A AGM
= 1—[ tanA Z —|= 1_[ tanA Z tan?4 | >
cos“A
cyc cyc cyc cyc
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2

AGM 3 3
= HtanA -3 HtanzA = 27-3V27 = 243
cyc cyc

G.024. Solution (Khaled Abd Imouti)

4 — 2(cotx + cot3x) = 0 © 2 — (cotx + cot3x) = 0

cosx
<2

& cotx + cot’x < 2 & ——
sin3x

letf:D—{kn |k €Z} - R, f(x) = cotx(1 + cot?x)
f(=x) = =f(x),x € [0,7]

lim f(x) = +o0; lim f(x) = —0
x—0 X—>T
00 —sin*x — 3sin®xcos?x <05 F[0,1]
= =
x sin®x T
Let g(x) = 4 — 2(cotx + cot3x) = 0
tan?x — 1 5 s 5
———| = —(1 + cot®x) + 2cot’x + 4 — 2cotx(1 + cot*x)
tan*x

l. cot’x — cot*x =
—1 — cot?®x + 2cot3x + 4 — 2cotx — 2cot3x &
—cot*x + 2cot?x + 2cotx —3 =0
cotx=y=>—y*—2y2-2y+3=0
e @-DO*+y*-y-3)=0

Y
y—1=0=>cotx=1=>x=z

v +y?-y-3=0
leth(y) =y*+y*-y -3

1
Ky)=3y*+2y—-1L,h(y) =0y, =-1,y, = 3

>y3+y2—-y-3<0,vx<1
Il. cot*x — cot?x = —1 — cot?x + 2cot3x + 4 — 2cotx —

2cotx &
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cot*x + 2cotx — 3 = 0;y = cotx =

y*+2y-3=0(y-1)@3+y?+y+3)=0
_ - _I _(T
y—1:>cotx—1:>x—4, S—{4+kn|kEZ}

G.025. Solution (Santos Martins Junior)

1

— =1+ tan®m
cos“m

We know that:

Hence system becomes:

tan?x + tan?y)(1 + tan®y) + tan?y(1 + tan?z) + tan®z(1 + tan®x) = 29
y y y
(tan?y + tan?z)(1 + tan?z) + tan®z(1 + tan®x) + tan?x(1 + tan®y) = 19
(tan?z + tan?x)(1 + tan®x) + tan?x(1 + tan?y) + tan?y(1 + tan?z) = 23
y y

Let: tan’x = a; tan®y = b; tan?z = c where a,b,c > 0

(a+b)(b+1)+b(c+1)+cla+1)=29; (1)
b+c)(c+D)+ca+1D)+alb+1)=19; (2)
(c+a)(a+1D)+alb+1)+b(c+1)=23; (3)

We can rewrite (1)as (a + b)(b+ 1) +c(a+b)+ (b+c) =29 &
(a+b+1)(b+c+1)=30; (4
We can rewrite (2)as (b + c)(c+1)+a(b+c)+(c+a) =19
b+c+D(c+a+1)=20
We can rewrite (3)as (c + a+ 1)(a+ b + 1) = 24; (6)

Doing(6)-%:(a+b+1)2=36(:>a+b+c=6; (7)

(7)in(6):c+a+1=4; (8)and(7)in(4):b+c+1=05; (9)
Doing(7)+ (8)—(9):2a+1=6oa=2=>b=3>c=1>

(a,b,c) = (tan®x, tan?y, tan’z) = (2,3,1)
i /s
& (x,y,z) = (tan™? (ix/z; +—+km+—+ kT[)
3 4
G.026. Solution (Adrian Popa)

sin3x — cos3x
cos2x + 3T 3.
Sin°x + cos>x
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(sinx — cosx)(1 + sinxcosx)
(sinx + cosx)(1 — sinxcosx)

= (cosx — sinx)(cosx + sinx) +

Sinx — cosx
sinx + cosx

1 + sinxcosx 1 )

(cosx — sinx) (cosx + sinx — - - + —
(cosx + sinx)(1 — sinxcosx)  sinx + cosx

Case 1. sinx = cosx = tanx = 1:>x=%+kn,kEZ

Case 2.

(1 + 2sinxcosx)(1 — sinxcosx) — 1 — sinxcosx + 1 — sinxcosx _

(sinx + cosx)(sinx — cosx)

sinxcosx =t = (1+2t)(—t) —2t=02t>+t—-1=0=>

t; =-1,t, = 1
1= 7Lk =35
sinxcosx = —1 = Sir;zx = —1 = sin2x = —2 (impossible).

1 T
sinxcosx:E:sianz 1:>x=k7r+z,k E 7.

G.027. Solution (Ravi Prakash)

a d g a b c
[[b e h||=||d e f[|=volume of parallelepiped with edges X, y, Z,
c f i g h i
hence: [[% 7 71| < Z115117] = Y8 = v2
Therefore,

a b cpja d g

d e fl'|b e hl<2

g h il lc f i

G.028. Solution (Ravi Prakash)

2 saa2
sin2x\%” cos?x\*" 7
1+ > N1+—= =
cos?y sin?y
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1

. cos? sin?y |cos2y+sinZy
<1 sm2x> y( coszx> Y AM-GM

= <
cos?y sin?y -
1 5 sin®x ., cos?x
S———5-|cos“y(1+ = | +sinty(l+ ———| =
sin?y + cos?y cos?y sin?y
Therefore,

2 iaa2
sin2x\“* Y cos?x\*"”
1+— 1+ == <2

cos?y sinZy

G.029. Solution (George Florin Serban)
x3+y3 > xy(x +y),Vx,y >0

(x+yE*—xy +y*) —xy(x+y) =20
x+y)x%2-2xy+y?) =20 (x +y)(x —y)? = 0,Vx,y > 0 true.

1 1 c
< = B
Za3+b3+abc_2ab(a+b)+abc Zabc(a+b+c)

cyc cyc cyc

_(@+b+tc) 1 1 (2 V3
“abc(a+b+c) abc 4Rrs ~ 72r3

72r3 6312
1) @ 4RrsV3=>72r3 s> = PN
M 4Rr/3 R
6312 L. )
=— but s > 3v/3r(Mitrinovic)

6+/312

We must prove that: s > 3+/3r > -

& 3V3Rr = 6V3r%2 = R > 2r (Euler).
G.030. Solution (Alex Szoros)

Lemma: In AABC the following relationship holds:

(b-0o)?
2

b — ) b —c)*
( ) (:)azm6212452+25(b—c)2+( 4)

amg, = 2S5 +

25 +

(amg)? =
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a?(2b? + 2c? —a?) > 1652 +8S(b —c)®> + (b — c)*
2a%b? + 2a%c? —a* > ZZ a’b? —Z a* +8S(b—c)?+ (b—c)*
b* —2b%c? + c* >8S(b —c)? + (b — c)*

(%2 =c?)?=(b—0¢)?[8S+ (b —c)?]
(b—c)[(b+c)?—-85—(b—c)?]=0

(b—c)?(4bc —85) =0,  (b—c)2(bc—25)=0

(b — ¢)?(bc — besinA) = 0, (b — ¢)?bc(1 — sinA) > 0 true.
Therefore,
1
amg + bmy, + cm, = 6F +§((a— b)? + (b —c)? + (c — a)?)

G.031. Solution (Adrian Popa)

w? T
x,y,z>0and0 <x+y+z<7then\/§,\/§,\/fe (O’E)

Let be the function f(x) = cosVx

sinvx _, (tanyx — Vx)cosvx
2\/} 'f (X) - 4X > 0:

VVx € (O,g),tanﬁ—ﬁz 0

Applying Jensen Inequality, we get:

Fi =-

xcos\z + ycosvx + zcos,[y xy + yz + zx
cos |—————
x+y+z xt+y+z

Therefore,

xcosVz + ycos\x + zcos,[y -

2X+y+z
cos xy+yz+zx
x+y+z

G.032. Solution (George Florin Serban)

a2

< 3 2p < 943 2 3
8a3+(a+b)b2_5(a+b)®5a +5a“b <8a°>+ab“+b>b
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@3a3—5a2b+ab2+b320@3(%)3—5(%)

Denote: t = % > 0 it follows that:

2 a
+—-4+12>20
b
3t3-5t2+t+1>0e (t—1)2(Bt + 1) = 0 true.
Therefore,

Z a? <Z 1 _12 1 1 5s2 + 1%+ 4Rr
8a3+ (a+b)b2 ~ Lu5(a+b) 5Zia+b 5 2s(s2+12+2Rr)
cyc cyc cyc

582+ 71?+4Rr
"~ 10s(s2 +r2 + 2Rr)
G.033. Solution (Abdul Hannan)

Note that 3(ab + bc + ca) < (a+ b + ¢)? = 4s2; (1)

23 (et eva) et as) G i) -
b+c c+a/\c+a a+b/\a+b b+c)

cyc

—216(1+ 2)(1 + 2)(1 +2)A2M
N b+c c+a/\c+a a+b/\a+b b+c/ —

<216( 1 N 2 N 1 N 2 N 1 N 2 )3:

~— 27 \b+c c¢c+a c+a a+b a+b b+c

_216( 3 N 3 N 3 )3_216( 1 N 1 N 1 )3cgs
27 \b+c c+a a+b b+c c+a a+b -

16 1<1+1)+1<1+1>+1(1+1) 3_
- 4\p ¢ 4\c a 4\a b N

916 1(1+1+1> 3 _216(ab+bc+ca>3 _216<ab+bc+ca>3 (2
- 2\a b ¢ N 2abc N 8Rrs -

452\ 543
S216<Z4Rrs> = (%)

G.034. Solution (Adrian Popa)

Holder
H(sz +2c?+a?) = 4(a®+b*+c?)3

cyc
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s3ryrr. = 53 -

20965 )12 a? +b%+c? a?+b%+c?
= sSrnr. < 53 NG

6
=ﬁ(a+b+c)4(a2+b2+cz)

2
2>(oz+b+c)

4
a’?+b%+c _f:(a2+b2+cz)22w

9

26
= 4096531, < —-9(a? + b? + ¢?)3

V3

We must show that:

6
81V3 - 4(a? + b? + c?)® > % 9(a? + b? + ¢?)® © 33 > 2% —true.

G.035. Solution (Serban George Florin)

We denotex = (b + ¢)?,y = (a + ¢)?,z = (a + b)?

:>4yz+9xz+xy 9yz+xz+4xy>49-(x+y+z)
xyz xyz xXyz

= 36y2z% + 4xyz? + 16xy%z + 81xyz? + 9x2z% + 36x%yz + 9xy?z
+ x2yz + 4x%y? >
> 49x%yz + 49xy?z + 49xyz?,36y22% + 9x?z% + 4x?y? — 12x%yz
— 24xy?z + 36xyz2 > 0
(6yz + 3xz — 2xy)? > 0, true if

6yz + 3xz — 2xy # 0. We prove that 6yz + 3xz — 2xy > 0|: xyz
6

2
;+; > -2 6(a+c)?(@+b)?>+30b+c)?@+b)?>2(0b+c)(a+c)?

6(a2+zab)2+3(b2+zab)2>2(c2+zab)2,zab=s
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6(a? +5)? + 3(b? + s5)?
> 2(c? + 5)?,6a* + 12a®s + 6s% + 3b* + 6b?s + 352 >
> 2¢* + 4c?s + 252, (6a* + 3b* + 7s%) + (12a% + 6b?)s > 2¢* + 4c?s
We will prove that: (12a? + 6b?)s > 4c?s and 6a* + 3b3 + 7s? > 2c*. We
prove that
(12a? + 6b?)s > 4c?s|:s = 12a%® + 6b> > 4c2. AABC > a+b >c = 2a +
2b > 2c¢
= (2a + 2b)? > (2¢)?,4a? + 8ab + 4b? > 4c?
12a? + 6b% > 4a? + 8ab + 4b? > 4c? = 8a? — 8ab + 2b? > 0|: 2
4a? — 4ab + b? > 0,(2a — b)? > 0, true.
We prove that: 6a* + 3b* + 7s% > 2¢*
s=ab+bc+ac=ab+cla+b)>ab+c-c=ab+cta+b=>c
= s >ab + c? 6a* +3b* + 7s? > 6a* + 3b* + 7(ab + c?)? =
= 6a* + 3b* + 7a?b? + 14abc? + 7c* > 2c¢*, true, because 7c* > 2c*.
G.036.
f:[01] > R, f(x) = x(x— 1 —%(x —1)? +%(x — 1)3) —log(x? —x+1)

, (8x3 — 19x2 4 25x — 5)(x — 1)?
) = fD)=0,f'() = T T
g:[01] » R, g(x) = 8x3 —19x%2 + 25x — 5,g'(x) = 24x? —38x + 25> 0
g pass from negative to positive values (g(0) = =5,g(1) =
9) g —increasing = same thing its happened with f'. But f(0) = f(1) =0
hence f(x) < 0.

x(x—l—%(x—1)2+%(x—1)3>Slog(xz—x+1)(1)

1 1
h:[0,1] - R, h(x) = logx — x + 1+§(x— 1) —§(x— 1)3

(x—1)%
h(x) = ——,}lcl_r)l‘(l) h(x) = —o0,h(1) =0=>h(x) <0

x>0 o
2
32 log(x* —x+1)

l < 1 1( 1)2+1 1
ogx < x 2x 3(x ) s

xlogx < log(x? —x + 1) > logx* < log(x* —x + 1)
x* < x% — x + 1,Vx € [0,1] (PERFETTI'S INEQUALITY-2014)
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T
0<x,ySZ:>0<tanx,tanyS1

By Perfetti’s inequality:

t 2 1 sinx 11— sinxcosx
(tanx)" ™ < tan®x — tanx +1 = ———— — .
CO{ X C(?SX' 1 CO_S X
sin — sinycos
(tany)t*™ < tan’y — tany + 1 = ———— Y _ 2’ y
cos®y cosy cos?y

1 — sinxcosx 1 — sinycosy

tanx)tanx . (tany)tany <
( ) (tany) cos?x cos?y
2

cos?x - cos?y - (tanx)t*™ - (tany)*™ < (1 — sinxcosx)(1 — sinycosy)
Equality holds fortanx =tany =1 x =y = %

G.037. Solution (Florentin Visescu)

15cosx * cosy - cosz + 42 cos5x - cosyrcosz =0 &
cyc

Z(Scosx * coSy * cosz + 4cos5x - cosy - cosz) =0

cyc
Z cosy * cosz(5cosx + 4cos5x) =0
cyc
Z cosy - cosz(5cosx + 64cos>x — 80cos3x + 20cosx) = 0
cyc
Z cosx - cosy - cosz(64cos*x — 80cos?x + 25) = 0
cyc

COSX * COSY * COSZZ(SCOSZX —-5)2=0
cyc
For —% <xyz< gwe have: cosx - cosy - cosz # 0 then

Z(Scoszx —-5)2=0

cyc
i i
8cos?x — 5 = 8cos?y — 5 = 8cos?z — 5 = 0; -3 <x,y,z< >
5
cox = cosy = cosz = |z
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SOLUTIONS
ANALYSIS

AN.001. Solution (Avishek Mitra)

SXty 2xy  (x+y)* +4xy AM — M (x + y)* + 4xy
2,/ (X+Y) 2./xy(x +vy) < 4xy

= Need to show

(x +y)% +4xy x%2+y?
o <

= x% +y? + 6xy < 4x% + 4y?

4xy Toxy
x+y 21/ x
= 3(x —y)? > 0(x true) & —= X2
21/xy +y }’ x
b b b b b b
1 x + VX
:Eff( y)dxdy+2ff(x+y)dx y_ff<—+z>dxdy
a a xy a a y a a
b b b b 5 5
X y b b, |V'|b b
< - Z === L
@Q_ffydxdy+jfxdxdy [2] [logy]a+[2 [log x]
a a a a
1 (b2-a?) (bz_aZ)
=2Xx=X (b?—a?)(logh —loga) =log(—) e N Slog(—)
2 a a
AN.002. Solution (Ravi Prakash)
e e3x2 )
o) — 3x 1 X . 1
(a) f T + 6xe>* log(1+e*) |dx; (1)
—a
; e3x2 2 x=—t
o) — 3x 1 x —
(a) f 1+ex+ 6xe** log(1+e*) |dx

—-a

a
e
= f Tt 6te3log(1 + e %) |dt
—-a
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a
3x2

= f 1e+ prie 6xe3* (log(1 + e*) —x) |dx; (2)

—-a

Adding (1),(2) we get:

2Q(a) = f(e3x + 6x2e3* ) dx = 2f(e3x + 6xe3*” - x)dx =

—-a

a
2 21a
= 2[63" dx + 2xe3* |0 = 2qe3@
0

Q(a) + Qb) + Q(c) = 3¥abc - e3a?+30743¢2 = 3pa’+bi+c?
AN.003. Solution (Ali Jaffal)

1 k3 1 (E)3
tet: In = 5 Xhe=1 37 smrmz = le
So, liml —flx—3dx_1>0
" noo T J0 3x2-3x+1 -
k 2
Let: J, = - =3 o

k=1 2k7 gmicrn? — m k=1m

n n

1 xz
li S
ym f2x2—2x+1
0

dx=]>0

Let:

n

2= Tll’f,c}o <Z 2k? — 2nk + n2> (Z —3nk + n2>

= nV n?l, - nfy = T\L/rF n\/In “Jn

3logn
3 et~ kg
lim\n3 = llmenlog(n )= e =1

n—oo n—oo

1
lim™ I ]n — llmenlOQ(In]n) 109(1'])'1{1_)7&5 =1
n—oo n—-oo
Then: Q0 = 1.
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AN.004. Solution (Remus Florin Stanca)

2 . .
x — e*” continuous function, because f(x) = e*, g(x) = x? are both
continuous as elementary functions.

2
6
22 m? 1 1 1 2
f e dx = ? —_ F — ? ..... ﬁ e‘n
112+212+ +1
2
and ¢, € [—+ + - +— —] then:
lim n_\/m . necrzl . T[_Z _ l _ l o i Stolz—Cesaro
- n—-oo n 12 22 n2 -
1 2 2 4_36
=—-1Ilim (n+1) ( ):e 36
e n-ow 1
n(n+1)

AN.005. Solution (Tran Hong)

Because: a + b + ¢ = 9, inequality becomes as:
3 a b c ®

2 1 2 1 2 1
eXdx+= | e¥dx+= [ eX’dx+~- | e¥’dx =
a b c
0 0 0 0

Vbe Vab Vac

1 2 1 2 1 2
>4 —f e* dx+—f e* dx + fex dx
b+c a+b a+c

0 0 0
Let: p(x) = ifoxetzdt' Vx>0

1 X xz 1x

)= —— | efdt +— == 2__f
' (%) xzje . -

0 0

") == e 1f Car | +2( 2xe + “de -

X)=——|e*—=] e —[ 2xe — | et"dt ——

¢ x2 x x x2 x
0

2
= 2e*” +x—3fet2dt >0,Vx >0

By Popoviciu’s inequality:

0049000030 (2 0 (3 20 () 20(5

MATH PHENOMENON-A NEW DIMENSION Page 178



DANIEL SITARU CLAUDIA NANUT!

+ b+c c+a
= (@ + o) +9(©) +390(3) 2 20 (=) + 20 () + 20 ()
a c 3
1 1 2 1 2 2
—|le¥dx+—-]e*dx+—]e*dx+ | e¥dx >
a b c
0 0 0 0
a+b b+c c+a
2 2 2
2 2 2 2 2
> 2 eX dx + eXdx + —— e* dx
a+b b+c
0 0 0
a+ b+c c+a
2 2 2
1 2 1 2 2 Am—Gm
= 4| e* dx + e* dx + eXdx | =
\a+b b+c c+a
0 0 0
Vbc

f"dx+—f "dx+—f e*” dx

>4
- b+c
0
AN.006. Solution (Abner Chinga Bazo)
3T 3T 3T
10 10 T X 1071 X
X r_ T_
Q:j 2dx=j2—ndx=f22dx
’ sin2x ’ sz(?_x . sin2x
5 5 5
= 3
7 x w1 10
0= dx ==|=log(t
f sinzx " T 2 (2 og(tana) )i
T 5
5

)
. W . [teg(ren(35)
ol ) £ )

AN.007. Solution (Remus Florin Stanca)

|

(n+1)?
n+1

J(n+1)!

0= f Ve_xd li (n+1)>2 n?| ‘et o)

=itmjil|n- X |=umn- — . ;
n-oo ) x noeo [ ) Vnll o
Al
Page 179
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(n+1)? n .
Where c,, is between 7= ’V_ and T o) then o is between

n+1y n
ool and 1 (2)

"V +1)| . "+ 1! y Vn! y (n+ 1! ot

l = _—— _—

n-oo (Tl 1)2 n—oo n+1 n-ow N n_ﬁlo (TL + 1)n+1 nl
(2),(3)
; 3) = lzmi—é; (4)

lim Ve‘n = llmen =e% (5)

n—oo
SIOICF ( (n+1)° nz)
: ] lm —

n—eo "*i/(n+1)! Un!
2

im <(n+1)2 >|
im .
n-e Yfn m+ 1! (n+ 1)'

. n+1
R (G s

2n
e | n+1) n! n+1

: : : NICE]

; mlog(( ) o Ve

=ef = () = e".

=e

= e®

e—1,

=€

AN.008. Solution (Nassim Nicholas Taleb)

We must prove that:
1 1

1
fx"dx >log(2—a) = f > dx

a a

It is sufficient to prove dommance of mtegrands that is x* > for all0 <

1+,
S2®x+xxS2

1

1
fxxdx + fx"dx + fx"dx >log((2—a)(2-b)(2—-0))
a b c
AN.009. Solution (Naren Bhandari)

Here Zosi<jsn(ril) (]) Zo<l<n(n) + 2 Zo<l<1<n( ) ( ) givin us
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2 S OO AYYO0=2 Y O0)- Y

Osi<j<n i=0 j=0 0<i<jsn 0<isn
Further
n\ /m n n
— — n n_gn
> Q0 (ZO)Z.0)-armasire
0<i<jsn 0<isn 0<jsn

Therefore we can write:
1

1
0=l 34" (7’1)2 n — 34" (271) n
~ade\ T2 Z i s\ T2 n

0<isn

We use asymptotic expansion for central binomial coefficients ie

(Zr:l)~ % giving us

1
Q- li 3:4™ 4" 5_4 i (1 1 ) n
N ) A R C R
com (142 (=D w0 () -
=N n\2 +mn n2) |

By Vandermonde’s identity

(e =2 6= ()= 2 (==

AN.010. Solution (Precious Itsuokor)

|

2

4(va — 1)2<4(§—1+%) (a—1)*2
2

a(Va-1)" + f 1- %dx

2 aWa-1t+ fa(l - %) dx) <fa dx>
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< 4(Va- 1)2 + (x — logx)|¢(a—1)
am-em sa  1\?

< 4(E_§> + (a—loga—1)(a—1)
=(@-1)?%*+((a—1)—loga)(a—1)

=(a-1)?%+(a—-1?%-(a—1loga

Sincee*>21+a=>a=>log(l+a)=>loga<a-1=

(a—1)%?+(@—-1)?-(a—Dloga <2(a—1)?—(a—1)? = (a—1)?

a 2
= 4(a—-1)%+ j ’1—%dx <(a—1)>2
1

AN.011. Solution (Sanong Huayrerai)

Forx,y > 0and 0 < a < b we have:

j(Hg)(H%p (1l ) =1ech o=

b b b b
afafJ(1+x_1)(1+y_1)dxdy2um@)dm:(xy%)

(b — a)? - 2(b —a)?
(ab)? — ab

b

a

=0-00-0+(;-2)(;-2)=0-at+

a/\b a
AN.012. Solution (Naren Bhandari)

Inductively we show that 1 < k* —k?+1 < k* Vk > 1

1 1
We have: = < ——— < 1 and we have:
e have: 5 < 5= 5.7 < 1 and we have
2
. n . 2 . 3
lim — <0< lim n“ = limn
1<ksn 1<ksn

Clearly limn3 = oo and

n—-oo
n? ”
lim z =i lingH,(l ) = 1{%((4)112 —0=o0

n—->oo n—-oo
1<ksn
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Thus by Squeeze theorem () = co

AN.013. Solution (Ravi Prakash)

LetA=< ):%(i 1) =30+ B),where B = (] 1)

Bn — (Zn—l 2n—1
An =4in. (I, + B)" =4in-(12 +(711)B +(0) B2 +---+(Z)B" =

BDlRrNR
N R AR

on—1 zn_l),‘v’n ENNn=>1
2

n

[0 30
S0 $0e)

ey E Q) S ) -

n=1

.y (1+3)+l (1+1) I (35
—Og 2 Og Og 16

20 = tog (1+3) ~tog (1+ 1) = tog ()
Bt 4 9 4) =99
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AN.014. Solution (Marian Ursarescu and Florica Anastase)
We show that: Fyp,,, = F2,, — E?,¥n € N*; (1)

. 1++/5 1-/5
Let:ry = S =

1 1
F2oa— B2 = S G2 =22 — o (ot —rf)? =

1 1 1
=z [7”12n+2 (7”12 - 77) +rymt? (7”22 - r_2> +2(rr)" (1 — (nr)?) | =

1 2
L oons2p2_ 2 m+20.2 _ o2

=§[T1 (r{ —r3) + "2 0f —15)] =

V5

5

We show that: sin(Fyp,,) + sin(E?) + cos(F2,,) =

2n+2 _ ,.2n+2

1
= E(Tl —1y) (1 + 1) (rf rint2) = 2n+2 _ p2n+2) =

(r Fonyo

3
= sin(Fy, — B2) + sin(B?) + cos(Fiy;) < 5 (2)

N w

(2
Let: x = F2,,;y = E? - sin(x — y) + siny + cosx <
3 — 2sin(x —y) — 2siny — 2cosx = 0

X
3 — 2(sin(x — y) + siny) — 2cos (2 -E) >0

X x — 2y X
3—4sm§cos( 5 )—2(1—25111 E)ZO

X X x
4sin? 5 4sin§ cos (

X X x—2 X —2 x—2
45in2§—4sin§cos( 5 y)+cosz< 5 y>+sin2< 5 y)ZO

_ 2 _
[ZSing — cos (x zzy)] + sin? (xzﬁ) > 0 true.

4

M) 120

a* b* c

+ + =
sin®(Fony2)  sin3(EZ)  cos3(F,,)

Radon (a+b+c)* (2) 9%
> > =72

(sin(Fons2) + sin(ED) + cos(F)) (3)'
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AN.015. Solution (Samir HajAli)

L n 1
I I kk+1 nk+i npfn+a-1
n = S =
2 I | 2 on
k=1 k=1
nHn+1—1 nlog(m+1)+y+8,—1
Q< lim = lim —
T noo 2N n—oc0 on
nY+tén-1 nlog(m+1)
lim - lim =0
n—oo AL n—-oo 2n
log(n+1)
.n . 3
Where, lim — = lim exp(log(Z nnlog(n+1)) =
n—-oo 2 n—oo

= %im exp(—nlog2 + log(n + 1)logn) =

log(n +1)logn
= lim exp <—nlog2 - 9¢ og > =0
n—-oo

n
0<Qa<o
AN.016. Solution (Adrian Popa)

e—1 e— 1)k \\ im ST
Q = lim | [ 1+ ~ log <1 +—( ) > | | = evlL%Zk:llog(Ha”"‘) =
i )

=e rP—»“olo Yie=1(ank)

n

. e—1 (e— Dk
lim log(1+—2") =
n-oo n

k=1

n

n

=%i_r)£10(e—1)-%Zlog<1+(e—1)-§)=

k=1

1
=(e—1) f log(1+ (e —Dx)dx = (e — 1)I
0

! — e 1
(= lo'go% PO 0=
g g =x
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1
I = xlog(1 + (e — 1)x)|: e-Dx . _
= xlog( (e )Xo fm xX =
0
1
1 (e—l)x+1—1d 1 (l e ] 1 ) 1
— —_ = —_ = -
1+(e—1x * e—1 Oge—l Oge—l e—1
0

AN.017. Solution (Paulo Sergio Lino)

RN (-"
&= nZ n+1Dn+2)2n+3)2n+ 5)

B [ee] ( 1)71
Q= 4‘; (27’1 + 2)(n + 2)(271 + 3)(27’1 + 5)

[oe]

D" 2 R3t@n+ 1) JT@r@n+2)
Z (P9 §;(_1) “(2n+5)! Z(_ ) T T(2n+6)

32( 1)”B(2n+24)——2( 1)nf X2 — x)3dx =

n=1 0
f(l_ )SZ( 2yng f3(1—x)3d 3
0x x x x = 30 BT x =

1
fx6—3x5+3x4—x3

1+ x2 dx =

wlw

0

2 4
=§f(x4—3x3+2x2+2x—2)dx+§

4f X d
3)1+2
0

0
53 m 2log2

903 3

AN.018. Solution (Tran Hong)
Fora,b,c,d 21 =>x=1loga =1,y =logh>1,z=1logc =1,
t =logd = 1. We have:
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5log(ae) - log(be) - log(ce) - log(de) = log(abcde)® &
5[(loga + 1)(logb + 1)(logc + 1)(logd + 1)] =
> 16(loga + logb + logc + logd + 1)

S5x+Dy+DE+DH(Et+1D) =16(x+y+z+t+1)
)
S5(xyzt + xyz + yzt + xyt + xzt + xy + yz + zt + xz + ty + xt) =

>11(x+y+z+1t)
Because: x,y,z,t 21> x -1y -DEz-D(t-1) =0
xyzt =2 xyz +xzt + yzt + xyt —xy —yz—zt —xz—ty—xt +x+y+z
+t—-1
S5(xyzt + xyz + yzt + xyt + xzt + xy + yz + zt + xz + ty + xt) >
>5[2(xyz+yzt +xyt +xzt) +x+y+z+t—1]
So,we need to prove:
10(xyz + yzt + xyt + xzt) 2 6(x+y+z+t) + 16
x,y,z,t=1
x11+y-1-1+z-1-1+t-1-1=

But: xyz + yzt + xyt + xzt =

=xty+tz+t=
Q)

10(xyz + yzt + xyt + xzt) = 10(x+y+z+1t) =
>6(x+y+z+t)+16
Nedx+y+z+t)z2l6ox+y+z+t =>4
Which is true,because: x,y,z,t 2 1=>x+y+z+t =>4 = (*)is

AN.019.Solution (Adrian Popa)

Let: f(x) = (1 +x)(1 —x)17%;x € (0,1]
= logf(x) =log(1+x)+ (1 —x)log(1 —x) = g(x)

g'(x) = ; —log(1—x)—1

x+1
x%+3x Y 0 0 (x = —3

- —————— = L1 = —_
909=yaciag 90 =0 @ X =0, # —3)
X 0 1
g"'(x) ++++++++++++++ 4+
g’ (x) 0 47+ 7+ 724+ 7+
g(x) O » 2 2222 27
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So,g(x) >0,vx > 0= logf(x) >0=f(x)>1
=>1+x)(1-x)1"%>1;vx € (0,1]
If x = cos?a = (1 + cos?a)(1 — cos?a)l=c0s*a > 1
= (1 + cos2a)(sin%a)si"*@ > 1 = (1 + cos2a)(sina)?5"*2 > 1 and
analogs.Then:
(1 + cos?a)(1 + cos?b)(1 + cos?c)(sina) M e (sinb) 25 (sinc)2sin*e > 1

AN.020. Solution (Avishek Mitra)

erf(kx) = %fokxe‘t2 dt = erf'(kx) = j—;e‘kzxz > 0 [forall x € R]
o erf'(kx) > 0inx € [a,b] — {0}
& Also, we know for x; < x, = erf(kx;) < erf(kx,) = for any a,, b, in the
interval
[a,b] — {0} ifa, < by, erf(ka,) < erf(kb,); [k = 1,n]
& f(x) = erf(kx) is monotonically increasing in [a, b] — {0}
b

_ b _1¢b _1 e?
Salsol = fa erf(kx) dx = Efa erf(z) dz = p [z erf(z) + = ]a

_1[b B et +;]
= erf(b) — a erf(a) N

& f(x) = erf(kx) is the integrable between [a, b] — {0}
b b

Chebyshev
S 0-0" [ A0 L a2 | fiG0dx

b b
.ffz(x) dx ...ffn(x) dx

[Let us denote f; (;cl) = erf(x) ,f;(x) = erf(2x) ... f(x) = erf,(x)]
b

s b-—a™!? f erf(x) erf(2x) ...erf(nx) dx
’ b b b

> ferf(x) dxferf(Zx) dx ...ferf(nx) dx

a

a a
b n n b

s b-at!? f 1_[ erf(kx) dx > 1_[_[ erf(kx) dx
a k=1 k=1 a
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AN.021. Solution (Gilmer Lopez)

0= f(lOtan3x + 7tan®x + 12tanx + 9)e*dx =
= f(lOtanx(tanzx + 1) + 7sec?x — 7 + 2tanx + 9)e*dx =
= f(lOtanxseczx + 7sec?x + 2tanx + 2)e*dx =

=10 fextanxseczxdx + 7fsec2xexdx+2 ftanxexdx +2

u=e*,du=e*dx u=tanx,du=sec2xdx

1 =eX =eX
dv=tanxsec?xdx,y=5tan?x dv=e*dx,v=e

1 2 1 2 2
=fe"dx =10 (Ee"tan x—zftan xe"dx) + 7fsec xe*dx +

+2 (tanxex - f secze"dx> +2e* =
= 5e*tan®x — 5 f tan’xe*dx + 7 f sec?xe*dx + 2tanxe*
-2 f sec?xe*dx + 2e* =
= 5e*tan’x — 5 f tan’xe*dx + 5 f sec’xe*dx + 2tanxe* + 2e* =
= 5e*tan®x — 5 f(seczx —1e*dx +5 f sec’xe*dx + 2tanxe® + 2e* =

= 5e*tan®x — 5 f sec’xe*dx + 5 f sec’xe*dx + 5 f e*dx + 2tanxe”*

+ 2e* =
= 5e*tan®x + 5e* + 2tanxe* + 2e* + C =
= e*(5tan’x + 2tanx +7) + C
AN.022. Solution (Adrian Popa)

')

o = Y(x) —digamma function.

1 1
Lemma: logx —~ < Y(x) < logx — Py
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Proof: We starting from the first representation of Binet integral for log(T'(x))

and we have:

oo

1 11 1
log(F(x))=(x—g)logx—x+log\/5+f (———+e )e—fxdt:>

2 t et—-1
' (x) (
Ctogat (1-8) -1 [ (Bt e
T(x) ogx + 1e
o 0
1 1 1 1
=1 - <___ ) —tx
Y(x) = logx % fZ t+et—1 dt
0
Weneedtoprove%—%+et_ =0,vt>0

tlet —1)—2(et=1)+2t ™ tet —2et +t+2
>0 >
2t(et — 1) 2t(et — 1)
>0
Let: f(t) =tet —2et+t+2,t>0, f'(t) =tet —et +1

f'(t) =tet>0; Vt >0
So, f —convex and increasing function, then

1
-——— X4t > 0,Vx >0 = Y(x) < logx — —
f e YOO < logr —
0
Now, we have:
9LF’(a)LF’(b)LF’(C)
e T(@ T T = 2. ¥@+yp(d)+¥(c)
_1 _1 1 abc
<eg_eloga 2a_elogb b elogc ZC—e —
eﬁ+ﬁ+2_c
abc abc
— ,9. — ,9. —
=e 111, ¢ 15 = abc
eE(E+F+E) ez

AN.023. Solution (Khanh Hung Vu)
We have: f'(x) = f' (%—x) = [f’(%—x)]’ =—f' (%—x) =—f'(x) =
=[] = fe)+f(-x)=¢

Moreover, we have: f(0) = 0, f (%) =96sof(x)+f (g - x) =96
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Putt=§—xz>dt= —dx we have:

0

0=

ogﬂ\)m
&
I
I
=
N——
-
Py
2
—/
IS
=
Il
—
|
Lo
/N
N
I
o~
N——
~
/N
N
I
o~
N——
QU
Lo
Il

t(g—t)f(g—t)dtzfx(g—x)f(g—x)dx

AN.024. Solution (Ali Jaffal)

LetU, = n/]’[ﬁ’l‘ sin? (S)

k=n

ogtn = sin ()
ogUp =— ) sin”|—

k=1

1x sin(2x)]1 _ 1 sin(2)
0o 2 4

1

So, lim logU, = [ sin?xdx ==
no+00 g n fo 2 4
1_sin(2)

then lim V, = ez 4
n—+oo

We know that
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;2 sin (%)
butnl_l)mOo sin (n) = 1_1310011 x<8 i sm( )

1
= +ooxfsinxdx= +o0
0

So, lim 21<l<]<n Sln( )sin (i) = %fol sin?(x) dx + o0 = o0

n—-+oo
1_sin(2)

Therefore O = 2 —o

+ oo

AN.025.Solution (Michael Sterghiou)

If0<x<b<—0

tan( (\/_+\/_)\/_>tan<— yatvb ) tan (\/E+\/E)W)

tan(— \/_+\/_ ) (D

tan(5x) _ tan (5y) Dhere x = (Va + vb)Vab
tan(3x) ~ tan (3y) B 2

Write (1) as

=((\/_az;\/5)> andey—>\/a+\/E—2W200r(\/a—\/l_))220

tan(5t) m* B
tan 3D’ <t<gg wit
_ 8sin(2t) + 3sin(6t)
f1®= (2cos(2t) +1)2-6
Were 6 = (2cos(2t) — 2cos(4t) — 1)? so f'(t) > 0 and f(t) T

x<y-f(x)<f(y)— (2)true.Done.Equality fora=b

The function f(t) =

T
*x0<t< 10 So sin(6t) > 0,cos(2t) > 0,cos(4t) > 0
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AN.026. Solution (Tran Hong)
Because: x,y € [a,b],(a,b=0)=>b=>x,y=a=
bx+ay—ab>ba+a*—ab=a*>=>0>

lay —ab + bx| = bx + ay —ab
b b

b b
fflay—ab+bx|dydx =ff|bx+ay—ab|dydx=
a a

b b
:ff(bx+ay—ab)dxdy=
a a

b b b b

b
=D fxdxdy+affydxdy—abffdxdy—
a

a
-(b—a)—ab(b—a)? =

a
‘(b—a)+a-

b(b+a) a(b+a)
=(b—a)2[ o —— _ab]=
2[(b+2a)2_ab] (b—a)§b2+a2><*>(z+b)z

e Bb-a)?<20b?>+a?) @ b?>—2ab+a? <2ad*> +2bh* &
a’+b%+2ab >0 < (a+ b)? = 0 true.
AN.027. Solution (Samir HajAli)
[[h=1(1+ b)) =0 Y7 1log(1+b,) =—0 b, <land Y-, byis
divergent. Q =[]y-1log (2 + )log (2 - ?) =

1
H[1+l0g(2+ )log(z_n+1)_1]
Where b, = log (2 + )log (2 —:) -1
So, log (2 + %) log (2 — ﬁ) < log3log (2 — m) < log2log3 = 0.7,
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vn € N. Therefore b, < 0,vn € N,n > 1 and
Y1 [log (2 + %) log (2 - ﬁ) - 1] is diverge, because

1 1
li (l (2 —)l (2——)—1):1 22-1#0>
o \ 09 + n o9 n+1 °9 *
b, < 0and Y.;’-1 b, is diverge. Depending on theory we can conclude:

1 1
o= [oae+ Do) =0
n=

AN.028. Solution (Sergio Esteban)

1
a du a 1
| j x + logx x—ﬁ?dx—‘u—f ; — logu ( du)
= X = -
1\ 1 2
i xf (x=7) a flu=g)y - "
a a 1
= —logu
=f u 1 du
1/ (umg)
1 logu 1
aﬁ"'l_(u +1> ¢ Tl ; u + logu
I =f 1 du =f 1 du—f 1 du
i f(u-y) {f(u-g) A f(uty)u
a a a
=]
1 a+V1+4a?
- ﬁ-{_ 1 t=u—%;dt=(1+u—12)du 2 dt
f (u - l) f@®)
% u 1+V1+4a?
2a
a+V1+4a?
2
; x + logx 1 dx
| 53 | 7o
% xf (x—;) 1+V1t+4a?
2a

AN.029. Solution (Remus Florin Stanca)
sin(vab)

2sin(Vab) " ab 2

m/(E) si (m/cﬁ) n

(a+b)sin<a+b L g »

m/ab
a+b
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Let: f: (0;2] >R, f(x)= Si%;f’(x) = ’msicc—;”“;letg(x) = xcosx —
sinx =
g'(x) = —xsinx + cosx —cosx <0,g(0) =0=>gx)<0=f'(x)<0=
f —decreasing.

nvab
a+b ™ >Vab = f ( ) f(Vab) =
sin <_n ab> sin(vab)
sin(\/ﬁ)> a+b . Jab .E>E.(1)
Vab nab (nvab\ ®™ 7w’
a+ b sin a+ b
nvab
a+b
We must prove that:
sin a+b
sin(\/ab) iy sin(Vab)  ———
Vab . E < s 2 Py \/E < 2
(nvab) ®m~ atb ~ (nvab\ sin%
sin|\ o p 2 sin| 5 -
m/ab Jab 2
a+b a+b
— sinx mx 1 T sinx
Let: h(x) = Sm(afb) T x atb sina”—fb ~ a+b sin_— sinx’ (2)
aib
_ sinx cosx-sin be sinx- Co”cﬁb a’i"b
BT I
X
Let: f,(x) = cosx - Sm_b — sinx - cosq —

G0 = si o omx m? )
f',(x) = sinx Sma+b P
) a+b
=0 (We take the function for x < T)

= f, —increasing, f,(0) =0 = f; —increasing(=23 h(x) —increasing.
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sinaT-}_b
sin(Vab) ~—Qa+b
+b Y,
Vab <2 (a ) S—Yab__ 2. o
2 . (mVab sin
sin|{ - "y 7TZ
" mJab 2
a+b

2sin(Vab) 25m( ) 2@

m/ab a+b
(a+ b)sm( T b)

J

. (a+b
in(+/ 2sin
ES ZSln( ab) - (-H? )
T v/ a
(a + b)sin (g fg)

AN.030. Solution (Remus Florin Stanca)
125% - (4a + b)?**P < 125Y - (a + 4b)***? &

ga+b

53a (4-(1 + b)a+4b < 53b (a + 4b)4a+b :>
54a+b . (4q + h)2+4P < 5q + 4P - (a + 4b)***P &

4a + b\*H*P a + 4b\**+P 4a + p\OT4P 0+ Ay 4atD
= <
(5) —<5) ‘:’109(5) _log(s) o
4a+b a+4b
log (**5—) _log(*5)
= ; (D)
4a+b a+4b
Let f: (1, °°)->]R$uchthatf(x)— ()=>f() 1+log5>0:

f —is increasing

a<b=>3a<3b=>4a+b<a+4b=f(4a+b)<f(a+4b) =

log (4a + b) < log (a + 4b)

5 5
4a+ b - a+4b

From (1),(2) we get: 125% - (4a + b)***P < 1257 - (a + 4b)*a+b

; (2)

AN.031. Let be f:[2,3] - R, f(x) = Vx¥ + 3 — x? _1
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f'(x>=(xg—fﬂ—l),=1’x%-logx+f-x§‘1—x+1=
2 2 2 2 2
X
:%x;ﬁ(logx+1)—x+%=x2(logx+;)_2x+1

Let be g:[2,3] » R; g(x) = xg(logx +1)—-2x+1

'()—(g)'(1+1 )+ —x7 -2
g x)=(x ogx) +—x
1 1 1
g'x)= (vax log x +§\/xx> (1 +logx) +;\/x" -2
1
g (x) =Vx*(logx + 1)? + ;\/xx -2

ey - oz (L 1\ _
g(x)—\/x_(z(logx+1)2+x) 2

N &
NN

X=22>x22=222=2

1 1
xS3=>;2§;1+logx21+log2

g'(x) = x2 (5(108x+1)2 +;)—2 > 2(5(1+log2)2 +§)—2 =

2 4
=(1+log2)2+§—2=1+210g2+log22—§—

1
=log22+210g2—§>0

g'(x)>0= f'(x) > 0= fincreasing
2

=>f(x)2f(2)=\/2_2+;—27—1=0
f@20=Vai+2-L 120 (1)
VEP+2-2 130 @) VE+5-S-120 (3)
By adding (1); (2); (3):
2(Va® ++/b? +Ve?) +a+ b+c—(a® + b2+ c?) =620
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2(Va®+b? +Ve?) +a+ b+cza? + b2+ 2 +6

AN.032. Solution (Ravi Prakash)
Let f;(x) = sin?x + tan? x — 2x%,0 < x < g

'(x) = 2sinxcosx + 2tanx sec? x — 4x
fi

> 2(2)\/sin X cos x tan x sec? x — 4x

=4(tanx—x)>0for0<x<§

= f, is strictly increasing on [0,%) = f1(x)> f1(0)=0for0 <x < g

2 2
(Sm") +(ta;1x) >2for0<x<§.AsO<x<tanxf0rO<x<g=>

tanx > 1

a2 2
S (smx) + (ta;") > 2 for 0 < x < Z. Next, let

X

sinx2 tanx\%

=~ () + (%)

I
fz(y)zsin3y+tan3y—2y3;05y<§

) — 2 cin2 2 2 2 n

f2(y) = 3sin“ycosy + 3tan® y sec*y — 6y~; 0<y<§

5'(y) = —3sin®y + 6sinycos?y + 6tanysecty + 6tan3 ysec?y — 12y

> 3[2tan3 ysec?y — sin® y] + 124/siny cos? y tan y sect y — 12y
=3sin®y (2sec®y — 1) + 12(tanysecy —y) > 0+ 12(tany — y) > 0
[-secy>1for0<y< g]
Thus, f;'(y) > 0for0 <y < g = f(y) > f,(0)=0,for0<y <g
= f, is strictly increasing on [O, g) =2 L) >f0)=0for0<y< g

z (Siny)3 + (ta;y)s >2for0<y<

=siny +tan’y > 2y for0 <y <2 = "
T
2

tany L3 siﬂ3 tany5

As >1for0<y<2=>(y)+(—y)

y

MATH PHENOMENON-A NEW DIMENSION Page 198



DANIEL SITARU CLAUDIA NANUT!

>C?03+G%%3>2ﬁr0<Y<E

From (1), (2) we get: [(Smx tanx ] [ Smy tany) ] >4 for0 <
xy<§

AN.033. Solution (Naren Bhandari)

Denote

n

ok sink sin j _ sinj
S(Tl)=zz sm12—+
sinj +sink sinl + sinj

k=1j=1

sinj sinj
+sm22 +-+ smkz
sin2 + sinj sink + sinj

_ Zsm k Z smksm] Z i+
"2 sink sm]+smk 2 sin 4

1<k<lsn

Thus we have

S(n 2 sinisinj
Q = lim exp Q—— Z SIS

n-co n3 nd , sini+sinj
1<k<jsn
= lim exp( S Dk= 1smk) (1)
n—oo
Here

n n . .

Zsink=TZe“‘=:T(M>
| A

k=1 k=1 € 1

_in/ ni ni
Juasn Rt
ee2le2—e 2 (n+1)i sinn Sirln+1 sinz
=T =T 6—2 2| — 2 2

i/ i I 1
ef<ef—e_5> sing

sin= 2
Plugging in 1 we have:

2

n—oo 2n3 .1
SH]E
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AN.034. Solution (Tran Hong)

Using Cauchy - Schwarz inequality:

1 2 1 2 1 1 L
= 1. _
(!de) (!1 f(x)dx) Sbfl dx bff(x)dx Off(x)dx

2

<fmdx> - (fl V) -G - F ) dx)
sf\/fT] dx - j[W ale1 /7 G dx_Ude)

1 1 1 3
:>2<fw/f(x)dx> Sff(x)dx+<f 3w/f(x)dx>
0 0 0

AN.035. Solution (Ravi Prakash)

tan(2x) 2
tanx 1—tan?x

T
For0<x<Z,letf(x) =

4tan x sec’x

f'(x) = =2(1 — tan®x)~*(—2tan x sec?x) = (1 - tan?x)?

T
= f(x) is strictly increasing on (0, Z)

a+b
2

' tan(Z\/E) < tan(a + b)

i tan(vVab) ~ tan (a ; b)

T
For0<aSb<Z,\/abS

+b
= tan(Z\/cE)tan (a > ) < tan(\/tz)tan(a + b)
AN.036. Solution (Ali Jaffal)

2
We have: x — x? <log(1+x)<x,Vx=0; (%)
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1t ntan~1! (E) n ntan™1 (E)

. — n _ n
Let.Sn—kZ_llog 1+W andPn—ﬂ 1+W

By (*) we have:

- = l 1 <
k? + n? 2 (k?+n2)z2  — o9\ 1+ k?+n2 |~ k?+4n?
2
_1(k _1(k _1(k
1if‘m1(ﬁ) 11 1i“”“(ﬁ) oy _ixten ' (5)
nds 2 2\n\nd 2 —"—52—2
Fel PV SEe
_1(k 1 1
1< tan l(ﬁ) tan"1x 1 oo
R —17=jf(x)dx=f T dx = 5 (tan™"x)? [}
= + (ﬁ) 0 0
— 1((t —11)2 (t —10 2\ — 7-[2
=5 ((tan an~10) )—3—2
Iy 2 1 2
1{ 1< tan™ (ﬁ) tan™x
lim—{-» ——— ] =0- f—zdx =0
n-owon nk=1 1+(E) 1+x
- 0
. n? s
%1_{2105,1 = §=> 111_r)r010Pn = e32
AN.037. Solution (Tran Hong)
We have: f(u) = tan™u,ueR — f'(u) = 1.2 - f(u) TonR
x+2y<|x+2y|<\/§-w/x2+y2_\/§-\/§_\/ﬁ
3 - 3 ° 3 _\/_3 -3
x4+ 2 15
- tan‘l( y) < tan™! <—>
3 3
Similary:

tan™1 (x :33]) <tan ! (@) , tan™1 (x +54y> <tan~! (g)
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tan™t (E) +tan?t <@) + tan™?! <g)l enssen

15 + 20+ o1 v15 +30 +/51
1 _3 4 5 3 + ) + e~ 4.09 <5
3

<

3tan™

5
3tan~! (5) ~3.09< = 3.14

AN.038. Solution (Florentin Visescu)

Letbef'(On]%Rf(x)—sinx x 8_4ﬂx3
N2 ’ B 3
8 —4m 8 —4n
f'(x) =cosx—1-3 — x%,  f"(x) =—sinx—6 X
8 —4n s
" — _ Vo — of —
f'""(x) =—cosx —6 5 f smx>O,Vxe(0,2]
T
X
0 —
T 2 T3 2
v + + + + + + + +
f" - - 0 + + + +
f” 0 _ _ f”(?)' 0 + + +
f' 0 - - - - - 0 + +
f 0 N N — )
oy (T _64n—8 i £ () = —1 64n—8_24n—48—n3 0
f (E) - 7_[3 ’ xl_r)rtl)f (x) =-1+ 7T3 - 7_[3 <
x>0
2
) " T e (MY . 38—47T_E_—1T —24+12n
lim f"(x) = 0; f (2)_ 1-6'—5— 2= - >0
x>0
Y 38—4n n? 32—7T_—6+3T[ 0
m @) =0 f(3)=-8-—7—F="3"—=—"7>

x>0
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lim £G) = 0 f(z)zl_z_w.ﬂj:l_z_z—ﬂ
x>0 * 12 2 w3 8 2 2
x>0
_2—7T+T[—2_
. =

T - m  sinx siny sinz
So f(x) =0.Vx € (O’E] equality just for x = - = +

x y 3

—4m
<3+ (x? +y?% +z%)

s /[
Vx,7vy,2zE€ ( —] equality just forx =y =2z =

2
AN.039. Solution (Remus Florin Stanca)

k(k+1)(2k+1)

k(k + 1)6 nn+1)(n+2)
Q= lim
n-oo = nn+1)(n+2)
_ k(k+1)(2k+1) _ 6k(k+1) max
Letxi =3 e = Xt =Xk = nmn e = |18 kzn n+z

= Jim 18a1] = 0= Jim " Coar =30 fG) = [ ) di i € it
k=1 a

let {;, = x,and

k(k+1)(2k+1)

6(k+1)k
a = lim x, and b = lim x,, = lim —————— e n@m+)n+2) =
n—oo 1 noco 1 n— oo6zk 1n(n+1)(n+2)
e?-1

—f eXdx = T >0=
AN.040. Solution (Serban George Florin)
We prove that fromu <v=1+w)?’ =1 +v):;Muv>0
1+w)?’=>0+v)*=>In(1+u)? =>In(1+v)

In(1+ u) - In(1 +v)
u - v

vin(1+u) =>uln(1+v),

X
In(1 ———In(x+1)
Fi0,0) = R f(x) = L)y - XET

2
x+1—x 1
(x+1)?2 x+1

9:10,00) = R, 9(x) = — = —InGx + 1), ¢’ (x) =
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_ 1 B 1 =1—x—1=_ X <0
x+1)?2 x+1 (x+1)? (x+1)2 "~
=>¢'(x)<00n[0,00) > ¢ Non[0,0),x>0=¢(x)<e0)=04¢k) <
0=
= f'(x)<00n[0,0) = f Non (0,0);u <v,uveE (0,0 = f(u) =

f)=
true. Applying this inequality:

In(1+ In(1+

N n( u)_ n( v)
u

2ab

(1)(1+@)r>(1+r)a+b whereu = 22 < v =Vab (My < M,)

a+b

[2](1+\/'_) 2 >( a+b)\/_b

u — \/— < atb a+b (M < Ma)
Multiplying the two mequallties (1) and (2) we obtain:

\/_ a+b 2ab \/CE
2ab b
(1+aib) -(1++Vab) 2 = (1+Vab)**®. ( at )

AN.041. Solution (Sergio Esteban)

We can notice that:f(x) =tan"(x) - x and g(x) = e=x’

as f"(x) =

By integral form of Jensen’s inequality

x2+1)z > 0 — f is strictly convex

b

b b Y
1 1

ff°9dx2f fg(x)dx = f—zdx-tan‘1 f—zdx
ex eX

a a 2

a
AN.042. Solution (Florentin Visescu)

4x3
3

fi((),g) - R, f(x) —smx—3—x+

) 12x* _ 24x
f(x)=COSX—E+ =" f (x)=—smx+F
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24 T 24
f'""(x) = —cosx +;;f’”(x) =sinx > 0,x € (O;E)}Ci_r}%f”’(x) =3~ 1
x>0
0; li " = 2 0
< »;_%f (x) = 3 >
x<Z

2

So, f""" has a root 1y in (O;E) , chi_l’)r(l) f"(x) =0;
x>0

li " = 12 1>0
lim f (x) = 2 >
x<0

So f"(ry) < 0and f'" has a rootr, in (7’16)

3
ey 42 e N
chl_r%f(x)—l 7T>0,)1{1_r)r711f(x)—0
x>0 2

Y3
x<§

So, f'(r,) < 0and f' has a rootrs in (0; 1,). It doesn’t matter where is

towards ry
lim £ () = 0; lim, f(x) = 0
x>0 2
x<Z

2

3x  4x3 sinx _ 3 4x?

T .
SO,f(X)>0,VXE(O,E). Then:smx>?—?;7 P
b

sinx 3 4
—dx>—(b—a) —=— (b3 —a?
X T 33

a
b

4 sinx
§(b3 —a?) +n3f17dx > 3m%(b — a)

a

AN.043. Solution (Kamel Benaicha)

n

n jx"‘lex(x In(x) + nln(x) —n)

Q= lim ()

n—-+oo

e

MATH PHENOMENON-A NEW DIMENSION Page 205



DANIEL SITARU CLAUDIA NANUT!

16X (x In(x)+n In(x)-n)
PutI(n) = fe”" e xln‘j:l(x’; O™ dx

n

n
_j‘x"ex+nx"‘1exd f x"e* p
- In"(x) xon x In"+1(x) x
e

e

n n
n,x n,n n,x n-1,_,x
x"e IBP n-e x"e* +nx e
nf dx =—< e"+e>+f dx

x In™(x) In"(n) In"(x)
ne " +e
1) = (ln(n)) —¢
1
“= lim (100)" = &%%(1 - (m:l)) )
. ne \ =ln 1—&(@)11
- nl—1>r-ll:100 (ln(n)) € ( )

In(n)\" In(n) In(n
lim < ()> = lim enln(n )=0<lim < ())=0+)
n-+oo n n—-+oo n->+oo n

ne _e_e(ln(n)>”
.‘.Qzlim( )e" n
n—+o0 \In(n)

_ n ~ e?(ln(n)\"
= 4oo( lim =400, lim — =0
n—+o In(n) n->+o N n
n

nlrx®1leX(xIn(x) + nln(x) — n)
| —

~ lim dx = +oo

n—-+co

e

AN.044. Solution (Marian Ursarescu)

From Huygens inequality, we have:
2

(B2 +10) (1P + 1Y) 2 ( J HP - H® + J H . Hff”) =

We must show: JH,(lZ) : H,(f) + \/H,(f) : H,(ls) = H,(ls) + H,(l7) (1)
From Cauchy’s inequality, we have:

1 1 1 1 1 1
2 y@ _
P 0 = (gt ) (gt ot ) 2

MATH PHENOMENON-A NEW DIMENSION Page 206



DANIEL SITARU CLAUDIA NANUT!

1,1 12 2 3
>(2t i+t h) = [HP HO = 1S (2)

@ e (1 1 1y,1 1 1
BB = (g5t g5t o) (gt 4 ) 2

101 1\2 6 8
>(Z4+5++=) = B P 2 1] (3

From (2)+(3)= (1) itis true.
AN.045. Solution (Serban George Florin)

xsinz t xcosz t -5 xSin?t 4 cos2¢t
1+ xcoszt + 1+ xsinzt = (1 + xcosz t)(l + xsinz t) -

x x 2\x
B 2J(1+xcoszt)(1+xsinzt) =2 ’(1+1)(1+1) 2 =V

because: x°°°t < 1 = x°, (¥)x € [0,1],0 < cos?t < 1 and

x5I0°t < 1 =% (V)x € [0,1],0 < sin?t < 1
1

! sin?t cos?t
= 0,(t) + Q,(t) :j<1+xcoszt+1+xsin2t)dt2f\/?dt:
0 0
1 1 1 31
—ft%dt—tzﬂ _tf _2>4—sin2t
- "I | 73| T3%8+sinz
0 2 o 21

sin2t =y >0,t € [og] =2t €[0,7] = 8+y > 0and
4 —y > 0becausey € [0,1] 2 2(8+y)=3-(4—y),16 + 2y =12 -3y
= 4+ 5y = 0, true, because y = 0
AN.046. Solution (Adrian Popa)

FO)+ ) =3f(x+y) = f(x +y) Sw:
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HGEIIOMPS

fa+N+F@) _
3 o 3

>fx+y+2) <

f)+f) +3f(2)
9

Similarly: f(x +y +2) < w

fO) +f(@)+3f()
9

5(f()+f()+f(2))
9

fx+y+2)<

S0, 3f(x+y+2z) <

3ffff(x+y+z)dxdydzngff(f(x)+f(y)+f(z))dxdydz=
000 000
1

1

—E-3ff(x)dx—5ff(x)dX<5 f(x)dx

AN.047. Solution (Ali Jaffal) We have by GM-AM inequality:
. ((1 +H)?2+ (1 +H)2 4+ + Hn)2>
log =
=

n

log" (V(T+ H)? (L + HpZ - .- (1 + Hy)?)

n

(%) [log(1 + H)(1+ Hy) ... (1 + H)I" =
(2)" tog(1 + Hy) +10g(1 + Hy) + -+ log(1 + H)I" (9

n
Andlog(1+ Hy) + - +1log(1 + H,) < (%) [log(1 + Hy) + -+
log(1 + H)I™ (*%)

_ logh((A+H)*+(1+H)2 +-+(1+Hy)?)
- log,(1+Hq)-log,(1+H;)-..-log,(1+H,)

Let U,

2. 2
1 —log™ (1+Hq)“++(1+Hpn) by () and (++) (2 n
(Inn) n WS Zn So. U >2n
1 = 1 n — . OI n =
———log(1+H;)log(1+H,)-...log(1+Hy)] (_)

(Inn)n n

but lim 2™ = +oo then lim U, = 4o so, lim U, = +oo

n-+oo n—oo n-oo
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AN.048. Letbe x,y € [a,bl;a <x <y < b.

(a+b)?-22

By Schweitzer’s inequality: (x + y) ( y) S

Xy 4(a® + b? + 2ab)
1+=+Z+1<
y X 4ab

a’ + b? X
ab y

24 32
(b? —a®)(logh —loga) < <a ;jb )(b —a)?
(a®> +b?)(b—a)
(b+a) log( ) 2

(@ +b*)(b—a) b _ (a?+b*)b-a)
log() ab >—<e ab

AN.049. Solution (Adrian Popa)

Zj:( T H; )(Z j)> B

Z<H1+H2+ Y H,_, H1+H2+---+Hn_1+Hn>=
n=
1 1 o 1
Hl Hl +H2 Hl +H2 Hl +H2 +H3 H1 +H2 + "‘+Hn_1
1 1 1

Hl +H2+"'+Hn Tl—>°°H1 H1+H2 +"‘+Hn

WeknowthatHn=%+%+---+%—>oo=>H1+H2+...+Hn_,00=>
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1 050 1 _1_1
“HtH, ++H, o TH 1
AN.050. Solution (Florentin Visescu)
IR R,2f*(x) + 2f2(x) + 2 < 3f3(x) + 3f(x),Vx €ER
2(f*() + f2(0) + 1) < 3[F3(x0) + f(x)]
2f%@—3f%@+af%@—3f@y+2<mVxeR

1
2 _
2f%(x) = 3f(x) + 2 — f() fz()_OVxE]R
(f (x)+f2( )> (f(x)+m)+2<o
ﬂ@+ﬁ%= W, 20020 - 2)— 3g(x) +2 <0

29%(x) —3g(x)—2<0

345 <2
A=9+16=25;g(x)1;2=T= 1
1 2
(x)e[——-z]
! 1'2 1< 2 ;v R
F@) + s € [~5i2]i —5 <0+ 75 S22 f0) = Livxe

1 7 i 1 2 1

Q=§<f1dx> =§(X|é) =§
0

2

n
sl 3, (e 3e3))
Zirlfi’c?o[nzf +5)| ~ghime ;Zfz(”)

(Jf(e+nx)dx> ——ff (e + mx) dx - llm—=—(f(e+7tx)dx)2
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AN.051. Solution (Adrian Popa)

[o¢]

8= n=2<z H)(z ,~)>:

C 1 1
_Z<H1+H2+---+Hn_1_H1+H2+---+Hn_1+Hn>_
n=

1 1 1 1 1
Hl H1 + Hz Hl + Hz Hl + HZ +H3 Hl + HZ + "’+ Hn—l
1 N . 1
—_ oo = |IIM — —
H1+H2+"'+Hn Tl—>00H1 H1+H2+"’+Hn

WeknowthatHn=%+%+---+%—>oo=>H1+H2+...+Hn_,oo:>

1 050 1 1 1
= e d = ==
Hy +Hy + -+ H, H, 1

AN.052. Solution (Naren Bhandari)

lim (4\/(271 +33+"Y(n+ 1) - 4\/(211 +1)3- W)

1

3 n+1 n+1\ 2(n+1)
~ lim [ (2n + 3)4 <w/2n(n +1) (T) >
n—-oo

A=

- (@2n+ 1)% (\/m (g)n>

3 3
4|8 3z, 1 1\, 1
= Elim (n+§> \/n+1(n+1)8(n+1)—(n+5> Vnnsn
n—oo

[UnN

+(8 3,1 1 % %g((ni)l) 3,1 1 % logn
= |=1 17 —_ n+1) —na'4 — 8
erlll—{go (n+1) (1+2(n+1)) ¢ " (1+2 ) e
+1(1+ 3 ( +a )
n 8(n+ 1) (n+ 1)2 —n n?

+|8
= |=lim (n+1+——n——
e n—>oo
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AN.053. Solution (Ravi Prakash)
Let] = [ t1°8t (1 + 2logt)de= [ t'°8¢ (@) tdt+ [ tloetdt
Lett'°8t = y = Jogy = (logt)(logt)
20080 g Q1080 [y e

ydt
Thus,
X X
I= t-tlogt]x—ftlogtdt+ftlogtdt
e
e e

=x- xlogx —e-e' = xlogx+1 _ 62

Thus, the given equation becomes e? + x1+108% — g2 = x*

= x-x198% = x* =5 x18% = x3 5 x = lorlogx =3=>x=1orx =3

AN.054. Solution (Marian Ursarescu)
Let f:[0,1] » R, f(x) = arctanx; f — Riemann integrability

1-2 k(k+1) nn+1) _
(0’ nn+1)’ " nn+1)’ '"n(n+1) - 1)

Let A, =

ax (k(k + 1) = (k = D(K)) =~ - 2k = 225 |18,

|| n|| n(n+1) 1<k<n
0. Let &} € [x{_1,x1], so that:

. _k(n+1D N\ k(k+1)) 2k
5k—n(n+1)=>%"(f'€k _kZlf<n(n+1)> nn+1)

—_

o\’_‘

o5}

-

(@}

t

Q

=

=

QU

=

Q- 11 Zk . k> +k
znﬁoon(n+1) A T2

1
_1f, " d—1 " 1 1f x d
= | ¥ arctanx x—zxarcanxl0 > 1+x2x

0
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T 1
8 4
AN.055. Solution (Florentin Visescu)

In2

1 ™ 1
In(1 2 ==—=—
n( +x)0 8”1

t

1+ t?

1 1+t%—2t2 1 1—t? 1+t2+1—t?
T+ Q2 1+ 0+o2 .  a+oy

> 0 = f convexe= f (x:—y) < w

f(t) = arctant; f'(t) = arctant +

'@ =

2
T (1+t2)2

2 2

1
< 5 (x arctanx + yarctany)

x +
(x + y) arctan 4

x = f(x)y - f)

< xarctanx + yarctany;Vx,y € R

b b
jf[f(x) + f(y)] arctanw dx dy

b b
< f f f(x) arctan(x) + f(y) arctan(y) dx dy

fe)+ ()
2

b b b
f f(f(x) + f(y)) arctan dxdy <2(b—a) jf(x) arctan(x) dx

AN.056. Solution (Khaled Abd Imouti)

b
f(4 csc(2f(x)) + cos <% — f(x)) dx é 5b—a)

Let be the function:

g(x) = 4csc(2x) + cos (E— x) = 4 + cos (E — x),x € (O,E)

4 sin 2x 4 2
li;r(l)[g(x)] = +oo,lim[g(x)] = +oo
X— X5

2

,()_—8c052x+ ) (n ) ) =0 o (n)_s
G = Tgnzay Mg T GEEEXELIG)T
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X T T
0 — —

4 2

g [————————— O+++++++++

So: fab(4 csc(2f(x))) + cos (g — f(x)) dx > f; 5dx =5(b—a)

AN.057. Solution (Remus Florin Stanca)

y - (i +n)* z": 1
nl—rEo 3+(l+n)5+cot (i +n) _11+n -
=

< (i+n)5—3—(i+n)5—cot1—1(i+n)>=

= lim

n—-oo

B+ (i +n)5+cot71(i+n))(i+n)

— lim

n—oo

- 3+ cot (i +n)
(3 + (i +n)5+cot™1(i +n))(i+n)
3+cot™1(i+n) 3+m 3+m
(B+(i+n)5+cot=1(i+n))(i+n) — B+(+)5)(i+n) — B+n+1)5)(n+1)

n

We know that

3+ cot (i + n)
— B+ ({+n)>+cot7(i+n))(i+n)~

< n(3 +m)
“T(n+1)B+ (n+1)3)
n(3+m) _ (i+n)* n _ *
lim e s — 0 = lim ( i=134 (i+n)5+cot-1(i4n)  &i= 11+n) 0 ()

11m211 = lim — 2111 (]

n—oo n-oon
1 . K .
f(x) = — = continuous, let xj; =~ = Xy1 — X = ; = %E&“Anll =0>

= lim 0 3iea (ks = xi) f(Gi) = f: f(x) dx where {}, € [x}; X 41] and

1 11

a= hmxlandb— llmxnandlet(kzzzt» 11m Zl 17, Omdx=

€Y)
In(2) =
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(i +n)*
= In(2) :> rP—IBoZ 34+ (@ +n)5+cot™1(i +n) =h@)=

= lim -
n—-oo |
a = lim x; and b = lim x, and let {j, :E:> lim = Z ! flidxz
n nocon &=1T 0 x+1

n—-oo n—oo

In(2) :,\.)

I In(2) 9 1 E G+ n)” = In(2) =
nl—l;rolo.li{-n n o 3+(z+n)5+cot‘1(i+n)_n
1=

(i +n)* 3
c0—0 0
>0 = i In(2) — =
nl_r)210n<n( ) _ 13+(i+n)5+cot_1(i+n)>
1=

(i +n)*
In(2) — Zl 13+ (i +n)° + cot™1(i + n) stolz— ~Cesaro

= lim 1

OlO

n
/ (2n + 2)* . n+ 14
Stolz—Cesaro 3+(2n+2)°+cot™12n+2) 3+ (@2n+1)>+cot™1(2n+1)
= lim | (n+ 1) | n(n
n—-oo \

"3+m+ DS +coti(n+1)

[
0

+1) =
n(2n + 2)* 1 N n(2n + 1)* 1 N
3+(2n+2)5+cot™1(2n+2) 2 34+ @n+1)5S+cot?!2n+1) 2

= k n(n+ 1)*

n—oo
+1—
3+ (n+1)5+cot1(n+1)

n(2n + 2)* 1
= lim —In+
n-o\3 + (2n+2)5 + cot™1(2n +2) 2
L n(2n + 1)* N
nbe\3+ (2n+ 1)5 + cot1(2n+ )"

i (1 n(n + 1)* 3 1+1_1 1 1
oo\ 3+ (m+ 1S +cottn+ D))" 2 4 2 4 1
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AN.058. Solution (Adrian Popa)

(1+fo)+ o) "2 (O ))
SO0V
2
L+ f@)(+ f(y)) @)+ B)
(14 L@ O (1 170’

(1+7 ) (1+7 )
a<b=>f f In —( fetro) dxdy <0 (1)

b p

-ffz(x)dx =

a a

b

(f(f(x)~1)dx>2 C'gj. ffz(x)dx-fldx=x

a

= G- [ 20 dx = b -a) [ 2 dx - ([P dx) =0 2)

From(l]and(Z]:f f In %d dy<(b—a)f f2(x)dx —

() reo dX)
AN.059. Solution (Adrian Popa) Let be f(x) = xe* and g(x) = e*
y y
fl(x)=eX+xe* fl(x)=e*

We apply Cauchy’s theorem to f and g on the interval [a, b].
f)—f(@ f'(c) be®—ae® e +cef

I)c € (a,b): = = = =
be? — ae® e+ ce‘ e‘+ce‘—e® cef
= -1= = ==
eb — ea e’ e¢ ec
a<c<b=>a<(be —ae? —1)<b(1]
Let be f1(x) = eix and g, (x) = e_x
! 4
f10=2 ezfce gi(x)izix

We apply Cauchy’s theorem to f; and g, on the interval [a, b] =

f1(b) — f1(a) _ f1(er)
91(0) —g1(a)  g1(cy)’

a<c <b
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b a e‘t—cert be%—ael b
b gad 20, a..D ce‘t —e1 e’ — pe?
e e e ed-e
= = =
i_ i _ e ed — eb ec1 eb — ea
eb e? e?c e® - eb
cef1 — e
=—a
aeb—pe® +1= ciefl—efl t1l=c = aeb—pe® <b (2)
eb_ea - eC1 =G eb_ea

Multiplying (1) and (2) = the relationship from enunciation.
AN.060. Solution (Lazaros Zachariadis)

flx) = e*’ x > 0,f"(x)= ex” . (4x% +2) > 0,Vx > 0 = f convex, so:

1 ; p Hermite a+b (a+b)?
_ > = 4
r—a) feoa ()=
a

Hadamard

(a+b)? AM—GM 3| (@+b)?2  B+0?  (c+d)?
Thus LHS > Y e = > e + -e 2 -e 4

3 (a+b)?, (b+c)?, (c+d)? Andreescu 3| (a+b+b+ctc+d)?
=3.4Je 4 T 4 T 2 e 4+4+4

=3. 36 e(a+2b+2c+d) — RHS

AN.061. Solution (Igor Soposki)

x+3
arctan =t
x+2
1 1 x+2—(x+3)
= . s—dx =dt
x+3 2 x+3 (x+2)
I+\Jx52 x+2
1 1 1 dx = dt
1+ X+3 , [43 (+2p e
X+2 “\x+¥2
1 1 1
x =dt

_ ) ) d
@2x+5) 5 [x+3 (x +2)2
x+2 x+2

MATH PHENOMENON-A NEW DIMENSION Page 217



DANIEL SITARU CLAUDIA NANUT!

! ! d dt
— . X =
(2x +5) 5 (X +3
2\/(x+2) (x+2)
! ! d dt
—_ . x:
(2x+5) 2./(x+2)(x +3)
dx 2dt = | —2dt zf dt
= — = = _— - —_—
(2x +5)/(x + 2)(x + 3) (4t —m)? (4t —m)?
u=4t—m _ 1 du_ 1 du_ 1 5 _
:>{du=4dt}_ ZIZ'F_ Efﬁ_ Ef” du =
1 w2t gyt o1 1 1
= ——_—— = = +c
2 =241 2 2u 24t —m) x+ 3
2| 4 arctan x+2_n
AN.062.
5f(x)+3 flx)+1
< =1
fx)+7 2
10f(x)+6 <

<SP +8f(x)+7e f2x)-2f(x)+1=20e (f(x)—1)2=0

5f(x)+3 flo+1
fx)+7 = 2 (1)

6f(x)+4 <f(x)+1
fx)+9 — 2
S P -2f)+1=20e (fx)—1)?=0

6f(x)+4 _ f(x)+1
f(x)+9 S 2 (2)

7f(x)+5 <f(x) +1
fG)+11- 2
e ff)-2f()+120e (f(X)-1)*=20

7f(x)+5 flo+1
fl)+11 s 2 3)

By adding (1); (2); (3):

5f(x)+3 6f(x)+4 7f(x)+5 3
f)+7  f(x)+9 f(x)+11S5(f(x)+1)

© 12f(x) +8 < f2(x) + 10f(x) +9

© 14f(x) + 10 < f2(x) + 12f (x) + 11
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f(Sf(x) +3_6f(0+4 T+ 5)
+ dx <
flx)+7 f(x)+9 flx)+11

b

S% ff(x)dx+fdx =%(5(b—a)+(b—a))=9(b—a)

a
Equality holds for a = b.
AN.063. By Huygens’ inequality:

2
(HE + HED) (HED + HED) 2 (\/Hﬁzm e +\/H,§2‘” .Hles)) _

Cauchy—-Schwarz < “ 1 1 ) <
= —— | +
- kP k"
k=1

(p+1) (q+s)
(zszkqﬂ) (1™ 4 1Y

AN.064. Solution (Ali Jaffal)

We have ¢(t) = et is continuous and convex function on R. Since ¢"'(t) =

et > 0 forall x € R then
b

1 fl (smx)d < J‘ (smx))d
@ P og . X log X

a
But ® (lOg (smx)) _ sinx

X

So, (p(b af lo (Smx) dx) < ﬁf; Si:xdx

We have
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b .
sinx

1 b
b—a?+(b-a) f,idx ep-ala108(%
Sinx

)de
b
<(b-a)?+®b-a) fﬁ

b
J‘smx
a a
b b
<(b-a)+ fsmx f X dx
a a

me—wz—( ) = (10 () x (22 o)
> sinx

—dx — CBS
(f

. Smx ) (fb Sizx dx) (I; si)rclx dx)

Therefore (b — a)? + (b — a) (f —dx) eb- rma o og(*5)ax o

a sinx

2fbsmxd f —dx

a sinx

2

sm X

Therefore: (b — a)? + ( f

a smx

AN.065. Solution (Ali Jaffal)

We have by Bernoulli’s inequality: 1 < (1+n)* <1+ an

1

1 \k 1
foralln>0and0<a<1thenl<(1+—) <1+—2

1

Let Qn = TZH (14 —5) —n.50,0 < @, < TFkZ0

K __n
but <1lthen0<Q,<-=- Z kweknowthatz (%) =%.1 (4’)

n
and lim (i) = 0since 0 <~ < 1then 0 < lim Q,<0

n—-oo ¢ n—-oo

therefore lim Q, =0

n—-oo
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AN.066. Solution (Ali Jaffal)

ni(nz—nk)z-(2,?)=n2(2§)+(n2—n)2-(21”)+(n2—2n)z.(22")+
=
=3 () o (=m0 (1)
=n2 (3N + 02— 12 (4 + 2 (- 207 () + 2o — 32 () +
+otn?-(n=(-1)" _"1)
=n2'[(20n) (n— 1)2( ")+ @ 2)2( OENCE 3)2(23”)+...
+ (7))

<n? [(nzn N = 1%+ (=2 +(n—3)%+ -+ 1]]

n-1
=3 kZo(nz — nk)? (an) < n%-Z':/(nZ_nl) n(n+ 1)6(2n +1)

) nn+1)(2n+1) .
-1 6

Degree of ( is equal to =

2n nn+1)@2n+1) .  2_ 3
)-—( X )lsnnz-nn=nn

n—1 6
; L.n 2 _ p1)2 <
n1—1>r-ll:loo <Tl2 2 (Tl nk) ( ) nl—1>r-|I:IOO < )

5 5 ln(n)
In(n)
. n . n
But lim <n—2>= lim <e > )— lim < >
n-+oo \ N n—-+oo n n—-+oo

C T n—1c,2 _ 2 _
So: nl—IHIm Yrco(n® —nk) ( i ) =0

2 n
So: degree of nn”™% - J(

AN.067. Solution (Tran Hong)
Letf(x)=w; f(y) =v; f(2)=t=>u,v,t>0
We choose u,v,t > 0 such thatu+v+t=1

Using Jensen’s Inequality:
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uln(t+v) +vin(u+t)+t-In(u +v) < In2luv + vt + tu))
> W+ v)t - U+ )% (t+ v)* < eln@uvtvt+tul) — 2y 4yt 4 tu) <
ut+v+t)? 2
S2-¥=§(u+v+t)

11 1
= [ [ [¢@+re) 0o +r@) (@ + @) dxay iz <
00O

wlw

f fl f [f () + f) + f(2)]dx dy dz
000
:gl{ff(x)dx-fdy-de}+{ff(y)dyfdzfdx}
0 0 . 0 ) 0 ) 0 o
+{ff(2)dzofdxfdy}]

0

l [ r@ax+ f FO)dy + f f(2) dz

=3 -3 ff(x)dx—fo(x)dx:K—Z:Q—Z

AN.068. Solutlon(Samlr HajAli)

We have: Yp_o x™ = i = f(x)

>y  n-xtl=

1 . .
=P because the series converge uniformly when |x| < 1

= Yn=o(n+ 1) -x" =

1
(1-x)?
21-x) _ 12 2!
(-0t 103 (1-x)3

Then: Yy_o(n+ 1D(n+2)x™ =

We find: Y5_in(n+ 1) x" 1 =

(- )3'| x|l <1

123 _ 3

. [o%) n—-1 _
Therefore: Y p_in(n+ 1)(n + 2)x™ ' = a-0F — (-n)

Similarly step by step we find:
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(o]

Z nn+1Dn+2)..(n+a—-Dx" 1=

n=1

a!
A—art ¥I<1

- _ _ al
Hence: f(x) = Yooy [1izo(n — k)x™ 1 = (1—x)a+1

|

i 0@ = Jin £ (; )—m#w
1+%
b

and: Q) = Y7 ZQ(a) Zaz =)o 0—'—2—6’—2:>.Q_€—2

AN.069. Solution (Naren Bhandari)

1 © k d
x_ 1 (x? 1
0= [ f( al ))dx=;m

and hence we have the limit:

lim (I(n))" = lim nl Y 1
Jim (1(0))" = exp | lim nlog kzo(2k+1)k!n"
| N 1
= exp| Jim nlog( 14 ) e
k=1 '
oo k
- k+1 1
=exp| limnf (=1) Z(2k+1)nk
k=1

=exp<11mn<1 2';n2+ -))—0(n2)=%

n—oo

AN.070. Solution (Chris Kyriazis)

It holds that

2 2
! (x)42-f (62) < f(x);f(y),‘v’x,y € Rand

Viwro <L vy e

So, adding those inequalities, we have:

2 2
PO s [7oro) < £+ f ). vy € B

Integrating from a to b, we have:
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b b 5 2 b
ffl ! (x)+f (Y)+\/f( ) ‘dxdy<ff[f(x)+f(y)]dxdy:

=2(b - a)f f(x)dx (%)
], {f [F ) + f )] dx} dy = [ |[, fG) dx RAC2C a)|dy =

f F()dx (b —a) + f FO)dy(b—a) = 2(b - a) f £() dx

AN.071. Solutlon (Ali Jaffal)
Let ¢(x) = arctan x — logx, where x € ]0, +oo[

") = 2x +1_x4—2x3+2x2+1
¢x)= (14x2)2 " x2 x2%(1 4 x2)2
Letp(x) =x*—2x3+2x>+1,x€R

Y’ (x) = 2x(2x2 — 3x + 2) has the same sign as x since 2x* — 3x + 2 > 0 for
all

R. We have 2 3x+2=2 1] =2 AR B
X € e have 2x% — 3x + [x ——+ ] (x—z) +1—6 > 0. So,
X —0oo 0 + oo

V() |————————— O+++++++++

e e R——

then(x) > 0 forall x € R then ¢''(x) > 0 and ¢ is convex.

;x>0,y>0

ax+by) < ap(x)+be(y)
+p /= a+b

By Jensen’s inequality: ¢ (

b b
ax + by a(b —a) —a)

ff(p( P )dxdyS f(arctanx—logx)dx+ f(p(y)dy

a a

(255325253 foms e

< (b—a)jarctanxdx—(b—a)flogxdx
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ax+by

Therefore: f J, arctan( ) + (b - a)f logx dx <

ax+by
<(b—a)farctanxdx+fflog P )dxdy

a a

AN.072. Solution (Ali Jaffal)
1 1
Let f,(x) = (sinx)n;n > 2, fi(x) = %cosx (sinx)n !
n 1 . l 1 1 2 . l_z
' (x) = —=(sinx)n +— (— - 1) cos“ x (sinx)n
n n\n
we have f;,'(x) < 0 for all x € [0, ] then f, is concave on [0, ]

Letx,y,z € [0, ], so, by Jensen’s inequality we have:

(pX+qy+rZ> _Pf X)) +qf(y) +rf(2)
"\ p+q+r /T ptq+r

b b b b b b

X + +TZ x) + +rf(z

ffffnp qy dx dy dz fffpf() af ) f()dxdydz
p+q+r ptq+r

a a a a a a

ydz =

[ [ [PRO)+ah) +1hHE@
] i

b b b b b b
q
p+q+rfdyfdyffn(x)dx+mfdzfdxffn(y)dy+
a a a a a a
b b b
Tfn(2)
+fdyfdxf dz =
pt+tq+r
a a a

— P _p-o? f £ dx +—1— (b — a)? f fa(x) dx

p+q+r p+q+

(b-a)’r

p+q+rffn()dx—

@+q+r)b-a)?
p+q+r

b
f fa@dx = (b -7 [ i) ax
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So,

bbb b
px+qy+rz
ffffn(m>dxdydzz(b—a)szn(x)dx
a a a a

Therefore:

b b b b
+qy +
fffj px qy rZ)_(b_a)zfnmedx
pt+tq+r
a a a a

AN.073. Solution (Ali Jaffal)

LetS i= ‘;lxl:h zzl—?iandp - 1’Hi:?xl
=1x;

By GM-AM inequality: h,, < B, < S,, then: (h,,)™ < (B)™ < (§,)"
We have %im (SP-1h,) = 7lim Sy (h)" 1 = w. So,

(n—1)logS, +logh, =logw + p(n) (¥
(n—=1)logh, +logS, =logw + ¢,(n) (*¥)
where %1_{210 on) = 111_{210 p,(n) =0
by (*) and (**) we have: nlog S, + nlogh, = logw? + ¢, (n) + @,(n)
So: rlli_r;{)lonlog(Sn - h,) = log w? then 7lli_r)r010(5nhn)” = w?
And also, by (*) and (**) we have:
log S, — (n — 1)?log S, = (logw)(2 — 1) + 92 (n) — (n — D1 ()
thenn(2 —n)logS, = (2 —n)logw + (pz(n) —(n—1ep(n)
@2(n )
n

(n)

So, lim nlogs$,, = logw then lim (Sn)” = w but 11m (thn)" = w? then

n—-+oo

nlog$, =logw +

lim (h,)™ = w. we have (h,)" < (B)™ < (§;,)"

n—oo

then by Sandwich theorem: lim (h)™ < lim BI" < lim (S,)™ then

lim (B}') = w and 11m [ty =w

n—oo

MATH PHENOMENON-A NEW DIMENSION Page 226



DANIEL SITARU CLAUDIA NANUT!

b

AN.074. Letbe f:[0,1] » R; f(x) = (\/%)x + < E)x;
f'x)y=0= (\/%)xlog§+ (\/g logg =0=
log(%)<< %)x—<\/é> )z 0= (%)%z (%)_§:x= 0

f'(x) > 0; f increasing; f(0) = 2; f(1) = \/%+ \E

<£>x+(\/§>xs£+\/§;(v)x€[0.ﬂ (1)

Replacing in (1) x bySi% <1 andﬁ <1;(V)x € (O, g)

B () <ff o
P o

By multiplying (2); (3):

TRV S VNI - NAAY
(7 (B)" (™ (") B

AN.075. Let be f:[0,1] » E, oo) () = tan~1(1 + x2)

SR

—
5D

, 2x . .
f'(x) = ey 0; f increasing

(tan~1(1 + x2))* > (tan™1(1 + 02))k = (%)k

(tan~1(1 + x2))™ K - (tan~1(1 + x2))* > (%)k (tan~1(1 + x2))™
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4 k
(;) - (tan~1(1 + x2))™ = (tan~ (1 + x2)™k (1)

Analogous: (£) - (tan™1(1 + x?))" > (tan” (1 + x2)"! (2)

By multiplying (1); (2):

4y KL mn o (tan™1(1 + x?2))m+n
(;) (tan 1(1 +X2)) = (tan_l(l +x2))k+l

k+l (tan_l(l + xZ))m+n

(tan=1(1 + x2))k+l

X

f(tan L1+ x2)™ " dx f

AN.076.

1+2+---+nAM;GMn nn+1)

1-2-3-....n> > Yn!

2n
+1>W:>("T+1) >nl=L >(21)n (1)
1 1 (1) 2 4\ 2\
()= T e T n!'<i+1)'(n—i+1) -

2t 2n-i 1 1
=n!- - . -=n!-2". - - .
G+ (n—i+1)nt i+ (n—i+1)nt

() E T O E—
l ' (+1)F (m—i+ 1)t

Z(’Z)>Z(n' 2% (l+1)l (n—linn L)

=0 =0

1 1
2™ > !-2”-2( -« )>0
" L\G+ D (—i+ D

i=

0<Z((i:1)i'(n—ii1)n—1><%

lim = = 0. By sandwich’s theorem:

n-oon

rlli—{goZ((z-l-ll)‘ (n—til)" 1> 0
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AN.077.
. 1+§+1+1+--~+1
\/(1 + £> 1141 AM;GM for "n—1" times _
e — n -
for "n—1"times

1+n£+n 1 n+n£ e n\/z
= = ,0< 1+—< (1)
n n
. 1—§+1+1+-~-+1
”\](1 . £> 1141 AM;GM for "n—1"times
¢/ s

~—_
or "n—1" times n

1—n£+n1 n—E e n‘/E
=—= ne,0< 1——< — (2)

By adding (1); (2):
n\/ Ye n\/ Ye n+I+n 'ZE
0<

1T+—+ [1-—<
e n

=2

1 Ve n A 2
0<= \/1+£+\/1—£ <=
n e e

lim 2 = 0. By sandwich’s theorem:

n-ocon
1(n Ve n Ve
lim | — \]1+—+\]1—— =0
n-oo \ N e

AN.078.
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, logt—1 x (L)’

f logzt dt = f—tlog;f dt =
(o) 1 (o)

1

T2

1, (x—logx) 11 (1—log1>
°8 x +logx/ 2 °8 1+log1l

Equation becomes:

1 (x—logx)_ll (e—l) x—logx e—1
2 gx+logx —2%e+1) x+logx e+1

xe+x—elogx —logx =ex —x+elogx —logx

logx 1
2x = 2elogx > x =elogx, . :z:x:e

(f:(0,00) > R; f(x) = lo%x injective for x € (0,¢e))

AN.079. f € C?([0,1]); f convexe= f" (x) = 0; (V)x € [0,1]

Letbe g: (0,1] » R; g(x) = f(x)

— h(x
xf'() = f() _ <2),h()_xf(x) fx)

g'(x) = " =
RGO = 1) +xf"() = f/() = xf " (1) > 0
h increasing h(x) = h(0) = 0 = g'(x) > 0 = g increasing

Q)

ire(og]ig <g(;) =52

Ql'-‘

z 1

fxdx= azf()=_f( ). f(%)z aff(x)dx

° 0
’f"e["l]'g(mg(-)ﬁ%zf(f),f(x>2axf(§)
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QlH'\.H
/\
ta
—
Q..
IV
QlH\
Q
=
\.\
plr—x\g
=
QU
=
Il

A
\/
Q
~—
p_\

Q
N
v
Il
NIQ
Q
N
~5
~/
Q|
——
\Y,

f(x)dx = (a? —1)ff(x)dx

Q
I
=
N
Q
O\QlH

1

E)ff(x)dxzff(x)dx+£f(x)dx2

1

1 1
=ff(x)dx+(a2—1)ff(x)dx=a2ff(x)dx
0 0 0

o Gy dx 2 a ffydx (1)
Analogous: fol f(x)dx > b? fO%f(x) dx (2)

By adding (1); (2): 2 fol f(x)dx = a? foéf(x) dx + b? fO%f(x) dx
AN.080. Let be f:[0,1] — [0, 0); f(x) = log(1 + x)

f'(x) = —=> 0; f increasing
frefog]=r@=<r(3)=rw-r() <
()21 ()1 (+3) - 3) =
(re0-1@)(rr+2)-1 () <0
(10g(1 + ) ~10g3) (10g (5 + x) ~ 10g3) <0

3 3
log(1+ x) log( + x) - log2 log(1+x) —

o
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3
—logz log( +x>+log 5 S <0

3
log(1 + x) log( + x) < log— log(1 +x) + log— log( ) -

3
—log?—
og >

1

3 3
(log(l + x) log (E + x)) dx < long log(1 + x) dx +

1 1
2 2

3 3
flog(§+x)dx—flog2—
0 0

3
log(1+ x) dx + long log(1+ x)dx +
1
2

OSNlH

N W

+log

ORNIH

1

Liog?3 21 3[1 (1+x)d Log?3
- log® > =log> | log x) dx — 5 log” 7
0

1

3 3 3
(log(l +x) - log (E + x)) dx <2 long log(1 + x) dx — log? (E)

0

2

o%mh—\

Remains to prove:

1 1
3 3
2 long log(1 + x) dx — log? (E) < flog(l + x) dx
0 0

1 2

3 3
flog(l +x)dx | —2 long log(1 + x) dx + log? (E) >0
0 0

1

1 2

3
flog(l + x) dx —logz >0
0
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AN.081. Let be f:[0,1] = [0,); f(x) = xtan" 1 x

1 +1+x2—2x2
1+ x2 (1 +x2)2

f'(x) =tan"tx + S f(x) =

1+ x2

f(x) = (Ff') - f"(@)* >0

2
(1 + x2)2’
()’ + (£ @) > 2" G)f " (x)

1

1 1
f(f’(x))z dx + f(f”(x))zdx > f 2F"(x) " (x)dx =
0 0

1
) , 1\ (m+2)?2
of (Fe)) dx= () - (o) = (3+3) =1
(m + 2)?

1

2 1
f tan™ X+ 2 dx+4fmdx>1—6
0 0

AN.082. logt =u=1t=c¢e"

logx

f (t1°gt(2 logt + 1)) dt = f (e¥ Qu+1)-e%)du

1

log x
2 2
— j (eu +u Qu + 1)) du = elog”x+logx _ ;2 _ ,logx ., _ 52 —
1

= ylogx+1 _ 52
Equation becomes: e? + x'08**1 — g2 = x4
xlo8x+1 — 54, logx + 1 =4, logx =3=>x=e¢e3

AN.083. We prove that: f>(x) + 1 = f3(x) + f?(x); (V)x € [0,1]
fPO--f2+120, PO -D-F*)-1)=0
FPEO)-DF*E -1 =0
() = DU + D) = D) +f(x)+1) =20
(F) = D) + DU?() + f(x) + 1) = 0 (true)
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Integrating the relationship:

PO +12f300)+ f2(x) (1)

1 1 1 1
!fS(x)dx+!dx2E!-f3(x)dx+bff2(x)dx

1 1 1 1
ffs(x)dx+12ff3(x)dx+7, ffs(x)dx>6+ff3(x)dx
0 0 0 0

Inequality is strict because (1) is true only for f (x) = 1,(V)x € [0,1] but this
function don’t verify: folfz(x) dx =7
AN.084. By absurdum suppose 5* > 5*° + 5*°
1> gx*-x +5xt-x 5 gx?-x
5 < 1=x2—x<0=x€(0,1)
x<1=25>5%>5% 45 >141=2

5 > 2. False. Hence: 5* < 5%° + 5%

b b b

f5"2dx+f5x4dx>f5xdx— L (52 —59)
- “log5 log5 log5s

a a a

b b
log5-f5x2dx+log5-f5x4 >5b —5a
a a

AN.085. Let be f:[0,1] - R; f(x) = e**~1; f'(x) = 2xe*’

£ (x) = 2e*" + 4x%e*” > 0; f - convexe
f0)

X

Let be g: (0,1] » R; g(x) =

2

xf'(x) = f(x) 2x%-e* —e*  h(x)
= P = ) ~ 2

h:[0,1] - R; h(x) = 2x2e*’

g9'(x)

h'(x) = 4xe*’ +4x3e* > 0= h increasing
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h(x) 2 h(0) =0 = g'(x )—

X

ffx e (O'E] =g() =< g(l) St = ea_21_1, e¥ —1< ax(eaiz— 1)

1 1
a a
1 1
X —

f(e —1)dx<a(ea2—1)f dx —a-2a2<ea2—1)
0 0

(e

2a

fa(e —1)dx <

IfxE[ 1]:>g(x)> (%) I E)
1 1 a
f(x)>axf(> !f(x)dxad(%)lfxdx=%f<%><1_%>_
a a A
- %(aza; 1) (e% — 1) (é) %(aza: 1) Zaf(ex2 — 1) dx =
0

= (a%? - 1)[(6"2 - 1) dx

0
1

f(exz_l)dx=f(ex2—1)dx+f(ex2—1)dx2

a

1 1 1

a a a
Zf(exz—l)dx+(a2—1)f(ex2—l)dxzazf(exz—l)dx

0 0 0

1
a

e dx — a? azfex dx —a
0

O\ml’i

1

2
jex dx — 1> a?
0

1,2 2 (2
Jpe¥dxt+ta=1+a foe" dx (2)

1
Analogous: fol e dx+b=>1+b? foaexz dx (3)
By adding (2); (3):
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1
b
x? 2 x2
e* dx+b e* dx
0

1

a+b+2fexzdx22+a2
0

OSQ“_‘

AN.086. Ifx < y

x+2 1 1 1 1
y=—x+(1——>yS—y+y——y=y§w/x2+y2
3 3 3 3 3
Ifx=y
x+2 1 1 1 1
y=—x+(1——>y§—x+(1——>x=xS\/x2+y2
3 3 3 3 3
2
Hence: HTy <{Jx?2+y%(Vx,y ER
— x+2y _ _ T
tan 1(T) < tan 1(,/x2 +y2) = tan"1(V3) =3 (1)
_1(x+3 _
Analogous: tan 1(%) < tan 1(,/x2 +y2) Sg (2)
—1 [(x+4y _ T
tan 1(T) < tan 1(,/x2+y2) <3 6
By adding (1); (2); (3):
x+2 x+3 x+4
tan‘l( 3 y)+tan‘1( 2 y)+tan‘1< = y)<7r

Equality holds in (1); (2); (3) for x = y = 0 but x? + y? = 3 implies a strictly

inequality.
AN.087.
P p
1 1 1
2.\ 2, (towx =) (g =5) | = ) | (togx —5) - ) (s 7)
i=1\j=1 i=1 Jj=1
4 4
1
=Z (logx——s) qlogx—Z,—7 =
i=1 j=1]
14 q
_ ) 1 ¢q 1 1)
—Z qlog®x —logx Z]—7+l—7 +L_SZJ_7 =
=1 Jj=1 Jj=1
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q p q

1 1 1
= pqlog?x —logx ij_7+qu_5 + Z 2_7 =

j=1 l=1 =1 =

= pqlog®x — (pH,gﬂ + qHI(,S)) logx + HI(,S)HC(;) =0

A= (pHé” + qH )) —4HPH - (pHéﬂ — qH ))
(7) (5) ) (5) )
qu + qu + qu — qu _ Hq

logx =
N ()2pq @) (5) C(I)
7 5 7 5 5
logx—qu +qu —qu +qu _Hp
2pq p
x1=e 4d ;x,=e?P
1 1 1 1 1 1
5) _ @ _
Hp E+ﬁ+ +p—H 17+7+...+?

AN.088.

FOO+FO) +F@) + () = ef () + ef () =

X+ z+t
— ; y+ T _ 2f<x+y+z+t)
=e-e - =e —
Letbet = x+2y+z
-1
x+y+z
x+y+z 5 x+y+z+¢_1
FO+FO) + @+ f () =e . _

:ezf<(n2—1)(x+y+z)+(x+y+z)>=ezf(x+y+z>

n?(w? — 1) 2 —1
FOO)+FO) +f(2) = (2 = Df (L“lz)
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T T T

T T T
x+y+z
szfff ddydz—
e

e e

(m—e)?

=3 (n—e)zfﬂx)dx——e (- 1) =

e?

= 3(m —e)?

4 3

AN.089. Let be A = ( L3

);detAzS;TrA=6

Characteristic equation:

AP—21-TrA+detA=0=>22-61+5=0=>1,=1,1,=5

n
=1 ) = (0 b”):agl3+/1§c=1n-3+5nc

1 2) T\e, d,
A" =B +5"C
AZ:G 3)(11L §)=(169 178)=B+526=B+zsc
A=B+SC=(‘1* ;):B:(‘l* 3)—56
(0 )=(] 5)-sc+2sc=20c=( )= (} )
e (5 s P=c-1G D

5 1,16 — _ 1 _
B:(i g)_ZG i):Z(li—és 1§—§5)=Z(—11 33)

n bn
(fofo...of>(x)=L

"n" times CnX + dn
n_anbn)_ ne_ L1 =3y, 5" 3 3y _
4 _(Cn dy _B+SC_4(—1 3)+4(1 1)_

1
—_ . En
_1(1+3-5" —3+3-5")_ bn‘4( 3+3-57)

- _ n n 1
4\ -1+5 3+5 dy =23 +57

a,x + by . (b, . 3-5"-3
= lim (llm (—)) = lim ( ) = lim ———=
n—o \x-0 \c,x + d, n
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AN.090. By Turkeviciu’s inequality if u,v,w, t = 0 then:
ut + vt + wt +t* + 2uvwe > u?v? + ulw? +u?t? + viw? + v?%t? + t2w?

2 2 2 2
Replace:u = e* ;v =eY";w=e?;t =eP

Ze‘“‘z + 21_[(2"2 > Z:(e"2 -e¥’)
sym

cyc cyc

a a a a a a a a
ffff Ze‘“‘z dxdydzdp+2ffff nexz dxdydzdp >
0000 0000

cyc cyc

a a a a
Effff Zex2+y2>dxdydzdp
0 00O sym

cyc
a a a a
+2 fexz dx fey dy fezz dz <f eP’ dp | =
0 0 0 0
a a a a
= Z fex dx feyzdy fdz) fdp
sym 0 0 0 0
a a 4 a 2
4a3 fe“’xz dx |+ 2 fe"z dx | = 6a? <f e** dx
0 0 0
a a a
2a3-fe4”‘2 dx+fe"2 dx > 3a? fe"z dx
0 0 0

Equality holds for a = 0.
AN.091. Letbe f:[0,1] » R; f(x) = exz;f’(x) = 2xe*” > 0; f increasing

rlos]=r@=r()=re-r() =0
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yrefog]=xriefa]=r(x+3)-r(5)z0
(re-r(3))((+3)- () =o
()1 Q)1 s s+ 3) o 2 20
e+ s (e+3) - )
freof (x+2)ax < f () (freoacs ff (x+ D) ax) = 72 (B ax

1 2 1 1
Fory=x+5=>dx=dy=>f02f(x+5)dx=f% f(x)dx

Replace in (1):

: :
0 0

2 2
fol e () dx <ei- fol e*” dx —%(ei) (2)

N =

N[ =

1 12 2
But: es fol e dx — %(el) < %(fol e"z) (3) because

1 2 1 1 2
1 2 1 2 1/ 1) 1 2 1
> fex dx —e4fex dx+§<e4> =§ fe" dx—e4| =20
0

0 0

By (2); (3):

1 2 ) 1 2
fexz.e(“E) dx<§<f ex’ dx> o

0 0

1 ) 1 2 1 1 2
o2 f X HINAL g (f ex’ dx) o Z‘VE.f(ezxz“‘) dx < <J. ex’ dx)
0 0

0 0
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AN.092.

a

fo tan~1x — log(1 + xz) f <log(1 + x2)> 4
X =

(1 + x?)(tan"1x)2 tan—1

1
_log(1+a*) log(1+1?%) a? 4log?2

tan~la tan~11 tan~la T
a
4log 2 J‘ 2xtan~1x —log(1 + x2) - a?
T (1 + x2)(tan! x)2 x tan~la

AN.093. Letbe f: [k, k + 1] > R; f(x) =logx; k € N*
By Lagrange MVT - Theorem (3)cy, € (k,k + 1)
1
log(k +1) —logk = C—(k +1-k)
k

k < <k+1 ! <1<1
:>— R— —
“k K+ 1 k

m< log(k +1) —logk <E;k eEN" (1)
Replacein (1): k € {1,3,5,...,2n — 1}

1 1
§<log2—log1<I
1 1
Z<log4—log3 <§

! log6 —log5 < -
6 87T %873

1 1
Z<log(2n)—log(2n—1)<2n_1
By adding:
1+1+ +1<1 ﬁ 2k <1+1+1+ + !
274 ZINAV Y PR 375 2n—1
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1 S 2k 1 1
Hy < Hy + log HZk—l <Hp,  Jim>H, <Q< lim~H,

By Césaro - Stolz theorem: lim lHn = lim lHZn =0
n-oon n-oon

hence 1 =0
AN.094. Let be f:[0,0) - R; f(x) = arctanx — foxe_tz dt
x? _ 2
PO == ST T e
Let be g: [0,00) - R; g(x) = e™ — (1 + x2)
g'(x) = —2xe™ —2x = —2x(e* +1) <0
g decreasing; max g(x) = g(0) =0
Hence g(x) < 0= f""(x) < 0 = f decreasing

2ab 2ab
<+ < f(«/
a+b ™ ab=>f(a+b>_f( ab)
2ab
a+b Vab
Zab _ 2 _$+2
arctan( ) — f et dt < arctan(\/ab) - f e t" dt
a+b
0 0
2ab
a+b Vab
2ab 42 _ 42
arctan( ) - f et dt + f e~t" dt < arctan(Vab)
a+b
0 0
2ab 2ab
2ab a+b a+b Jab
a
arctan (a - b) - f et dt + f et dt + f et dt < arctan(vVab)
0 2ap
a+b
2 ab vab
a
arctan( ) + f et dt < arctan(\/ab)
a+b
2ab
a+b

Equality holds for a = b.

1
AN.095. Letbe f:(0,e) » R; f(x) = xx
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1 1,01 101 1
f’(x)z;-x’-xx —F-logx-xxzﬁ-xx(l—logx)>0

f increasing on (0, e)

2ab +b 2 +b
< (22 < ) 1 (25
ba+b b
2ab\ 2ab a+ a+b
()™ < (VaB) ™ < (2)° (0
x<y<z (2)
By (1); (2) and Cebyshev’s inequality:
2ab atb 1 +bi
a 2ab — a a+b
(avp) @y s (o)
1 2ab 25 L +bi
a 2ab — a a+b
oo () i (557 -
2ab atb 1 +bi
a 2ab — a a+b
= Vab
(z53) + 0@+ ()
2ab a+b b
a 2ab a+ a+b
(x—l)(a+b) +(y—1)(\/_)\/_+(z—1)< ) >0

Equality holds fora =bandx =y =z = 1.
AN.096. Solution (Tran Hong)
Let ¢(t) = 2msint — 3tV/3,Vt € (0,m)

' : 33
qo(t)=2ncost—3\/§=>(p(t)=0@CO5t:¥:>

t=a=cos™ ! <¥) € (0,m)

= @' (t) <0,vt € (0,a); ¢'(t) > 0,Vt € (a, )
= @(t) < 9(0) =0; o(t) < p(m) = —3mV3 <0

Hence
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X 21 y 21

T sinx 3V3 sin 3v3
Forx,yE(O,E): < and y<

sin(x + y) _sin[n—(x+y)]<3\/§'
T—(x+y) w—(x+y) ~ 2m’

(.-.x,ye(O,g):x+y<n=>n>n—(x+y)>0)

Hence

b b b b 33 3
sinxsinysin(x +
8n3ff( ysin( y)>dxdy£8n3ff Y2 dxdy
xy(m—x—1y) 21
a a a a
=81V3: (b — a)?
Equality for a=b.

AN.097. Solution (Tran Hong)

a x—tan~1x 16 1
Let: @(a) = fl (1+x2)2(tan~1x)?2 dx + n2  (tan~'a)?
, 8 x —tan"1x 2
@'(a) = 232 Tz T 2 -1q)3
m—2|(1+x2)2(tan"1x)2| = (1 + a?)(tan"1a)
2 4(a — tan"'a) 1 |®

>0, Va=1

- (1 + a?)(tan1a)? m—2 tan~la

(*)is true, because: Va>1=>1+a?>2a>2>0; > tan"la > % >0

T—2>0
Va > 1= tan(a) = a = tan~(tana) > tan"'a = a > tan"la
= 4(a —tan"ta) > 0
So,p'(a) >0,Va=1=¢(a) T[1,0)=>¢p(a)=¢(1)=0

a
8 x —tan"1x 16 1

x +

= —— 20
m—2) (1+x2)%(tan1x)? n?  (tan~la)?
1

AN.098. Solution (Rajeev Rastogi)

DA TE) E W fra

k=1 k=1
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e ) e G| e
(Zi) ﬂo 272

= %[(1 29)-(2-2%)-(3-2%) .. (- 2272)]

— l “n!- 22+4-+6+---+(2n—2) — 2n(n—1)

n!
Q=1 1 7|1 = : i 20 — 1 1 n(n-1)
=t (gl [ 2k G ) ) = dim 2 )
i=1 \k=1
2n—1 1 211

AN.099. Solution (Remus Florin Stanca)

np
Q(p) = llm (p Z 2/_)

k=1
» v (Vk-1)
<ZZ=1(’</F— D, 1>ZZ=1(’W—1> P
14

= lim

n—»oo

1
kn-1

% :elOg(p!)zplz_Q:iL
' & 0(p)

¥P_, lim n<k%—1> Tk LS
= n-oo =e
=e—1

AN.100. Solution (Remus Florin Stanca)

_ 11 okt
Q = lim | n®sin—tan— Z sin (—)
n—co n3 ns n

1<k<lsn

1 .lekdsn[sin(k)cos( )+cos(k)sm(l)]>

: 1
= lim <n3sm—3 -ntan— >
n n n

n—oo
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. (k l k\ . sl
~ lim Y1<k<izn Sin (ﬁ) cos (ﬁ) + lim Y 1<k<izn COS (ﬁ) sin (ﬁ)
n—-oo n2 n—-oo nZ
1 <1 NYA! l
=—lim | — Z sin (—) — Z cos (—)
2n-o\n n n n
1<sk<lsn 1<k<lsn
1 (1 /1 k
+=1im [ — Z sin (—) - Z cos (—)
2n-w\n n n n
1<k<l<sn 1<k<l<sn
1 1 1 1
1 1
= > f sinxdx f cosxdx |+ > f cosxdx f sinxdx
0 0 0 0

= (1 — cos1)sinl
AN.101. Solution (Adrian Popa)
cos(a — B) — cos(a + B) N

sinasinf = >
_(3a+b+2\  (a+3b+6
thzsm( 2 )sm( 7 )=
(3a+b+2_a+3b+6)_ (3a+b+2+a+3b+6)
_ 4 4 cos z! ! _
2
cos(za_ib_4)—cos(4a+ib+8)
) b 22 )
cos(a_T_)—cos(a+b+2)
- 2
/a+3b+2y  /3a+b+6
Rhs = sin )sm =
(a+3b+2_3a+b+6)_ (a+3b+2+3a+b+6)
co 7 ) coSs 7 ) _

4
0s (—Za +42b - 4) — cos (4a + ;Lb + 8)

2
—a+b—-2

cos (f) —cos(a+ b+ 2)

2
We must show that:
a—b—-2 —a+b—-2
cos (T) —cos(a+b+2) - cos (f) —cos(a+ b +2)
2 - 2

(=14
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(a—b—2>< (—a+b—2>@ (a—b 1)
cos > < cos > cos >

Scos(—u—1>®

2

cos(—b_a—1><cos(—b_a+1)<:>cos<b_a+1>
2 - 2 2

b — a) cosxl(O;g)
—

< cos (1 —
b—a b—a
T+121—T<:)b2atrue.
AN.102. Solution (Ravi Prakash)

(x+1)2m
X2Mpx2M=24. .. 45241

Forx>1,f'(x) =

Let f(x) =

,MmMEeENx>1

(%™ 4+ x2M72 4o+ x2 + D2m)(x + DP™ — (x + DFM[2mx?™ + - 4 2x]

(x2M 4 x2M=2 4 .o 4 x2 + 1)2
Numerator of f'(x) is 2(x + 1)?™ 1p(x) when
p(x) =mx* ™ +x2M™ 2 4+ 4 x2+ 1) — (x + Dmx?™ T+ 4 x) =
=x2M 242" b (M- Dx2P A m—mx®™ T - (m - DM - —x =

=P AP b X2 T maPT)  (PT A PTO xP +  —

2m

—(m=-2)x*"3 4.+ (1—-2x)<0,Vx>1= <
(m—2)x +-+ (1 -x) X f(x) ——

Now, we show that:

22m <(2m)!_ ) ) ) . y
m+1 m! =(@2m)2m—-1)..(m+1),vme

Form = 1,Lhs = 2,Rhs = 2.

Form = 2,Lhs =%,Rhs =4-3 = Lhs < Rhs

22m

Form>3,(m+1)(m+2)..2m)=>4-4-.-4=4m=22">"_
= - = m+1
m-—times

22m
Thus, f(x) < —/VmEe N,vx > 1.
(x + 1)2m (2m)!
< Vx>1=
X2 4 x2M=2 4+ x2 417 m!
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(x? —1D(x + 1™ - 2m)!
(x2=1D)(x?M 4+ x2m"2 4. +x2+1) " m!

(x+1D?™x%2-1) (@2m)!
x2m+2 1 = m! ’

,Vx > 1

Vx>1

Taking m = p, q,r and multiplying, we get

(PR 1) (2p)(2)! 20!
(x2P*2 — 1)(x29*2 — 1) (x?"*2 - 1) — plq'r!

AN.103. Solution (Adrian Popa)

ne (nhne _
Q= lim <—(n!)— - Hy 1) = Jim o e

n—ooo \ @1+27+3%++nh n=s00

H,=vy+logn

(nhne .
log <m “Hy

=ne-log(n!) —log(y + logn) — log(e
=ne-log(n!) —log(ly +logn) —(1+2"+3"+ .-+ n™) =

1+2“+3“+-~~+n“) —

=ne-(logl+log2+--+logn)—(1+2"+3"+--+n")
—log(y + log n)

—00

Fork € {1,2,3,...,n}

. ) ne-logk
lim (ne-logk — k™) = limk"| —————-1 | = —
n—oo n—-oo kn

=0

lim(ne-(log 1+log2+--+logn)—(1+2"+3"+--4+n")
n—-oo

—log(y +logn)) = —0 = Q
e
= lim <L-H;1> —0

n-oo \ @1+27+3M+-4nn

AN.104. Solution (Remus Florin Stanca)
We prove that sin(kx) < ksinx,Vk = 1,k € N by using Mathematical

Induction:
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1. The statement P(1): sinx < sinx is true.
2. We suppose that: P(k): sin(kx) < ksinx is true
3. We prove that: P(k + 1):sin((k + 1)x) < (k + 1)sinx by using P(k):
sin((k + 1)x) = sin(kx + x) = sin(kx)cosx + sinxcos(kx); (1)
sin(kx) < ksinx |- cosx = sin(kx)cosx < ksinxcosx, x € (0, E) ,cosx >0
sin(kx)cosx < ksinxcosx | (+cos(kx)sinx) =

sin(kx)cosx + cos(kx)sinx < ksinxcosx + cos(kx)sinx; (2)

yis
cosx <1 | ksinx >0 (x € (0, E)) = ksinxcosx < ksinx; (3)

cos(kx) =1 |- sinx > 0 = cos(kx)sinx < sinx; (4)
(3)+4) | . . (W+(2)
— ksinxcosx + cos(kx)sinx < (k + 1)sinx —

sin((k + Dx) < (x + 1)sinx = sin(kx) < ksinx,Vk = 1,k € N(x)
1. We know that: sinx = —sinx true because sinx = 0,x € (0, %)
2. We suppose that P(k): sin(kx) = —ksinx is true
3. We suppose that P(k + 1): sin((k + 1)x) = —(k + 1)sinx is true by using
P(k):

sin((k + Dx) = sin(kx + x) = sin(kx)cosx + cos(kx)sinx; (5)
T
sin(kx) = —ksinx |- cosx > 0; (x S (0, 5)) =

sin(kx)cosx = —ksinxcosx | (+cos(kx)sinx) =
sin(kx)cosx + cos(kx)sinx = —ksinxcosx + cos(kx)sinx; (6)
cosx <1 |- (—ksinx) = —ksinxcosx = —ksinx; (7)

kx
cos(kx) + 1 = 2cos? (7) >0=>cos(kx)+1=20=cos(kx) = -1=

cos(kx)sinx = —sinx; (8)

(7) + (8) = —ksinxcosx + cos(kx)sinx = —(k + 1)sinx
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(5)+(6)
== sin((k + Dx) = —(k + 1)sinx; (proved)

sin(kx) = —ksinx,Vk = 1,k € N; (x%)
From (), (x*) we get: —ksinx < Sin(kx) < ksinx = |sinkx| < ksinx =

sinx : sinx

in(k k
|sin(kx)| ko Ism( x)| Hk .

|sinx - sin(2) - ... sm(2019x)|

— Ty <2019! =

b
|sinx - sin(2) - . sm(2019x)|
s x < f 2019!dx = 2019!
sin?019

a a

AN.105. Solution (Khaled Imouti)

Let be the function f: (0,0) - R, f(t) = log®(t*> + t + 2),

52t+1)

——— - log*(t? +t+2
t2+t+2 0g"(t" +t+2)

f'@) =

f’(t)=0®t=—%;t2+t+2>0:>f’(t)>0,Vt>0:>f(t)>f(0),

vt >0 = f(t) > log®2 > log2; (log2 < 1),vt >0
a b
f J-log5(x2 + x + 2)dx dt+f flogS(xz +x + 2)dx |dt >
0

0

b t 51a tz b
Zfl092fdx+flog2—fdx=? log?2 +? log?2

0 0 0 0 0 0

a? + b2 AM-GM

=— log2 = ablog?2
AN.106. Solution (Kamel Benaicha)

3 f 3x2+x J
) 14 6x(1 + e3%) 4 2e3% 4 6% 4 9x2 x

3x2+x J
(Bx+e3¥)24+2(Bx+e3¥)+1 x
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- xe 3*dx

3x+1 (Bx + 1)e™3*
=f 3 3% 1 1)2 - xdx _f 2
Bx +e**+1) (Bx +1)e3* +1)

(t=0Bx+1e3*=dt = (3e3* —=3Bx + De 3¥)dx = —9xe~3*dx)
Q= 1[ vt _ 1(1 A+0) +— )+C-CEIR
“T9)a+pz” 9\ 1+¢)

3x

e3*+ (Bx+1)

Q_J‘ 3x2 +x D =
) 14+ 6x(1 + e3%) + 2e3% 4 6% 4 9x2 x=

1
Q=—§(zog(e3x+(3x+1))+ —3x>+C

X1 (e +(Bx+1)+ e +C
—3 7 g\"9\¢ x e3 + (3x + 1)

AN.107. Solution (Adrian Popa)

ff(f(x) + f(2))dxdz + ff(f()’) +f(£))dydt = <ff(f(x) +f(Z))dxdz> =

2

b 2 b
- ( f (FGO) + £@) b - a)dz) - < f (FGO) + F()) b - a)dx) -

b 2 o b
=4(b —a)? ff(x)dx > 2(b —a)3 fo(x)dx—2b+2a

b 2 b
(1)<:><ff(x)dx> > (b—a)ff(x)dx—(b—a)2 o

’ ’ ; ()
ff(x)dx —(b—a)ff(x)dx+(b—a)2 > 0

b 2 b
( | f(x)dx> - [ f@dr+ -7 >
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b 2 b
> ( | f(x)dx> ~2(b-a [ fGdx+ b - a)?

2

b
ff(x)dx—(b—a) >0

0<a<bhb<1=b—a=0)= (2)true= (1) true.

AN.108. Solution (Abner Chinga Bazo)

VA
4

Q= f sin(x — — \/(1 + sinx)(1 + cosx)dx =
0

sin x—E 2sin E+E cosfdxz
4 2 4 2

o — il

T
2
= | sin x—E 4sin? f+n cos2 dx=
( 4 2 4
0

T

4

fsm x—— sm(x+Z)+sm )dx—
0

T
4
f sin
0

s

4

f cost - cos— + cosx — cos (E - x)] dx =
2

0

x—— sm(x+%)+sin(x—%)sin%]dx=

N

Nlb—l

=l

T
4
111
f(cost + cosx — sinx)dx = — 3 [2 sin2x + sinx + cosx]
0

l\)l»—'l
o

= —Z(zﬁ—1)

AN.109. Solution (Khanh Hung Vu)
f(x) —logsx =4 — f(5'°9%); (1)
Put f(x) = g(x) + 2 + log;5 x, we have
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(51095 %) = g(51093%) 4 2 + log, (51995 %)
= g(5%93%) + 2 + logs x - log,5 5 =
= g(5%93%) + 2 + logs x (1 — logy5 3)
So, the equation (1) is equivalent to:

g(x) + 2+ 1logysx —logsx = 4 — g(5'93%) — 2 — logs x (1 — logy5 3)
Or:g(x)+2+1logzx(log153—1) =4 — g(51093x) —2+1logs x (logi53 —
1) =
g(x) = —g(5'%:%); (2)

Substitute x — 3'°95% we have the functional equation (2) equivalent to:
g(3'95%) = —g(x) = g(x) = —g(3"9%); (3)

Substitute x — 3'°95%  we have the functional equation (3) equivalent to:
g(31095%) = —g(3logs 31095 %); (4)

From (3),(4) we have: g(x) = (—1)? g(3!09s310dsx)

Similarly, we have:

g(x) = (_1)1g(310g5x) - (_1)2g(3log53-10g5x) — (_1)3g(310g§3-zogsx)

— (_1)2ng(3log

So, we have: g(x) = 9(31092”‘é3-log5x)

2n—-1

tot0se )y 2 1

Givenn — oo, we have g(x) = g(1)
Substitute x = 1in (2), we have g(1) = —g(1) = g(1) =0= f(x) =2+

logisx

3 3
Q=f(f(x)—2)-logx15dx=f(2+log15x—2)-logx15dx=
2 2

3
= j logisx-log,15dx =1
2
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AN.110. Solution (George Florin Serban)

u? + v

u-v< > Vu,veER e (u—v)?2>0,vu,v € R
a a a a
ff|(x+y)(1—xy)|dxdy=ff|x+y|-|1—xy|dxdys
—-a —a —-a —a

a a

x+y?+|1—xyl?

Sf lx + y 2| 84 dxdy

-a -a

a a
x2+y% +2xy +1—2xy + x2y?
= f f > dxdy =
—a —a

a a
x2 +y% +1+x%y? B 2+ 1D)@%*+1) 3
> dxdy = > dxdy =

—-a —a

a
x?2+y2+1+x%y? al al
4 5 4 dxdy = f(?y2+?+ayz+a)dy=

Q
C——a Ql\m

—-a

a
ad a3 a® 2a* 2
=2 —yZ 4 — 2 =2 —4+— 2) =_ 3)2
f<3y +3t+ay +a>dy <9+3 +a> 9(3a+a)

AN.111. Solution (Florentin Visescu)
Letbe P = (1+a® + (a*)?) (1 +a¥ + (a32)2) e (1 +a3" + (a3n)2)
(1-a)P=(1-a®)A+a* + @) (140 +(a)) .
: (1 +a®" + (a3”)2) =
=(1-a*) (1 +a% + (a32)2) Ct (1 +a3" + (a3n)2) =

[oe] n n 1
. AR T ) m?
Q= lim 1+ (—) + (—) = lim 3 = 3
n—oo 1 > —1
n=

1-(z)
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AN.112. Solution (Mokhtar Khassani)

R WIS
=\l

0
log(1+x)=x n+ 1% % 1
] (L—l)zlimg((n+1)2'%—n2-"+§/§)
n—-oo

= limn
+1
n?-""e

=2+ llmn(’v— "+V—) =2+ limn

n—-oo n—-oo

n—-oo
%_1 n+%/z_1

n+1 =2

SIS

AN.113. Solution (Kamel Benaicha)
3y V3

E]
IS
w

G-
=

g+x

Y
3
Q, = lim f Veotx dx = f\/cotx f\/tanx dx =
s
6

(x,y)—(0,0)
F §

2

ﬁ—v

Q=%%=2tw*(
2V3
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AN.114. Solution (Ali Jaffal)
let: x € [0,%] - sinx € [0,1]
Consider the function f(t) = t""*,t € [0, ©)
f"(t) = sinx(sinx — 1)t5™*=2 < 0 = f —concave on [0, )

Llet:a,b,c >0,a+b+c=3

F(EE2E LTI |, oy + 1) + £0) <31 = 3

So, aSiN* 4 pSinx 4 oSinX < 3 vy € [O,%]

T n
2

2
asinxdx_l_fbsinxdx_l_fCsinxdx <3_7T
-2
0

O\Nl:]

AN.115. Solution (Mokhtar Khassani)

n n n 1 M
. . Va+'Vb . n|an4+pn .09\
Since: lim = lim =exp| lim ————=
n—oo 2 n-0 2 n-0 n
hopital . a™oga+b™logb
= exp (hm M) =+ab

n-0 a+pn
n n Vk+1+Vk+3
VE+1+Vk+3) 7

n
lim(n -~ ) im | + —
oo \Vk+ 2+ Vk + 4 noo\ Vk+2+Vk+4

2
|+ Dk +3)
|+ 2)(k+4)

lim (Wk ti+ Vet 3>n T TR G+ DIE G +3)
n- 1{/k + 2+ 1{/k + 4 m—oo H;{nzl(k + 2) H;?zl(k T 4)

a=]]
k=1

li =
R (m+2)(m+4)
AN.116. Solution (Kamel Benaicha)

— 0 ,n k-Q2n—-k)— 1! p=;—k
o Z (k=0 (k+1D!Q2n—k)+ 2)!!) -

n=0
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_i o (n—p)2p- DN
- (m—p+ D! Q2p+2)!
n=0 \p=0

. @p-n! (2p)!
We have: o = Zoparripr)

IRNAN (n—p)(2p)!
= Z(n b+ D127 (p + Dl p!

+00 n—1

— NAY (Zp)! 2p)!

= nz:: Z (n—p)! (ph)222P+i(p + 1) Bl ;;} (n —p)! (pH222P+1(p + 1)
IESRNEN (2p)!

2 Z Z (n—pt(EH22#* 1 (p+1)

+00 n—1
3 Z Z (2p)!
(n—p)! (pH222**1(p+1)
n=1p=0

1 2n)! R 2p)!
T2t L e Z ;) (=P D222 (p + D

400 n—1
_ z Z (2p)!
(n—p)! (pH222P*1(p + 1)
n=1p=0

+ oo

_ (2n)!
B P (n!)222n+1(n+1)

(zn)|x1’l+1

Put f(x) = XnZo Gz D)

, < eoix® 1 e (V)" 1 d
f'tx) = sznzow_z.asm 1t|t=\/;

n=0
1
1 1
:2 1_x=>0ff(x)dx=ﬂ=—\/1—x|0=1
C [ k-@n-2k-Dn
4= ;(;(k+1)!-(2+2n—2k)!!)_1
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AN.117. Solution (Khaled Abd Imouti)

Let be the function f(x) = . L_xe€ (0,1) —increasing and concave.

x—1)2’

X 0 1

fi(x) s

f(x) 1 AAAAAAAAAAAAAA o

1
" (x-1)?

So

>1,Vx € (0,1)

? ?
(3B +x2+1)254x3, x4+ 2x5 +x* +2x3 +2x%2 +154x3
?
X6 +2x5 +xt —2x3 4+ 2x2 +150; (%)
? ?
X6 +2x5 +x* —2x3 +2x250, x4 2x3 4+ (k2 — 2x + 2) S0; (%)
? ?
x4 203 +x2 = 2x + 150, (x* 4 2x3) 4+ (x — D2S0it’s true.
>0 >0

3,.2 2
So: (x X +1) > 4x3,vx € (0,1)

x—1
Va Vb e
X3+ x2 +1\° X3 +x2 4+ 1\ X3 +x2 4+ 1\
[ty (o) [ ey,
x—1 x—1 x—1
0 0 0
Ya i) e
>f 4x3dx+f 4x3dx+f 4x3dx
0 0 0

=x4|§/‘_‘+x4|§/5+x4|3‘/5=a+b+c= 1
AN.118. Solution (Khaled Abd Imouti)

b b b b

fsinf(x)dx + %] tanf (y)dy + J cosf (t)dt + %J cotf(z)dzg (\/E + 1)(b —a)

a a a a
b

b ?
f[sinf(x) + cosf(x)]dx + %f[tanf(y) + cotf(y)]dy S (\/7 + 1)(b —a)

a
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Let be the function: g(6) = sinf + cos6 + % (tanf + cot0),0 € (0, g)

lim [g(0)] = +0; lim[g(8)] = +o©
6-04 9_%

1
g'(0) = cosf — sinf + E(tanZQ — cot?0)

g’(@)zO@HZE'g(%)=\/§+1

4’
2] s
0 - —
4 2
geo | - O+++++++
g(6 +oo NN V2 + 1 22277 oo
S0, 9(6) V2 +1,¥0 € (0,5)
b ) b b ) b
fsinf(x)dx +§f tanf (y)dy + f cosf(t)dt +§f cotf(z)dz
a a a a

>(V2+1)(b-a)

AN.119. Solution (Sergio Esteban)

1

Q = lim (tan (a + %))Sma, wherea« =y — H, + logn

n—oo
_1 1
T sina T iy
Q= lim | tan (a + —) = lim (1 + tan (a + —) - 1)5”1“
n—oo 4 a—0 4
1 tan(o:'+%)—1
/ \tan(a+%)—1 sina
lim| 1+ ! |
= 1m
"\ e
A
tan (a + Z) -1
) tan(a+%)—1 LiH . secz(a+%)
= etlzl_rf(l) sina = eég& cosa = g2 O = e?
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AN.120. Solution (Adrian Popa)
o log(a + b) — log2 log(ab)
*x ) S
log(a+b—2)~1og2 ™ 2log(vab — 1)
a+b
log ( ) - logvVab

log (a+b 1) ~ log(Vab —1)

. l ' (x—1Dlog(x—1)—xl
Let be the function: f (x) = log‘Z‘Zil),x >2, fl(x) = xx(x_of);gz(x:‘;gx 0
a+b
=/ a
,n=+vab N f(

") < f(¥Vab) & (3

m= >
m2=n(Am— Gm)
AN.121. Solution (Adrian Popa)
3 3
3t Am,:.Gm/ 3t \
T <
2(cos5—=+ cos5—+ cos .3 L T e

( 2 2 zp) \2 (3 \/cos o COS 5y €08 2p>/

23+ C0S A+ COS o - COS o

2m 2n 2p

2
We must show that: fon/ Vtanxdx > ZCOZL
2m

TL'

E]

2

%=n§_\(0'%)oo i J tZ;ylooynT_ld _100 yT_l p

m_’th/ole2 o Eofl+y y_iof(1+y)n7+ll_7n ’
n+1l1-—n T T

- ( 2 2 >=25inn(n+1) cos -

3
Q(m) - Q) - Qp) 2
Z(COSZT[ +cos2 +cosz7;)
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AN.122. Solution (Rahim Shahbazov)

x+y)*=> 16x2y2

b

b b

ff dxdy ff dxdy _ 1 dx dy 1 (b-a)?
x+y)*— 16x2y2 x2 ) y2 16 a2b?

a a

a a

1 (b—a)® (b—a)*(a®+ab+b?
— . < 2 2 S _ 2 s
16 a’h2 48a3h3 S a“+ab+ b =3ab & (a b) >0

AN.123. Solution (Soumitra Mandal)
13 13 FRadom (1+1)3 8
+ S =
Bx + 2y)2 (2x + 3y)? (2x+3y+3x+ Zy)2 25(x + y)?

j j dxdy j j dxdy 8 dxdy
(Bx + 2y)? (2x + 3y)2 25 (x + y)?

=%af(_ L)yt @

x+y/l,

N
(SRS

b\? b 2
1+- —a\2 =-1
We need to prove: %log (1+) >2 (b a) -8 (a >

= log

(1 + x)? S (x — 1)2 D

4x x+1
N2
Let f(x) = 2log(1 + x) — log(4x) — (i—;) ;x>1

oy (=12 (x +2)
&) = eI >0,x>0

Hence f is increasing fuction f(x) = f(1) = 0= (1)

ff(?ﬁxdidzyy)z ff(Zxdj—d?i}y) %(Z+a>z
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AN.124. Solution (lgor Soposki)

/(log (1+ ﬁ))z

Q = lim |

\|
’H""\ log (1+$) /

1 ) 1 _(_ 1
n+1 1 (n+1)2
1+n+1

i 1 _(_ 1 )
2
1+L n+2)

n+2
1 \n+1 1
_ 2l‘)g(1+71+1)'n+2'(n+1)2
= oo nt2 2
n+3 (n+2)?

1 1

1
= lim = 2 lim
n—oo 1 n—-oo TL+1

n+2)(n+3)

1 1
(n+Dlog (1 +—= log(1+——
— 2 lim ( n+1)+41im ( n+1)
n—oo n+1 n—oo n+1

=0
AN.125. Solution (Khaled Abd Imouti)

_2vV2 b . 1 b 292 b
l= Tfa sinf (x)dx + 1—0fa tanf (x)dx + Tfa cosf (x)dx +
Vi

1 b &
Efa cotf(x)dx=b—a

2

b
f [¥ (sinf () + cosf () + 1_10 (tanf (x) + cotf (x))|dxZh —a

22 1
g6 = T(sme + cosf) + 1—0(tan9 + cotf)
lim g(6) = 0; lim g(6) = +oo

9) = 2\/5( 6 _ sind) + 1 cos?0 — sin?0
g 5 cos St 10 sin6 - cos6
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g'(@)=0=0= %, g(%) —1=g(6) > 1,6 € (0,%)

So:lzfabldxzb—a

0 s
0 — —
4 2
gmey | —--—-- 0+++++

g(0) | 4+ NN 1 2222 4o

AN.126. Solution (Rahim Shahbazov)

; . (k kN k?
x+y=k=>x+y+2)0°=(k+2) =<E+E+2> 227-Z-z=>
3 2., tyin® 27
x+y+2) >Z (x+y) i) =z - Z then

a a a a a a
(x+y+2z)3 27 27a3

fjf G+ dxdydz > Zfdxfdyfzdz

000 0 0 0

AN.127. Solution (Adrian Popa)

'@ D, | (b)—1< LSE@
£, T(@ o toglane 2" L@ )
I"(a)
T = V@

We must show that: ¥..,,c P (a) < log(abc) — %

w(a)=log(a)—%—f<l—l+ ! )-e"atdt:

, 2 t et—-1
(v(@ < tog@) ~ 5
éww<wmm—%:
9 < tog0 - -

1,1 1 1 1
Zz/)(a) < log(a) +log(b) + log(c) _§<E + - +E) = log(abc) —3

b
cyc
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t_1>t=> ! <1=> ! ! = ( ! 1>>0
€ el—1 't et—1 t

(o]

Y(a) = log(a) —%— f %e‘atdt — f(efl— T —%) dt =

0 0
- >0
(@ = log(@) ~ 5~ [ ze~dt = log(@) L2 e = tog(ay -2
Y(a) =log(a a Ze = log(a g 2ae o—oga 2

0

(¥(a) > log(a) - =
Y(b) > log(b) — 3
L¥(e) > log(c) - =

1 1 1
Zl/)(a) > log(abc) — (a + 5 + E) = log(abc) — 1

cyc

AN.128. Solution (Ali Jaffal)

Xo=7,Y =5
2Xp = Xp1+Yn1 =Xy = % and y, = \[Xn-1.Yn-1
We will prove that by induction x,, > 0 and y,, > 0 forall n € N
Forn =0wehavexy =7,y =5
Suppose that x,, > 0 and y,, > 0 for all n € N then
Xpns1 = x"+yn > 0and ypiq = +JXnVn >0
So: x, > Oandy, >0 forall n €N
We know that by inequality Gm-Am for all n € N x,, > y,.
So x,, < x,_1 then (x,,) —is strictly decreasing but x,, > 0 then (x,) is
convergent to l.
We have: y, = \[Xp_1.Yn-1 > /¥n-1-Yn-1 = Yn—1 then (y,) —is increasing
but y, < x, < 7 then (y,) —is convergent to l'.

We have5 < l' <1< 7 butl —H—l’thenl = [{"and lim y—— 1
n—-oo Yyn
Hn
5xn\ n _
; So %1_{210 (7yn) =?
5%\ 1 Hy, 5%, 1 y) 5
Let:u, = (%) = log(u,) = ?log (i) = —og(n)tl tom), [log (;) +
log G ]

Hp

Where llm @(n) = 0. So, llm (log(un)) = 0 therefore hm (%) " =1
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AN.129. Solution (Adrian Popa)

1
km—l’le (coskx)F¥2 . (—k) - sinkx k2 1

2y :km+2:k_m

(Z Qk(Z)) (Z nk(3)> = i ki i ki ={(2){(3)

AN.130. Solution (Soumitra Mandal)

bb b b b
f f j dx ;dy; Améam 1 f dx; f dy;
aa_ a xl v 2N\ a \/Z =1 q \/z
for 2n times
n n
1 Vb —+a Vb —+a 2
[ 5 =2om-va”
AL 1
=1 1-7 i=1
We need to prove:

(b;alogg> 2Zn(ﬁ—ﬁ)znﬁb_aloggz2(\/5—\/5)2
4(VB—va)*  4(vVb—a)
b-—a  Vb++a

: - _ 4¥x-1)
Let: f(x) = logx NETE)

Qp(m) =2 hm

o logaz
forallx > 1

ol 1
Feo=y x(Vx + 1)2

Hence f is an increasing function . f(x) = f(1) = 0 then:
4(Vx—1)

>0 forallx = 1.

logx — e forallx =1
b b 4(Vb—Va)
Let: x = hence log N W is proved.

So:
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for "2n"times
AN.131. Solution (Tran Hong)
gx) = e?Of(x) = g'(x) = e?@[p' () f (x) + £ (%)]

S0, (1+2x2log2)f (x) + xf'(x) = 1 & 2% £y 4 /() = 2

1
=¢'(x) = p + 2xlog2 = @(x) = logx + x%log2

ro 1
= gl(x) — (f(x) . elogx+x210g2) — ; — (logx)l; x>0

= f(x) - elo9x+x* = [ogx + C; C = const.

fF)=2=>C=4

logx + 4 logx + 4 logn + 4
= fl) = elogx+x2log2 = x - 2%2 = f(n) = . on?
1
logn + 411 po 1
> llm nf(n) = lim g—z 2 lim —% —— = lim —————
LI RAL n-w 2n - 2" log2  n-en? - 2n°+1lgg2
=0
AN.132. Solution (Ali Jaffal)
X
e _f sinht - cost dt
X = (sint + cosht)(sinht + cost)
0

So: limQ(x) =0
x-0

Lim xlog(2Q(x)) = ling(xlogZ + xlogQ(x)) = 0 + lirré(xlogﬂ(x))
xX—> xX— xX—

!

Butllm(xlogﬂ(x)) = llm logﬂ(x) llm— Q' (x)

x—-0 Q(x)

sinhx-cosx

We know that: Q' (x) = then lirr& Q' (x) =0and
b

(sinx+coshx)(sinhx+cosx)
—x? —2x -2

li lim =i =2
000 () 22007 (x)
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Then: lim(xlogﬂ(x)) = 0 therefore Q =1lim(2Q(x))* =1
x-0 x—0

AN.133. Solution (Avishek Mitra)
Am — Gm
erf3(x) +36erf(x) >  236erf*(x) = 12erf?(x)

1 1

1
= | erf3(x)dx + 36 | erf(x)dx > 12 | erf?(x)dx
ferone s s

0 0

1 1 1 2
= [ erf3(x)dx + 36 | erf(x)dx — 12 ( erf(x)dx)
e s

0 0

1

1 2
> 12| | erf?(x)dx — ( erf(x)dx) >0
!

0

1 1 1

Holder
[fl-erf(x)dx < flzdx-ferfz(x)dx

0 0 0

1

1 2
= [ erf?(x)dx = erf(x)dx) ]
oo

0

AN.134. Solution (Tran Hong) Let:

T
¢(x) = log(tanx) + 4V2(sinb — sina) — 10x; x € (O, E)

t=sinx+cosx>1

@' (x) = 4V2(sinx + cosx) + ———— = 42t + 5 - 10
sinxcosx te—1
2[2v2t3 —5t2 — 22+ 6] 2(VZ—t) (2v2t +3)
= e = o >0,vt > 1

T T
= @(t) 7 on (O'E) then0<a<b< > = @p(a) < ¢(b)

log(tana) + 4V2(sina — cosa) — 10a
< log(tanb) + 4V2(sinb — cosb) — 10b
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tanb
S log + 4v/2(cosa — cosb) + 4V2(sinb — sina) = 10(b — a)
tana

AN.135. Solution (Ravi Prakash)
Let:m =2020,0<k<m

CE __ m  (m+RIm-B!_ minl m+k
(n+1020)_k!(m—k)! (n+m)! B (n+m)!( k )
Then
o bl = () et = S

=)+ (1)) ()
(0 )+ ()0 e ()

(0 (D)) ()
(")

() ) ()

o2+ ()

_(n+m+1)
B m
Thus,
v () minl itm4 ) n+m4d Lm
n+my ) = —
k=0(n+k (n+m)!t m!(n+ 1! n+1 n+1

(Z (g% >n = (157 1)n = <[(1 + I)Tlnﬁl)n

; k _ ,m _ ,2020
lim | ) ] =em=e

k=0 \n+k
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AN.136.Solution (Tran Hong)

~~
N} B
(o)
Q
95}
N | R
IA
=y

T 2 . 2
Forx € [O’E] we have:;x < sinx < x, -

SE
e

X 2
Let: p(x) = cosS—=,Vx € [0,

/ 1 x T T
¢'(x) = —5sinz < 0,v€ 0,2 then p(x) \ on[0,]

T T 2 N2 2
<P(x)2<P(§)=cosZ—E=7—E>O:>(1)true.
Now,

0O=sy<1 2 2
nxy + n(1l — y)sinx > nxy-E+7r(1—y)-;-x = 2x

X
TXYCOS 5 + (1 —y)sinx < mxy +n(l —y)x = nx

AN.137. Solution (Naren Bhandari)
We note that

k ’ k , k
> —_— JEE— -
Vk_l,k+1<1:> k+1<1:>0< k+1<1

and hence we have

<3 i (<3 ()=

and hence we have

_ . 2n+ 2
0<a< rlll—l;rc}o(z - 1) n3 - 2n(2n+1 — Tl)

1

, 2n + 2 202" = 1)2\2
= lim (n3 on(2nH — n)) = lim | —5 5z ) =0

AN.138. Solution (Tran Hong)

n -
)=>x=smu

ForOSxS1letu=sin_1x,(0SuS§
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sin~1x . .
We have: -2~ < x o sin"lx =x +x-sin"lx ©

1+sin~1x
u<sinut+u-sinue (1+uw)sinu—u=0..(1)
Let f(u) = (1 + w)sinu —u, (0 <uc< g)
f'(w) = sinu+ (1 + w)cosu —1
f"(u) = sinu + cosu + ucosu—12=0,0 <u<— (%)

. sinx + cosx = 1 © (sinx + cosx)? > 1 &

T
2sinxcosx = 0 true for x € [O'E] and xcosx = 0
So, (true = f'(w) Ton[0,5] = f'(w) = £/(0) = f'(w) = 0

= f(u) Ton[O,%] =f(w)=f0)=0

sin"1x
= (Dtrue =

9yzsin~'x
LHS = Z
1+ sin~1x

cyc

1+sin71x —
Am—-Gcm

<27xyz < (x+y+2)?

Equality ® x=y=2z=0
AN.139. Solution (Ravi Prakash)
ForkeNk=1=k!l=2k-1>2K1>
(21)* < (2k—=1)* < (2K = k! < (k)2 >
1 1 1

— < <o
kU™ [k =Dkt 2K

n n
1 1
e—1< —SZ <Z k_1<2,VnEN
kel =1V (Zk — Dk! k=12
e 1 . Z <2 wnen
,n
V2n -1 \/Zn—1k=1\/(2k—1)k! V2n -1
e—1 2
Since lim = lim =0

nowy2n—1 "no®42n-—1
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4=, (\/Zn —1 Z s J@F - 1)k') 0

AN.140. Solution (Florentin Visescu)

3abc —a® — b3 —c3=(a+b+c)(ab+ bc+ca—a*—b?—c?)
(Babc —a® — b3 —c®)?2=(a+b+c)*(ab + bc + ca — a® — b? — ¢?)?
We must show:

(@a+b+c)(ab+ bc+ca—a?—b?—c?)? < (a?+b%+c?)3
(a+b+c)*@B(ab + bc +ca) — (a+ b +c)?)?
< ((@a+b+c)®>—2(ab + bc + ca))?
Leta+b+c=p;ab+bc+ca=q
P’(Bq —p*)* < ¥* - 2q9)%  8¢® < 3p’q® © 8q < 3p®
8(ab + bc + ca) < 3(a+ b + ¢)?
8(ab + bc + ca) < 3(a? + b% + c?) + 6(ab + bc + ca)
2(ab + bc + ca) < 3(a? + b? + c?) true from:
am—cm (@® +b? = 2ab
:>[b2+c2 > 2bc =
c?+a?=2ca
3(a? + b% +c?) = 2(a? + b% + ¢?) = 2(ab + bc + ca)
(Babc —a® — b3 — )% < (a® + b? + ¢?)?

111
[ | [ VGr@rore -7 =170y - Frendxdydz
000

111 1
< [ [ [r2@+ 200+ repandyds <3 [ 12 Godx
000 0
AN.141. Solution (Cao Mai Tanh Tam)

bbb
J‘ff((x+y+z)(xy+yz+zx)>dxdydz

z

bbb

fff x%y + x%z + xy? + 3xyz + xz% + y*z + yz
xXyz

a a a

> dxdydz

Il
R
| o—
| o—

N
+
< IR
+
N

+

w

+

|

+

1<

+

;‘

QU

=

QU

<
Q
N

b b

—ffx2+x2+y+3+ + (& + 2l |||dd

= PR xy y + z)log|x ydz
a a
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=ff[b2;a2(}1/ )+(b— )( +3+ )+(y+z)log( )]dydz
zﬂbz;az(yﬂog'}")“b‘a)( 2+3y+y2> (Zy+y2>log( )]|b
:_f[bz;a2<b;a+log(§))+(b—a)<2 +3(b—a)+b22_2a2>

2 2

+<(b—a)z+b ;a )log(%)]dz

b? — a? b
= [ > <(b —a)log|z| + zlog <E)>

2 _ g2 b2 — a2
> loglz| + 3z(b — a) + >

o-oZ %), (b)
a 2 2 Z Og a

Let prove:

2 2 _ 3
3(b—a)*(b+a) [log (g) + 1] < (247 + 5ab Zbe )(b —a)

o 3ab(b + a) [log (Z) + 1] < (242 + 5ab + 2b?)(b — a)?

- (b loglz|

|2 =3(bh-0a)’b+a) [log (g) + 1]

o [2(a + b)? + ab](b — a) — 3ab(b + a) [log (2) + 1] >0
& 2(a+b)2(b —a) + ab(b — a) — 2ab(b + @) [log (b> + 1] —ab(b + a) [log (g) + 1] >0

@2(a+b)[b2—a —ablog( )—1]+ab( —a—blog(b)—alog(g)—b—a)
AN.142. Solution (Abner Chinga Bazo)

sm(\/_) sin(5¥Vx) - Sm(S\/_)
0= f T

s

3
5fsmt-sin3t-sin5t dt

a

4

(cos2t — cos4t)sin5t dt

NlU‘l

~I>|U'l

RR— iy A — Wi

(sin7t + sin3t — sin9t — sint) dt =
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51 cos7t cos3t cos9t % 5 205
:Z[_ 7 — 3 + 9 +C0$t]%:ﬁ(41_41ﬁ)zﬁ(l_ﬁ)
AN.143. Solution (Adrian Popa)
S (=DF m L n
_ — 3r+3k-3 _1\k —
Un,m) = 03r+3k—2(k) kzo fx dx (=1) (k)
= =0\o0

1 n 1 n
_ fz X33 3k 1)k (:) dx = fx3r—3 . z 3k - (—1)k (Z) dx =
0 0

k=0 k=0
x3=t

1 -2 1
dx=7t 3dt

1
1 2
= jx3r‘3 C(1—x3)dx = §f t" (1 -0t 3dt =
0

0
1 2
1( .2, 1 2 1 T(r=%)T(+1)
— — 3 . _ n+1-1 — ( _ >=_,
3ft (1-0™ e =2B(r—zm+1) =3
d r(

r+n+%)

-p' Qn+1,r
o) = fin Y3 2 fim S =

:limr(r—%)r(n+2)- F(r+n+%) _
noe r(r+n+§) F(r—%)F(n+1)
(n+1)!F(r+n+%) e n+1

=r{m(r+n+l)F(r+n+%)-n!_nllgor+n+%

3

AN.144. Solution (Adrian Popa)
Holder 3
(sin®x + tany)?(cos3x + tany) = (sinzx - cosx + y/tan?y - f/tany)

(sin®x + tany)?(cos3x + tany) = (sin’x - cosx + tany)?® &

(sin®x + tany)?(cos3x + tany)
(sin%x - cosx + tany)3

=

b b b b

(sin3x + tany)?(cos3x + tany) 5

ff - dxdyszldxdy=(b—a)
(sin?x - cosx + tany)3

a a a a
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AN.145. Solution (Rovsen Pirguliev)

From Chebyshev’s integral inequality:

b b b
( f f(x)dx> : ( f g(x)dx) <(b-a)- f FG)g()dx

a

1 1 1
th:fexde'fe_xzde (1_0).fex2.e—x2dx:x|é: 1
0

0 0

It remains to prove that:

1+e\? 1+e AM-GM e + 1
1<( )@ < o2fe<lteo e <
2V/e 2\/e

AN.146. Solution (Adrian Popa)

(true)

b b
f (F200) + F2))dx + b —a > f (F500 + F(0)dx &

b

b b
[(rPeo+ predx+ [ feodx= [ (£260 + £ dx

a
b

b
f(fg(x) +f2(x) + Ddx = f (f5(x) + f(x)) dx

a
(F) + 2+ 1) = f2(0) + f(x)
Let be the function: g(y) =y® —y* +y* -y +1; (y® = 0,y2 = 0= y® +
y? 2 2|y®))
We must show that: 2|y5|+1—y5—y >0
“Ify < 0=2|y°| +1—y° —y = 0isclearly true.
Alfy> 022y +1-y5—y=2y"—yS—y+1=y"—y+1
Let be the function: h(y) = y°> —y + 1, h'(y) = 5y* — 1

h’(y)=0=>y4=l=>y2=i:>y12=—4—
5 V5 ’ V5

<0
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(contradiction with y > 0)

1

andy3,4=4—\/§
1
y 0 — 00
V5
h'(y) +++++0+++++++++++
h(y) 1 2 2 2 A A 27 o0

Then h(y) > 0. So,
2ly5|+1-y°—y=0vyeR=>g(») =y —y°+y*—y+1>0=
PO+ 20+ D2 fP0+fx) e

b b
j (Fo00) + F2))dx +b—a > f (F500) + FO0)dx

AN.147. Solution (Khaled Abd Imouti)

0= j(4c0t3x — 5cot?x + 7cotx)e*dx

Let be the function: f(x) = (4cot3x — 5cot?x + 7cotx)e* and
F(x) = (Acot?x + Bcotx + C)e*
F'(x) = [-2Acot3x + (A — B)cot?x + (—2A + B)cotx + (=B + C)]e*

=f(x)=
—2A=4=>A=-2,A—-B=-5=>B=3;,-B+(C=0=>(C=3.
So, F(x) = (—2cot3x + 3cotx + 3)e*

Q= f(4cot3x — 5cot?x + 7cotx)e*dx = (—2cot3x + 3cotx + 3)e* + C
AN.148. Solution (Ravi Prakash)

Forx>1

2x _ 1
2xtan”'x —log(1 4+ x?) T 2 tan ' = (log(1 +x%)) 1+ 22

(1+x2)(tan"1x)2 (tan=1x)?

<dd_x (log(1 + x?))(tan™*x) — (log(1 + xz))%(tan‘lx))

(tan—1x)?

MATH PHENOMENON-A NEW DIMENSION Page 275



DANIEL SITARU CLAUDIA NANUT!

_d (log(1+x?)
T dx tan~1x

fotan_lx —log(1+ xz) f d (log(l + x2)>

(1 + x?)(tan"1x)2 dx\ tanlx

1

_log(1+xH)a | log(1+ a?) _log2
a 1

tan~1x tan~la n
a
4log?2 f 2xtan™1x — log(1 + x?) log(1+ az) a?
= x =
T (1 + x?)(tan"1x)2 tanla tan_la

aslog(1+x) <x,Vx>0
AN.149. Solution (Ali Jaffal)

1 o2k
Letunznandvnzan+log Sk —1
=1

We know that:

n+1 n
1 2k 1 2k
k=1

k=1

1 (2(n +1)

1 1
= —_ — 1 —
O A ) 2(n+1)+log< +n)

Then: 1im 2200 — i (— 2 1) (1+1)
e nl—mounﬂ U ~ e 2(n+1) °9 n

So, by Cesaro-Stolz we have:

. Un
lim— =0 thenQ = 0.

n—-oo Uy

AN.150. Solution (Ravi Prakash)

Let f(x) = xzx € [0,2]

, X
+1

Now Lot o — Z k(k + 1)
oI T L G n ) (2 + 2k + 1+ n2)
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1 &) () _1N f<§)_f<m>

) E ) R

As f is uniforly continuous on [0,2] given € > 0 there exists § > 0 such that:

|f(x +h) — f(x)| < & Vx € [0,2] whenever |h| < § and x + h € [0,2]

Choose n sufficiently large so that né > 1,

|f(§+1)—f(§)|<f

Taking limit as n — oo, we get

1 1 1 1
ffz(x)dx—sff(x)deQSffz(x)dx+eff(x)dx
0 0 0 0

Make € - 0, so that

1 1 /4
x2 x=tan0 tan?0 ,
_ 2 _ ™
.Q—ff (x)dx—fmdx = f 40 -sec”0d6
0 0
/4 /4
T 1
= f sin?0de = f (1 — cos20)d = —[ (___>
4 2
0
AN.151. Solution (Ali Jaffal)
1 n
= Fz HiHp ik
k=1

We know that (H,),1 is increasing for
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So,

H, <Hj,and Hyy, < Hy, foralll <k < nthen:

" s —z HiHzn < 5 Hol

(Hzn)

But: H, < Hy, then 0 < ) < —~
We have: H,, =y + log(2n) + {(Zn)
HZn v logCn) ()

Wh l 2n) =0 > —=—+
ere: lim {(2n) = ” - "
. Hap . . log(2n)
= lim — = 0 since lim =
n—-oco N n—-oo n
$50,0<limQ,<0=1limQ, =0. Then:
n—oo n—oo

lim/Q,=0and Q=0

n—-oo

AN.152. Solution (Michael Sterghiou)

2a 3b 4c
fjf elx+1 y+1+102+1 dxdydz > 15abc; (1)
z+1 x+1 Xayaz = 25ane;

x+1 2 y+1 vz zZ+1
z+1  x+1

= tZthenT = Yu + Yv + Yt with uvt =

1 (c)u,v,t>0asx,y,z2>0
We will minimize T (u, v, t) by uvt = 1.
Consider the Lagrangian L(u, v,t,A) = T(u,v,t) — A(uvt — 1)

For the extreme of T we need to look into the points that make the vector

L _ oL _ oL _ dL
VL(u,v,t,A) =00 or—= a_v_a_ﬁ_oor

(1 =zt
vt= 1L
3772
3‘{”_ 1; w=272% (2)
{a==Mt=21-—=¢ v=2561% (3) ,uvt=1=
3
4‘{”_ ’1’ t=312515 (4)
\5t* w t
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uvt=1=216-10°-12=3 1= / L = as 1> 0 (from (2) for example)
216-10
Now, (ug, Vo, to) = (2723,2561% 312521%) and T (ug, vy, tp) = 124 =
2.937 > g

Hence T >§ and

2a 3b 4c 2a 3b 4c
f f Tdxdydz > f f
a b a b

= 15abc.

dxdydz = ;(46 —¢c)(3b—b)(2a — a)

N Ul

Cc C

Equality fora = b = ¢ = 0. Done!
AN.153. Solution (Adrian Popa)

b

b
f (x +1—-1)dx f(l 1 )d
+x2 1+ x2 1+ x2 x

a a
= (b —a) — (tan™'b — tan™1a)
b b

) ff y?dxdy f dx f y2dy
) 1+x)A+y2)  J1+x2) 1+y2
a
= (tan™x|8) - (yl5 — tan"'y|5) =

= (b —a)(tan™'b — tan"ta) — (tan1b — tan"'a)?

bbb b b b
3 J‘ J‘ j dxdydz 3 J‘ dx f y2dy f z?dz
) 1+x2)1+y2)(1+22) J1+x2) 1+y2) 1+22
a a a a a a
=(b—a)(tan b — tan"ta)? — (tan™'b — tan"1a)3

S=(b-a)®—(b—a)(tan b —tan"ta) + (b — a)?(tan™'b — tan"1a)
— (b —a)(tan™'b — tan1a)?

+ (b —a)(tan™'b — tan"1a)? —

b
—(tan™'b — tan"'a)? + log® \/; >(b-a)3e
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b 1 b
log? \/; > (tan™'b — tan™1'a)® & Elog (E) >tan™'bh — tan"la ©

logb — 1 *)
og oga 5

tan=1b — tan=la —
Let be the functions: f(x) = logx; g(x) = tan™'x, x € [a, b] and applying

Cauchy Theorem: 3c € [a, b] such that:

f)=f@ _f'© _

c
gb)—g@ g'c0 _1 — ¢ =
1+ c?

AN.154. Solution (Remus Florin Stanca)

1+ c? aM-G6M 2¢
= > = 2 = (¥)true.

X

3f(3x)=3x+f(x):>f(3x):x+¥:x+% §+fT3)
X x
x fl3 x X x flzm
=x+§+ :53):...=¥+?+...+3Tn+ 3(13_1)

X X
Sttt

x
fQBx) = 30 + 3 32n T 3n+1

f X
1. We prove that: P(1): f(3x) = ;—0 + % + % is true (proved)

f X
2. Suppose that: P(n): f(3x) = % + 312 AR AL (3")

zon T gna1 ISTrUE

3. We prove by using the fact that P(n) is true that

x f(5r¥1)

32n+2 3n+2

P(n+1): f(3x) =:—0+3i2+---+ is true.
X

X
x x f(g—n)
@) =5+t tomt gum

X
X X b 1 X f(W)
Tttt tma(gna T 3
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T30 T3z T T Jonaz 3n+2z

= P(n + 1) is true(proved).

X
X X x f(—3n)
= fB) =gttt omt g

(@) +(@)) ) 18,

f —continuousinx = 0 = lirréf(x) = f(0)
X

f(x) f(0) )
f(3x)=x+T:>f(0) =T=>3f(0) =f0)=>f0)=0=
12 n+1
((§) ) -1 x 9x 3x
f@Bx)=limx———+0=>f(x) =—s=—=f(x) =—
Nn—00 1 1 1 1 8 8
9 )
The inequality can be written as:
3 /8 3 sin?t 38 3 cos?t - - ,
3 (§ §x> (§ §y) _§(xsm t+ycos“t) &

xS L ye0s*t < ygin?t 4+ ycos?t; (2)
Casel:x =y =0=0=0(true). Casell: x = 0;y # 0 © ycos?t, buty >
0 (true). Caselll: x # 0,y # 0

1 09%g _

Let g(x) = logx, g: R} — R,g—i = = —x—lz < 0 = g —concave, by

’ 5,2
Jensen inequality, we get: Vx4, x, € )(CO,%C suchthatx; +x, = landx,y €
I'=x9()+x9() <g(x-x1+y-x)
Let x; = sin®t,x, = cos*t =
sin’tlogx + cos?tlogy < log(xsin’t + ycos?t) &
log(xsmzt -ycoszt) < log(xsin®t + ycos®t) &
xS L c0s*t < xgin?t 4 yeos?t
AN.155. Solution (Remus Florin Stanca)

) = lim 5x—1_logS_log25 __log"s) _
T x50\ xntl AN 2xNn—2 nl-x ]

5% -1 - X095 _ <x102!{5>2 _ ... (xlog5)"
L . ! nl__ _
- }CI_I;% A+l -
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2 n
5x _ (1 + xl%gS + (xlo2g'5) T (xloﬁg'S) )
=;lcl—r>r(1) x+1 ; (D

2 n
xlog5+ (xlog5) + .“_I_(xl(:;(]'S) then

Let f,(x) =1+ 5 o

’

5% — £.(x) : 5%log5 — £ (x) ) =h-1(0logs
QM) = lim————= = li n =
x>0  x"t1 x>0 (n+ 1)x™
_ i (5% = fans(0)log5
x=0 (n+ Dxm
= lim Z2/na @ = Gn1 n_ _ log5
Let ar, = alcl—I}?) ot =0 logs = an-1  n+l
ﬁ ap _ log"s _ O _ log"5
1 lay, T (4D Ta, (n+1)!
I 5% — fn1(x) i 5¥*—1 log™5
50 xntl xS x (n+ 1)!
Therefore,
(5% =1 log5 log?5 log"5\ log"*'5
Q(n) = lim — — = —
x—0 \ x™t1 xm 2xn? n!-x (n+1)!

AN.156. Solution (Adrian Popa)
Applying Steiner’s theorem for AABC we have:

¢2-CM,, + b?-BM, — AM? -a = BM,,- CM,, - a

lgﬁ" =n BM, +CM, n+1 cM a
n = = = CM, =
BM, + €M, = a cM, 1 n+1

a

BM, = a — =
n n+1l n+1

a an
. ca =

ra=q*r—*——

2. 2. _ 2
So, c“-CM,, + b - BM,, — AM}, — o

M2 c? N nb? a?
= — =
" n+1l n+1 (n+1)?

1 n n
WEES JHEL ST S
z " on+1 a+n+1 n+12.°

cyc cyc cyc

cyc
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1
- i 2 2 2
=TIt él_zzzo(AMn+BNn + CPBf)

1
l 2+ 2
T @2+ b2+ 2 nte Z +1Z n+1 (n+1)22a
yC

cyc cyc

— 1 li n z 2 | — 1
T2+ b2+c? e (n+1)? 1=
cyc

AN.157. Solution (Ahmed Yackoube Chach)

m \/(m)n'\/ 1+n' _\/(1 +%)n! Tl !

n n-(n)! = nl n! - 21
| v !
nv2ann! (e)
1 n!
1+ nl+1 1\™
_ ( n.) e 2 log(n!)’ lim <1+_> =+/e
nm n—-oo n!
lim en!—%llog(n!) — e~
n—-oo
Therefore,

JawayT \/? )
n—>00 T n-(mD! n—I}c}on 2 ©
AN.158. Solution (Rovsen Pirguliyev)
cos?xcos?(1 + tanxtany)|tanx — tany| =

sinx  siny

sinxsiny
= cos?xcos?y (1 )

cosxcosy/ Icosx  coSy

= cos(x — y)|sin(x — y)|sin(x — y)cos(x —y) = %sinZ(x -y)

b b
2 f f cos?xcos?y(1 + tanxtany)|tanx — tany|dxdy <
a a

b b b b
SfozsinZ(x—y)dxdySffdxdy= (b —a)?
a a

a a
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AN.159. Solution (Remus Florin Stanca)
Let’s prove that:
a+b a
< +
Vi+ab V1+b2 V1+a?

The inequality can be written as:

,Va,b >0

1 a 1 b 1
< : + :
Vitab a+th Vith? a+bh Vit
1 a 1 _3
Let g: (0,00)—>(0,00),g(x)=W;£=—E(x+1) 2;
9’g 31
ﬁ:_ —(X+1) 2>0

= g —convexe, then for any t,,t, € (0,1),t; + t, = 1 and for any x;,x, € I
we have: t1f(x1) + tof (x3) = f(t1x1 + tyx3)

a b
lett; = ——;t; = ——and x = b?,x, = a?

a 1 N b 1 - 1 _ 1
a+b y1+bpZ a+b \/1+0L2_\/1 a?b + ab? J1+ab(a+b)
tTatb a+b
1 a+b a
< ,Va,b >0

=J1+M7$VLHM_V1+N+V1+ﬂ
f&)+ ) < f(x) f)
< +
VIHFfQ)  J1+720) J1+f2(x)
O+ fONf'Of' ) f COf' f ') f W' Cf'(y)
V1I+fOf W) V1+f2() V1+f2(x)

E)

ffo(X)f Of" (Y) ff Of M|
JI+£2) V1+ /2001,

= () - F*(@) (tog (F®) +VTH72®)) ~ tog (f(@) + T+ (@) =

f@)+¢1+f%b> D
f(@) +1+ f2(a

1
=5U%m—f%@ﬁo(
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1 f f 2O OF@ f £
2) ) T i o Neyzol

=2 (720) - @) (tog (£ ) + T+ 728)) ~ log (@) + Y1+ [7@) ) =

F(B) ++J1+ f2(b) ) -
f@) + 1+ f%(a)

From (1), (2), (3) it follows that:

b b o F2(b)—-f?(a)
f f UG SOV CFD) 4y i < 1oq (LD VLD )

=2 (£~ F2(@)log (

J1+FOf ) B (f(a) +1+f%(a)

AN.160. Solution (Adrian Popa)
T - (km w27 (n—-Dm
P = 1_[5171 (—) =sin—-sin—-..."sin
11 n n n n

Let be the equation: x™ — 1 = 0 © x™ = cos0 + isin0 =

2km 2knm
Xy = COST + lsmT,k €{0,1,..,(n—1)}

X" =1= =D —x)x—x2) v (x = Xp) =

2 2@
=x-1) (x —cos— — lsm—) .
n n

. (x — cos 2= Dn — isin 2n— 1)7r>; D
n n

=x"1+x" 24+ x4+ 1 (2)

x—1

From (1),(2) and x = 1, we get:

n-1 n—-1
2km 2knm km km km
n= (1—cos——15m—) = | | (2517’1 ——lem—cos—) =
n n n n n
k=1 k=1
n—-1
kmy  km  km
= Zsm—<sm— —icos —) =
n n n
k=1
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-1
21 m 2m (=D | T Mk
=—_—-sin—-sin—- .- sin——- | | (cos—+ Lsm—) =
i n n n n n
k=1
on-1 T T 142+ +n-1
= a1 P (cosa + lsmg) =
2t p n(n—l)n_l_, . n(n—Dm)
=T cos ——— isin——— =
cos0 + isin0 n—m n—1Dn
- 1 p - (cos LoD 4o DT
2n 2n

T .. m"*1
(cos 5 + isin 7)

n—1)m n—1m
= <cosu— isin%)-zn_l-P

2n
n—1m n—1m
-(cos¥+ isinu> =2n"1.p

2n 2n
Hence,
-1
T ~ (kn w27 S (n—Dm n
P = sin|—) =sin—-sin—-..-sin = —
( n ) n n n 2n-1
k=1
Therefore,
n n n 2
~ km n+1 ., km ( km (n+1)?
Hsm<n+1)= 2n =>1_[sm n+1= nsm(n+1> - 22n
k=1 k=1 k=1
2 . km 2Zn+1 2n+1
- . ( km ) Hirzllsln (zn ¥ 1) 22n 22n vVZn+1
2n+1 kn P. \/ on
k=n+1 R_,sin (Zn T 1) 2 %
= . km “ ] km v2n+1
b= HSl"(2n+ 1) - HSl"(”_2n+ 1) T om
k=1 k=1
Q= 8" 1 . (km = L km = ) km _
~ e\ n@2n + 1)2 1_[5‘" (7) Hsm (Zn n 1) 1_[ stn <2n n 1) -
k=1 k=1 k=n+1
_ 8" 2n (n+1)% V2n+1 .y 2(n+1)* V2n+1
Tl nZn+ )2 2n 2 m e 2n+ )2 2n
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AN.161. Solution (Adrian Popa)

fj K2+ k+1+i II k+Dk+1—10) ~
Ll nazv2k+2) L1+ ot—ook+1+Dk+1-0)

T |R+DE+AL-D) A+ DR+ )
_B (k—D(k+1+1) JA-DMn+1+10)

_ Ra k2+k+1+i
Q= lim (1—l)| | =
n-co + 12+ D (k2 + 2k + 2)

A+Dm+1-10) ,2(n+1—i)_
_rll—wO\/(l—l)(n+1+l) fim n+1+i =V2

AN.162. Solution (Rovsen Pirguliyev)

. T 3
Lemma: If x > 2, then sin— > s

3
x>2=>nx>2n=>§>§andx<tanx=>tan§>g>—; (D

Using 1 + tan?x =

1 ® 1 @ 1

X
Coszx=1+tan2x < 1_|_(E)2 < 1+(§)2=x2+9
X X
sinx =1—cos?x>1— i _ 0
x2+9 x%2+49
Now, take x — 3, then Sin% > \/% \/ﬁ 2)
Hence,
2 T (2)
l-x sm—dx \/ﬁ

b b
. 1(ae+1) 1 == _ 2 _ 2
afx\/xz_H _zj\/—l_ 2/x +1|a—\/1+b J1+a

a
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b
T
fx-sinadxz\/1+b2—\/1+a2

a

AN.163. Solution (Abdallah El Farissi)

We have for k € {1,2, ...,n},kz(Z)Z < k3(2)2 < nkz(Z)z then

S

o (S0 S 0w) -

AN.164. Solution (Adrian Popa)

S ()5 -y e ()-@) 2

j=0 j=0

Therefore,
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n k i i . . n
. 1 .o\ 3t o1 1

Q= lim —ZZZ -1/ ) —|=lim—(2n—-4|1—(= =
n-o\ n £ Jj 41 n-on 2

AN.165.Solution (Remus Florin Stanca)
~ (ab + 1)? cgs (@2 +1)(b%+1)
(tanxtany + 1)? < (tan®x + 1)(tan’y + 1)
(tanytanz + 1)? < (tan?y + 1)(tan?z + 1)
(tanztanx + 1)? < (tan?z + 1)(tan®x + 1)

2 2
(.
g H(tanxtany +1) | < n(tanzx +1) | =

cyc cyc
bbb bbb
fffl_[(tanxtany+ 1) dxdydz < fffl_[(tanzx+ 1) dxdydz =
a a a ¢yc a a a cyc

= (tanx|3)3 = (tanb — tana)?3
AN.166. Solution (Pavlos Trifon)
Let x =%E (0,1] @ a = bx.

b? b- bP b-
pri (eVab) ‘o logﬁ > log(eVab) ¢

1
& blogb — aloga = (b — a) <1 + Elog(ab))

blogb — (bx)log(bx) = (b — bx) <1 4 og (bx)2+ 109b>

logx
blogb — bxlogb — bxlogx = b(1 — x) (1 + logb + T)

] <2x
0gx = x+1

,Vx € (0,1]; (1)

X2 x € (0,1]

2
x+1

Let f(x) = logx —
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N 1)?
f1e = x(x + 1)
Therefore, for 0 < x < 1 we have f(x) < f(1) = (1) is true.

> 0; vx € (0,1] = £ 1 (0,1]

AN.167. Solution (Abdul Hannan)

Let g(x) = 3/f(x). Then the desired inequality is equivalent to

b b b b 2
d d
(b—a) ( o dx) ( | g—Gfx)> > ( B dx> ( | g(—’;)>

This is true, because

b b hebyshev b b b
(b—a) <f g°(x) dx> <f %) ‘ é (f gs(x)dx> <f g4(x)dx) (f %)

CBS 2 ; d ’
> (fgs(x)dx><fg(—;>

AN.168. Solution (Adrian Popa)
erf(z) = %foz e~t” dt —concave and increasing for all z > 0.

Denote f(z) = erf(z) we have:
3a+b\ _ra+a+a+b\/ensen3f(a)+ f(b)
()= ——

4 4 = 4
Hence,
3a+b _3f(a) +f(b) _f)—f(a)
F(E)-r@ =22 pw = 22
a+3b\ _(a+b+b+byJensen f(a) + 3f(b)
f( 4 )‘ ( 4 ) = 4
Hence,

a+3b f(@) + 3f(b)
(C= IRNILERI

d VW -r@).

- fla) =222

From (1),(2) we have:

)
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3b) - erf(@)

(o7 (24572) - ers ) e

f®) = f@ 3(f®) @) _
> e S = (erf () - erf (@)

Therefore,

(erf(b) — erf(a))" < —(erf <3a - b) - erf(a)) (erf (a 23b> - erf(a))

AN.169. Solution (Ravi Prakash)

-sin?(7x)+sin?(10x) _ sin(17x)sin(3x) _ sin(17x) _sin(3x)

Consider — — . .
sin2x sin2x sinx sinx
B tsin(17x) __ sin(17x)—sin(15x)+sin(15x)—sin(13x)+---+sin(3x)—sinx+sinx _
u sinx sinx -
= 2cos(16x) + 2cos(14x) + -+ 2cos(2x) + 1
sin(3x)

- =2cos(2x) +1
sinx

sin(17x) sin(3x)
sinx sinx

= 2c0s(18x) + 4cos(16x) + 6 Z cos(2kx) + 3
k=1

Thus,

s

2

f sin?(7x) + cosz(lox)
sin?x

s

3

T
2
f [csc x — 3 — 2cos(18x) — 4cos(16x) — 62 cos(ka)] x
Vi
3

k=1
L
1 1 1 ’
= |—cotx — 3x — =sin(18x) — —sin(16x) — 3 Z —sin(2kx)
9 4 Lk n
- 3

3 1 o 1 4 1 (1611) +3 Z <2kn>
2 3 9sm(6n) 4sm k sin
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s 1 1y 3v3 97 131V3
=2 3(-5+g)+ o =
2 140 105
AN.170. Solution (Asmat Qatea)
1 a—1

We know: limnn = 1 and lim—— = loga
n-»0 n

n—-oo

Q= lim

n—oo

N =

1 1% 1\7n
1 1\ n 1 nn 1 nn
1 ) 1 i\ E(HT) +E<1_T> -1
=lm|1+={1+—] +=[1-=—] -1 _
2 n 2

n—oo
1 1
1\n 1\n
. 1 nn 1 nn
Jim n E(“T) +§<1‘7> 1y .
" lim
= en-o0

_. Ha+smmia-nyn-1]

1. (A+n)"-1,1,. (1-n)"*-1 1.
5 + > 1 1-
62711% n 2%1_7)% = ezﬁl_r%(log( +n)+log(1-n)) 0

=1
Therefore,
1

1 nn 1 nn
Q=Ilim|=(1+— ] +=|1—— =1
n-oo | 2 n

Sk
=
Sk

AN.171 Solution (Kamel Benaicha)

We have: Vk > Z,L—Z=l(_k+2) = —1(k_2) <0

2k-1 3 3\2k-1/ 3 \2k-1
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k 2 3\ k \K N PN
=3 ) ) <0
2k—17" 3 2 2k —1 2k—1 3
2 3 n . —_
o (O ) ) = [0 = ()
3/ \5 2n—1/ ~ 143 3
n(n+1)
3 ., (2) 2
n(n+1)
lim n"2 (E> 2 _lim le""’g“wzo‘q@)
n—oo 3 noon
1 n(logn+ﬂllog 2 >
= lim _Ze 2 (3)
n-oon
li I n+ 1l 2 x=% , —2xlogx — (1 + x)log (%)
n% Ogn + 2 Og (§> - xir(ﬁ Zx = —O0

3 3
~ limxlogx = 0; lim (1+ x)log (—) = log (—) >0
x—-0, 2 2

x—-04

n(n+1)

, n+1 2
lim =2 (%) 2 _ (lim l) er{iﬁ"<lo‘g"+710g(§)> —0

n—oo n—oo n2

0= i (v () ) - Grmy) ) =0
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