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2501. Find a closed form:
L Liz(=y)n®(x)
5 7 dxdy
x+1D=“(y+1)
Proposed by Shirvan Tahirov-Azerbaijan
Solution 1 by Quadri Faruk Temitope-Nigeria

3 * Liz(—y)In?(x) _ (YLis(~y) ?Ind(x)
= jj Gt D20y + 1) Y = . (y+1).3d L Gtz =4B
f Lls(_yg dy {uzLi3(—y), ﬂzl.lz(_)’), v=— 1 N
o @+1) ] dy y 2(y+1)
dv=——
(y+1)3}
_=Liz(-»)|1 1 (" Liy(-y) 3{(3) Li,(-y)
“2(y+1)2lo Ef y(y+1)2dy_ 32 +32+2J y(y+1)2dy
( L du —In(y+1)
4 u= lZ( y) dy y
1
tdv=m, y+1+ln(y)—ln(y+1)
3¢(3 Li,(-y)1 1
A=%+I - ;ZEFf)o+Liz(—y)ln(y)0—Liz(—y)ln(y+1)0
j‘lln(y+1) j‘lln(y)ln(y+1) _J‘llnz(y+ 1)d
0o YOy +1) 0 y dy 0 y Y
- HO 11D @,
lIn(y + 1)
+f dy
0 y
1 1 | 1 1 LIn? 1
_fo n}(]er+1 )dy+f0 n(y) r;(y+ ) y_fo n (3}'I+ )dy)
A_%(ZB) _(_Lz) Lz)l (2)
o —1)" 1 1)n 1
_nZl( n) Lyn—1dy_iln2(y+1)|0_;( n) foyn—lan(y)dy
_f o dy) =
y
R O SRR
32 4 2

z 2(z)+z(— )"+zf y" ln? (y)dy
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S 3¢(3) 1 4(2)  ¢(2) 2 1 ¢(3)
” 3 +§(3(; (gl(((Z)) 2 12(2) ((3)(3)_—)
A= 32 +g In(2) — 12(2)—T
° In3(x) 4 E 0 I (}r) dx Imd(x)dx (1 Ind(x)
L (x+1)2 T fl (1+1)2 2 ), vz ), 2™

o 3jlan(x) _ _3Zf n~11n2(x)dx = _32(1)11( )_ _6i%=
0

- 6. (—Zz(3)> =243

I1=A4.B
/- l——z(a) £ ) -1 2(2)] 23)
I = —ﬂzs @)+ —z(s)zm +2 z(3><<z> In(2) - —<<3>zn2<2>

Solution 2 by Exodo Halcalias-Angola

L Liz(—y)ln3(x)
ff (x+1)2(y+1)3d xdy

i) 3 (x)
<(f G+13? )(f & +1)2d")>

o X*z —L"
P R OB (€ dx—Z(—l)"kf klln3(x)dx—6z( D 1=;((3)

1 (x+1)? o (x+1)? =
(" P(x) i “i” Li;(=y) |1 f Li(-y)
J= LG+ T Tzgrnzlo T 2), yy+ 12
Liz;(-1) 1 ('Li;(—y)
T 8 _Efo yr1 DT

YLi(—y) 1 (MLip(=y) , 3¢(3) 1
.’; y dy_fo (y+1)2dy_?_§(]1_]2+]3)
{~ Lig(—1) = —n(s);n(s) = (1 — 2175){s),R[s] = 1; Li;(1) = {s),R[s] > 1}

Liy(-y)  1BP
\= fo 2y £ LD In@)

1
T2y +1 m?In (5 1n? LIn?
+f 64 )dyz (z)+f (y)dy+f o,

0 Y : 15

y 12 1

N

nzln(%) 21n3(2)
12 3

nzln(%) 21n3(2)
12 3

-2 fll Li,(x)In(x)dx = + 2Li, (%) In (%) +2 fOldLi3(y) =
2
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0 2@ o (Bn(2) 2 st (2)) - ) 4

12 3 12 4

Li, (- }’) 3¢(3)

= dLi =2
J2 = jo f 3(—x)

4
_ (MLipa(=y) | TEP Lip(—y)|1
J3 = s +2Y T Tyx1 o
In(y+1)  Li,(-1)  (‘In(y+1) _ In(y+1)
N MR I 2 s S
%_ %+j d(@)‘f d(—Liy(~1)) =1Zt—4+ln2(2)+u2(—1)
0 0
an(Z) ?
2 24
RE(ONE ﬂln() {3\ 313) 1/In%2(@2) =?\| 9 3
NEERAEEY 4 | 8 _§< 2 _ﬁ> 74
Lo Lis(—y)In3(x) m?In(2) 13 n’  In*(2)
jof (x+1)2(y+1)3d _((3)< ~32¢@®+ 2 >

2502. Solve the differential equation:
Uy + Uy, =0 u(x,0) =sec®x + cosec?’x—1  u,(x,0)=0

where: b+1=a=tg2z-2 and tg% = sinzcosz(2ctgz —1),0 < x < g

Proposed by Samir Cabiyev -Azerbaijan

Solution by proposer
Firstly, solve the trigonometric equation: 0 < x < g

2 2sinxcosxcosx .
= - — sinxcosx
tg2x sinx
and accepted that,
tg2 2tgx i t Th
X =———— sinx = cosxtgx cosx = ————.Then:
9 1-tg’x g 1+tg?x

1-tg?x 2-—tgx
tgx  1+tg2x’
tg*x — tg’x + 2tgx — 1 = 0, (tg*x)? — (tgx—1)2 =0
tg’?x—tgx+1=0hereD <0 but tg’x+tgx—1=0

1—tgt*x = 2tgx — tg*x

tgx = % According to the formula above: tg2x =2.Anda=0, b=-1
We consider in wave equation: u;; + u,, = 0 u(x,0) = sinx u,(x,0)=0
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Pl (X—it) _p—i(x—it) i(x+it)_ —i(x+it) ] ]
sin(x—it)+sin(x+it - + - eX—_e X ol ot .
u(x,t) = ( )2 @) 2 5 = =—; — = sinxcht

2503. Prove the below closed form
i1

2
o fl - sin(x) dx 4G
— )98 sin(2x) 3
0
where, G is the Catalan’s constant.

Proposed by Ankush Kumar Parcha-India
Solution by Togrul Ehmedov-Azerbaijan

L

2 z
sin(x) sin(2x) + sin(x)
Q= f log <1 + n(2x)> dx = J log< Sin(2x) >dx

1'[

2 2 sm cos ()2()
f log sm(Zx) dx
0

E

T i T
2 2 2

= flog(z) dx+flog sm +flog dx flog(sm(Zx)) dx
0 0 0

31'[ ‘r(

= ;log(z) + ;f log(sin(x)) dx + 2 f log(cos(x)) dx — %f log(sin(x)) dx
0 0 0

T 2( 3w 1 1 T 1 4G
= E lOg(Z) + 5{— Tlog(Z) + E G} + 2 {E G— ZlOg(Z)} - E {—T[ lOg(Z)} = ?
3n 3n

4

2 oo
Note: f log(sin(x)) dx = f [— log(2) — Z &lfk)()} dx

0

3“ = i (311 k)
= ——log(Z) Z f cos(2kx) dx = ——log(Z) — EZ—
0 k=1

3m 1¢ (1K 31 1
= ——log(Z) 2 m TlOg(Z) + EG
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2504. Letbea; =a€R, a+2, a, =$,and:

2

an
= ———— , VYn > 2. Prove that:
a1 a?,—Zan+2 , vn =2 ove that
n n
k-1 _ | |
:E: 2 a, = ar
k=1 k=1

Determine a,, and compute:
lim a,

n—oo

Proposed by Bela Kovacs-Romania
Solution by Khaled Abd Imouti-Syria, Omar Alhafeez-Syria

Let us prove the following issue by mathematical induction:
n n

E(n) : z 2k-1q, = Hak
=1

At=1:a, = aq,sotheissueis valid forn = 1.
?

At=2 a1+2a2:a1 a,

a1 2a1t2aq a% _ a; ._
Flrstly, ll =aq+ Zaz =a + a- 2 a2 a1—2 = al.al_z =aq.ay = lz
Now, we assume that the issue is valid at n=p
p p
E(p) : z 2k1q; = Hak
k=1 k=1
And let’s prove its validity at n=p+1:
p+1 p+1
E(p+1) : Zz“ —1_[ ai
p+1 14 P
k-1, 2PaZ
ll ::ZZ Z ak+2pap+1—1_[ak+T+2
k=1 2k= k=1 p
pl_[k 1@k — 2apl_[k 1ak+21_[k 1ak+2pap
ap —2a,+2
Let’s look at:
p-1 p-1 14 pr
Hak+2”‘1ap —ZZ" lay + 2P 1a, = ZZ" la nak
k=1 k=1 k=1
p p P
= —nak+1_[ak+2”‘1ap nak+1_[ak 0
k=1 k=1 k=1 k=1

p
= —Hak+1_[ak+2p‘1ap =0
k=1 k=1
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We multiply both sides by a,, :

P p-1
= —Zapnak + Zapl_[ak +2Pay = 2a,(0) = 0
k:l k=1
1/ 14
= —Zapl—[ak+21—[ak+2pa12, =0
k=1 k=1
Hence,
P
WU SUNSIN\ STIRE)) SRS N g P
1 a%—2a, +2 B ka,z,—Zap+2

p+1

P
=aP*l| |lap=| |a, =1
k k=12

k=1 k=1

So, E(p + 1) is valid and the issue is valid for any n > 1.
Now, let’s consider a function f defined on R by :

X2
frxm = e
This function is differentiable on R and :
) 2x(x —2)
fix) = (a2 —2x+2)2
So, f is decreasingon I; :=] — ,0]and 0 = f(0) < f(x) < xl_i)r_noo f(x)=1 onlj.
On I, := [0, 2] the function is increasingand 0 = f(0) < f(x) < f(2) =2 onI,.
On I3 := [2, + oo the function is decreasing and 1xi+l§°mf(x) <f(x)<2onl;
Hence, Foralle R, 0 < f(x) < 2.
Since f([0,2]) = [0,2] and f(x) € [0, 2] for any x € R then (a,,);,>1 is bounded and a,, € [0, 2]
whenn > 3.
On the other hand,
_ an(an - 2)(an - 1)
a% —2a, +2
ifa,=a>2 = a, =a;'_!2> 1 = az3—a; >0andwhile0 <a, <2, n=>3thenajstays

Apiq1 — Ay =

n=2

)

in the interval |1, 2], hence a; — a3 > 0, so a, stays in the same interval, hence the same is true

for as, a,, ... .We deduce that (a,,),s; is increasing.
So, (a,),>1 is increasing, then it’s convergent to a number such as x
2
x

2

——— & x(x¥*-3x+2)=0 & x(x—2)x—-1)=0

x2—2x+2 ( ) ( ) )

Since the sequence is increasing then x = 2 and lim a,, = 2.

n—oo

ifa,=a<2 = a2=a;'_’2<1 = az—a; <0andwhile0 < a,, <2, n= 3 then aj stays

X =

in the interval [0, 1], hence a4, — a3 < 0, so a4 stays in the same interval too, hence the same is
true for as, ag, ... .We deduce that (a,),,s» is decreasing.

So, (a,),>1 is decreasing, then it’s convergent to a number such as x
2

X
x=m =4 x(x2—3x+2)=0 (= x(x—Z)(x—1)=O
Since the sequence is decreasing then x = 0 and lim a,, = 0.

n—-oo

8 RMM-CALCULUS MARATHON 2501-2600



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

2505. Find:

01 In(2 — cos*x)
At x(e*—1)

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Daniel Sitaru-Romania

Q-1 In(2 — cos?x) o Im2-(1- sin?x)) I+ sin’x) 3
Tl T xe —1) % x(ef-1) a0 x(er -1
. x  In(1+ sin®x) . In(1 + sin®x)
= lim . =1-lim =
x>0eX—1 x2 x-0 x2
1 2sinxcosx cosx sinx . cosx . sinx
= lim —————=1im - . = lim - -lim =
0 2x 1+sin?x  x01+ sin’x x x-01+ sin?x x-0 x
_ cos0 1=1
~1+4+sin20
2506. Find:

1/ Li,(—x) 1
sz — % " + xarctan? ( 2) dx
o \ 1+x X

Proposed by Shirvan Tahirov-Azerbaijan
Solution 1 by Pham Duc Nam-Vietnam

* Results will be used :

1f11"(x)d __T t luat
. 1 xx— 6,easy 0 evaluate

Un(x) In(1 + x) G o EDt 3
z.fo— Z f 1ln(x)dx—nZl (€

3J‘lln(l x)ln(1+x) ””’
0

X

(x ) xIn(t)
=-4(2)In(2) + f =-{(2)In(2) - f f e xt)d xdt =
In(2 l 1- In(1
= —¢@)In(@) + f In (t)(fiz ac : ”— “iﬂt)) dt = —(2)In(2) +In(2) f O e

N J‘lln(t)ln(l - t) " flln(t) In(1 - t)
0 t 0 1+t
I1.B.P I1.B.P

n(®)In(1 +t
n()n( )dt+

=@ +¢@) - [ T
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flln(l +t)In(1-1¢) dt flln(t) In(1+t)

0 t o 1-t¢

dt = — E((2) In(2) + ¢(3)

(s

1 2 n
4_};) In(1 +x )d = f In(cos(x)) dx ——ln(Z) - f In(cos(x)) dx _g - _1n(2)

1+ x2

1Li (—x) xln(t) _ X
= Foydx f f (1+x)(1+xt)dxdt f In(®) (f A+ o +x0 =

1 In(1+1¢t) ln(Z) TIn(t) In(1 + t) TIn(t) In(1 + t)

1 1
{(2)In(2) + (——((3)> (——((2) In(2) + ((3)> =353 -542)In(2)
1 1
«] = f xarctan ( )dx = 2] arctan ( 12> (x%) = %j arctan® <;) dx =
0 0

__f dx —

T 1
- f arctan(x) dx
2 Jo

2 1

1 n n 1 1 1
+ f arctan?(x)dx = — — = (xarctan(x) — =In(1 + x?) | += j arctan®(x)dx =
. 8 2 2 ol "2/,

N| =

3 1 1 2
=—In(2) += J arctan”(x)dx
4 2,

1 IB.P 1 Ixarctan(x
And : f arctan®(x)dx £ xarctan® (x)| - J —2() x
0 0 o 1+x
) LB.P
T 1
=16~ (—ln(l +x?) arctan (x)| 0
1 ('In(1 +x?) nz 1In(1 + x?) ? ?
E,L ﬁdX) E_Zl (2)+-[0 ﬁdx) E——IH(Z) +—ln(2) G —R+—ln(2)
-G
1 1 3 1 (m? n? 3w G
= 2 _ = — JR— f— = — —_— —_—
J= JO xarctan (x2> dx 2 In(2) += <16 2 In(2) — G) 32 + l 2)

Combine all results :

1 N
Q:fo (Lllzi;)”“r““n (;))dx——((3)——((2)ln(2)+—2+3—ln(2)_f

Solution 2 by Exodo Halcalias-Angola

fl (Lilzi—x) + xarctan? (xl )) dx
0

C (YLip(-x) 1 (‘ma+x)
U—j; 1+ x dx = (le(—x)fdln((l+x))|0+f0 fdx—

Dt [ [ e 2)- 2y ()
2 2
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'Li, (x) n? 1 5 w1y 2
L p dx—ﬁln(i)——ln (2)+2le( )ln +2f dLi;(x) = ln(z)—gln ) +

2
1 2 In?(2 n3(2 1
zm@(%— nz( )>+zz(3)— ( (@) +mL )_%'“(ED

= ic(s) - @

1 1 (! 1 1 (' /m
V= | xarctan? ( )dx = arctan? ( )dx =— (— — arctan(x)) dx =
x2 2 0 X 2), \2
%

—%L x*csc?(x)dx ——(x fdcot(x))|n fn
2

2

x _r 4
tan(d) dx 32 cot —(x f dln(sm(x))‘

+ [ In(sin(x) dx

[
o 1 T

{ f In(sin(z) dz = -5 C1,(20) — 0In(2); CL, (—) — G; Cly(m) = 0}
0

2 2

b4 G 7 3 G
V= §+—ln(2)+—zln(2)—5—23—24-—ln(2)—5
3 G
U+V——((3) ln(2)+3—2+—ln(2)——

2507. Find a closed form:
1 x(1 4+ In(x))?
0o 1+x%)(2+x)

Proposed by Shirvan Tahirov, Gulkhanim Pirieyeva-Azerbaijan
Solution 1 by Ankush Kumar Parcha-India

X(l + ln(x))z Partial fractwn f 1 +2x
(1+x2)(2+X) 1_|_x2 2+x

2t dx +2 f flln(x) fxln(x) J‘l ln(x)
- 5),2+x 5 1+x2 t5), 152 5), 24P Ts) T2 ¥ Vs 112

IBP

We have : (lnz(x) +2In(x) + 1)dx =

1n? (x) 1 xIn? (x) 1in? (x) 2 din(1 + x?)
75 2+x 5f Tre sf T+, S _Ef dl"(“x”fo 5
|<1xE(01)
darct 4 4 1
+f m (ln(x)fdln 1+ +—f in(1+7) —+—Z(—1)n-1f X1 In(x) dx
o 5 5J, 2/ x 5 0
nenN
0
2 xn 1 4 (YInx x
Z(—nf Z"In(x)dx——(lnz(x)fdln(1+—)) +—f ()(1+—)dx+
5 270 5), «x 2
nenN

0 IB.P
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SZ( 1)n- 1[ i () + Z( 1)"f X2 In(x)dx

nenN neNy

( jo t"In"(t)dt = ((m_-l-)ﬁ , n>-—1 /\m * 1>

1 x(1 +1In(x))?
f A+a)2+2) .

(-)"
51n(3)+—1n(2)——j dLi; (- o -

neN

T
~20

\_____q______d
=G(Catalan's constant)

__Z( ™ l_f(ln(x)Jdle ——)) + - jszg(—;)

nenN

(™! 2 (- 1)"
102 52, (2n+1)3

nenN ne 0
1 x(1 + In(x))?
o 1+x3)(2+x)
4 4 1 2G 2 3 2
=§Li3<__)_§”2<_i> +5PB3)+ n() n1(0)+20_51 @) +g l“(z)
1 x(1 + In(x))? 4

1
2 3 2
. 1 . 1 2G w0 T
. mdx:g(“s (~3) i (‘5))‘?*‘“ )+%‘%+E‘EI“(3)+EI“(Z)

Note section :

n(s)—(l 2179). ((s)
B(B)——, 1(2) =

Solution 2 by Cosghun Memmedov-Azerbaijan

1 x(1 + In(x))? 3 dx+2 1 xln(x) p x? 4
s A+ D2 12 x‘fo A+ ar®me o “fo A+2+0™

=A+2B+C

.I- x fl( 2x 1 2 1l ) |1
o (1+22)(2+x) 0 5(1+x2) 5(1+x2) 5(x+2)) x 5 n(1+x7) 0
2 1 1 T 1 8
——ln(Z +x)| 0 +—arctan(x)| = —ln(z) + —ln(3) _ ZIn (9)

5 20 20 5
B= j’l xln(x)
(1+22)(2+ x)

2 (MxIn(x) 1 (! In(x) 2 (MIn(x) 1
= _'Jﬂ Z(ix +'_'Jﬂ (ix - (ix ::_'(2121 +'l?2 _'21;3)
0 0 0 5

5 1+x 5J) 1+ x? 5) x+2
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(oo}

1 ot —1)" 1n1 1 2
=Z(—1)"fo G dx = - Y 42( ) Z_Z"(Z)Z_Z_s

P — (2n +2)?
BZ = —G , B3
U In(x) 1w, 1\ 1)n 1
=f dx=—Z<——) J 2" In(x) dx = — z =—L12< )
0 X+2 24\ 2/ ), (n+1)? 2
1 1 m? 1 (" xlnz(x) xlnz(x)
B——(ZBl-I-BZ—ZB:;)——{—ﬁ—G ZLlZ( 2)} C= Om 5[ 1+x -2
In? (x) L2 (x) _ 1 _ J xIn?(x) _
sj 11221 w2 B=gROH G 20) Go= ) g des

—1)n (-1 1 3
Z(—l)"f X n?(x)dx = ZZ (Z(n +)2)3 =1 ( n)3 = 171(3) = E((3) ,

I RRLHC) .y o Gy #
Cz_fo1+ >dx = Z(—nf In*(x)dx = 2 Znt1) 16’

n=1

Cs=f In? (x) =%Z( )f X (x)dx =
n=0
Z n+1)3 _ZZ
2( m?

0= A+ZB+C—E+51n<> E{‘ﬁ‘a 2L (- 1)} 40((3)+80+:u3< ;)
de=1(Li3(—l>—Li2<—l>>—E+—{(3)+n—3—n2+£——ln(3)+ ZIn()

, 1 n 4 1
_zu3(—i), g(zcl+c2—2c3) 40((3)+80+5L13<—E)

o 1+x9)(2+x) 5 2 2 5 80 60 ' 20

2508. Find:

1x% arctan(x) In(1 + x?)
jo (1 + x2)2
Proposed by Shirvan Tahirov-Azerbaijan
Solution 1 by Bui Hong Suc-Vietnam

(-»*

T
cos(2nt), lt] < =

Note section : .. In(cos(t)) = —In(2) — z >

Z arctan(x) In(1 + xz) 1
Let: —2Q = —Zf 7 dx = f xarctan(x)In(1
0 (1+x2) 0

) —2x
O
)’-g" xarctan(x)ln(1 + x?)|1
1+x%2) 1+ x?

1
f xarctan(x)In(1 + x?)d ( 0
0
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jl 1 xIln(1 + x?) xarctan(x)
0

(arctan(x) In(1 + x?2) +

1+x? 1+ x? 1+x?
arctan(x) In(1 + xz)
—ln(Z) f 1+ 22 dx —
xIn(1 + x?) xarctan(x) 14
jo—(1+x2)2 dx — fo—(1+x2)2 dx—§ln(2)—A—B—2C
B & n
Larctan(x) In(1 + x?2) 7 1 r
a)A = f - dx = j tin () dt = -2 J tin(cos(t))dt =
0 1+x 0 cos?(t) 0

x=tan(t)

2 j: t(In(2) + Z Sl cos(2nt)) dt

I.B.P 2
~

17.'
tcos(Znt)dt = Eln(2)+

1n(2)t2|4+zz(

(- 1)" Zntsm(Znt) + cos(2nt)
)
4n?

n
4
0

16 n3 ‘2 2 2
n=1
2 T (—1)" s
Rln(2)+ZZ 2 snn(n§)+
n=
1 (-1)n m 1 (-1 g? e (-1n
- el =~ In(2 ——Z
+zz n? °°S("2)+2 - 16" 1 L Gnr 1)
n=1 n=1 n=0
1w (D" 1o (D) g2 7 <« (-1
_z ) -+ 1(2)__G+_Z( )
2. (2n)3 " 2 n3 16 47" 16 n3
n=1 n= n=1
_ " @) a+2 3
=1gln 253)
1xIn(1 + x?)
=f a2z 4
o (1+x?)
1t 2x
_ _ = 2
= 2f01n(1+x)(l+xz)zd
1! 1 _1In(1 +x%)|1
_ _ = 2 —
- zfol"(lﬂc)d1+x2 "2 1+ |0
'da+x*)  m@2) 1 1 |1 InQ2)
2)y A+x®)2 4 21+2x2l0 4 4
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1 Ttan(e) t( 1+ tan?(t) z LB.P { i _ n
- xarctar;()zc) e f4 ( 2 )dt =1f4tsin(2t)dt & lsm(Zt) 2tcos(2t)|4
o (1+2x%) 0 (1 + tan2(t)) 2Jo 2 4 0
x=tan(t)
~8
T
Then:—2Q = In(2) —~A-B -2C
/s 2 T 21 In(2) 1 1
= §ln(2) - {1—6111(2) —ZG + 6—4((3)} - {—T + Z} — 25 =
14 21 ? /4 In2) 1
ZG—a((3)—1—61n2(2)+§ln(2)+ 4 _E
21 T T T In(2) 1
Therefore: Q= FB((B) + 3—21n(2) — Eln(z) — §G ~—g + 7
Solution 2 by Exodo Halcalias-Angola
- fl x? arctan(x) In(1 + x?)
o (1 + x2)2
Larctan(x)In(1 + x?) larctan(x)In(1 + x?)
I= f 2 X - f 22
0 1+x 0 (1+x%)
Larctan(x)In(1 + x?2
o [ )
0 1+x
T T

=-2 fz xIn(cosx)dx = -2 fzx(ln (%) - Z (_l:)k cos(2kx))dx =
0 0 keN

:—Zln(Z) + 2 ,;V St (8_12: sin (n_k) + icos (n'_k) 1 ) dx = n—zln(z)

k 2) " aKr? 2/ ak? 16
T —1)k
1 (Z(k —)1)2 +
ken . . ,
1C D 10 EDE @ T 21
2. @07 22, ¢ 16" B 36t 5¢®
ken ken
B fl arctan(x)In(1 + x?)
A (1 + x2)2
B tan(o) In(1 + 22 fd X +arctan(x) 1
= (arctan(x) In(1 + x*) 201+ 1) > 0

1 (YIn(1 + x2) + 2xarctan(x) T 2

= t dx =—In(2) + —=In(2) —

zfo 1+ 2 (2(1+:c2)Jr"’lrc a"(x)> * = 16!M(2) +351n(2)
1 f Lxin(1 + x?) 1 f Larctan(x)In(1 + x?) f 1 x2arctan(x) f Yxarctan®(x)

2)y 1+ T2, 1+ x2 )y (A +x2)2 )y 1422 *=
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1 (In(1 +x) N 1(71 1 (3 ) 1 \%

)y Gror iz, et ] reoseon e [am(Gogh[§+
1 (1

— f xlncos(x)dx M

2 0

14 my 1/1 InQ)\ N n? m 1 n?
—1—61n(2)(1+2) <2 > >—§—6—4+R—§—3—21n(2)+1\’
I=N-M
2

I=N 1+ln(2) n+n+nl(2)+N
- 4778 "2 n

- 116111(2) (1 +§) -

4

64 16 16
1 m?

=2 m@ T 6+ 1@+

In2) 1

8+4

21 ? 15 /4

Solution 3 by Ankush Kumar Parcha-India

- fl x? arctan(x) In(1 + x?)
A (1 + x2)2

Ix?arctan(x) In(1 + x?) !

B.P
dx =

We have,j; A+ x2)2

xarctan(x) 1+1In(1+x%)\ 1
—( f d )+
2 1+ x2 0
1f1 1+In(1 + x?)
0 1+ x2

2
T T
=" 16"® 16

+1f1 X . +1f1xln(1+x2)

2), A+ 72, T+ a2

1 (larctan(x) In(1 + x?) arctan(x)

—f — f 5 dx
o 1+x 0 1+x

2
x—tan(x)

x
) (1 ™ + arctan(x)) dx

dx

T T
= —EID(Z) —R—

1! 1 11 /1+In(1+x?) ldarctan?(x) (i
——f d (—2> — —f d 5 + f _ —f xlncos(x)dx
4 J, 1+x 4 J, 1+x 0 4 0

. (—1)"cos(2nx)_l sec|x| T
oy IS () <G

nenN
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1,2 In(1 2 2 _1\n
f X arcta(n;n(ic)le;g +x) X = %—116—1—61n(2) + - +ln(2)f xdx + Z 1) f xcos(2nx) =
0
) ( ) 1.B.P
T T In(2
) =a‘1—6‘1—6“(2)‘ 8 3
In(2) (2 1" r
+ né )f4d(x2) +Z ( n) [(ﬁf dsin(2nx)) 4 ——f4sin(2nx) dx
0 nenN
m? n? m ow In2) 1 my (D" nn (-
=3_21n(2)+a_1_6_1_61n(2)_T+4+8n oz sm Z f dcos(2nx) =
nz In(2) + n m oo In(2) In(2) N 1 R
—32M™* 761716 16 8
T 1 . 1 -1 nmw
-3 —(Zn R sin(nm +E) + 1 Z 3 ¢0s (7)
neNy nenN
-2
(_1)n ~cos(nm)=(—1" ,VngZ "
T4 3 -z
4nEN n ~sin(nm)=0, vnez
1x? arctan(x) In(1 + x?) _m? n 7 In2) 1 = (=1)"
R e e L CRE SEE S ), @t 17
neNy
( ) ( ) ) ) ( ) =G(Catalan’s constant)
-H" 1 1" T T T In(2 1 7
+32n€N n3 ZnEN n3 =—§G+—ln(2)+a—ﬁ—ﬁ (2)— +4+—11(3)
21 2 In(2)
0 =——7((@3 —1 2——1 2——G— —
12853 t35n(2) n(2) 3 +4

2509. Prove that:

Lx.arccos(x)

dx 415,(11351331)
0o V2-—2xt 8\/— 3\27274°4” 722"

Proposed by Shirvan Tahirov-Azerbaijan
Solution by Quadri Faruk Temitope-Nigeria

1 x.arccos (x)

- . f X. arccos(x) f X. arccos(x)
B 0o V2-—2x* 1/2(1 x4) /(1 x)
= arccos(x) ; F W
X 1

dv =

\/ﬁ v = Earcsin(xz)
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1 1f arcsin (x?) dxl= 1 f arcsm(xz) _
o 2l Jaoe YT 22 Jaoa
xi=y, x= ‘/_ 1 f arcsin(y) dy 1 1 arcsin(y)
dy

JaA 2y 2 sya—p >

—arccos(x) .arcsin(x?)

=

2n+1

3 Z (2n!) j
424 @EmhCn+ 1) ), |y /i(l )
N (2n) 1

Y+ (1 - y) 2dy =

- Wz L (Z"n!)(Zn +1) ),

(2n!) 1 ; L 2 .
W2 L @m)Zn+ 1) g 2.(1-y) 2 'dy

1 © (2n!) B( 3 1) ~

T 42 L (2'n)(2n + 1) 2’2
Z 2n) T (Zn + %) r (%) _Vm C 2n) T (2n + %) _
42422+ 1) p (2n N % n %) 42 &4 (2rn)(2n+ 1) T(2n + 2)
wEs @eay T(m+3) ym (1) r(zn+ g)

4\/_ (2"11')(211 +1)r2n+2) 4\/_ (n')(Zn +1)r@2n+2)

N (%)n F(2n+§)
4\/‘n02(n+2)n, rzn+2)

This :
4(n+1) (Zn + %) n!

,,Z '4( %)(2(n+1))!
(m %) ( DI (rrg) et vr(n+y)

8\/5 0 n'I‘(n+§)I‘( +%)(n+1)

(2,@,,@,0 v 1135 33
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2510.

f,9:R->R,f(1)=3,g(1) =2,xf(y) +yf(x) = 2f(xy)

xg(y) +yg(x) =2g(xy) ¥x,y €R
Find :

f (sing(x))

1
€= fo f (smh(x)) n f(cosg(x)) dx

Proposed by Daniel Sitaru-Romania
Solution by Shirvan Tahirov-Azerbaijan

xf(y) +yf(x) =2f(xy) = xf(1) + f(x) = 2f(x) = f(x) = xf(1) = 3x
xg(y) +yg(x) =2g(xy) = xg(1) +2g(x) = 2g(x) = g(x) = xg(1) = 2x

f<Sin131(x)> = sinh(x) , f<cos;1(x)> = cosh(x)
sinh(x)
.[1 f( 3 ) dx
0 f(smh(x)> +f<cosh(x)>
(! sinh(x) ! e —Ze‘x )
B -[;) Sinh(x) + COSh(x) dx = _];) eXx —e X ex _;e—x dx =
1 e —e™”
2
2

1e 2 1 ,x -x
= [ = 10 = )
), 2 Jy 2ex 127271 4e? 4
2

2511. Find a closed form:

o

j e *(1 — cos(3x)) dx

xz
0
Proposed by Cosghun Memmedov-Azerbaijan
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Solution by Alireza Askari-lran

[oe]

e *(1 — cos(tx) d d r e *(1 — cos(tx)
Let f(t) =f 2 dx - Ef(t) =E<J dx)

x2

0 0
d r d e *(1 — cos(tx) r e . r e*
Ef(t) = | 3¢ P dx = J ?(x sin(tx))dx = f Tsm(tx) dx
b o °
dz ) ex(—1+it) 0
- — -x — —x+itx — —
12 f() f e *cos(tx)dx = Re U e dx} .‘Re{ T ] 0} Re {1 — it}
0 0
d? 1+it 1 d d
—_— = = _— = -1 —
dt? f© Re{l + tZ} 1+ dtf(t) tan™ () + € 3 dtf(o)

= tan"1(0) + C,

Ooe"‘ d
.f?sin(o xx)dx=0=0+C,>C;=0 —>af(t) = tan"1(t)
0

1
f(t) = ftan‘l(t)dt = ttan~1(t) —Eln(tz +1)+C, = C2=0
IBP -
.]‘ e *(1 — cos(tx)

1
_ “1(F) — S In($2 R
" dx = ttan"1(¢) In(t* + 1) P

2

0
1
ANSWER = 3tan"1(3) — 71n(10)
2512. Prove the below closed form

11
Q- f jlog(l—x“y“) N (C)
B Xy Xy = 16
00

where {(3) is the Apery’s constant.

Proposed by Ankush Kuma Parcha-India
Solution by Togrul Ehnmedov-Azerbaijan

We know that:

11 1
fff(xy) dxdy = —flog(x) f(x) dx
00 0

Then we can write:
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11 1
Q- fflog(l — x*y?) dxdy = — f log(x) log(1 — x*%) dx‘ _
00 xtox

X
0
log(x) log(1 — x) d log(x) i xK dx =
16 X X=716) " x k)7
0 k=1
o 1 o
11 1 1 7(3)
- - k-1 - =2
16 Z kf X log(dx = —7% ) 13 16
k=1 ¢ k=1

2513. Prove the below closed form
11
1—xy —xy\ dxdy
= -1 -1 - —1 2
jjtan (1 + xy) cot (1 +xy) log(xy) G+ 1l0g(2)
00

where G is the Catalan’s constant.

Proposed by Ankush Kumar Parcha-India
Solution by Togrul Ehmedov-Azerbaijan

We know that:

11
E!--Off(xy) dxdy = — f log(x) f(x) dx

Then we can write

Q= f f tan (1 Xz) cot™1 (i;—z)% = —f tan~! (L )cot‘ ( :) dx =
—f tan~1! (Lz) (2 tan~?! ( )) dx = — [, (— - tan‘l(x)) ( + tan‘l(x)) dx =
— /s (— - arctanz(x)) dx=—— + f arctan’?(x) dx = — — -+ ( Z + Elog(z) - G) =
Zlog(Z) G.

1
2
i1
. 2 - 4= _
Note.farctan (x) dx 16+ 4log(Z)
0

2514. Find:

B 7 c0s3(x) + cos5(x)
B _[%r sin%(x) + sin*(x)

Proposed by Nguyen Hung Cuong-Vietnam
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Solution by Mirsadix Muzefferov-Azerbaijan
cos3(x) + cos®(x) B
sin?(x) + sin*(x)

cos?(x) + cos*(x)

sin?(x) + sin*(x)
1 — sin?(x) + (1 — sin?(x))? _
sin%?(x) + sin*(x) -

cos(x).

= cos(x).

sin*(x) — 3sin?(x) + 2 4sin®*(x) — 2
cos(x). sin?(x) + sin*(x) = cos(x). <1 sinZ(x) + sin4(x)> -
4sin®(x) — 2
cos(x). (1 apre (x)(1(+)Sin2 (x))) = cos(x).(1 - A)
4sin®*(x) — 2 2
= Sin? (x)(l T sin? (x)) = - sinZ(x) + 1+ sin?(x) cos(x).(1—-A4)
2 6
~ cos(x). (1 + sin?2(x) 1+ sinz(x))

2cos(x)  6cos(x)

sin?2(x) 1+ sin2(x)

T 5 4

3 fz cos>(x) + cos>(x) d J'z <cos(x) N 2 cos(x) 6 cos(x) >dx _

x = —
u sin?(x) + sin*(x) ™ sin?(x) 1+ sin?(x)

= cos(x) +

T T
2 2
f cos(x) dx+2f (:'M—(x) X
n m sin?(x)
- 6 6
j‘f cos(x)
m 1+ sin?(x) .

6

T T T
. 2 2 d(sin(x)) z d(sin(x))
= sin(x)| % + zj;gt sin?(x) 6_];% 1+ sin?2(x)
T T

sin(x)lg—z(

T
>| 121- - 6(arctan(sin(x))|1zr =

sin(x)

_ 1 T 1\ 5-3m 1
— (1 - E) —3(1 —2) — 6(; —arctan (E) = —— + 6arctan (E)
2 cos3(x) + cos®(x) 5—-3m 1
- j;gt sin?(x) + sin*(x) = 2 +6arctan (E)

2515. Find a closed form:

1
Q= j ' 2 In(ln(x)) + i (E) dx
0 (1+x%)(x+2)

Proposed by Shirvan Tahirov-Azerbaijan
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Solution 1 by Bui Hong Suc-Vietnam

k

1
_( ™ 1nl Lln+1( a)

_ £ (n l)|kz+1
1" (x) - . (-Dim™i(x) |1 .,
fo 1+x2 dx:‘;(_l)kf A " (dx = Z(_ Y 1"'2(1: DIzk—Dii|o - M (DA

+1)
1 1
oy = fo x"ldx = a‘lzaa—; I, = fo " UnP (x)dx = (-1)PT(p + 1)a"17P
1 1
Kop= f 1P (x) In(In(x)) dx = _(Bal’ 1) = 9 (f x“‘lln"(x)dx> =
0 0
(-)PT(p+ Da ' P{In(-1) + P(p + 1) —In(a)}

! n xlnk (%) ! n k
Q=f0 x ln(ln(x))+m dx = fo x"In(In(x)) dx + (—1)

1
DI = fo 2" In(In(x)) dx = Ky 10 =(—1)°T(0+ 1D(n+ 1)1 %In(-1) + (0 + 1) — In(n + 1)} =

In(-1)+yp@) -In(n+1) In(e™)-—y—In(n+1) im—y—-In(n+1)
1 k k. B il : ko1 Unk(x?)
_ xln*(x) 2 (txln®(x) 1 In*(x) 2 (M In*(x) 1 In*(x
Z)I_Lm x—gom Xty (1+x2) *735 o (2+x) x_SZkJ;, 1+x z d(**)+

lkl -D*Bk+1 —Ek' S DLany A1 (—1) — k! (-1 k+1L -1 += k' - Bk +1) +
5 F=1)*B( ) 5 (-1 lk+’1i 2 szk (-1 i1 (1) k (=1)*B( )
2 1 —1kk! 1-2"0)¢k+1
<k (—1)"Lik+1(——>=( ) {ﬁ(k+ 1)+2sz+1(—2) ( )3k + )}

1 xin*(x)

o ArGrn =1V

2 5 22k
in—y—-In(n+1) (—1)*k!

! 1-27F)¢k+1
Then : Q= — +— {ﬁ(k‘l' 1)+2L1k+1(—§) ( 225( u )}

ir—y—In(n+ 1) k! (2k-1)¢k+ 1)
— {I?(k+ 1) +2Ll"+1(_5)+T}

e o ir—y—In(3) 2 37(3)
ifft n=k=20="—T—"4 {ﬁ(3)+2L3( 2)+ }

16
Q= w + 8—10{1: + 64Lis (— %) + 6((3)}

Solution 2 by Quadri Faruk Temitope-Nigeria

il xIn? (1) , xIn? (%)
I =f0 x2In(In(x)) +m dx _f (x ln(ln(x)) +m)dx
B

*working on A
In(x)=p

1 ree? (0 0
A= f 2 In(in(x)) dx ? e?? In(p) .ePdp = f e’ In(p) dp
0 dx=eP Y —00 —00
[~e.0]
0
— llmp .e3Pdp =

dn
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= llmij0 p".e3Pdp = limi[(—l)"S‘"‘ll"(n +1)] =
n-0 dn '
it —y —In(3
- lin(l)[(—l)”S‘"‘ll"(n+ Dlpln+1) +im - ln(3)]] L i m@)] =w
n—
*working on B

1
B—fl xln? (E) p _fl xIn?(x)
), a2 T ), a+r)a+ 2™
Decompose into partial fraction...

1(2x + Din?(x) 11n2(x) 20 o (Mo 10, o (an
=-£)de__ gnz:: l)f 2 1ln2(x)dx+—2(—1) fxz n?(x)dx —

E; -2 nf X ln* () dx = Z( 1)n[4(n+1)3] sz( 1)"[(2n+1)3 5 (2—11+)n"[(1:71)3]=
3

i 7(”11;3 5:0(2(111):)3_31;2“&(:):1)3=1_0[Z((3)]+§[3_2]+§[Li3(_%)]:

n=0

B+ m 21y (-1)

10 g5t (3

But I=A+B
ir—y—1n(3) e 4
=TT 0@ g+ 5 ()

2516. Find a closed form:

.[1 In(x) In3(x + 1) p
0 x+1 *
Proposed by Shirvan Tahirov-Azerbaijan

Solution 1 by Kartick Chandra Betal-India

[ j‘lln(x)ln3(x+1) dx
~Jo

x+1
ZIn(x — 1) In3(x) 1_{In(1 -x) — In(x)}1n3(x)
= f dx = f dx =
1 X % X
TIn*(x IIn(1 — x) In3(x S|l 1 (!
f ()dx—f ( ) ()dle ) 1+Z—f x" nd(x)dx =
1 x 1 X 5 |5 nji
2 2 2 n=1 "2
In5(2) < 1[x" . . 3x"In%(x) 6x"In(x) 6x"|1 In5(2)
5 +Z—[—ln (J = nZ ' n3 ot %_ 5 T
n=
i 1] 6 (-In*2) 32(2) 6In(2) 6 )] In%(2) .\
n| nt n.2n n2.2n  np3.2n npt2nf| 5

n=1

i{ 6+ln3(2) 3In%2(2) 6In(2) 6 } In%(2)
-= _

nZ.2n n3.2n nt.2n  n5 .25 5

— 67(5) + In3(2). Li, (%) +
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) . (1 . (1 . (1
3In“(2).Li3 (E) + 61In(2) Li, (E) + 6Lig (E)

5 2 2
_ In 5(2) _ 67(5) + In*(2) {n_ _In 2(2)} N
3 1 1
3In? (2){ 6( ) _ "_1 2)+5 1(3)} +61n(2) Li, (2) + 6Lis (E) =

5(2)

61n(2) Li, (;) + 6L15< ) 62(5) — (2)In?(2) + —ln2(2)((3)

Solution 2 by Bui Hong Suc-Vietnam

jl In(x) In®(x + 1) I
0

x+1
q =jlln(x) In"1(x+1) dx
0 x+1

“n"(x +1
n"(x )dx)=

0

1
= %fo In(x) d(ln"(x + 1)) = %(ln(x)ln"(x +1)] (1) — j

1
1 ('mr(x+1) Dt o) !
e e e, o,

X =
X n 1 v(l v) n
2

dv =

1
ll lln lln 1 1 —ln
sz n(v)d fn(v)dv+f n(v)dv=—ln"+1(v)1—f2n(v)
1 1 1 +1 0

2 v(l v) v =

—-v n 2 1-v

[ee]

(-1 )", n+1(z)+i J 1t (v)dv — Z f - 1ln"(v)dv—ul @+ - 1)"”'2:«11“‘
0

n+1
k=1

=1
a 5 N

(o]

k=1 i=0

m"1(2) + ()" n.{(n+1) -

0 n 1\"
ZmZ( 1)"1! ) ‘(z)( ) D @) 4 (cO) o g(n 1)

Kt n+1
k=1 i=0 n

—Dmn! Z i! (':) In"-i(2)Li,, , (%)
= Then :

_ ot {(—1)"1 n+1(2) + (- nl{(n + 1) — (-1)"n! Z ! (1:) " (2)Lisy G)}

" n +1 &
iff n=4 q,
w = (4 4—i . 1 5 1
)M+ 1) 1205200 (D (@i, (3) - 1206(5) - S (
d

:f X =
o x+1 20
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A 1 3 21, >
dx=61In(2)Li, (2> + 6Lis ( ) 6((5)—-7{(2)In"(2)+ ?ln 2){(3)

In’2)
t—3

n(x) In3(x + 1)
J;, x+1

Solution 3 by Quadri Faruk Temitope-Nigeria
fl In(x) In®(x + 1)
dx
0

x+1
du 3In’(1+x)In(x) n*(x+1)
+
dx 1+x x

1
v=In(1+x), dv 1+ x

IIn(x)In®(x+1) lin*(x+1)
dx —J ——dx
0

=In(x)In®(x+ 1),

x+1

1
1=1n(x)zn4(x+1)|0—3j 2
0

i
lim*(x+ 1)

I= —31—-]- —dx
0

X
fl In*(x + 1)
I=—| ———
4 ), x
Now the main task, let's calculate this integral ...
fl In*(x +1)
—dx

0 x

Recall that:

fl In*(x+1) n**1(2)
—dx - 7
0 x a+1

I
+a'l{(a+1) - (—1)“_].2111_(7;) dx
0

Tim*(x +1 In>(2 7 In*(x
f —( )dx= ( )+24((5) f ( )
0 x
* Working on A
1
2 In*(x) p dp
A—j; 1_xdx x—z, dx—T[O,l]
4 (P 4 (D
A:f”" (z)Qzlf”" (z)d
0 1—% 2 2)y 1-0

n —_
sz dp ZZz"fpln )dp =
1w 1
22,

1
ﬁj p*[In*(p) — 4In3(p) In(2) + 6In?(p)In?(2) — 4 1In(p) In3(2) + In*(2)]dp =
n=0 0
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11t EN
EZ?] p"in*(p)dp — 21n(2)22—nf p"in°(p)dp
n=0 0 n=0 0

_3m2(2) Z o f pin?(p)dp —

zn4(2) 1% p"!

3 n n e

2In°(2) Z f In(p)dp + Z an dp = 2 z 2n dn* <1’l +1
n:

o)

1 n+1 5 1 n 1
2In(2) Z 2ndn3 (n + 1|0 ) 3in™(2) Z 2" dn? <n +1 0>
1 d pn+1
— 3 -
2ln (Z)Zzndn< +1 0) *

ln4-(2) 1 1 7
2In3(2) Z 2"(n Tzt Z 2"(n Ty = 24Lis (2) +241In(2) Li, (2) 6In*(2)[7¢(3) +

In*(2)
1 1 21 2
A = 24Lig (E) +241n(2) Li, (E) +@N2(2) + 2005 (2) — 62’ (2) + R (2’ (2) - In(2)

3 Lin3@2) - c2)m@)] + 23 @)[2(2) — 2 (2)] + .2In(2)

1 4 5
f wdx = In’(2) +24¢(5) —
0
"n*(x+1)  In5(2) /1 /1y 21
fo T =+ 244(5) — 241 (E) _24In(2) Li, (E) -S@m @)

—In>(2) + 6¢(2)In3(2) — 28(2)In3(2)
1 (Yin*(x+1)
1= ——f ——dx=

4 X
= _%[24((5) —241n(2) Li, (%) — 24Lig (;) - Ez(3)ln2(2) = glns(z) +4¢(2)In*(2)]
Un(x) Ind(x + 1 1 i 21 ln'(Z
fo “(x)x"+(1" D g = 6@ L (3) + 6Lis (1) - 625) ~ L@ @) + o @73) + 2

Solution 4 by Togrul Ehmedov-Azerbaijan

j- log(x) log3(1 + %) i f (log(l +x) + log (1 _T_ x)) log3(1 + x)

1+x 1+x dx =
0 1 1 0 ( X )
log*(1 + x) log(13%). . 1,
= fl—_l_XdX-Ffl—_l_xlOg (1+x)dx-§log (5)+
0 0
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1 1A
jL' 1 log3(1 )d —11 2(5 Li 1l 32
+ 12<1+x) og +x x—sog()+ 12<2) og —
0

[l

1 1
2 — T lag2 . (T 3
1+x log“(1+x)dx = 5log (5) + Li, (2)log (2) +

0

1 /

1 1 1

+3] Li3 ( g )) log?(1 + x)dx = Elog2 (5) + Li, (E) log3(2) +
0
{L13

1
—log?(5) +

5

1Li ( 1 )
2 3\1+x _
log (2) - 2,[—1 T x log(1 + x) dx} =

0

+Li, (E) log3(2) + 3Li; (1) log*(2) +6 J <L‘4 (1 Jlr

)) log(1+x)dx =

= £1og2(5) + Liy )log3<z>+3mg( log?(2)

+6 {LL, (E) log(2) — f #_l_;x)dx} =

= %logZ(S) + Li, (%) log®(2) + 3Li3 (;) logz('z) + 6Li, (%) log(2) + 6Lis (%)
— 63(5)

2517. Find:

1
f (Liz(—x) + x*arctan?(x))dx
0

Proposed by Shirvan Tahirov-Azerbaijan
Solution 1 by Pham Duc Nam-Vietnam

1
I= f (Li;(—x) + x*arctan?(x))dx
0

_ (Y, _NED L NG

S—Lng(—x)dx—; 3 Lxdx—n=1n3(n+1)—
1 1 1 1 3 1

Z(_l)n(ﬁ_?_n—HJﬁ):_Z((3)+_((2)_Zl“(2)+1

n=1

1 IBPq 1 2 ('xParctan®(x

I.B.P
™

dx
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w? 2 x* 1 1
r_=z r 2
183 (arctan(x) ( > "3 In(1+x )>‘ 0

ljlxz—ln(1+x2) mt 2w ™ @
2}, 1+ M= 3G "
1 my 1 (1In(1+x?)
— 1__ — - @z
3 ( 4)+2j0 1122
xox
1+ x?2

= +25 (2)+J dx) =
=38 302ty @tz | e 0=

1 (*In(1+ x?) 1 (®In(x?)
J, e e=il,

nl 2)+ dx) =
g 172 ¥ 1) 1=

4
n 2 1 @ =

) =28 30zt g"@®-
1 (2 1 (! In(x) w 2/, 1 wm =@ 11 G
_E,fo ln(cos(x))dx+i.]; 1+x2dx)—E—g(—i+z—§ln(2)+Zln(2)—i)
G 1 T T 1
; —1§+§“2>‘E‘“(2>;z:§ )
T T
I=S+Y=—Z((3)+E((2)—Zln(2)+1+§+§((2)—Eln(2)—g+§

G 5 3 n m 4
I=2+358@)-2¢B3) -5 m@) -2 -2In@) +3

Solution 2 by Exodo Halcalias-Angola

fo ' (Lis(—) + P arctan?(¥)dx
E= fo iy (—x)dx = (Lig(—x) f dx)| (1) - fo Ly (—x) dx
= Lis(~1) — (Liz(—x) f dx)| (1) -
j:ln(l +x)dx = - %((3) + %{(2) —2In(2) +1

3 1
E=-2{3)+5¢2)-2In2) +1

1 2\\|1 2 ('x3arctan(x
H = fo x2arctan?(x)dx = (arctanz(x)f d(;))‘ 0 §f0 Tz()dx =
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M _ Ej%xtarﬁ(x)dx = %(g)z —g(xf d (m + ln(cos(x))))|§
0

3 3
1035 dx 2
f —_— jln(cos(x))dx
0 0

3 cos2 (x)

6 T
A1 d =—Cl —20)—-0In(2); Cl,(=)=pB12)=G
{ | inteos(zdz = 5 cla(w ~ 26 - 010 (@); cta (3) = B2 }

— %((2) _g(g — gln(z) ljz dtan(x) + g - gln(Z)
G 1
H—§+8((2) —ln(z) st 3 .
E+H=-34(3)+4@2)- 21n(2>+1+3+8<<2>——‘“<2>‘€+§

1 G 4

. _ 2 - _ e - - - -

jo (Liz(—x) + x*arctan?(x))dx 3 + 8((2) 4((3) 12 ln(2) 3 2In(2) + 3
Solution 3 by Quadri Faruk Temitope-Nigeria

1 1 1
I =f0 (Liz(—x) + x*arctan?(x))dx = J; Li3(—x)dx+-];

*working on A
1 du Li,(—x

A =f Liz;(—x)dx [u = Li;(—x),— = 2(=%) ; v=x,dv = dx]

0 "dx x

x?arctan?(x)dx=A+ B

1 1
A :xLis(—x)|(1,—f Liy(—x) = —Z((B)— [xLi3(—x)|0+f xln(1+ x)
0 0

3 1 ! 3 1 2
“H@ - [5@+ [ M+ dr=- 1@ - [-5{@ + [ mG)dy]

x+1-y

3 1
A=-713)+54(2)-2In(2) +1

dx|

*working on B
1

B = f x*arctan?*(x)dx [x = tan(y) ;dx = sec*(y)] [0, %]
0

B = f * tan? (y)arctan?(tan(y)).sec?(y)dy = j * y*tan?(y) sec’*(y)dy
0 0

yztan3(y)% 2 (% 5 1 11: 2 2% 5
=" ——f ytan (y)dy=—(— ——f ytan®(y)dy
0

_ 3 —
=183 f ytan®(y)dy =

30 RMM-CALCULUS MARATHON 2501-2600



R M M

ROMANIAN MATHEMATICAL MAGAZINE

WWW. ssmrmh ro

2 2 2 1 " i
53 [(S“Z(y )y ln(COS(}’))> yl g 2 f sec?(y)dy — f “In(cos(y)) dy]

n? 2 ”(1 ln(2)>_1t n( +1n(2)f dy +Z St f cos(2ny) dy]
0

~28 32 2 2

B=E+ ((2)——1n(2)—g+%

3 8
G 1
A+B= ——((3) += ((2) 2In(2) +1+—+= ((2) —ln(Z) Tis
. c 3 8 6 3
f (Li3(—x) + x?arctan?(x))dx = 3 + 8((2) - —((3) - —ln(Z) ——-21In(2) + =

2518. Find:
©  xm?(x)

dx
; (T+x)(1 +x?)?
Proposed by Shirvan Tahirov-Azerbaijan

Solution 1 by Ankush Kumar Parcha-India

1
We h ®  x3n%(x) Fxot In?(x) 1 fllnz(x)
3 = — —
ernave | G rona+2: 7 ), A+ro0@+27 1), 1+«
1 (1xIn?(x) 1 (Yin%(x) 1 (! xIn?(x) 1 %) 1 (Yin?(x)
—J adialS) —j T [ o [ =—f ) et
4), 1+x? 4), 1+x2 2y (1 +x%)? (1+x2)2 4), 1+x2
D e 1BP
Jllnz(x)d lnz(x) J x? 1+ 1 jlxln(x)d lnz(x) f © arct 1
32), 1+2 " 1x2)ot2) Tr2 Pt 12 tarcan® Py
=0 x2ox =0
lfl In(x) lflln(x) arctan(x)d _1flln2(x)d N LIn2%(x) lfl In(x) x4
2),1+2 72, x a1+ T2 1 22, 112
1BP
1 ('In(x) arctan(x) ) LIn2(x) |x|<1xe(°1) (M on s
§f T dx— d(in ())) += f1+x2 ;( 1)f In?(x)dx +
0

- Z (1)1 f n- 1ln2(x)dx—— Z (—1)n f 2 In(x)dx + = Z( 1)n-1 f o In(x)dx

nEN nENO

neNy
1 _1\n
( J(; t"™In"(t) dt = (T(Tl-l-)—l)n'll n>-1 /\m + —1)
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®  x3In?(x) (-1)" Z (-1t (-1)"
L A+o@+x22 7 L @n+ Zn+ 1P 16 L m? 2 L 2n+1)2
neN,
=B(3) —11(3) =G (Catalan's constant)
( )n 1
2
neN (n)
_((2)
® 3% (x) {(2)

1 (1+x)(1+x2)z ((3)+ +/3(3)__

Solution 2 by Exodo Halcalias-Angola
®  x3n?(x)

1 @+ +x%)? dx

1
®  x3n%(x) Fx ot n?(x)
; M+ +x2)2 *= o (1 +x)(1+x2)2 *=
f lnz(x) x 1-—x 1 )dx=ljlln2(x)dx_lj1xln2(x) ot
4(2+1) 2(1+x2)2 4(x+1) 4), 1+x2 4), 1+x?

b mi(x) 1 (! xmm?(x) 1 (1m2(x) 1 1

- = D E——— — —_— _1\k-1 2k-2 2

joz(1+x2)2dx 2 0(1+xz)zdx+4f0 TT1 W 45( 1) fox n?(x)dx
kEN

1 1
;_ZZ(_I)k_l_[ x"‘llnz(x)dx+%;(—1)k‘1L x%2 In?(x)dx —
D+t 7 (—1)k1
16;(_1)k lkj ke~ llnz(x)dx—i (Zk 1)3 +— L L +
( 1)k 1
zz( D 1((2k Dz T2k = 1)3) skEN N

keN
, ="
- (Zk +1)?

— B B@) =G BG3) = inzm]

=216 @ 167 T2\ 1™ @) 52

00 31 2 2
. 1+ x)r(ll(jf)xz)2 (3) + +B3) - Q

13 7 1(3) ( 3 )1((2)
z

Solution 3 by Pham Duc Nam-Vietnam

1 In?(x) = (1 - 1 7
_ — 2ny..2 _ — _
A—j;) 1_x2dx— E fo x“"n?(x)dx = 2 E (2n+1)3_4((3)
n=0 n=0

= fol (T:(gz dx = —Z(—l)"nfol 2" 1 (x)dx = —ZZ (—nlz)" =¢(2)
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12 1 ! In? 1°° 1\" 1
a21:C=j n(x)zdx=—f L)de=—2(——) fxz"lnz(x)dxz
0o At x al, 1 ay\ al

1+<\/;x>
2 1\" 1 1 1 1
& EESNER
a a/ (2n+1) 4a a 2
n=
—tic= [0 s Lo(-1a]) L o(-0sl) - zew
a_'1_01+x2x4a adz) PP\ Theg) T

5 f W) e = 25(3)
0

1+ x?

d Lmm2(x) T m?(x) d 1 1 1

da f are == G azla"’(‘;'&;) =

R IEn)

= 8 =-6-B3)-C,=6+63)

a=1
[ = ® X3 n%(x) dx x;; 1 In?(x) dx
1 M+ 21+ x2)? o (1 +x)(1+x2)2

1 In%(x) 1 xiln?(x)
o (1—x)(1+x2%)?2 - 0o (1— xz)(l + x2)2 *

[ n*(x) " "1 In*(x)

__f I"Z() Ta+ )2>
1
= R(A +B) = az(s) +1e8@)

1 lZ 1 112 1 112 1 1 lz
*H=f - n*(x) dx:_f n_@)d“_f LACTIE Y ML ONN
0

—x2)(1 + x?)? 4), 1—x? 4), 1+ x? 2), (1+x2)?

A Cq Cy

=pB3)+ 1((3) + E

I=H-E= 3(3)+—c()+———<()——<(z)——c(3)+ +ﬁ(3)—((—)

16
oo 3l 2 2
. 1+ x)r(l1(:)xz)z ( 3) + +B@3) - Q

2519. Find:

V1 — x2

Proposed by Shirvan Tahirov-Azerbaijan

jlxz(l + Vx)cos?(x) .
0
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Solution by Exodo Halcalias-Angola

1.2 2 2 1.2 2
x“(1++vVx)cos*(x x cos” (X X“VXCcos~\(x
I=j ( \/_) ()dx= () X+ de=E+H
0 V1 —x2 0 Vl x2 0 V1 — x2
. 1 xZCOSZ (X) (_ )k22k 1x2k

0o V1-—x?2 f\/l Jrz(1 - (2k)! ydx =

x G O A S P O e i
\/szd’”’z k)| j AT, et
Z(_ ()zkkz)z'k : 1% =3¢ (Z)r(3)
e vyl d).
=% r2 (1>+£ VT VRS GO 2 - 20

2 4+ 2 L k! (1D, (2), )=

= % + \/2_1?(_@ £](0)(2) \/_](1)(2)>

E= (g + E](O) (2) - E](1) (2)>
. 2\/_cosz(x) o (—1)k22k-1 Zk ~
H= f i T m (”Z 2y =

( 1)k22k 1 2k+2 p 1 1 x4 -1 p
Z k) f = z"‘j X+

X "2 o V1—x
Rzt it TR\ 1 ket [ r(k+g)\
zz (2k)! f 1— xdx_i< r(%) +Ek=1 (2k)! r(i)r(k+%) B
va(1e| vafer(®) # QA3 @)y
2 \sr2(z)) 2 5T (3) 5r'(3)

ata(r PO\ swr@\ 10 o swr@)\
21'[\/— + 5 211'\/2 ZF(Z'E'Z'_I)_ 10 21'[\/?
3V 719
"=m<(”(x;z;z;‘1)“)>
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A T 3Vr 7109
I=E+H= <§+§](0)(2) —11(1)(2)> +m<(%F(Z;E;Z;—1) + 1))

J(@)(x) = Bassel function of first the kind
w — Lemniscate constant

71— sinf(x)
—In(n)), w, = 1lim 1_[
T2 k=1

cos?(x)

2520. Find:

Q= lim(
n—oo w
=1 k+1

Proposed by Daniel Sitaru-Romania
Solution by Shirvan Tahirov-Azerbaijan

g+ X
1 ﬁl—sink(x)_l_ '1—sin"(x)_ - 1—sin"(x)x:_§12
@n = xl_l};f cos?(x) xl_)ngm. cosn(x) n,}_,lgm cos?™(x) .
lm(sin(x))
i —1—cos™(k) _ i 1 —cos™(k) *° ﬂx i 1-cos"(k)
TS stk e g (SIER)  ed sinG0\
A\ g2m k2n, (T)
" mf80)
ik nm(T
— 2 (1 _ 1 x>0 X
. (1 Aot (2)> R o L Gt (Y
= K2n I S 2n k2n —on
- k!
_ _ _ 2k
_ 113,010(22 o~ In(m) = lim( Ger 1) In(n)) =
k=1 2k+1

2k+1 I

. . k! o
L‘l‘;(z 2k+1 (k + 1)! ~In(m) = ,‘1%; (k+1) In(m)=v -1
2521. Find:

1
Q = lim (n J x" exp(x) dx)
n—-oo 0

Proposed by Daniel Sitaru — Romania

Solution by Dimitris Kastriotis — Greece

(o] (o]
1 1 xk 1 Xk
n-| x"e*dx=n-| x" —dx=n- dx =
k! 0 k!
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— il 1n+kd — i(l 1 )_
"M lu),t T L e+ T

2522. Find:
1x™ exp(x?
Q= lim (nj ﬁdx>
0

Proposed by Daniel Sitaru — Romania

Solution 1 by Hikmat Mammadov-Azerbaijan

1.,n 2
0

n—oo 1+ x2n

L x™ exp(x? 1 ® °° 1
.[ p(z )dx = f x" exp(xZ) Z(_l)kank dx = Z(_l)kf exp(xZ) A" 2k+1) g
o 1+x° 0 - 4 .

1
f exp(xZ) x@n+l) gy —
0

1

2y +n(2Zk+1)+1 1
— exp(x )x _ 2 f exp(xZ) xn(2k+1)+2 dx
n2k+1)+1 0 n(2k+1)+1)J,
exp(1) 2 fl 2y yn(2k+1)+2
= - d
nk+D+1 n@k+D+1), SPEI* o

o)

. exp(1) . i exp(1) -n
—_ k = —_ k =
R S VS Wl WA T Y

- i(—nk tim - <)
k=0

noon(2k+1)+1 -

'~ exp(1) o (—1)k
- ;(—1)" 2k+1 eXp(l)kZOZk 1

i o (_qVk___2%2 (12 2 n(2k+1)+2
Foranothercase.rlll_r)lc}onzho( 1) n(2k+1)+1f0 exp(x?) x dx

T T
= exp(1) i eZ
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oo

n
— -1 k li i 2 m(2kx1)+2 _
k_o( ) oo n(Zk+ 1) + 1 noo exp (x*) x 0
So we get:
flx" exp(x?) 4
o 14220 “a

Solution 2 by Exodo Halcalias-Angola

. 2k 1
. ' x™ exp(x?) . 1 (tyn'n
m(nf de>=,‘£2 i) 17y )"
0 k=0 0

. 1 (-1)-1 RNETANIC A
= m ZE(Z j 2k 1) _ZE(W 21—1)‘

keN

J‘l 1 q fldt 1) e
=e =e an = —
o 1+y2 Y TC) M

i J‘lx“exp(xz)d _me
e\ ™ o 1+x2m )=

2523. Find:

n
Q = lim (2-" - 1_[ "*%/E)
n—oo

k=1
Proposed by Daniel Sitaru — Romania

Solution by Adrian Popa — Romania

n

[["Vk=vivz-v3. .. .mm =

k=1
MG<MA
-vi1-¥1.1.2-Y1-1.1.3-...»v1f1-1-..-1-n <
n times
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2 2-2 2-3 2'n
<= : =
2 3 4 n+1
1 2 3 n 1 n—oo

n
>2™" “Vk<=-2.Z. =
Vk 234 " 'n+1 n+1

k=1

> lim z-nl_[ k=0

n—->oo

/ ) o /k(k+1) \
@ = lim k(n(n T 1)) ; B"! | k(kz— 1) /l

2 2

2534. Find:

Proposed by Daniel Sitaru — Romania
Solution by Bui Hong Suc-Vietnam
k(k+1) (k(k+1))!
Let: S, = ;(lzl k! k(k2—1) = ;‘lzl k! m
: L

n (k(k+1)>! (1-2)! 2-3),(3-4)!.m.((n—l)n)!(n(n+1))!

"\ 2 2 2
11 (k(kz— 1)>! 120)! 221) | (322) | (423)! . (n(nz— 1))!

Then
Q=1i —1 S = li 1 nnt1) V1=1i 1)=1
T g (n(n + 1)>| n | =0 (n(n + 1)), ' 2 T nl—>123( ) =
2 ) 2 )
Therefore: Q =1
2525. Find:
® r1in2(\/x)In?(x
f f ( 2) (y)zdxdy
1 Jo A+y5)(2+x)

Proposed by Shirvan Tahirov-Azerbaijan
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Solution by Quadri Faruk Temitope-Nigeria

o] 112 lZ
’=f f n(ﬁ)n(xy)dxdy

o 1+y3H)(2+x)?
* But :
In?(AB) = In*(A) + 21n(4) In(B) + In*(B)
(et In?(Vx)In?(x) © 1 n?(Vx)In(x)In(y)
I_f fo (1+y2)(2+x)2dxdy+2f f 1+ y5)(2 +x)?
© 1 m?(Vx)In?(y) 1 1 In*(x) n3(x)In(y)
fl fo (11+3;2)(2+2x)2dxdy_4f1 fo (1+y22(2-:x)2d xdy +3 f f (1+y2)(23+x)2d xdy +
1(° In*(x)In?*(y) 1 ® dy In*(x) “ In(y) n3(x)
_f fo (1+y2)(2+x)2d’“i"_Zj1 1+52), @rx2 ™ EL 1+2 %) iz ™
1 °°ln2(y)d 1 n%(x)
+Zjl 1+ y? y o (2+x)? *

dxdy +

By working at the integrals

1j°° dy . |00_1l' L
V) Ty -l =57477

1
©nG) °l“(y) -dy _ ('In(y)
Z)J 1+)2 _fl1+2;v ¥ __-[01"'3’2‘1
y
or
=0(2n+1)2_

= —Z(—l)” jo 1yz" In(y) dy

1 o
3)J-ooln2(y) - jo In? (y) —dy 11n2(y)d =Z(—1)" LlyannZ(y) dy
n=0

1+ y? 1 1+y y2 )y 1+ 2
© Cay _
@n+13 16

n=0

[oe] [ee] 1

4HA= (lzn:(;c))z Z( )Z —2- "f " In*(x)dx = Z (—nZ> 2‘2‘":—nf0 x"dx =

n=0 n=0

oo 2
Z( )22+n (n+1)5_24zm_24[ ; 4(_%)12_12”4<_%>

5)B = 01 é"ffﬁi Z( S f "’"3(x)"x=i(;z>zzl+nf"" () =

n=0 n=0

) _ 2
N gy S ) S B TS R

n=
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1

6)C = 01—(lzni(i))z dx = Z (_nz) 2‘2‘"f0 x" In?(x)dx = i (_nz) 221+n _ folxn In?(x)dx =

© _ 2
Z( 2)22+" [m] z(Tn 2[‘%“’2(‘%)]*”2(—%)

This :
1(* dy (! In*x) 1 (* In(y) T mm3(x) 1 (*In?(y) 1 n?(x)
Iz—f 5 5 dx —f >dy 2dx+—f > dy > dx
4), 1+y*J), 2+x) 2); 1+y 0o 2+x) 4), 1+y 0o 2+x)

13 o) 25 o)
1=~ () e ()T

P A R R

o 1+yH)(2+x)? 4 2/ 64 2
2526. Find:
1
xyln(y)arctan3(x)
.[ .[ dxdy
(Vy+1) (2 +1)

Proposed by Shirvan Tahirov-Azerbaijan

Solution 1 by Quadri Faruk Temitope-Nigeria

1
xyln(y)arctan® (x) yln(y) Lxarctan?(x)
= |f y= [ 2y [t Oy
B +DeE+D) boah
B
* Working on A
1 ® 1 had n
yin(y) no (-1) [31 2
A= f dy = Z _1)n f 21 In(y) dy =
0 \/;-F 1 y nzo( ) o y (3’) y ~ ( +4)2 36 12
31w _ 31+2(2)
g T3 =9 t%

* Working on B
_ T
j‘l xarctan3(x) i x=tan(y) fI tan(y)arctan3(tan(y))
T iy —=—
0

B =
x2+1 1 + tan?(y)

ec?(y)dy =

(o)
dx=sec?(y)dy "~ 0
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L L 1B.P L
L‘}%n((y};).secz(y)dy f y3tan(y) = —y3ln(cos(y))|4

+3 fz y?In(cos(y)) dy =
0

3 T

By
T

B, = [y in(cos() ay iln@os(y)) — i) - Y ER oy )}
0 n=1

3

B, = -1In(2) f:yz dy — i Sl Lzyz cos(2ny)dy = —l(z) In(2) —

3\4
oo mn
(-D)*| n? | ;mn sm( 2 ) 15 mn 3 ?
Z n 320" (7) T T a2 8 (7) = 1oz NP + 356+
n=
1 1 3m
Z §lLl4( )——lLl4(l)+E((3) 3
T T 1 187 ; T
= ﬁG —§Ll3( i) ——lLl4( i) — 460180 in* — ﬁln(z)
* But Liy(x) + Liy(—x) = 3 Liy(x?)
3
. ZB = mln(Z) + 331 .
T 3m 3 3. . . 187 T
= ngln(z) +§26 —§1TL13( i) — ZlLl4(—l) ~ 15360 im* — aln(z)
b4 3 3 3 187
= —_—_— R —_— R i rd
B 128ln(2)+ 32 G 811'L13( i) lLl4( i) — 15360m
I=AB
J} xyln(y)arctan3(x) .
(Vy+1)&2+1) :
3n? 3 3 187
] | L Mo 2 _2 -
[2((2) ][ 128l n(2) + 32 G 811'Ll3( i) 1L14( i)— 15360111:
Solution 2 by Ankush Kumar Parcha-India
We have ,
1
xyln(y)arctan? (x) yln (y) Lxarctan3(x)
-J av= [ e [ e @
(ﬁ+1)(x2+1) \/—+1 o X°+1

N
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ylny) | 77X 1 31n<x> P _

Lﬁ+1 y 3 fo dx —4;( 1) f In(x) dx =

I.B.P

_42(_1)11 1 In ( )Jd( n+3))

nenN

)n 1 n-n-3

_4(1-—+ ) Z(‘”" 1_(12_%>

—11(2)

1 tan3 x-tan(x) 7 IB.P n
sz de = J x3tan(x) = —(x3jdlncos(x))4
0 x-+1 0 0
4
+3 f x%Incos(x)dx
0
- Z (—1)k cos(ka) I <sec(x)> x| < E)
2 2
ken
xarctan3(x)
N= f xarclam x)
xc+1
3 ( 1)n
ln(2)+31n(2)f x%dx — 3 Z J. x% cos(2nx) dx =
~ 128 .
nenN
1B.P
3 ( 1)n
178 ln(2)f d(x3®) — Z fdsm(an))“——f xsin(2nx)
1B.P
3
:Fiigln(Z)—' .
3 (-1 n'n (=" 1
al (2)— 32 2 sm 32 ——fdcos(an))
nEN nenN
1 Z
+—f cos(2nx) dx] =
2n ),
3 P (-D)"  mny 3n (D" nmn
- L@~ S5 > sin () - > reos ()
nenN nenN
3 ( 1)n n-2n+1 n-2n
ZZ — fdsm(an)

nenN

n-2n+1
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31t 3 9
O=M. N
1
xyln(y)arctan®(x)
Q= f f dxdy
Vy+1)x2+1)
31 31t 3
[2((2) - — 55 - mln(z) - —3(4) + m”(@)l
Solution 3 by Exodo Halcalias-Angola
T xyln(y)arctan3(x)
j f dxdy

(Jy+1)x2+1)

yin(y) Lxarctan®(x) p
(ffﬂ ) )

yin(y) _ 3In(y) _ 1 , 1
-f\/_+1 a ,];, y+1 dy_4_];y ln(}’)d}’—4j;yln(y)dy+

4.f ln(y)dy—4f }Qdy=—4(3—12—2—12+1) ln(y)fdln(y+1))|(1)+
04'[‘11n(y+1)
0 y

2

dy = 4de( ) = 31+4 _20(2) -

xarctan3(x)
H= f xarclan (x)
x“+1

T

x3 tan(x) dx = (&3 f dln(sec(x))| ‘5 +3 fIxz In(cos(x))dx =

_ fo :
3 1 1 (=1)%1 cos(2kx)
(g) In (sec (g)) +3 j: x2 (ln (E) + ,;V ;OS X dx)

3

- @) - (5) In(2) +

ol

128 -
-1k 7
3 Z ( ’2 f x% cos(2kx) dx
ken 0 " .
. (T 14
LA (1) +3 Z vt (w2 sin(F) | Treos (%) _
128 2 = k 32k 4k3 4k?
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( ) z(_ Yk-1 Z(—l)k 1sm n 3,1.2(_ Ye-1¢
4

keN keN keN

2l ()+
128 "M\2
32 1 1 3 (-1 3p~ (—1)k1?

32 2L 7@@* B L @k7
Smom() T 2w 2 m
( B(u) = %ww—ﬂ G) + (ziu - 1) {w), wue z+>
e @ () + 7 (5659 ()16 ) * o
H= a”“z) IT <%> * 532(4) B 10124'1’(3) (i) * 12_8”((3)
3
- f f xz'\l/'l(i );l)r(c;:'z 1(;‘) dxdy = E.H

(a3 mom (2)+ By (1) 2xc)

Solution 4 by Cosghun Memmedov-Azerbaijan

B '[‘} xyln(y)arctan3(x) dxd
N (y+1)E2+1) Y
j’} xyln(y)arctan? (x) ( f yln(y) > ( flxarctan3 (x) dx> .
(\/;+1)(x2+1) f+1 \Jo x2+1 o
J_ Y 1.3
l 1
Y= f j_"iyi f Y n(y)d _42( 1)”] y"3In(y)dy =
(-np" 31 s 31
(n+4)2_ 5 tAR =X -5
1 xarctan® (x) a”ta‘,‘é")_’x 1 L ZP w3 1 1
D = f 21 = fo x3 tan(x) dx - aln (\/E) + 3.[) x%In(cos(x)) dx
3
3
= ﬁln(Z) + 3{

i i o (—1)" (4 w?
&= _[0 x%In(cos(x)) dx = —ln(Z)jO x%dx — ; - '[0 x? cos(2nx) dx = —mln(z) -
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_avn Z Gk
b)) f Pd(sinzng) & - 1n (2)—322 sin (
0

NgE

] 2n? 192
Z( 2) f xsin(2nx)dx = —n—ln(Z) +n—G ) f xd(cos(2nx)) =
nz J, 192 2n3 J,
n=1 n=1
3 T (D" cos 2 (—1)" (7
—mln(z) + —G §Z + Z 73 Jo cos(2nx)dx =
n=1 n=1
3
19 —1In(2) + 3—2(Gn;|;)
1 — (—1)n-1 (=1)"sin > 3 T2 3
64 PO Z an® BEET R _G T256°3) _3(4)

n=1 n=1

3 2 ‘I’(3)() t
§= 192 M@ +336 256((3)__< 768 96

3 3 9 nt*  3m? P& (%)
d>=mln(2)+3f—mln(2)+ﬁn’((3)+128+ 32 G — 1024
53{(4 1
- o (ax0- ) Smm(() Oy (). 2orc)
2527. Find:

n 2
2 (14 Vx) sin®*(x
( ) sin* ()
X
Proposed by Shirvan Tahirov-Azerbaijan

Solution 1 by Bui Hong Suc-Vietnam

_ .I‘g (1+ \/E)Zsin2 (x) f (1 +2Vx + x)(l — cos(Zx))
X

0
1 gl — cos(2x) 21— cos(2x)
_(j; 7dx+2fo —dx +f (1—cos(2x))dx>

2 N
1 gl — cos(2x) gl — cos(Zx)
E(j; Td(Zx) + Zfo T f (1 —cos(2x))dx > =
/4
1 fz—cos(x) 1 dx + 4\/_| 2 2\/_f cos(2x) d(V2x) + <x— snn(Zx))‘f =
2| J, 0

V2x-x
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1 v T
E(y + In(w) — Ci(m) + 2V2m — 2\/5[ cos(x?) dx +—> =

;<y+ln(n)—Cl(n)+2\/_ 2\/_6(\/_)+( ))

Solution 2 by Shobhit Jain-India
n 2
2(1+ in?
2 ( Vx)“sin?(x) I

X

x-%
2

Z.I‘g(1+\/§)25in2(x) J (1+x+2\/_) <ﬂ>d_x o
0 x 2
f (1+;+\/2_x)<%s(x)>dlej <w>dx+
0
lf (—cos(x))dx+—f < —cos(x)>

= —(y +In(m) — Ci(m)) + +—= f < — cos(x)>

=3 ()’ +In(m) — Ci(m)) + — + V2m — \/_ <c03£x)> dx
= —(y+ In(m) — Cl(n)) + + \/_——f I 1(x)dx

I=%(y+ln(n)—Ci(n)+2)+\/ﬁ—\/7_c

Note section:
Y —» Euler Mascheroni's constant

2
(o =f J 1(x)dx, J 1(x) = |—cos(x) » Numerical constant
0o "2 2 nx

“ cos(t)
t

*1 — cos(t
dt=y+ln(x)n—f f()dt
0

Ci(x) = —f

X

2528. Find:

Q- jl xln (%)

0o X2 +1)(2x+1)

Proposed by Shirvan Tahirov-Azerbaijan
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Solution 1 by Shohbit Jain-India

xln
f (2 + 1)(2x+ p=

1 /1\/x+2 1xln lln
=§j ln(_>(1+x2 1+2x sj x2+1d +5J 2+1
Zln 1 1 3 5 7
5[ 1+u =§f ln—{x—x +x5—x7 + - }dx +
+Ej11n 1){1 bbb }dx——jzm(Z) len(u)
5/ x
1 (1 1 1 1 1
s pte gt }+5r2{12 32 ?‘ﬁ* -
In(2)In(3) 1 1ln(u) Zln(u)
5 +§01+ Sj
192 26 In(2)In(3) ?
G T+?‘T+§-<‘E>‘
jl In(t) _1t_ E_ln(Z)ln(B)_n_Z__ 1ln(t)d lflwdt—
t(1+t) 240 5 5 60 5% 5%1+t
26 In(2)In(3) w? In*Q2) P
“5 5 80 10 's
Now P = f @ _Z(—1)"+1 f "t in(e) dt
1+t
Nowft"lln(t)dt——ln(t)|1 fltnldtzM 1 1
1 n2m"  n?2n n?
1
Therefore : P = Z(—l)"“f t" 1In(t) dt
n=1 2
= ln(Z)( 1)"+1 1/, 1\" (-1
Z{ _F(_E> + n2 }
2
—ln(2)ln(1+%> le(—%) 7(2) = In(2)In(3) — In?(2) — le<—%)—1lr—2
xln 26 In(2)In(3) w? In?2(2) In(2)In(3) In?(2)
,f(x2+1)(2x+1) =5 T 5 8 10 T 5 "5
le(—%) w2 26 In*(2) 7 1 /1
55 10 50 @ ghiz(~3)
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. 1
f xln(;) P n*22) 7 1 (1)

L @D D5 10 a8 P gl

Solution 2 by Bui Hong Suc-Vietnam

xln
f (2 + 1)(2x T

o k

[ S (3] [mconee- (-4 S G

k=1 k=1

= (— n+loa 114 _1
(—)™nlLi,, a

[oe]

Un®(x) N LT S (—Dimvi(x) |1
fo a+ 2 dxz_;(_E) Lxu i (x)dx=—;<——) X2k 1"'12;(11 DI 2k — 11| 0

k

e (-a)

= (-1 1n!; G
_ xln" (%) =D xint(x) 2(-1)" [In"(x)
1)¢n—J0 @D+ D" jo T+ ¥t 5 j(, 1T+
2(-1)" (In"(x) o
s fo 1T+2x %=

(D" (" (x) 21" (tn"(x) (D" (tn"(x) G P
5.2"+1J0 1_‘_xdx+ 5 -[o 1+x2dx— 5 jo x+1dx=5.2n+1(—1)n InlLi,  (-1) +
2
—1)n d _1)k _1)n
21 .n!.(—1)"+1 (1) D nl (D)™ Li,, 4 (-2) =

L 2k — 1)+ -

(1= 27700+ 1) 4 28004 1)+ Ligay (-2))
xln(%) 1
iff n=1: ¢=j; (x2+1)(2x+1)dx 5{ (1-2"Y¢(2) +2B(2) + Li, (- 2)}
1(1 1y In%(2) .
§{§((2)+26—L12 (_E>_ > +2L12(—1)}
1(1 o1y In?(2)
= E{g((z) #26 - iy (~3) -5 - c(z)}
1
! xln(;) 26 In?(2) 7 1 /1
fo @iDex+ DT 5 10 205 5l (_E)
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2529. Find:

©  xIn?(x)
1+x)?2@3+x)

dx

Proposed by Shirvan Tahirov-Azerbaijan
Solution 1 by Shobhit Jain-India

®  xln%(x) (! In?(x) p Ly 1
L A+026+0 7 T, A+ 0B+ )P T

o 3 1
2 4 2
f in (x)<1+3x 1+x (1+x)2>dx

O =

L% (x) 3 (1in%(x) 1 n2(x)
=Zf0 1+3xdx_ZL 1+xdx__ o A+22
3,351,
4 4 2
flnz(x)(l x+x2—x3+- )dx—l"3(113 213+%—%+---)=2n(3)
=—((3)
flnz(x)(l 2x + 3x% — 4x3 + - )dx—l"3(113 223+%—%+---)=2n(2)
={(2)
Um?(x) | *=31 (*(In(x) — In(3))? 1 (3In2(x)
A_f 1+3xdx f 1+x dx:§f0 T4z
——1 (3)f
ln2(3) 1 3lnz(x) 3 In(x) 2
f1+x_§j; 1+xdx—§ln(3)f01+xdx+§ln2(3)ln(2)
Therefore : 0
3 (3 In2(x)
_Zfo 11z
3 In(x)
——l (3 )f dx+ ln2(3)ln(2)——((3)——((2)
Now :
3 3
folln_l(_x;dlen(x)ln(1+x)|z—f0 wctxzzm(znn(s)ﬂ,iz(—s)
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37,2 3
fo lr_l_(z) dx = In*(x)In(1 + x)| (3; — ZJ; ln(x)ll;(l ) dx =2In(2)In*(3) +

3
2 f In() d(Liz(~0) = 2In(D)n?(3) + 2In(OLiz(~0)] ) - J
’ 2In(2)In*(3) + 2In(3) Li,(—3) — 2Li3(—3) ’
Q= %{2 In(2)In?(3) + 2In(3) Li,(—3) — 2Li3(—3)} —

3Liz(—x)d _

Hence :

;ln(3) {2In(2)In(3) + Li,(—3)} + ;lnz(S) In(2) - 2((3) - %((2)

Solution 2 by Bui Hong Suc-Vietnam
j xln?(x) dx
v = 1+ x)2(3 + x)
v, = *®  xln™(x) x;" j 1 —lnn(—) dx
") A+ x02B+x) 1 z 9 xZ
' " (G+1) 5+3)
iy 1 In"(x) dx =
=V avyorear ™"

(=" Lin"(x) Lin"(x) L In"(x)
{3.3.[; dx —3]; 1+xdx_20(1+x)2dx}

4 3x+1
B c

B (—1)"
4

(34—-3B—-20)

1 n 1 n
A= 3f In"(x) dx = f In"(x) dx = (—1)"n!Li, ,(-3)
0

0 3x+1 x+%

17,0
B = f ) dx = (-1)""'n!Lip 1 (-1) = (-D™n! (1 - 27"){(n + 1)
0

1+x
1 Im"(x)
C = . mdx =
1 n 17,,n—-1
_ fo " (x)d (xj: o) = xi"+(f) (1) _n jo In — (lx) dx = (—1)™n! Li, (1)
P, = ( )n (34—-3B—-2C) =

(—1)n 3(-D)™n!Li,.1(-3) - 3(— 1)"n' (1-2""¢m+1) - 2(-1)""'n! Li,(-1)
Z =

e (BLinsa (-3) 4301~ 27Z(n + 1) + 2n(m)
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If tn=
(7 xln?(x) 3 ) )
v f A+ G0 ™" 1t (3L15(-3)+ 301 -2 @ + 1) + 2n1(2))

Solution 3 by Obiajunwa Januarius-Nigeria
J‘ ®  xln?(x) d
1 @+x)?%2@B+x)
*®  xln?(x) I x,j 1 In?(x) _9 Jl In?(x) gy
1 (1+x)2(3+x) (1+x)2(3x+ 1) 4), 1+ 3x

17,2 1 2
3 f @) LRGN Z( 1)n3n J " In? (x)dx -
0

4)y 1+x Y7 2), a+a2

42( 1)nj "lnz(x)dx——Z(—l)” 1 j n-1n2 (x)dx =
ZZ(‘l)"?’"a—zU x"dx] Z<-1)n_U “dxl
Z( D™ 1n—U " ldxl Z(_l)n nanz [n+1
(13

Z(‘ )nanZ n41r1 zZH)" ' anz[ ] _(_1)2 'Z)(n+1)3_

(_1)n 1 ( 1)n 1n+}: mg (_1)m—13m—1
Z(—1)22!n=0 CFEAE _E(_l)ZZ!; = Z _

303 = n@) = — > Lig(-3) - 3i .3‘ ¢3) - i ¢(2)

2530. Find:
1
j (arctan3 (x) + szig(—x3)) dx
0
Proposed by Shirvan Tahirov-Azerbaijan

Solution 1 by Bui Hong Suc-Vietnam

General problem and full solution :
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~ In(cos(y)) = —In(2) — Z D"

T
cos(2ny), |y| < >

m ] .11-
fy cos(ay) dy = ZI'( ) 1 sin(ay +j3)
1 1
For m,n,k €Z*:85= f (arctanm(x) + xk‘lLin(axk)) dx = J arctan™(x)dx +
0 0

1
f x*1Li,(ax¥)dx =1 +]
0

1 x=tan(y) L n
DI = f arctan™*?*(x)dx = j y™*+2d(tan(y)) = y™** tan(y)| g -
0 0

m+2 L2

(m+2) f * y™*1tan(y) dy = (g) — (m +2)y™*1 ln(cos(y))lg +
0

(m+2)(m+1) J-Zy"‘ In(cos(y)) dy
0

A

m+2

— ()" (D) m(2) + (m+ 2+ 4

T

a)A = ijm In(cos(y)) dy = — fzym(ln(z) + z =

s

1
cos(2ay))dy = —ln(Z)f y"dy +

0

Z (_i)a ny'" cos(2ay)dy = — % In(2) + z = 1)‘12] ( ) (Za)lﬂ sin (ay +j ) g
S S S - P 5L
a=1 a=1

P Py (( )cos<§12)>+

a=1 +COS(2 )SlTl(z

D
2':+!1 sin (";”) (1-2""™)¢(m +2)
m!

= sy sin (50) (1= 277m¢m +2) - (g)m In(2) +

o _
7(7) @) P
j=0 J
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D= i (;jga (sin (az_n) cos (%T) + cos (azn) sin (];T)> =

T (-1)* jam . (T - (-1)e am
coSs (7)2 a].+2 sin (7)+sm(7) ai+2 cos (7)
a=1 o a=1
('n (-1)e
= —cos|—

L (2a + 172

sin(%t)Zﬁ:—cos(j )ﬁ(]+2)+2]1+zsm< )((1+2)

=0
A= 2:}; sin (":t) (1-2""™)¢(m+2) - (g) In(2) +
o .
3 ()™ hasn ()50 a2 )
=
Then : 1= (g)m+2 + (m +2) (Z)m+ In(vV2) +
| (m+2)(m -
4{ rsin (50) (=27 +2) - (3) (@) + \,}
F{Q, i
I\Z; Zﬁl <T> (%) ] (21'1+2 Sm( )“’ +2)—cos ( )B(’ T+ 21+2)}|
=

xk—>x

1 a 1
_ k-17p; k o - i -
2)] j; x* 1 Li, (ax*)dx kaJ;, Li,(x)d) kaK"

K, = faLin(x)dx
a @ 9Li (x())
= xLln(x)IO —j; X Ep
~K,_
= (—1)°aLi,11(a) + (-D'ali,_4(a) + (-1)*ali, ,(a) + (-1)°K,_3 =
n-1

a
dx = ali,(a) — f Li,_;(x)dx =alLi,(a)
0

a)) (-D*Li,_ (@) + (D" K,y =a ) (-D*Li,_,(a) + (-1)"! aLi (x)dx =
a ) (-D*Li,_,(a) + (—1)" 1 aln(l—x)d(l—x) =a ) (-D*Li,_,(a) +
a
D" A -x)In(1-x)+x}|  +a ) (-D*Li,_,(a)
0 kZO k

+ (- {1 -a)In(1 — a) + a}
Then :
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o1 Liy_ (@) i ld-a)in(1-a)+a)
K D ka

Therefore : S=1+]

s=O)" +m+ ()" mz)+
(m+2)(m

Ml in (n;n) (1-27""™)¢@m+2) - (g)m In(2) + \

2m+1

|
ZO: 2{11 (T) (g)m—l (2]1+2 sm( )((] + 2) —cos ( )[3(1 +2)+ 2]+2)}I¥ *

ko (1) Lin (@)
k

{(1-—a)ln(1-a) + a}
ka

+ (=t

Solution 2 by Quadri Faruk Temitope-Nigeria

1 1 1
Q= f (arctan3(x) + szig(—x3)) dx = f arctan3(x)dx +J. x%Liz(—x3)dx
0 0 0
= Il + Iz
1
12
I, = f arctan3(x)dx {x = tan(y) , dx = sec?(y) [0, —]}
0 4

Tl'

i T
I, = f arctan3(tan(y)).sec?(y)dy = f y3 sec?(y)
0 0

Y

V(A
- 4
= y3tan(y)| ‘5 -3 f y*tan(y) dy =

——Sf y* tan(y) dy

A

; x 0
A= f y? tan(y) dy = —y*In(cos(y))| 0 + Zf yln(cos(y)) dy
0 0

w? 1
=—In(2) -2 ln(Z)f ydy —
32 o

2 i D" f%ycos(Zny)dy
2

™ n@2) - 2In(2) |2 zi(‘l)"ﬁ f% o-2iny gy —
" 32 216] "L )Y y
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oo _imn jgp _imn
T2 T2 (D" -1+e 2 +Te 2
—In(2) ——1In(2) — 2 =
32 1M(2) ~ 75 In(2) RZ n 4n?

n=

= (—1)" |7 sin (@) cos (@) 1 e (—1)"sin (@)
_2; n 8n2 * - =_Zz :

4n? 4n? n2
n=1
oo mn o)
1 Z (-1)" cos (T) N 1 Z (-D"  m? n(2)
2 n3 2 nd 32"

T 2

3 3 yi4
A=76+4(3)-23(3) — - In(2)
I —ns 3A—n3 3n6+63 (3)+3n21 2)
' 64 61 2 "tes 32
du du
I, = 2Li~(—x3 { =x3,— =3x2, =_}
2 fox is(—x*)dx ju=x dx 3x%,dx 322

1 1 u=xq 1
I, == f Li;(—uw)du = 3 f Liz(—x)dx {u = Liz(=x),
3Jy 3Jo

d—u=LiZ(_x),du=dx v=x}
dx
1 1 ! 1({ 3 2
L= xLi3(—x)J0—j; Lip(—x)dx :§<_Z“3) _ <—¥+zm(z)— 1)) -

1 2) 2 1
12 = —Z((B) +¥—§ln(2) +§

1
Q= ] (arctan3(x) + szig(—x3)) dx
0

—ns 3n6+47 (3)+3n21 (2)+Z(2) 2l 2 +1
62 2 ¢teal 32 " 6 3m@ T3
Solution 3 by Shobhit Jain-India
1
I= f (arctan3(x) + szig(—x3)) dx=M+K
0
1
M= f arctan3(x)dx
0 i r T w3
= f 63d(tan(6)) = 63tan(9)| % -3 f 6% tan(0) d(8) = — +
0 o "~ J, 64
* P LT (1)_ F _m 3 oy
3[0 0°d(In(2 cos(0)) = 64+3'16'ln NG 3 , In(2 cos(0)) = 64+ 32 In(2)
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11'

3 (7]

—j Oln(2 cos( )dG by replacing 0 with 0/2
0

2
Now : In(2 cos( ) Z(_l)n 1cos(m9)

f Sln(2 cos (9 d6 = ; (_ 12'1 : JO 6 cos(nb) do

_ i (—1)n-1 {0 sin(n@) N cos(ne)}‘% _
n 0

P n n?
ot [Zsin(F) cos(F) 1
; n n + nz  n?
nZ( 1)n 1 sin +Z( 1)11 15“l )_

(-1 n{l 1 1 ---}+{1 1 1 ”.}_{1 1 1

M8

w3zl 3 E 2z Brte” TR X
n=
74 n(3) 21
SG+T—n(3) =26~ 4(3)

3  3m? 3(m 3 3m? 63 3
M=a+§ln(2)——{26——(( )}——+§ln(2)+—((3)——6
Now

1 1
1
K= f x*Liz(—x3)dx = §f Li;(—t)dt By substituting t = x3
0 0

Lis(-0) = Y (-1)"
n=1

Therefore K = %z ns((nl_?_nl) Z D" {_ - ﬁ % - Fll}

—{ —1(3) +1(2) = In(2) + 1 — In(2)} = —{——((3) +-0@2)+1-2 1n(z)} =
n.Z

2 1
%—15(3) —3n@2) +3

I= f (arctan3 (x) + x%Liy (—x3)) dx=M+K
0

3 2 63 37
2 ——64+—32 ln(2)+—((3)——G+
T 2 1
%—15(3) —3n@2) +3
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1
I = 3 27 (_ 3
fo (arctan (x) + x*Liz(—x )) dx
3 3w 3m {(2)

=a—TG+—((3)+—l n(2) +- > -3I@) +3

2531. Find a closed form:

n+3

e
2 D,

Proposed by Akerele Olofin Segun-Nigeria

I = Z (g) iz
1 2
Sn(n+3)me, VLI AT T
_ 2 fl ® x2n+2 ninl dx 2 f i x2n+2 r(m)'(n+1) ~
\/§ 3n+tln (211)' \/5 0 4 3n+1 I'(Zn + 1) =
n=1 n—
2 (1< x2nt2 9 [ (S g2tz
— _ . ~
n=1 0 o n=1
11 x*t 11
2 f Fatax=_ ff e
e — x = X =
x 3—x2t(1—t
\/§0 0 1—?t(1—t) 3\/50 o ( )
1 1 .

f t dt = f 1-t dt = 1[ 1
3—x2t(1-t) 5 ,)3-x(1-t)  2)3-x2t(1- t)
0 0

1 [
_ 1.1' 1 dt = 1
2 x2 x\2 [
03—T+(xt—7) 2x 3__
e () - (&)
= ———=10an sin~
xV12 — x2 12 — x2 xV12 — x2 12

Therefore,
1

2 j‘ 2x* __1(x>d 4f x3 __1<x>d
= sin fp— X = sin — X
3\/§0 xV12 — x2 V12 3\/§0 V12 — a2 V12

¢
= 32] 0sin30do
0
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x
by substituting 0 = sin™! (E) or x =V12sin@

¢
, , ) ] 3sinf — sin30
8] 0(3sinf — sin360)do by using sin30 = 2

0
1 V11 1

here,: ¢ = sin1 (—) = cos™1 (—) = tan~! (—)
¢ iz iz Vit

¢
cos30 ¢ cos30
=1 = 8[0( 3 —30050)] —BJ ( 3 —3cos0)d0
0

=8¢ (co§3¢ - 3cosq)) 0— 8 (

sin3¢

= - SSinq)) =
Now use the identity cos3¢ = 4cos3¢p — 3cos¢ and sin3¢p = 3sing — 4sin3¢p
32 . . 32¢
=>1= o (6sing + sin3¢) — =3 (3cos¢p — cos3 )
B 32( 6 1 ) 32¢ <3\/11 11\/11)

= — + —
9 W12 12v12 3 \v12 12vV12
3273 32 x25vV11

9+12V12 ?3 12v12
4%73  100V11 4
== — = J=——(73-75¢V11) =
273 ¢ 93 27\/§( oV11)

= L(73 — 75V11tan™! (\/%))

273

2532.
— sin(n) sin(n + 1) sin(n—1)

-y s

n=1

Proposed by Ankush Kumar Parcha-India
Solution by Alireza Askari-lran

B i sin(n) sin(n + 1) sin(n — 1) _

B n
n=1
B cos(2) = sin(n) 1 = sin(n) cos(2n) B cos(2) 1 = sin(n) = sin(3n)
2 ; n _En=1 n = ( 2 +Z); n _n=1 4n
o si el . 1
A= Z smn(n) =Im (Zl%) =Im(—In(1-¢€")) =Im (ln (1 — ei))

n=1
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1 cos(1) + 1+ isin(1)
= tm (10 (o1 e ™ (1“ <(1 Teos(D)2 1 (sin(l))2>>
| itan_l( sin(1) ) 1 sin(1)
=Im <ln <2 sm(z) e 1-cos(1) >> = tan <TS(1)>

= tan™! (cot (%)) = tan~! (tan( )) ( )

cos(Z) sin(n) cos(2) 1 /m—-1
SR, Z = +Z)( 2 )

{{sm(a) sin(b) = 2 (cos(a — b) — cos(a + b))}
note

{sin(a) cos(b) = 1 (sin(a b) + sin(a + b))}

sm(3n) m™—3

(according to above solution) z

8
n=1
cos(2) n—1\ 3-m =« 1 — cos(2)
I‘( 2 Z)( 2 >+ g ~ gt
: 2
ANSWER — T cos(2) -;(sm(l))
2533. Prove that:
z r1) =2 -+ LA
n e — — — — — —
(— 4)"+1 ! ) = 16 8 4
neN
Proposed by Ankush Kumar Parcha-India
Solution by Shobhit Jain-India
-1 1 -1 1 -1

YA +x) - PpQ) = k TTk E—E(1+£) here Y(x)
k= =1

= digamma function

Let x| <1
1 1 x x* x3
=>1[J(1+x)+y= E—E 1- E-I_ﬁ_ﬁ-l_ ........
k=1
x x2 x3
:Z ﬁ_ﬁ +F+ ........
k=1
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SYP(A+x) = -y + x4(2) — x*{3) + x¥*¢(4) -

> —xPp(1—x) = xy + x20(2) + x3{(3) + x*q(4) +

=xy + Z "I (n+ 1)
n=1

Differentiate w.r.t x

> —yYPA1-x+xPp'1—-x)=y + Z(n +1Dx"{(n+1)
n=1

put x = (—1/4)

5. 1,5 -1
5P - W@ =¥ + ) m+DGIm+1D)
n=1

n+1 1 1 5 vy 1 /5

inzmm(("‘l' )_Zw(Z)+Z+R¢ (Z)

5 1

Now, 1/’(1) =4+ 1/’(1)

/4
=4—-y-— 3" 3ln2 (By Gauss's Digamma Theorem)

1SN, Y _q_®_343.o
Therefore, Zt[)(Z)+Z—1 3 4an (4)
Wek 'x) ==+ ! + ! +
e now,t/;(x)—x2 Gtz TarzyE T
’5—16{1+1+1+1+ }
1/;(4)— stz tygz gzt
1 .5 1+1+ 1 N 1 N
> —YP(D=+5+FtF
16¢(4) 52 92 132 1772
Now
1 1+1 1+1 1 N _ ¢
12 32 52 72 92 112 llllllllll -
1 1 1 1 1+ 1 N _{1 1} 9 _3X1r2_1r2
St = P q( )—4 e -8

iRttt
By adding both series,
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52 92 .................. = 8

VG _G

aeTR A _+ +1_32+ﬁ+ .............. R N — B)
Add both (A) and (B)

! (5>+y+1 <5> 1(4 Y 2)+Y+G+n2 1

aP\3)tat1e¥ \3) =g -r—g=3n2)++ 5+ 7%
T 3 G m?

1 ———"I24+~4+——-1

8 4 2 " 16
G m w 312
2716 8 a4

11.2
Z( 4)n+1((1’l+ 1) ——+1—6—§—Zln2

neN
here G = Catalan's constant and y = Euler — Mascheroni's constant

2534. Find a closed form:
z sin(n — 1) sin(n) sin(n + 1)

n

nenN
Proposed by Ankush Kumar Parcha-India
Solution by Pham Duc Nam-Vietnam
P Z sin(n — 1) sin(n) sin(n + 1)

n

nenN

sin(nx m—X
Thissumm:S(x)zz 1(1 )= 2

n=1

where € (0,2m) is well — known

Since : sin(n—1)sin(n+1) = 1(cos(Z) —1+1-cos(2n))

== (cos(Z) -1) Z sm(n) 2 Z sin(n) (1 — cos(2n))

n

= —sin(1) (5~ 1) + z S’";(") _

n=1
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= —sin? (1)( 5 1)
i 7 (3sin(n) — sin(3n))

-1 3 1
= —sinz(l) (TIT) + Zs(l) - 15(3) =

in?
_ _sz(l)( _ 1) LT mcos(2) + 2sin*(1)

4 4
2535. Find:

3 (—1)*

a i (k + 1)3(2k + 1)2

Proposed by Shirvan Tahirov-Azerbaijan

Solution 1 by Shobhit Jain-India

B (—1)*
= kZl k+1)32k+1)2
N (—1)*

T L G skt 2

_Z 1)k 2 + 4 + 1 24 + -
_k—o( A A R VA TR VR T TR Vi

1 1 1 1 1 1 1 1 1
Q+1:12{———+——--.}+4{———+——---}+{———+——---}—

R TN R PG 13 23 "33
24{1—§+§— '"}+8{F_?+?_ } = 1321n(2) +4n(2) +n(3) -
—24p(1) +8B(2) = 121n(2) +2¢(2) + ¢(3) ~ 24.% +8G
RGN 3
1= kZl (k+1)32k+1)2 8G +121In(2) + 23(2) +Z((3) —6mr—1
Solution 2 by Kartick Chandra Betal-India
C —1)k 2 (=1)k1 ® _1yk-1
Q:Z (31) z = 3( e 2 —3( 1) ;— 1=
L+ 1D32k+ 12~ LKP2k—-1)7  LkP2k—-1)

= 8;(_1)k ' {(Zk)Z(Zk 1?2 (2k)3(2k - 1)} -1=

) 1 1 1 ~
= 8;(_1)k ' {Zk(Zk 12 T 222k—-1  @Riek—D T (2k)3} -1=
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1 3
_82( 1)k1{(2k D2 2k(2k—1) (2k)2 (2k)3}

1 3
_82(_1)“{(% D2 k=1 2k 2k2 (Zk)}

2
- 8{3(2)—3.— E1n(z)+; ’1’2 ; Zz(s)}

3 In(2 ? 3
8{G—T+— n( )+ﬁ+3_2((3)}

=8G+121In(2) + 2¢(2) + Z((s) —6mr—1
2536. Find:

= Z (2k + 1)3

k=1 (2k+1
Proposed by Shirvan Tahirov-Azerbaijan

Solution by Shobhit Jain-India

- % R E-DIk+1D)! o k(k+DRKE
_;(2k+1)3(2"6k+1)_ L Qk+1)3 2k)! k=0(2k+1)2 k+1)!
o kk+ DT+ DIk+1) O k(k+1)
_Z Qk+1)2rQ2k+2) k=0(2k+1)2

B(k+1,k+1)

Now, mzz—m and B(k+1,k+1) =

1 o
k(1 _ pk
Therefore, Q = fZ(él 12kt 1)2>t (1-t)*dt

1
k(k+1 1 1
( ) ft"(l—t)kdt
0

I
Bl= o
\Hw
o

th(1 — t)kdt
0 k=0
1 »
1 Zt"(l—t)kdt N 1
4 2k + 1)2 OWUSE 2k + 1)2
0 k=0
1

= —f (Inx) x**dx

(=}
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1
1

:Q:ZJ —t(1—t) ffZ(lnx)xz"t"(l t)*dxdt

1 11
- Zfs z ™t jjl xzt(l—t)dtdx
°Z+ t—— 00

=

1
B Zt—l)] _2m

use jLZ=[itan ( - ==
. +(t—%) V3 V3 /1, 3V3

1 1 | 1\ |
j dt _1f dt _1 1 | _1/t‘i\l
1-x2t(1—t) «? e 1 1, <21 1| \ 1 1/'
0 (t-3) +(Gz—3) 2%l ra VN
2 [\
- 2 - x
= ———tan’l | —=2— =—tan1( )
N R N Y
'z~ % x2 4
4 x
— — _ein-1(Z
_x4—x2jm (2)

Therefore, Q = r + f Inx sin~1 (x) dx substitute 0 = sin™1 (x) orx
' 6V3 xV4 — x2 2 2

= 2sin@
Tl' E 17.'
6
1[4 O0In(2sindB) T ln2 (7] OIn(sin0)
f—d@ f d0+—f— 0=
6\/_ sin@ 6\/_ 2 ) sin@ 2 sinf
0 0
T N anP 1C
6V3 2 2
3
6
(7]
Now, P = f —do
sin 6
0

- [oafin(tand)] = [own(tan)] - f in(tan2) do

IBP
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T 7] cos(n0)
tan(lz)—z— V3 and ln<coti)—2 Z o
- n=odd>0
6 . (NI
/2 cos(n@) 04 2sin (T)
_gln(z—\/ﬁ)+2 Z f - de = g1n(2_\/§).|. z —
n=odd>0 n=odd>0
. (N
2sin (T) 1 2 1 1 2 1
NOW, Z T= {ﬁ-l-_ ?—ﬁ—a—mﬁ' }
n=odd>0
_{1 1 4 1 1 4 1 1 4 }+ {3 3 + }
12 32752 72792 112 32 92
—G+ 3 G- 4G
B 327 3
Hence, P = —111(2— \/_)+— Therefore, Q = ﬁ"’ l"—z{ In(2 — \/_)_|_4G} lC
n mwIn(2)In(2—-+3) 26In2 1
63 12 3 2

here G = catalan’'s constant
T

6
OIn(sind
sz n(sin®@)

- 0 = some numerical constant
sin 0

0
2537. Prove that:

5 i 1+ k2 i
e —————— l J—
1+k? 2( )
k=12kk2 ( 2 ) 2
Proposed by Shirvan Tahirov-Azerbaijan

Solution 1 by Mohammad Rostami-Afghanistan
k

(o 9] [o9) [o9] [00] 1
Q- 1+ k? 1+ Kk? 1+k (7) B
2)| k2 2) 2

szkz 1+k szk2(1+k) £ 2kK2 (1 + k2) Z k

k=1 k21 = =

26 [ moraee- [5G are - [0y

k=1
Tn(x) 1In(1 —x) 1-t
—f dxz—f —dx {xz—,
d _1_t_1+tdt d 2 dt}
= - = —
. (1+1t)? * (1+1¢t)?
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Q=_j”“(1‘i—li) 2, flln(1+t)—ln(2)—ln(t)
0 1+1;: 1+ )2 0 1+t
jlln(1+t)
0

dt —In zf dt jlln(t)dt In(1+¢£) =
1+t n2) ) 17¢ o 1+t " -

In(2) 1
= [ udu-m@ ma + 011,
0 L
- f Z(—t)“ia=
Z(—l)n

n+a In*(2) n___
n=0 a= O-f e = 2 —In*(2) - Z(—l) da

In%(2) (=" In%(2) (—1)" 1 In%(2)
B +Z)(n+1)2=_ Z ="

Mm@ . m@) 1(n\ o
- 2 +(1-2 1)((2) = — 2 + E(?) E — Ean(Z) Li, (2)

Solution 2 by Bui Hong Suc-Vietnam
1+ k?
0= Z 3
Zkk2 1+k

0 _i b + k" _Z b2+k" ~
T aktem (M) b? + k")l

ln(Z)

tedt = |- —In?(2) -

1
a0n+a+1

+1(2) =

= akien st

co 0 1 k
)~ m(ll)rzzilli")(k")l_(bz) Z i = 0 2)'2( o =00 i )
k=1a*k D] k=1

Leta=2,b=1,n=m=2:
2

Z‘” 1+ k2 1 1 m 1
— [ — 2 - I - . _ = 2
a2z = 1 2kk2 (1) = (9L <2> =Lk (2) 1z 2w @

i 1+ k? Li (1)
F— lZ =
2k ;2 (1;‘2) 2

k=1

2538. Find a closed form:
YxIn(x) {Liz(x) — Lip(— x)}
= _[0 1+ x?
Proposed by Amin Hajiyev-Azerbaijan
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Solution by Pratham Prasad-India

. jlxln(x) {Li,(x) — Li, (—x)}d ~ f xIn(x) {2Li,(x) — [Liy(x) + Li, (—x)]}
A 1+ x2 =), 1+ x2 dx

dx
1 + x2

xIn(x) Li,(x) 1 (YxIn(x) Li,(x?)
= Zf >—dx — —j >

0 1+x 2 )y 1+x
in second integral {x2 =u, 2xdx = du}

_ jl xIn(x) {2Li,(x) — —le (xz)}
0

dx

_ LxIn(x) Li,(x) 1 (YIn(w) Li,(w) B 1
—Zfo 1+ 2 d"‘ﬁL Tira T 27gB
Where
~ IxIn(x) Li,(x) MIn(x) Li, (x)
A—fo 112 o B= LT"
~ TxIn(x) Liz(x) x% In(x) In(y)
A_,[;, 1+ x2 ff(1+x2)(1 xXy) dydx
C In(x) ln(y)
- f f (1-
00
In(x) In(y) xy In(x) In(y) yd
_ff(1+x2)(1+y2) J.J.(1+x2)(1+y2) o

11 1 1 z
-1 In(x) In(y) In(x) xIn(x)
‘7((” A —xy) P _< (1+x2)dx> _< (1+x2)dx>>

w 11 2
— __1 n—1,n-1 _ n-1 2n—2
2 Z J- J- x""1y" 1In(x) In(y)dydx (Z -1) f In(x) dx)

n=1 n

<§:( 1) 1f1x2“ IIn(x) dx )

n=1 0
o) o) 2 foe) 2
-1 1 (- n"
3 (;F - (; (2n - 1)2> <; (2n)2> >
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) [0 2 foe) 2
1 (=)™ (—1)" -1 1 2
ZF_<n=1(2n—1)2) _< (Zn)z) >=7<((4)—GZ—(§((2)) ):

n=1

%(62-1—«@)

128
tIn(x) Lip(x) (x) x1In(x) In(y) 3
B‘fo 1+x jj(1+x)(1 xy) dydx=
1 1
1 xIn(x) In(y) yIn(x) In(y)
- E(me)(l—xy)d dx +”(1+y>(1 xy) "")

B lj ‘ (x+y+ 2xy) In(x) In(y)

dydx

2 1+y)A+x)(1 —-xy)
11
_ 1 [(A+0@+y) - (1 - xy)]In(x) In(y)
- Zofof 1+y)A+x)(1 - xy) dydx
11
1 In(x) ln(y) In(x) In(y)
__EQOI a—xy ° ff(1+y)(1+x) dx)

11 2
1 In(x) In(y) n(x)
__5<0f0f (1-xy) dydx_go 1+xdx>>

o 11 o 1 2
;(fox ~lyn=11n(x) In(y)dydx — (Z(—l)"_lfxn‘lln(x) dx) >

n= 0 n=1 0

[0e] [o'0) 2
-1 1 " -1 -1 ™
7<;F‘<n_l n? ) >:7<<<4>—( ((2)) ) > <%‘m>

-1 (n* /54 3
= 7(%(@)) = "16°W

1 1 123 1 3

12 120 * t
_ (2 _ G? — i - G2 ___
I=a 128((4) 12890’ I=a 96
1 . . 4
xIn(x) {Li,(x) — Li,(—x V(4
f O Liy() ~Lip(} )y
0 1+x 96
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2539. Prove that:

x
°° x% + 14 x>
fx‘*+x2+1+x2+x4 2-V1+v2

5 dx =

x2 2+/2
0 X

T

Proposed by Ankush Kumar Parcha-India
Solution by Shohbit Jain-India

After simplification:

[ee)

1 1
I:— d —
nf(1+2x2)(1+2x2+2x4) o

0

oo o 1
1 (1 + 2x2) 1 1f 2z T2 p
11'0 (1 +2x2) 11'0 (1 + 2x2 + 2x%) 2 11:0 2x2+12+2
X

0 1 o 1

1 1 F+2 1 1 \/E(ﬁ-i-l)

zx/_E_Ef 12 @ _Z_Ef 1)2 =
_1 1 _1
0 (V2x—3) +2+2V2 - 0 (VZx—3) +2+2V2

dx

Izi—ifx +2+\/§(x—12+1)
0 ( 2x—1)2+2+2\/i

i_1+\/§w ﬁ+x—12

V2.2 g (\/Ex—%)2+2+2\/§

1
Now substitute \V2x — po =u

dx

1 1+\/_j' 1 1+vV2 m 1 V1442
V2 u2+2+2\/— V2 2m iavz V2 22
2—-V1+V2

Therefore, I =
/ 22

2540. Find a closed form:
B fﬂ (1+xyz)(3 + xyz)
(o133 (2 + xyz)(4 + xyz)

dxdydz

Proposed by Ankush Kumar Parcha-India
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Solution by Pratham Prasad-India
By, partial fractions

I w -1 L 1) dxdyd
= —— - — xdydz
(013 81+3% 41437
_ 3 xyz\" 1 - Xyz\"
I = m{013}(_§ (_T) 72 (_T) + 1)dxdydz

Z;Jlﬂ“ xyz Zwm —== +1dxdydz

=N

+

r
,_3§ 12 ,_SL-( OFEVNE
2L G+ 2L r+1)3 —2 7 Ty) T2\ 72

= Yo (_;)mg (-3)) 2

2541. Find a closed form:

n

2
f xIn(1+
0

1
csc(x) T sec(x))

Proposed by Ankush Kumar Parcha-India

Y

Solution by Pratham Prasad-India

2z 1 1 [z . B
.[; xIn(1 + csc(x) + sec(x))dx = J; xIn(1 + sin(x) + cos(x))dx =

x=2u
T T

=4 .I-Zu In(1 + sin(2u) + cos(2u)) du = 4f4u In(2cos?(u) + 2 cos(w) sin(w)) du
0 0

Y3 T

=4 .I-Zu In(2cos(w)(cos(u) + sin(u)) du = 4 qu In (Zx/fcos(u)cos(E — u)) du =
0 0 4

Y3 T T

= 41?11 In(2v2) du + 4f:u In(cos(u)) du + 4_[04u In (cos(g— u)) du =

/4
replace (Z —u) byuinthe last integral by u

Y3 Y3

= 41-111 In(2v2) du + 4fzu In(cos(u)) du + 4_[1(E —u) In(cos(w)) du =
0 0 0o 4

=4 fzu In(2v2)du + 4 fzu In(cos(w)) du + ﬂfI In(cos(u)) du — 4 fzu In(cos(w)) du =
0 0 ° ’
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12 (1 i 372 G m
= TL u In(2) du + nfo In(cos(u)) du = Eln(Z) + n(E - Zln(Z))
Gt
=7 "16M®

2542. Find a closed form:
1
X +
I= ff tan~! (ﬁ) In(xy) dxdy
0

Proposed by Cosghun Memmedov-Azerbaijan
Solution by Alireza Askari-lran

1
_ -1 x+y)

I—ff tan (1—xy In(xy) dxdy

0

1 1

= f f tan~1(x) In(xy) dxdy + f f tan1(y) In(xy) dxdy
0 0

1 1
A= [f tan"1'(x)In(xy)dxdy . B = _!J- tan~1(y) In(xy) dxdy

Il

1 1
d
— -1 —_ 2n+a-1 a
A= ﬂ tan ' (x) In(xy) dxdy =3al._, o —1 fx dxfy dy
0 n=1 0 0
d (-1 B Z -D)"2n+1) B2
dalq—o & 2n-1)R2n+a)(a+1) ] 42n—-1Dn2
n= n=

NSRS Y oG Vi oI G Vi
2(2n — 1)n? _n=1 2n? L (2n — Dn?
M2 4(-1)" 20t (-n

I =

=22 Y1 n n?
n=1
A —_”2+4(_”)+21 (2)+”2—”2 +1n(4
nswer = — 1 n 2-22" T n(4)

2543, Prove that:
1

f n’x ax =" 3 2L'( 1) > 0%(3)
J (x + 1) (x%+x¢p? + @) =% ¢ s @ th(

¢ = golden ratio,{(3) = Apery's Constant,
Li;(z) = trilogarithmic function
Proposed by Cosghun Memmedov-Azerbaijan
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Solution by Shobhit Jain-India
1
use, ¢’=1+¢ and 1+ ¢ 1 =¢ and i =@
x%+x@? +(p =x2+x(1+@)+¢@= (x+ D(x+ )

In“x In“x d
f(x+ 1)(x2+x(p2 +(p) J(x+ 1)2(x + @) x

=fm2x (fp 1) (- 1)2+(<p 1)2 dx

(x +1)2 x+1 x+ @
1
f n’x mezxd + Zjlnzxd = $pA— @?B + ¢C
(1+ )2 x+1 rre X+ X=¢ ¢ ¢
0 0 0
Now,
A= mzxd—flzu 2x +3x2 —4x3 + --)d
=) a0 x = | In*x x+ 3x x x
0 0
—1“3(1 2+3 4+ )—2(2)— 2
13 23 33 43 - 77 _(() .
1 o 1 oo 1
N lnzxd B 1Zflz ( _ Z 22(&)
0 n=19 n=1
= _2Li (1)
In*x . 3
put a=-1 :B:fx_l_ldx: —2Li3(—1) = 2n(3) —E{(3)

1

1
t = — C =
0

dx = —2Li, (— —)
@

1
Therefore, I=¢l2) — ¢? z{(B) + —2Li, (— 5) @?

_on’ 2-(_1>_§ 2
=~ 2¢°Lis p th((S)

2544, Prove that:
1 T

dx = —
1+ 22251 +22) * 7 2

Proposed by Cosghun Memmedov-Azerbaijan
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Solution by Tapas Das-India

« 1
Letl = A
el=) aremara®™ @

1 1

Let x = T thendx = _t_zdt
0 _(tzozs_ tz) 0 (tzozs_ )
o (1 +t2025)(1 + t2)t? L= o (1+12025)(1 4 ¢%)

o (xZOZS_)
= B
o A2+ X B
adding (A)and (B) we get:

L A2 A+ T Aremas )T JO A+
X

I= dt

2] =

-1 = —

— i — li =1 47x —
_llmf (1+x2)dx chl_)lg[tan x]§ = tan

—00
x 0

==
4

2545, Prove that:

g In(1 + x)
Ofx(Zx +1)3x+1)

1\ w29
dx = —5Li, (—) + T 71n 2 +8(In2)(In3)

4

Proposed by Cosghun Memmedov-Azerbaijan
Solution by Shobhit Jain-India

1
7 In(1 + x) 7 Inx B ‘ xlnx d
I= J x(2x+ 1)(3x + 1) 1 (x-12x-1)3x - 2) 5 ! 1-02-03-20""

—-x—-1

RIH

N[ =

1

f(lnx) 1 po sz 362x>d f(lnx){(l )1+ (1—;)_1—2<1—23—x)_1}dx
1

o))

here, F(a) = f (Inx) (1 — ax) ldx = Z a1 f (Inx) x* 1dx
1 n=1 1

1

2 1
2 n2 1 1

n2n + nz n22n

1 X" xm"

Now, f(lnx) xmldx = [(lnx)i— FL =—
1

1 ay 1 1 /a

Therefore, F(a) = P (In2) (1 — —) + —le(a) - ELLZ (—)

2
/1w In?2 w?  In?2
Note: Li, (E) =1z > >F(1)=—-

1272
=>F(1>—2(l 2)(In3) — 5?2 + % — 2L (1)
5) = 2Un2)(In n’2 +— i2\3
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F(Z)—3z 29 _ 3 (n2)(n3) + > Li (2) 3L (1) I—F(1)+F<1) 2F<2>
2 H\g) T e pUnalind) o lh(3) 3 t\3) 7 1 = 2) "3
_T 2 n2)(n3) — sin?z + T 2Li (1> 31n22 + 3(In2)(In3) — 3Li (2) 3Li (1)
—12—2+(n)(n)—n+6— l24—n+(n)(n)— 123+ 123

4 2 4 3 3

Now use the following identities:
2

T 2 1
Li + Li,(1—2z)=—-1 In(1- Li, (- )+ Li,(=
i2(2) + Liz(1-2) nCotn(t ) 3 Liz (3) + Lia (3)

o 1'[_2 3 171In?%2 +5(In2)(In3) — 2Li, (1) -3 <Li2 <E) - Li, <1))

6 3
=3
11.2
=%~ In?3 + (In2)(In3) .........(A)
In?z 1 1 n?2 In?3
Li,(1—2)+ Li,(1—z-1) = ——2 & Li, (—) +Li, (— —) — (m2)(n3) -T2 (B)
2 =, *\3 2 2 2
. . 1 Sy 11
Li,(z) + Li,(—z) = ELlZ(Z ) 31 Li, (E) +Li, (— E) = ELlZ (Z) ......... ©
=3

Now use, (A) —2(B) +2(C)
N | Y , , 1
= Li, (5) —Li, (5) + 2Li, (E) =% In?3 + (In2)(In3) — 2(In2)(In3) + In*2 + In*3 + Li, <Z)

= Li (2) Li <1>+”2 l 22—”2 (In2)(In3) + In?2 + Li (1)
i2(3 i2(3 g Imz=— n2)(ln n 25
. (2 . (1 /1
= Li, <§> — Li, <§> = 2In?2 — (In2)(In3) + Li, <Z)
w2 17In%2 1 1
=1=2 -T2 san2)an3) - 214, (5) - 3 <21n22 — (In2)(In3) + Li; <Z))
w2 29In?2

>I=—-—
4 2

+ 8(In2)(In3) — 5Li, (%)

2546. Prove that:

ﬂ tan=! (x ’ y) dxdy = ! (3w — 22In2 + 7In5 — 2cot~12)
2 x+ 1) =g
[0,1]

Proposed by Cosghun Memmedov-Azerbaijan
Solution by Shobhit Jain-India

1

2 1 -1

(f _ tan""(y) dy)
* 3 f BCErE
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1
ff(l) @,

a x)3 Here, f(x) = foxtan_l(y) dy = xtan™1(x) — 1ln(l + x?%)

1
2
_ra- f(x) f (x)

1

2
1 t (x)

1 1
1 2
- [ oo

1
do =2¢ — j cosf Here, ¢ = tan™! <7) = cot‘l(Z)

cosO — sm0

1

2
_ jl%xd[tan_l(x)]
0 x=0

tan 1 (x) :
1—x

IBP

_2e- f

0
¢

— 2 +f cos0 do = 2 1j<cos6+sin6 1)d6—3 +ll si I
=20 sin6 — cosO ¢+ sin@ — cos6 _2¢ 2 n|sing — cosp| =

|\/'__5 =393
ﬁ’%f(l)‘zf(z) z(z""z’"S)=;f<1>‘2f<%)+%¢—¥

Now,  f(x)=xtan 1(x)— %ln(l + x2)

T 1 1 ¢ In5
:f(1)=z—iln2 and f(z)=5——+l 2
=>1=§(E—11n2)—z(f—Ean)+§¢—E=3—"—Eln2—9+zm5
2\4 2 2 2 4 8 8 4 4 8
=1= % (3w — 22In2 — 2cot™12 + 7In5)
2547. Find:

L x2In?(1 + x%)
o 1+x)(1+x?%)

Proposed by Shirvan Tahirov-Azerbaijan
Solution by Quadri Faruk Temitope-Nigeria

T x2n2(1 + x2) B

s A+0a+) "

Lin?2(1 + x?%) 1 (1In?2(1 + x2) 1 (1xIn?2(1 + x?)

[wars, w1t
0 1+x 2)y 1+x 2 )y 1+x

A B c
Calculate the given integral's :
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du 4xin(1+ x?)

A_jlln2(1+x2) CIn(14x) d
A dx ~ 1+az 0 TRV

— In2 2
1+ x dx{u—ln (1 + x2),

_ 1
T 1+4x

1 Lxin(1 + x2) In(1 + x)
12 2 _
A=lIn (1+x)1n(1+x)|O 4j0 1722 dx

M
Txin(1+ x®)In(1 +x)
dx

1+ x2
M

A=ln3(2)—4f
0

1+x
Ixin(1+ x®»)In(1 + x) 1 (1xin(1—x*)In(1 + x2) 1 1xln(1_x)ln(1+x2)
f dx=—j dx+—j
0 1+ a2 2Jo 1+ x? 2Jy 1+x?

M

dx

1
= E(A1 + A3)

Lxin(1 — x2) In(1 + x2)
Al = f 2
0 1+x
flxln(l —x2)In(1 + x?)
dx
0

dy
2 _ _ _
dx [x =y,dy =2xdx,dx = Zx]

1+ x?
B j‘lxln(l—y)ln(1+y) dy 1j‘lln(1+y) In(1-y)
o 0

dy

1+y 2x 2 1+y

In(2) 3

21 T
) {2), A= g((Z) In(2) — E((3) +56

A = 1—16((3) +%ln3(2) -
M = %(Al + A,) = %(1—16((3) +%ln3(2) —@((2)) +
%(gz(z) In(2) - %((3) +§a) - —gz(s) + %ln:*(z) + 1—16((2) In(2) + 3 6
A=1n3(2) — 4M = In3(2) — 4 (—gz(s) + %ln:*(z) + 1—16((2) In(2) + ga)

2 5 1
A=SI3@)+54(3) - 2@ In(2) - 76

1m?2(1 + x?) 2 5 1
_ = — 3 — _— -
fo S dx =S (@) +5(3) ~ 74 In(2) — 76
_flxln2(1+x2)
)y 1+
1 1 Lxin?(1 + x?) 1
— T n2 2 N = ZIn3(2) —
€ =5 (1 +x)n(1+23)| zfo ———dx = () - 2C
C
1 1 LxIn?(1 + x?) 1
3C=5°@2), =@, ¢ fo S dx = (2)
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1+ x2
B

jl In*(1 + x?)
0

7 In? (sec2 (y))

~ f% In? (1 + tan? (y))
0

2 _
1 + tan?(y) -sec”(y)dy =

NE

|

In? (secz(y))dy 4f In?(cos(y))dy = 4] In?(cos(x))dx = 4f In?[2cos(x)]dx —

4ln2(2)f dx — Zln(Z)f In[cos(x)]dx
0 0
Recall that :

n*[2cos(x)] = x* + 2 z %COS(ZTIJ); In[cos(x)] = —In(2) — z )"

n=1

cos(2nx)
n

i (—1)"Huoy (4
B=4| x%*d SE— 2nx) dx — 4Iln%(2 2ln%(2) | d
J;) x+ J;cos( nx) dx — 4ln“(2)( )+ n()f x+

2In(2) z (_n)nfo cos(2nx)dx = = — + 82 - 1)nH -1 lsm( )] _
n=1

o s ()
nln?(2) + 2in?(2) (Z)+21n(2)z -~
n=1

2n
3o Dr 1
%*421 s () || -
11'tln2(2)+ln(2)( G)

w3 11:3 1
- L D
B—48+4S(n) 4[ 32] win*(2) — GIn(2)

S(n) = i (_nlz) sin (E) H,, Sn)=- le"‘l In(1 —x)dx

2
n=1

1 n 1 _
S(n) = —L ln(l *) Z b)) (nn) dx, S(n) = —.[0 ln(lx %) (—arctan(x))dx

1) ln(1 x)arctan(x)

S(n) =L o dx (I.B.P),

dx

1 I}
S(n) = —arctan(x)Li(x)| (1) +f ilj_(iz
0
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® 1
Sm) = 202 + Z(—nn f X Liy()dx, S(n)

= ——((2) + Z(‘l)n [2 +1 (ZIZT;)Z]

Con & Hanit
S(")=_Z“2)+;2 1 L@n+1)

s(n) = —gz(Z) + g - [—aLi3(1 i) — 1—61n2(2) - %m(z) a]

S(n) = —g((z) + g +ILis(1— D) + —an(z) + 11n(2) G
3 3
B = Z—8+4(——((2)+§+7Li3(1 l)+—ln2(2)+ ln(Z)G) 4[—:—2
— %nln2 (2) = GIn(2)
3
B= —Z—8+n + 49Lis(1— 0) —%lnz(z) + GIn(2)
1 x2In?(1 + x?) B (2 5 1
0 (1+x)(1+x2)dx—A—B+C—(§In3(2)+E((3)—Z((2)ln(2)—n6)—

3
_1(_1:_ + 7+ 4JLi;(1 — i) — %lnz(z) + Gln(2)> +%(% ln3(2)>

2\ 48
L x2n*(1 + x%)
s, A+0a+)™

9 T . .
= Eln3(2) + = ((3) ——((2) In(2) — G 96 2" 29Li;(1 —i) +

3 " in? (2) - gln(Z)
2548. Find:
1x21n3(x)
o @A+x3 ™
Proposed by Shirvan Tahirov-Azerbaijan

Solution 1 by Kartick Chandra Betal-India

e A B [y
e —Z( -1, f 1n3(x)dx =

i (s 2

"+2ln3 (x) 3x"2In?(x) N 6x"2In(x)  6x"*% |1 _
n+2 (n+2)2 (n+2)3 (n+2)%|0
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i(_l)n_l'n(n = [_ (n f 2)4] =3 i(_l)n ' ?£n++2)1‘3 B
3 Z(_l)n{(n +12)2 n fz)s n 32)4} 3 ZHY‘ ' {_niJ’ % - %}

=3{—n(2) +3n(3) —2n(4)} =

[Seom i

3{—"—+3 {OR z—z(4>}—3< 12+4«3>-Z;’—0)

12
n? 7n?
Tfi”;;‘m ,
In°(x b4 7t
o (1+x)3 =_"()‘_‘m

Solution 2 by Pham Duc Nam-Vietnam

N Imn) T In"(x) p (-1)m1 gm-1 J‘lln”(x)d
*k . = = =
m mn o (1+x)m ¥ = n-1) 9am1 aepdo @t X
(_1)m—1 am—l i (_1)kJ-1 .
: — —— | x*In"(x)dx =
(m—1)!" dam-1 ak+1 ),

a=1k=0

(_1)m—1(_1)nn! gm-1 2 (_1)k
Z ak+1(1 + k)n+1

(m-1)! "dam-1 a1
—)™ (=) 9™ 1
_ D™D <_Lin+1 (_E)>

(m-1)! "dam-1 uet
1x21n3(x) 1 1 2 1
B ACEESE x:f ((1+x)3_ (1+x)2+1+x)ln3(x)dx

=1(3,3) — 21(3,2) +1(3,1)

1 9 3
—Lig|——) )= —743)—5¢(2)
1( 4( a)) 4 2

(D)o

(—1)2(-1)33! 972
133)="G"D 3|
(—1)1(-1)33! ot

1(3,2) = W aal|,_
(-1)°(-1)°3!

13,1) =5 (FLis(-D) = ——«4)
«1=1(3,3)—21(3,2) +1(3,1) = ——((3) - —((2) +2.5 z(3) - @
1x21n3 (x) nz 7t
fo (1 +x)3 :—“3)‘—‘m
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Solution 3 by Shobhit Jain-India

Lx2nd(x)
o (1+x)3 *

Now , (1+x)3= Z 2 (—1)"x
n=0

n+ n n+ G O
Q= Z ZC( 1) f Zln3(x)dx = —F4z (2+—3)4 =
nc(_l)n

L —1) nn(n 1)
° s (n+ D BZ(_) n+DF 32(_) (n+ 1)*

—32(— e 13;," 2)_—32(— )"1{—2—n— =}

—3{n(2) 3n(3)+-2n(4)}-'—3n(2)+-9n(3);-6n(4)

T 7t
—E((Z) +T((3) ——((4) = —((3) ~ 2 120
jllens(x) 3) nz 7t
o Arap ===
Solution 4 by Cosghun Memmedov-Azerbaijan
(") (tind(x) 1 m3(x) 1 m3(x) B
Q__L—(1+x)3dx_,l; 1+x dx — —(1+ )de L—(1+ )3d —Q1—2Q2+Qg

[ e Y 1>"f LU

n1 4
—62( ) =—611(4)=—67L=—7i

720 120
In(x) . B (-1 )" B B
Qz_fo mal Z( 1)"n f I3 (x)dx = 62 =—-6n(3) =
—6.— ((3) = ——((3)
B 1 mm3(x) . . B -D"n(n—-1)
nyiLa+@3 zk1)mn nf Hﬁumx-a§: T
V" __, = IS O G VS oI G 1>"1_3 N
~ (n - 1)3 (n—l)2 (n—1)3 B L n2 L nd
Z 3 n.Z
~31(2) - 37(3) = -3. 5‘3 (@)=~ -213)
Z
Q=91—292+Q3——%+9((3)———%((3)
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1x2In3 (x) 1'[2 7t
o d c(s) e
0o (1+x) 120

Solution 5 by Quadri Faruk Temitope- N:gerla

1x2In3(x)

o (1+x)3 *

f T3 (x) 5 1 m3(x) 1 m3(x)
0

X x +
1+x o (1+x)?2 (1+x)3

1=§:(;)L X nd (x)dx — 22( )J "ln3(x)dx+Z(—1)"J1 X n? (x)dx
IZZ(n3>[_m]_ZZ( )[ (n+1)4] Z(_ )n[ (n+1)4]

="
_62( +1)4+1ZZ( D L mr D

——6[8z(3)+ z(2)]+12[ z(3>] 6[8«4)]

1 2ln:"’(x) n? 7mt
0 (1+x)3 ‘()‘—‘m
2549. Find:
T m3(x+1
o (x +1)

o 1+x)(3+x)
Proposed by Shirvan Tahirov-Azerbaijan
Solution 1 by Exodo Halcalias-Angola

L m3(x+1) 1flln3(x+ 1) 1flln3(x+ 1)d
— — x
0 0

s A+0B+0 7 2), a+xn Y72), G+x

1 /1
=—| d|=In*(1+x) |-
1 1
1 (zIn3(x) 2 In3(x) In*(2)
— dx + dx =
2 ), o 1422 8

1 1 In3(x) 23 (x)
ZInt —
(4 (x )> +2x‘]lx+f0 1+

1! Zln3(x) 1In3 (x)
—fo - dx + fo—zd

2 2) 1+x

1+ 2x x > x = —3Liy(—2) +
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%i(i)l ( )(Z(_ - 1f n-llnk(x)dx) = —3Liy(-2) +
0

k= nenN
12, (1w () come Y ) s
N
2

nenN
%(ln (E) In(2) — ”T In2(2) + —((3) In (1) - %’;)

1 ln3 (x + 1) 11_'4 2
0o 1+x)(B+x) dx ==3Li,(=2) =745 4((3) In(2) - _1"2(2) - _1"4(2)

) ( ) (D kinle + 1)) = -3Lis(-2) +

Solution 2 by Pham Duc Nam-Vietnam
[ fl n3(x+1)
o (1+x)(3+x)
1

Let 151 flln3(t) it flln3(t)
H = — - - = — e
et x=7 12641 12641

( In(2t + 1))

1
—%ln“(Z) - ; f% In?(t) d(-Liy(-20)) =

2 1
- % In*(2) + 3 (— % In?(2) + 2 L In(t) d( Li3(—2t)> =

2

1 3 1
—Eln“(z) —”—lnz(z) + 3(—Zz(3)1n(2) - fg d(Liy(-2t)) =

8
1 m? 9 7t
32 In*(2) - ry In?(2) - Z((S) In(2) - <L14( 2) + m) =
4 2
_3Li,(—2) — % - %z(s) In(2) — "—znZ(Z) - ; In*(2)

Solution 3 by Shobhit Jain-India
1 2 2
In®(1+x) f In3x B 1f In3x In3x

2

J A+0E+x) * I Jxzio™ x x" (2+x)
x-x—1 1 1
ln4z 1 -1 ln4z 1w
- 3 - n-1
8 4fl"x(1+z) +5 dx
1 n=1
n n n n
Now, f(ln3x)x" ldx = (In3 x)——3(ln x)—+6(lnX)—— F+C
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= | (ndx)x" ldx = (ln32)%n — 3(ln22)121—: + 6(ln2)i—: — 6n—: + %
4 _ n _ n _ n _ n
g2 1 ((l 32)( D" im 22)( D" | 6tn 2)( oy« 14)
8 2n 1 n
6(—1)"
+ n42n )
In*2 In*2 3 ] 1
-5 3 +E(ln22)11(2)—3(ln2)11(3)+311(4)+3Ll4<—i)
In*2 In*2 3 9 21 . 1
- ; — —(anZ)((Z)——(an)((S)+—((4)+3Ll4(—5)
- ——ln4(2) T (lnZ @) - —1n(2)z(3) + mln(Z) + 3Li, (— %)

Solution 4 by Cosghun Memmedov-Azerbaijan
In?(1+x) B 1flln3(1+x) 1J‘11n3(1+x)
B 2 0 2 0

=0 1+038+0™ 1+ x) (3 +x)
04 Q3
B Tm*(1+x) Thxox 2In3(x) 1Br 23 (x)
1—.[;de -l.1 dx—ln(Z)—Sf1 dx
A 4 2) A
A=1In*2)-34 > 91=A=ln4(
B Tm3(1+x) Lhxox 23 (x) 1 - (=)™ (2 N 1BP
2—.1; NN dx = fl 2+xdx_§ 0 o flx In3(x)dx =
G i =" G 0k ="
’”3(")2 13 Z(Z)Z( roz e (Z)Z( 17 0L 0(n+1)4+
- (_%)"“ nz ) 1 7t .
3; gy =~ g (@) - 6L (‘E) +28(3)In(2) - 500+ Int(2)
4
Q- %(n ~Q,) = —3Li,(-2) — %— %((3)111(2) _ —1n2(2) 1 St (2)

Solution 5 by Quadri Faruk Temitope-Nigeria

B In*(1+x)
EUACEESIEREY x
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_ n®(1+x) 1 Im3(1+x) 1 1mP1+x)
IUACEEIEREY x‘EfO 1+x) ‘Efo B +x)

‘i) 1% n(p)
®» P72/, w+)?

=23 - ZZ(;I ] p" In’ (p)dp,
—zn‘*(z)——z(‘ - j "1 in® (p)dp

1 1w 1)n 6.2" 6.2"In(2) 2 2n

— 4 - _ _ 2 3
I= 81n (2) +2 El Ol P + 3 3ln (2)—2 +In (2)—n
n=

1
Le : 1+x=p— dx=dp, I=§j
1

) 7t
I =-3Li,(-2) - 240" Z((3) In(2) — —ln2(2) — —ln4(2)

Solution 6 by Obiajunwa Januarius-Nigeria
In®(1+x) _1j‘11n3(1+x) 1j‘lln3(1+x)
B 2 0 2 0

J A+0E+x) x 1+ B +x)
17,3
1mf (1+x)"ln3(1+x)dx—1f %dx:
0 14+-5%
3 1 _1q\n
2nl_) 1:3U (1+x)"dxl—zn=0( 1) J.(1+x)"ln3(1+x)dx_
1 (1+ x)"*?

=1
2111211 an3 n+1

1] 1 (- 83 [(1 + x)n*t
ol_ano 2" o3| n+1 ol:
1 93 [2n+ 1 1w (—1)" 93 [2n+1 1
Enllllllan3ln+1_n+1l__ [n+1_n+ll:

4 2n  9n3

n=0

1' 12.2" +12.ln(2).2” 6ln2(2)2"+21n3(2)2"
2nt |+ D* (m+1D* " (n+1)3 (n + 1)2 n+i
6 (-1" 1 12 S (—1)" 2n 12 v« (-1)" 2" In(2)
4 2" D' 4L 20 D 4L 2r (1)

= n= n=
6 (1) 2 2 (-1 2n
—In2 . ]

22 L 20 (n+ 1) LG 20 (n+ 1)
n= n=
Extended L'Hopital's rule :
R ilc)
nop g(x)  n-p gn(x)
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1 12
Q=2 lim [——ann4(2)+—ln(2) 2"ln3(2)——ln2(2)2"ln2(2)
n—

+2In3(2)2" ln(Z)]

(_1)n+1 (_ )n (_ )n
3Zznﬂ( +1)4 +3 ( (n+1* ~3In (Z)Z( +1)3

(-1 ln3(2) (—1)" 1 In*(2)
_l Z(Z)Z( +1)2 2 ntl 2l 3

n=0

+ In*(2) - §ln4(2) + In*(2)]

In*(2)

3Li, (—%) +31(4) — 31n(2) n(3) + ;znz 2)m(2) -

In*(2)
2

_ In*(2)

o=+ 3Li, (—%) + E(@) _ gln(z) 73) + §znZ(z)z(z) _

4
Q= -3Li,(-2) - % — Z((3) In(2) — %lnz(z) — —ln4(2)

2550. Find:

x|In(x)|
,[0 2+ 1Dx2+x+1)

Proposed by Vasile Mircea Popa-Romania
Solution by Kartick Chandra Betal-India
* x|In(x)| 1 xln(x) * xln(x)

I=) @rp@+x+ 0%~ ), @ro@+x+ 0P ), @@ rxr "

xIn(x) O | 1
_zfo(x2+1)(x2+x+1)dx:_2f0{1+x2_x2+x+1}l“(x):
Tr1—-x 1-—x?

Z.I; {1_x3—1_x4}ln(x)

2 1 2
2

1,19 24 1.5-1 =1
j‘x3 - In(x)dx 2 ¥ - In(x)dx
== ——Inx)dx—— | ———— =

9),  1-x " 16), 1-=x

st (5)-v G)-alv () - ()-
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n? 8m? 5m?

T4 27 108

2551.
We consider the function f:R —> R
arctan(x) ) c R\(0
fx) =<{x(x2+x+1)’ if x € R\{0}
1, if x=0

Find Q = jf(x)dx

Proposed by Vasile Mircea Popa-Romania
Solutlon by Shobhlt Jain- Indla

Q= ff(x)dx—ff(x)dx+ff(—x)dx—ﬂl+ﬂz

Ql=ff(x)dx=ff(x)dx+ff(x)dx
0 0 1

o)

) 1 1
.[‘ ( ) Ao = .l' arctan (x) dx = x arctan (E) d
fx)dx = x(x2+x+1) x:1 (x2+x+1) x
0

x—o=
x

1

j- x (5 — arctan (x))
0

d
x2+x+1) .

1
j‘ (1 — x?) arctan(x)

= dx+

2) (x2+x+1) x(x2+x+1)

0 0

1
1 2x+1

,I-(x2+x+1)dxzz (x2+x+1)dx_if(x2+x+1)dx
0 0 0

Therefore,

1 1 2x+1\1' Im3 w
=[Eln(x2+x+1)——arctan( )] =

V3 v3 /l, 2 6v3
1
h P (ln3 5 ) N (1 — x?) arctan(x) dx = win3  w? N
erefore, ™ =3\% 63 xZrxtD) YT a 12a

1 1

_f(l—xz)arctan(x)d ft (1 2x+1 )d B
J= x(x2+x+1) x=)tan xx 2rx+1)7
0
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1 1 1
_jt 9 d[l ( x )]_ mln3 fln(x+§+1) 3 nln3+P
e et e /1T 4 1+ x2 = 4
0 0
Theref 0 win3  w? N ( win3 N P) p ?
erefore, = — - —p_
74 1243 4 123
3 + x?
1ln(x+%+1) lln(—l_xz)
Now, P =j dx = j—dx
1+ x2 . 1+ x2
0 xﬁﬁ 0
1 1
In(3 + x?%) In(1—x?)
=f—d —j—dx
1+ x2 1 + x2
0 0
A B
2
= O, =4—-B—
! 12V3
o3} 1 oo
Q, =ff(—x)dx= ff(—x)dx+ff(—x)dx
0 0 1 X
oo 1
f ( ) d = arctan (x) B x arctan (E) d
use,  JHHd= ™ S ) mar )
1 1 x—>;
fx (g — arctan (x))
B f (x2—x+1) dx
0
1
h .]‘ (1 — x?) arctan(x)
erefore, (x2—x+ 1) x(x2—x+1)
0
1
f 1 2x—1 d +1f 1 d
(xz—x+1) (x2—x+1) *T3 (x2—x+1) x
0
[2tnet — x-+ 1)+ aretan (21| = 2
=[=In(x* —x —arctan|——|| =——
2 V3 V3 /1y 3v3
1
Theref 0 1r< 5 ) (1 — x?) arctan(x) ? LK
erefore, =— xX=—
z 33 x(x2+x+1) 6V3

1
(1 — x?) arctan(x) /1 2x—1
Now, K= f dx = f tan 1x (— - —) dx
x(x2—x+1)
0

—-x+1

=ftan‘1xd[ln(#)] =jln(x+%_1)dx

0
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14+ 3x
1ln x+——1 1ln(1—x2)
K= j dx = f—dx
1+x2 . 1+ x2
0 xa? 0
* 1
ln(l + 3x2%) In(1—x?)
= — " dx — ———dx
1+ x2 1+ x2
0 0
R B
2
= Q2 =R-B+—
2 6v3
2
Now, Q=0+ Q, =4+ R-2B +
1 2 12\/5
n
)
B fln(l x?) B Jl cosZB 3
B 1+ x2 :' n cos20 B
x-ta 0

17.' 11.'

T
1

= fln(ZcosZB) d0+fln2d0 Zfln(Zcose) deo
0

% T 0 T
1 o 1 (-1)n1

fln(ZcosZB) do = Zf ln(ZCOSE) do = ZZ J. cos(nf)do =0
0 aqg 0 n=1 0

i 2 7

1 ( 1)11 1
f In(2cos0)do = f In(2cos —) de = 3 - f cos(n@) do
0 n=1 0

0—>—
D" sin(F) ¢ m
zz =2 =B=7n2—G

G = Catalan s Constant
1 1
ln (F + 3)

1 1
_j‘ln(1+3x2)d _Zf ln(x)d +f 4
B 1+ x2 = 112 1+22

0 0
OOl‘n(yz+3) 1
“””nyzdy (=3)
1

1 [e9) oo
In(3 + x2) In(y? +3) In(y* + 3)

= a+R= [ S [ S dy 26 = [ 2T ay 26

0

r In(y* +3) 2

T
>Q=A+R-2B+ =f d ——lZ+
12V3 ) 1+y? Y 123
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00ln(y2 + a?) T
Now use,f Wdy = mln(lal + |b|)

= 0= 1'[l1l(1+\/3)——l112+ ”
2 12v3
2552. Prove that:

f xin(1 + %) dx = (144G — 197~ + 961 22 + 361l 2)
E+Dx+D2x+1D " " 180 m n e
0

G is the Catalan's constant

Proposed by Cosghun Memmedov-Azerbaijan
Solution by Shobhit Jain-India

I_oo xln(1 + x) A fln(1+x)( 5 8 X N 3 )d B

J @+ DG+ DEx+ 1) JT10 \Uhx 142z 142 142 =
B J‘ ln(1+x)< 5 8 x )d ln(1+x)
= 10 \U+x 1+2x 1+22/%t 2+ 1)

f g0 (1 + axs S [ 10+ b0

(x2+1)
5 8 X

1+x_1+2x_1+x2

0

here, g(x) =

oo o 1
In(1+ x) ln(l + x) In(1+y) B In(1+x)
] GTFD ax+ | d f

ICEEY 2+ 1) a2+ * dx

+fln(1+%)
0

(xz2+1)
y—>—

:Zf—ln(1+x)dx+f m(%)

) (x2+1) (xz2+1)
) 2 In(1+x)+1 2 H
zof—l(rzc(zl:l’;)dx zf—n(1+x)dx fn 0 +in(155)

1+x) 4 f In2
x ———
- (x2+1) (xz2+1) (x% + 1)
xem 0 0

dx

fmE) oy, S
And, fmdx—bfln<;)(l—x + x* — _(____|___

R I S
/G x_4"
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o)

1 3
=] = 10 g(x)ln(1+x)dx+1—0( ln2+G)

o)

1 — 2+ 144
10 gx) In( +x)dx+480(361tln + G)

[oe)

1
Now, f gx)In(1 +x)dx = f gx)In(1+x)dx + f gy)In(1+y)dy
0 1

fg(x)ln(l+x)dx+fx—129<%)ln(1+%)dx
0 0

= .f In(1+x) <g(x) + %g (%)) dx — f(lnx) (%g (%)) dx
0 0

-
1
Y%

A B

8 x
=>I——(A B)+—(361tln2+1446) Now, g(x)_m—m_lﬂ2
- 1 (1)_ 5 8 1 4 5 X
29\x Tax(14x) x(x+2) x(14+x2) x+2 14+x 1+x2
4 8 —-12

1 1
= g(x)+ﬁg<}>"x+z_1+2x"(x+2)(1+2x)
1

I RPY . Ch il )N N 1zf dt
T Grnarze™ 5 Tt avee-o

T

_ 1
t_1+x

N| =

Int

= (1 + t) (2 dt = 4f(_1) - 4f(2)

2 B
=1=c (F(-1) - f(z)) I ot W (361'tln2 +144G)
lnt

2
Here i define f(a) :fa
1

Z f(lnt)t" 1dqt forlal =1
n=1
l
1
t" t"2 n2 1 1

1g¢ —
Now, f(lnt)t" dt = [(lnt)——ﬁ1 — o gtz

1, 2 1 1 1 1 1
=@ =) (s~ ) = 2 (1 ) - Ll () + 12 )

n=

= f(-1) = (In2)In (;) — Li, (—%) + Li(—1) = (In2)(In3) — In?2 — Li, (— %) -
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= £(2) = (In2)In (Z) — Li, (i) + Li, (%) — (In2)(In3) — 2In?2 — Li, (1) + 1;_; - 1"222
1\ n? 5
— (In2)(In3) — Li, (4) +T- Ezn 2

1
N B—f(l)l( d—f(l) > x)d
o _0 N\ * AP I R )
—lnx xln(%)
o[ +5f [
1+2 1+x 1+x
1

] zlnx —lnx 1
Now, le(z)z—fl_zxdx = f1+ dx—le(—E)
2

0 z= —7

1\ 5n? n? ) 1
= B = 4Li, (—E)-l-—lz —E = 4Li, (—E)+

I= é(f(—l) f2)-=— <4le (— %) 1::: ) % (36min2 + 1446)

=1= §<f(—1) — f(2) - Li (—%)) 280 (367In2 + 144G — 197%)

Now, f(-1) - £(2) - Liz (~3)

- ((lnz)(ln3) —In?2 - Li, (— %) - ’;;) ((an)(lnB) Li, (1) + é - EznZz> Liy (- %)

3 , 1 /1 ] 1
=52 =+ 2 (5L (3) - L (~3)

, , , , 1. ., . (1 . n 1 . /1
Now use the identity, Li,(z) + Liy(—z) = Ele(z ) = Li; (E) + Li, (— —) = —Li, (—)
1

2) 2% \4
Z=7
1L' (1) Li ( 1) Li (1) n?  In?2
- — - — —— | = - = ——
22\g) "2 \T2) T2 2) T 12T 2
(—1) 2) - Li ( 1) 3l 25 n2+2 w2 In?2 ll 25
—t — — — —_— ] = — _— _ = —
f / 272 2 "% 12- 2z )"z "
=1= 3(1 anZ) —(36min2 + 1446 — 197?)
. . 5\2 480
=-In?2 + ——(36min2 + 1446 — 191?) = I = —— (1446 — 197? + 96In?2 + 36min2)

5 480 480

91 | RMM-CALCULUS MARATHON 2501-2600



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

2553. Prove that:
2 (—D)™p(m)ren)r (—n + %) cos(nm) \/El 3e”)

Z 8" (n) ~ 6 V9e (T

n=1
Y = 0.577 is Euler — Mascheroni's constant
Proposed by Amin Hajiyev-Azerbaijan

Solution by Shobhit Jain-India

[oe] 1
(—D)™pm)r(2n)r (—n + 7) cos(nm)
Let I = Z 8" (n)

n=1

We know: T(m)I(1 —n) = ﬁnn) =T (n + %) r (—n + E)
1

(Euler's reflection formula) =T (—n + E) cos(nm) =
r (n + )

N EDym | ren
—1= ﬂz 8" <l‘(n)l‘ (n + %))

m-1 m-1
ky (V2m) 1 rI(mx)
I"( E) T Vym m™ 1 I(x) form =2

4

- cos(nm)

Now ,we know

k=1

1 r (x + %) = %% = Ir(x)r (x + ;) Zfl r'(2x) (legendre's duplication formula)
2 22n 1 —1)" 22n 1 1)" had

- r(2n) Z( ) 1/)(11)( ) \/25 (= ) !P(n) nz< ) Y
n=1 n=1

r(n)r (n + ;)
Nowuse, Yy(n)=—-y+H,_, (property of dlgamma functwn)

:r=rzl<z>"“ YNE

nll

B B In(1- x)_ . B nl B
We know, —ln(l1 x) = Z— 1— e —;Hn_lx 1 hereHn—;kandHO—O
_ 7 \/_l"(1+z) wWr Jm 3\ Vm 3 _Vm (3e
TS s s tomlg) =G lrm)) =1-Fm(5)
2554. Find:
1 n
sz iln(E: x2m>dx
0o Vx —
m=0

Proposed by Amin Hajiyev-Azerbaijan
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Solution by Pratham Prasad-India

1 " 1 1
Q= j Zln<z x‘"") dx =2 (f In(1 — x*™D)dx — f In(1 - x4)dx> =
0 0 0

" = 2(I(4(n + 1)) — 1(4))
Thus
I1=2(I4(n+1)) — I(4))
where
1
I(a) = f In(1-x%dx, x*=t, dx = zt%_ldt
0
1
al(a) = f tt_ll_lln(l —t)dx, al(a) = lin}%B(z,u)
0 u=

al(@) = lim B, w) (w(w) - pu+ 7)), al(@ = a(w@) - w(;)-a)
1@ = (p - (%) - a)

I=2 (¢(1) — (—4(n1+ 1)) 4+ 1) - )+ G) + 4)
1 1
1=2(v(3) ¥ () —*)
2555. Find a closed form:

1 01
Q= j .f arctan(x? + y? — 2xy) dxdy
0 Jo

Proposed by Asmat Qatea-Afghanistan
Solution by Pratham Prasad-India

1 01 1y
Q= f f arctan((y — x)?) dxdy = f f arctan(x?) dxdy
o Jo 0 Jy-1

Applying Integration by parts on the outer Integral and replacing y with x after that,
1 1

= f arctan(x?) dx — f x(arctan(x?) — arctan((x — 1)%))dx
0 0

1 1 1
= f arctan(x?) dx — f x(arctan(x?))dx + f x(arctan((1 — x)?))dx
0 0

0
1—x =tandreplace t with x in the last integral,to get:

1 1
= f arctan(x?) dx — f
0

1
x(arctan(x?))dx + f (1 — x)(arctan(x?))dx
0 0

1 1
=2 < f arctan(x?) dx — f x( arctan(xz))dx)
0 0
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x* = tand replace t with x in the last integral, to get:

1 1
=2 <j arctan(x?) dx> — f arctan(x)dx = 2(A) — B
0 0

1
I =2(A) - B, A= j arctan(x?) dx
0

Applying Integration by parts,

4" fl 2x? p 4" Jl(x2—1)+(x2+1)d
4 ), 1+t 4, 1+ x* o
10,2 10,2
T (x*—1) (x*+1)

A=——-| —Zdx—| ——=

4 ,[0 14+ x* dx -[0 1+xt dx
1 1
1 1——=—= 1 1+ =
/4 2 Z
A=1‘f‘£—r§l“”‘f‘l—r%l*”
0 0
) (x+§) -2 (xl—g) + 2
substitute x + i tinthe first integral and x — i tinthe second integral,
T (1 S | n In(1++2 T
A=—+f > dt—f ——dt, A=—_+ ( )—
4 ), 2-2 ot 42 4 V2 2V2

1
B = f arctan(x) dx
0

Applying Integration by parts,

g f X o g™ 1J‘1 2x p
"2 1+ TTa2) 14 2™

x? = t and replace t with x in the last integral, to get:

m 1f1 L S S
B L Tix B=g @
Now,

1 =2(A)-B
(T In(1+v2) =« T 1
1_2<Z+ NG _2ﬁ>__+_ln(2)’

4" 2
I =g+\/§ln(1+\/§)—

T T 1l 2
vz +t2"®
=2 V21 (1+\/2)—1+11 (2) I = SIn@) + 21 (1+\/2)+E 1-+8

1 -1 1 T
f f arctan(x? + y% — 2xy) dxdy = Eln(Z) +v2In(1+v2) + 1 (1-+8)
0 Jo
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2556. Prove that:
1

] 5
n—j YA + xH)dx = il P SFZ(Z) 26
=) XY ST ™ Tra0 T
0
A = Glaisher — Kinkelin's constant, G = Catalan's constant,
P(x) = digamma function
Proposed by Shirvan Tahirov-Azerbaijan

Solution by Shobhit Jain-India
1

1 1 1
2 2 X )

Q= fx31p(1 + x%)dx = f x*P(1 + x?)xdx z 3 J uyp(1+ u)du
0 x=0 ’:;’x@ u=0

1
1 rasw
_Ef r(1+u)

u=0
1
= [Smra + u)]Z _Z f InF(1 + w)du = ~ Inl (5) _L
12 o 2 - 8 4

2
u=0

1
4
Here, I = f Inr(1
0
+ x)dx.Now we can use Kummer's series for the function InI'(x)
1 r(x) 1 1 logen
_l (ﬂ) (E — x) (y + In2m) +;Z - sin(2nmx) for0<x<1
n=

(y = Euler — Mascheroni Constant)
r(x)  r?(x+1)2sin(mx)

ra—-x) 2mx?
1 r(x) 1 . 1
— ln (I"(l — )> =Inr(1+x)+ Eln(z sin(mx)) — Eln(z,r) — Inx
= 1 1 . 1% log.,n
s>Inlfl+x) = 2 ln(Zn) + (E - x) (y + In2m) — —ln(Z sin(mx)) + Inx + ;Z sin(2nmx)

1 1 1

4
_ In@2m) + (¥ + In2m) f =— x dx —-= f In(2 sin(mx))dx + f Inxdx

P Q R

1 < log.n nmn
tam D (1‘“’3(7))

n=1
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4 2

ln(21‘t) ¢ 1 In2 1 v log.n nm
3 —(y+ln21t)+——z— > +211'ZZ 2 1—cos(7)

n=1

3 = logen B log.(2n—1) log.(2n)
Let, N—Z ) =0 + E where, O—Z 2n - 1)Z and E = Z 2n)z

Ee ln2 Z logen 1'[2 ln2 N N 0=N_F-~ 3N w?In2
= = i = ——
nZ 4 4 4 24

0_F -~ 3N 2ln2 2in2 N N N m2%ln2
1 —_ —_ ] = — —
4- 24 24 4 2 12

- log.n nm
Now, Z 2 (1_COS(T)>
n=
_(lnl In3 In5 ) (an In6 In10 )

7z t3z vtz 27 Tz Tz
_ (ln1+ln3 In5 >+ (lnz In4 Iné6 >+ (an Iin4 Iné6 )

1
1
i1 In2
R = | Inxdx = [xlnx —x]; = — 7 ———
0

T3 5 Tt t e Tt

0 E
n2/1 1 1 1 /ln1 In2 In3
v )2 )

torlgE—gztgE— +toalgm 5t

=N+

m?in2 N 1/N n?ln2\ 9
4-8 4\2 12 8
ln(Zn) G 1 In2 9( N )

8 —(y+ln21t)+——1— > T8\am

1 e log.
Now, Z(s)= ) — =>z'(s>=—z 2gez =><'(2)=—Z =N
n=1

n=1

n=1
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7'(@2)
Now, — =12nA -y - In(2m
’ 1O) 14 (2m)
, T N Yy In(2n)
= N = —(((2;— 6(121nA—y In(2mw)) = 72 =lIn A_12_ (12)
In(2n 3 G 1 In2 9 y In(2n
= I = 3 +3—2(Y+ln21t)+a—z—7+§(ln —E— 12
_ln(21t) G 1 ln2+9lA=> I_lnn+G 1 3In2 9lA
~7 8 ‘am 4 2 8" =8 "ax 2 8 ‘8™
NP lI’(S) 1(ln1t+G 1 31n2+9 )
8™ \4) 28 Tan 2 in

1 (z 26, o r(5)+3l 2 — lnmw — 91 A) a=1(241 i (Z) 26
= — JR— — — — = [ —
16 x Mg na =g = o 16 gl =y -

2557. Find:

o i (—1)kk2
B k_1(2k2 +k-1)2k-1)
Proposed by Shirvan Tahirov-Azerbaijan
Solution by Pratham Prasad-India

By Partial Fractions:

(1)k - (D 1 (DR
18 2k 1 6 (Zk 1)2+ 1+

1o (- 1)"
S:E;(_l)kf x2k- 2alx+6 =17 et

changmg order of summatwn and mteg t

( 1)k 1
fZ(—xz)kldx 6 (Zk 1)2 k

1 1 1 1

(ee]

8

S=- 18 L1 de—gG+—ln(2)——
P SR S
T T2 e T MYy
2558. Prove that:
— — 1 1-GV2
z Z em+n)m L o(m-n)m 4(1 — e™)
m=1n=1

where, G is Gauss's constant
Proposed by Ankush Kumar Parcha-India
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Solution by Shobhit Jain-India

[ee] (o]
1 1
D)
m=1 n=1
oY) [e9)
Now, M=) = 3 e = =
ow, = _— = e — —
emr 1-e™ e"-1
5 oo z}:loo m=1 Ioe) o) ©
k 42k+1
N = Z 1 _ Z q" _ Z(_l)kq(2k+1)n — Z(_l)k Z q(2k+1)n _ (=D)*q***
q—n + qn 1+ an 1-— q2k+1
n=1 n=1 n=1k=0 k=0 n=1 k=0

here, q = e ™. Consider, ¢(q) =f(q,q) = Yoo q"2
> n(n+1) n(n-1)
here f(a,b) = Z a 2 b 2z ,
n=-—oo

lab] <1 (Ramanujan general theta function)
o (1) (1 o
11 (E)n (i)n (2nC, )2
; 1, x) = Z—x" = Z—xn
2'2’ (1)1 16

Consider complete elliptic in_tegral of first ki_nd,

Let g(x) = 2F1< lx] <1

de 4
K(k) = f (K?) and K(K') = f =T o?
V1 — k2sin?0 Zg V1 — k'*sin%6 Zg( )
— _ .2
2g(l k*)
k' =1 - k2
0" (-0) ( _,r_'«k')) 2
If k= |1- then, @%|le KW |=g(k?®) =—K(k
f e 0 9(k») = ZK(i0)
Now, k=K =~ =, (™) (1) 2K<1)
Ow = = — e = —_ = — e
) V2 ¢ 9\2 T \\J2
2 2 1 1
dx vz a1 2(3)
2 2 2 =—B|-,=] =
\/_of 2 — sin%0 \/_bf 1+cos20 P 1x\/_0f 1—xt 4 (4 2) Wr
1
n_2 1\ _I*(3)
= @%(e ™) = (—):—K<—>: = GV2
= i (%) = Gauss's Constant
2nV2n
Now we can use the identity given in Ramanu]an Notebook (Part — 3) page — 114, entry 8

)k 2k+1

Z(Q)_ 1+4z(1w
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0]

2 1 e (—1)kq2k+1
i — — — /n2
Consider z W—1+4Zm—1+4 1_ q2k+1 =Q (Q)

n=—oo Tl
1)k -2k+1)m

o 1 k—O
—2 1+4 —=1+4 ( = @?(e ™
enrt + e nm + enn’ + e + — e~ (2k+D)m =9 (e
n:

=
q=e T ,——
—G\/_
(—1)ke~@k+Dm G2 —1 1 GV2 -1
=N= Z 1-e@iDr 4 =>I=MXN=(en—1)< 4 >
1-GV2
== e

2559, Prove that:

1
(1—x)(1—x2)(1—x3)d _ 18n?
f (1 + x2)Inx = n<5w4>

where w is Lemniscate Constant
Proposed by Ankush Kumar Parcha-India
Solution by Shobhit Jain-India

1 1

1-21-2>1-x? 1-x) 2(1+x)
I'= 1+ x2)Inx dx=0 Inx <x3—2x—1+ 1+ x2 >dx—

1—x“+x3+2x2—x—1 1 x2 -1
- f Inx dx -2 (1 + xz)lnx dx

1 ° 1

xt -1 x3-1 x2 -1 - x? -1
:_J- Inx dx+J. Inx dx+2f Inx f (1+x2)lnxdx

=—H(5) + H(4) +2H(3) — H(Z) 2K(2)

here, H(a)—f _1dx— f f xldtdx = ff tldxdt—fd In(a)

x=0t=1 t=1x=0 18
= I = —In5+In4 + 2In3 — In2 — 2K(2) = In (?) —2K(2)
1

xt—-1
And, K =] ————d K(0)=0
nd, K(a) f(1+x2)l x = k(0)
1 ., 1 a-3  a-1
) x° x® — x+2 1 (x4 — T
:>K(a)=f1+x2dx=f 1 dx = Zf =
0 0 0

x—>x4
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=%<¢<a1-.3>_¢.(a1-1)>
SRR [ A W e 1

-+l () ()

a

N——

] 0

| =

=
)
N
p—
Il
)
-~
ﬁ
S
Ut
N—r
™~
YN
| =
N—
ﬁ
N
—

3 3 2 3 1 w? 3 18m?
Now, @w = o oy :K(Z)—ln<—>=>l—ln(—)—21n<—)—ln<5w4)
2560. Find a closed form:
V3
4
.[” tan(x) In(1 — tanx) dx
8

Proposed by Fao Ler-Iraq
Solution by Pratham Prasad-India

Y

r
I= j;t tan(x) In(1 — tanx) dx

8
T tin(1-t T tin(1-t
VZ-1 1+t 71+ D(E—10)

11 Im@a-o 11 Im@a-v

. P 9 4,

.2 VZ-1 (t+l) 2 \/7_.1 (t—l)
1% m@A+i-uw 17 Im(1-i—w
= B Bauag [ B
2 )z-1+i u 2 )z-1-i u
. u
zlf”‘ n(1- 1)

2

d +1l 1+l ( 1+1 )
u+=In i)In
Z-1+i u 2 V2—-1+i

. u
1 ln(l—ﬁ) 1 _ 1-1i
+—f du+—ln(1—l)ln< )
2)7-1-0 u 2 V2—-1-i
_1f1 n-w 1 (1+')1( 1+i >+1f1 In(1-w
T2 JV2-1+i u u 2 n vin \/E_1_|_i 2 N2-1-i u u
1+i 1-i
+ima-o1 ( 17t )
=In(1—i)ln =
2 VZ-1-i
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=1Li2<ﬁ_1+i>+%1n(1+i)1n( 1+1 )+1Li2<ﬁ_1_i>

2 1+i V2—-1+i/ 2 1—i
+ha ')1( 1-1 ) Li,(1)
=In(1—1i)In —Li =
2 V2—1-i 2
_1,. V2—-1+i 1 1401 V2—-1+i L V2—-1-i
=gl 7y )i uIn{— T T
1 _ V2—-1-i )
—Eln(l—l)ln< 1= )—le(l)—

=%Li2<%+i(1—%>)—%ln(l+i)ln<%+i(1—%))
11, <i+i(i—1))—%ln(1—i)ln(i+i(i—1))—((2)

22\ 2"\ vz 'z
where:

In(1+1i) = %ln(Z) +In <cos (g) + isin (g)) = %ln(z) + %T

In(1+1i) = %ln(Z) +In <cos (g) — isin (g)) = %ln(z) - %T

In (\/% + i(l - %)) =In(2 — v2) + iarctan(~v2 — 1)

In (\/% + l(% - 1)) =In(2 —V2) —iarctan(vV2 — 1)

Thus,
1

(1 1 1 . 1 1
IZELl2<\/_§+l(l_ﬁ>)_Eln(l-l_l)ln(ﬁ-l_l(l_\/_i))
1 (1 /1 1 _ 1 /1
+5Ll2<ﬁ+l(ﬁ_1))_Eln(l_l)ln<\/_i+l<\/_i_1>>_((2)
Zarctan(vZ — 1) - %ln(Z) In(2 —Vv2) +Re (Liz <\/1—§ +i (1 - i))) -2(2)

I =
4

V2

£l

4
_L tan(x) In(1 — tanx) dx =
8

n 1 . 1 . 1
— Zarctan(\/f -1)- Eln(Z) In(2 —V2) + Re (le <\/_§ +i (1 — \/_7)>> —(2)
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2561. Prove that:

jo In(Inx) p _an I‘(S) T In(2m)
1—x+ a2 x_\/gn 6 3\/§n o

1
Proposed by Lunjapao Baite-India
Solution by Shohbit Jain-India

0 1 1
LI j'(’—")dx o

1—x+x2 x+1
1 x—»EO
1 ( s 1 1 s 1
define, f(s) =j 1 j dx
5 x+ 5 Zxcos + 1

[ee) [oe]

Z x"sin(n@) = Im Z x"ei"® | = Im (#) — Im( 1 ) _ xsin@
n=1 - o B 1—xei®) 1— xcosO — ixsinf/ 1 — 2xcosO + x2
(o]
1 sin(n@)
= = Z a1 -
1 — 2xcos6 + x? 4 sin@

_ 1 _ i e sin (113_1t) — ii x"1sin (E)
— 2xcos (3) +1 sin (g) - \/§n=1 3

n1

(= 1 2 ©,sin(3)
= f(s) —\/_z sin f(ln;> xn_ldx:_r(s)z—s
= f/(s) = F'(s)zsm r( )Zloge (™)

nm
= (1) = — r'(1)zsm( r(1)zl°ge i E

here, T'(1) =T(MyY() = : (yis Euler — Mascheronl s constant)

And,ZSin (5) = Im (— In (1 - e%")) = —Im {m < 1 - cos (g) — isin (g))}
_ rant <1"_(§)n)> e cor (1)) - T X -

—cos |5
(3
Now, from Kummer's series:

%ln <&> — (% — x) (v + In(2m)) + %Z lo;g;en sin(2nmx)

ra —x)

n=1
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1 (o]
1 & 1 1 § log.n
ﬁl 3 In <(—g)> = 3 (y + ln(ZTC)) + Oi ns]n (—nn)

=g r (3) " 3

n=1

E) = I‘(%) I‘(g) NN 1l (i%)) = 1ln(21t) — InT (E)
e m@ m=E @) ? °
= Z lo‘fl"’n sin (1;—11) = gln(Zn) —minl (g) - g (y + In(2m)) = —minT <g) - %1n(21t) - ?
= f'(1) = —?/71?_;[ - %(—n’ln[‘ (g) - %ln(Zn’) - ?) =1
= 2% por (E) ~ " In(2m)
V3 6/ 3v3

2562. Find:

T
4

] = .[ x tanxIn(cosx) dx
0

Proposed by Naren Bhandari-Nepal
Solution by Pratham Prasad-India

% 1 (2
J = f x tanxIn(cosx) dx = -3 f x d(In?(cosx))
0 0

T
1[4 1 (%2
= ——1In?2) + 5_]. In?(cosx)dx
0

32
i ) 1 (1In%2(1 +x?) ) L
I = f In*(cosx)dx ,I = —f —de. By Weierestras substitution:
0 4), 1+x
2(1+ x?)
2
,_lf““ (o),
4, 1+ x? ’
_f11n2(1+x)
Sy 1+
lflln2(1+x2)d
4), 1+x2 x
In2(2) (! 1 Lin(1 + x)In(1 + x2) In(1+x)
™2 f01+x2dx_fo 1+ x? dx—lnzfo 14 x?2
anflln(1+x2)
T2, v

By putting results,
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I= <—26‘ln(2) —4m (Li3 (%)) + 76” + 1i6nln2(2)>

1 CA+iy\ 7R 7 In2(2) ;7
+Z<—ZGln(2) +41Im (ng (T)) ~o¢ g1:1112(2)> — (Z)

—(—EGln(Z) zum(u3(1;r ))+%+2nln2(2)>—1n(2)( 1n(2))
In(2
+ n;)( In2) - ¢ )
3 2
I= IZZ _€ 12(2) i 11116 @ _ pni,1— i)
1/7n® GIn(2) 5mIn2(2
]=——ln2(2) 3 17;2 2( )+ ”11'6( )—Im(Li3(1—i))>
773 GIn(2) mwIn%(2
J= 334— 2( ) ™ ns( )—Elm(Li3(1—i))
2563. Find:
IIn3(1 — x) In?(x ln(1 —x) Li?(1 — x
I:J ( ) ()dx—S.[ ( ) Lis( )dx

Proposed by Naren Bhandari-Nepal
Solution by Pratham Prasad-India

Replacing 1 — x by x in the second integral,

_ (MIn3(1 - x) In?(x)  In(x) Li3(x)
[, L,

X
Let,

3 2 .2
A= [(rCEE O gy p= [(RO%0 gy Thus[T=A-3B
17,3 2
In°(1 —x)In“(x
an [A-DWE
0

1-—x
1 ('In*(1 - x) ln(x)
Applying Integration By parts,we get — A = 2 f
] 1 (In*(x) In(1 - x)
Replacmgl—xbyx,AzEf 1« A———f ln4(x)z x"H, dx
0 _

:_EZ f x"In*(x) dx, A———Z fa—x"dx
_1°° f”d A_1Hd4<1)
T 24 "d4 x T 24 mand

n=

— n+1

A=-12 i H, (ﬁ)S,A =—12 (i% - ((6)>,A = —12S, + 12¢(6)

n=1
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S, = Zn—:,deﬁne, J(q) = f x"1Li,(x)dx,
0

n=1

Applying Integration By parts,we get — J(q) = W " n

1 1
J(q@) = @— ;jo xn_lLiq_l(x)dx
{(q)

1 1
Jo x"1Li, 1 (x)dx

J(q) = @ - l1(61 1, J@= Jlx"‘lLiz(x)dx
](2)—$+ jo x"1In(1 — x) dx, ](2)_ﬂ_%
Thus by recursion: J(q) = (_1):# (‘ D k1)
=]
fo 1x"‘1Liq(x)dx _ _(—13;’;% _ Zzz Ve
Setting q = 4 and rearranging,
% =- f()lx""lLi4(x)dx kzl Sl {(4—k+1)
&R ‘flw dx - kzl a1
i [ Z " - i( 1)¢(5 — k) (k + 1)
=
Z% _ f:L O 11— xydx kZ(—nk((s — ¢ (k+ 1)
Z% f:ln(l 2 Z —d - Z( DG -3k +1)
Z % - 2% folx"‘lln(l —x)dx - Z(—l)"((s — )3k + 1)
iH—s i T i( 1)%¢(5 — I)§(k + 1),
= = &

N 1
N T 1@)7() 5 82(3) + 2
n=1

105
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N 1 1
5= Y = 150 -30@]  a=-12(140) -3¢0 ) +124060)

n=1

A =-21{(6) + 6¢*(3) + 12{(6), = 6¢*(3) — 9¢(6)

1—x

B 1n3(1 — x) In?(x)
A—jo d

YIn(x) Li3 (x) . .
B = j —F—Fdx, Applying Integration By parts,we get —
0

B Llln;zx)ln(lx— D Lip@) o Lllnz(x)lnu x)z_dx
i"if @A 0T B = an 2J1‘“(1 x) x" 1 dx
B*Z%d—;(%); Zldﬁz(ﬂw;nm)
B :=1§: n_12<2(153) . zi(ZZ) ~ z;n ) 2;,;52) ) 212(13))

n3 n* ns n* n3

1
o0 @ 3)
g Z 27(3) 2((2) 2H, 2HY 2H} )

1
B =20%(3) +23(2){(4) — 25, — 25, — 283
(S1is calculated above)

SZ = n4
n=1

By C auchy product on le(x)and Li;(x),
(2) (3)

Li,(x)Li;(x) = 6 Z—x +SZ n3

Divide both SldeS by x and mtegrate from Otoy,
(2) (3)

fyw _62 5y"+32 "+Z y" — 10Lis(y)
0
—Lls(y)—Gz syn+gz (2) "+Z (3)

Puttmg y=1,

HD  Zo g
—L¢3(1)—6z—+3z +Z —10Lig(1)
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%Li%(l) = 6S; + 35, + S5 — 10Lig(1) ———)
Now,
- H® o 1w 1
53—2 n3 S3=Z$ZF
n=1 =1

o)

53 = Zni Zn32k3 zn32k3

n=1
Switching the order of sum m the mlddle term

k
1 1 1
S; =0%(3) - ﬁz 3 + Z 5 Replacing k and n by each other,

=1
S: =@ =y Y 4 (6), S ={3(3) ~ Sy +(6)

n=1 k=

(3)
S5 = ",'13 (2@ +©)

n=1

Now Putting the Calculated Values Of S;and S;in equaltion (1) we get S, as

H,
=y
n=1

B = 23%(3) + 24(2){(4) — 25, — 25, — 2S5
B =20G) + @K@ - 2(340) - 300 ) -2(€®) - 3¢6))

@
= (2(3)——((6)

-2 (% (2@ + ((6)))

7 2 7 7 2
B =2¢(2){(4) —55(6) +§((6) —2{(6), B= E((6) —E((f)) +§((6) —24(6)
B j‘lln(x) Li2(x)
0

X

—1
dx=—-¢(6), I=A-3B

1=(6¢2(3)-94(6)) - 3 <_—1 «6)) I=63%(3) - 83(6)

j‘lln3(1 x)lnz(x) 3flln(l x) Liz(1 - x)
0 0

T T = 6¢%(3) - 84(6)
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2564. Find a closed form:

4
] = j x tanxIn(cosx) dx
0

Proposed by Naren Bhandari-Nepal
Solution by Pratham Prasad-India

1 1 (1
J= f x tanxIn(cosx) dx = _EJ x d(In?(cosx))
0

0
s

b4 112
=——1In%(2 +—j In?(cosx)dx
32 (2) 2), ( )
T
4
I= J In%(cosx)dx
0
T

T i ™
I= f In?(2cosx)dx — Zln(Z)J In(cosx) dx — Zln2 (2)
0

I= -fo xdx + 2 Z (1)—“.]; cos(2nx) dx — 21In(2) (— — —ln(Z)) — —lnz(Z)
= 17;2 + Z (—1)"2Hn_1 sin (nz_n) —21In(2) (g — gln(z)) — glnz(Z)
B ﬁ +Im (Z (—D"H,_4 n) 21n(2) (__ _1n(2)) — _1n2(2)

_EH (Z%) 2In (2)(———1n(2))——ln2(2)

3 1
=——+Im (((3) Li;(1+ i) +In(1+i)Li,(1+1i)+ —ln( )In?(1 + 1))

" 192
_ __ - _ 2
211;(2) (2 4ln(2)> 4ln (2)
Vb 5w 1
_ 2 _ - - _ -
=792 +—16 In%(2) Gln(Z) + Im(Ll3(1 l))
= l 2(2)+7 3+5 In%(2) Ll (2)+11 (Liz(1-1)
J= 32" 3384 32 " ikt RS A
71 1 1
_ - 2 _ _ - _ -
J=3gz% 8ln (2) 4Gln(2)+zlm(Ll3(1 i)

2565. Find a closed form:
xin(1 + x)

1
I=| Liz(—x®*)(1 —x*)x +
[ wisra - atx+ T

Proposed by Shirvan Tahirov-Azerbaijan
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Solution by Pratham Prasad-India

1 1
I=%j0 Li3(—x)(1—x)dx+J;m;z(;_|_-;x)

1 1 s Lxin(1+x)
I_Efo Ll3(—x)dx—2j0 Jrng,(—Jr)dJ|c+J0 T
1 1
I=EA—EB+C

Where,

1 1
A =f0Li3(—x)dx, A= Li3(—1)—j0 x<

1
A= Li3(—1)—f Li,(—x)dx,
0

Li,(—x)
by

ax

A = Liz(—1) — Li,(—1) + 1 — 2In(2)

2

A= ——((3)+E+1

2In(2)

1
B =f xLiz;(—x)dx
0

1x? (Liy(—x 1 11
=_Ll3( 1) f < 2( )>dx, B=—Li3(—1)—if xLiz(_x)dx
0
1 1 1 ?
= —Li.(— —_— — — 12 = —_— —_— —_
B = 5 Liz( 1) 2(24(3 n)>, B ((3) 16T 18
C_j'lxln(1+x)d C—fl x? J‘l 1 ivd
— ), 1+ L1+l 1y
1,1 2
C = dxd
fofo A+ )1 +xy) Y
1 In(1 + i3
C:f y _In@) + (2 2, _dy
0o 2(1+y%) y»2+1) 4(1+y?)
1 In(1+y) ?
:— 2 - Y -
C In (2)+f Yo7+ 1) y 16
TIn(1 + lyln(1 + 2
=—1n2(2) f In(1+y) ay— [ 2 2( y) . m
1 o F+1) 16
ln(1+y) w?
:— 2 — — —
ln 2)+ f dy—C T
1 w? TCZ 1 ? 1 ?
_In2 - = _In2 — = _1n2 S
ZC—4ln (2)+12 16’ 2C 4ln (Z)+48 C 8ln (2)+96

Putting everything back in,

1 1
I=-A--B+C

2 2
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2 2 2
1=1<——z(3)+—+1 21n(2)>—1<——((3)—i+”—> <;1n2(2)+';>

2 12 2 16 48 6
Simplifying,
(3)+ LN 1(2)+1122
( 22tz ™ n"(2)
1 xln(l + x) w: 17
P (—a2 a2 N - R T T In2
—[o Lis(—x*)(1 — x*)x + 211 dx ((3) +24+32 ln(2)+ ln (2)

2566. Prove that:

7 7 w2
j (xIn(1 + cos(x)) + xIn(sin(x)))dx = 76 — 55(3) — Zln(Z)
0

G - Catalan's constant , {(3) —» Apery's constant

Proposed by Shirvan Tahirov, Elsen Kerimov-Azerbaijan
Solution 1 by Quadri Faruk Temitope-Nigeria
V3 Y3

2 2
I= f xIn(1 + cos(x))dx + f xIn(sin(x))dx = A+ B
0 0

A B

z z 2 7 x
A=J xln(1+cos(x))dx=j0 xln(Zcos ( ))dx—jo xln(2)dx+[g xln<cos2 (E)) =
(=1)"cos(nx)
- y s

=1n(2) [2 ]+2Jnxln<cos( ))dx——ln(2)+2jn
0

_1 n 2 2
j [Z( ) cos(nx)l dx=%ln(2)—%ln(2)—

P (_l)n —inx had (_1)n g Cinx B
Zino x[;Tldngln(Z)—Tln(Z)—ZRZ - foxe dx =

? - D" 1 e'inTn inne'inTn _m? nG 21
_?111(2)—291; [_F+ o ]_ ——ln(2) z[—— ((3)]
71'2
A= —?ln(Z) + G — R((S)

Working on B

z z o cos 2nx) z

B = f xIln(sin(x))dx = f X [— In(2) — z (T dx = —ln(Z)f xdx —
0 0 = 0

T
2

(o) T e

1 (2 1 2 1 2 _
Zﬁfo xcos(2nx)dx = —1n(2) [E (g) ] - zszo xe 23X gy = —%ln(z) _
n:

n=1
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i 1.1+ e '™+ imne”"™] 1121 @) 19% -1 N i e~im o i e"m|
n 4n? - n n3 e 2 |~
n=1 n=1 n=1

¢ (2)]

2

11'2 1 11'2 7
@) - 1% ~ 3 —in | = - Fm@ + 1543)
B = —?ln(Z) +1—6((3)

n . 2 2
1= f:xln(l + cos(x))dx + folen(sin(x))dx = _%m(z) + 16 — %((3) _ %ln(z) . %((3)

A B
2

I=m6 - %z(s) _ ”Tln(Z)

Solution 2 by Pratham Prasad-India

17.' s

z z x z
P = f xIn(1 + cosx) + xIlnsinx dx = j xln (2 cos? (E)) dx + J xIn(sinx) dx
0

0 0
s T

% 2
= 4f uln(2 cos?(w)) du + f xIln(sinx) dx
0 0

w T T

1 2 2
=4 f uln(2)du + 8 f uln(cosu) du + f xIn(sinx) dx
0 0 0

By expanding and evaluating using Fourier series

of the second and third integral
Y3 w

.[:uln(cosu) du = jju (— In(2) + Z (D ;os(Zku)) du =
_ —gln(z) N f%u<§: (—1)k1 cos(Zku)) .
l 2)+ Z (D" 1f (ucos(2ku)) du

o z 0 o () () )

TS T S S

k=1 k=1 -
2 D1 1 = (DR 1 (—Dk !
__ﬁln(z) §Z(2k 1)2+§Kzl k3 _ZKZI k3
= i(mna 21{(3) — 4n? In(2))

128
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T

7 z < cos(2ku)
In(sinx) dx = —In(2) - —— |dx =
jox n(sinx) dx fo x( n(2) Z 2 ) x

(2ku) ? 21z
— —1n(2) ( L) dx=——1n(2) — — | x(cos(2kuw))dx =
[ @ - 7]

B k
- Y 1<ﬂ_ L) =) -
8 = k\ 4k? 4k? 16 8
Putting everything back :
v="In@+8 (— (1676 — 214(3) — 472 In(2)) ) 203 - @)
8 128 , 1?12 8

_n.Zl 2 11'1 2 n(2
_—n()+1tG—1—((3)—Tn()+R((3)—? n(2)

6123 - 2
Yy=m —5(()—771()

Solution 3 by Exodo Halcalias-Angola

= ff(xln(l + cos(x)) + xIn(sin(x)))dx = ffxln (sin(x) + %sin(x) cos(x)) dx =
0

= | xtn (4sin (3 5" (3)) ax =4 f xin(sin@x)dx + 41n(2) | ’“’”“f Hin(eosGdx =
T

fo(ln (l) - Z COS(ka)) dx — n—zln (%) +8 jonx (ln (E) + ZN( LA 1;05(2,”)> dx = Tzln (%)

k 8
1 msin(mk) cos(nk) 1 (—1Dk- 1( < ) 1 <k1‘t) 1 )

- = +—cos(—|——|=
;k 4k 4k2k Z B 2 2k ) 12 2 k>

1 (-1) (-1) (-1) _

fn (_> e 4;@ L, 2k —1)? + (2k)3 B E;Nﬁ =

% in(3) +mp@) ——Z 16— L) - @)

4
kEN
T2
O =mnG — §Z(3) — Tln(Z)

keN

2567. Find:

_j% In(sinx)
~ Jo 1+ cos?(x)

Proposed by Le Thu-Vietnam

Solved by Pratham Prasad-India

let = — x =
eto—x=y
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_ z In(cosy) 3 zIn(1 + tan2(y))
_jo 1 + sinZ(y) Y ¥ = __fo 1+ 2 tan2(y)

_ 1j°°ln(1+ez)d B 1f°° 1 fl €? dad
V= 2), 1+2e °© V= 2), 1+2e2), 1+ae2®™%

1 1 o9} 62
=—= ded
v zfofo 1+221+aez %
~ 111 1 J°° 1 1 ded
V= 2),2—al)y 1+aed 1+2e %

1joo ! dd+1jlljOo ! ded
01+a626a 202—a01+2626a

0
U
N
I
R

<

I

[
N =

v=3) a3 ()3 ), =z ayg) e
11 1 1 11
¢=§f0 a=2 (W—) E(zf)jo Pk
¢=ff1 ap +5 (=) n(2)

2 (\/—) 2V2

"’szoﬁ—ﬁ‘”"wf 5v ¥ * 1)

1 1\ 1 2(vV2-1
_%ln(l_ﬁ>_4$_ (1+T> _(2\/_>ln(2) 4:;21“( («/§+1)>:
:%ln(Z(\/_ )):—ln(z V2)

2568. Find:

1 VxIn?(x)
[
o 1+x+x
Proposed by Vasile Mircea Popa-Romania

Solution by Pratham Prasad-India
Lemma: If

e - fl x@

——dx
o 1+x+x?2

I'"(a) = (1/)2 (a + 1) . (a ;r 2))

1.,a _
I(a)=f0 XA 4

1—x3
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1@ = | e ““>Z X dx
@ =) [t an, 0= gy
1(a)=—<¢(a;1>“”<a;2)>’ "(“)__<"’1(a+1)“”1<a;2)>
=g () (50) ) 5(n6)-w0)

I”(1> _ 01 VxIn?(x) d

— X
1+ x+ x2

2

2569. Find a closed form:
, .[oo eSz — eZ p
= ————dz
o z(e?”+1)2
Proposed by Vincent Nguen-USA
Solution by Pratham Prasad-India
o eSz —e?
= ,];, z(e?z +1)2 dz
Replace z by — z

—0 e_3z —e? 0 e3z —e?
1= "% a5 1=| —"% a4
,l;, z(e 2+ 12 f_oo 2 + 12

0 eBz_ez © e3Z_eZ
20=1+1=| ———d & TC 4
+ f_ooz(ezz+1)2 Z+_];, z(e?z + 1)2 z
21—f°o © "° 4
) z(e?z + 1)2 z
Let,e? = x

[ee)

xz -1 ® 2
21 = d 21 = —_— dad
. ln(x)(1+x2)2 o fo (1+x2)2f0x aax

2 o x®
21 = ff(1+ 2)Zdadx Zl—fofo —(1+x2)2dxda

ff dxd 21_1f23<a+12 a+1)d
(1+)2x“' “z2), U2 T )%
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1+a
Let( > >n=u

3m

2 (2 m—u
4] = ——f - du
n  sin(u)

Replacem —ubyu
3n

2 (2 u
4] = ——J - du
mJr sin(u)
Replaceubyu+mn
T Y3
2 (2 (u+m Zji(u+1r)

4] = ——f ——du, 41 = N
T gsm(u + m) m)_x sin(u)

2 (2 u z2 1
4] = —f - du+ 2 j ,—du
T gsm(u) z sin(u)

4= P ff sinlzu) du +2(0), 4= %fﬁu d (ln (tan (;)))

0
Apply Integration By parts
Y

4] = ;jj In (tan (;)) du

u
Replace 7 by u

Y
4 71 4 2G
ar =2 (2 f In(tan(w)) du), =226, 1=°%
AN T T

2570. Find a closed form:

dxdydz

1,1 (1 1
fo fo jo 1-xyz+.,1-xyz
Proposed by Vincent Nguyen-USA
Solution by Pratham Prasad-India

By the Property:
1,1 01 1t
f f f f(xyz)dxdydz = - f f(x) In?(x)dx
0o Jo Jo 2Jo

w—flflfl ! dxd dz——f1 LGN
- 0o Jo1—xyz+,1—xyz Y -2 o 1—x+V1—x
121 -x , 1@ -VoIm*(1-x) ,
_fo —x+\/x dx_EL \/E(l_x) dx =

2
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1 (1(1-x) 1BP 1 (1 3.
=—gjo Td(ln3(1—x)) = ~12), In®(1 — x)x 2dx =

1 3 1
== &l’&‘ ﬁg(x‘ y) = _E(_““B) —161n3(2) + 247(2)In(2)) =
yo1d
2 2

- 2¢(3) + §1n3(2) - %ln(Z) w=2¢3)+ %ln3(4) - %ln(4)

1 2
dxdydz = 24(3) + gln3 4) - ?ln(4)

1
jo jo fo 1—-xyz+,1—xyz
2571. Find:

1
f In(1 + tanh(x) + coth(x)) dx
0

Proposed by Ahmed Nabeel-Iraq
Solution by Pratham Prasad-India

1
f In(1 + tanh(x) + coth(x)) dx =

0
! e —1 e**+1 1o (3e* +1
=foln 1+ 2x+1+ — dxzj;ln oir _ 1 dx =

1/3
=In(3) + f In(e** + 1/3) —In(e** — 1) dx = In(3) + f f ta ———dadx =
_ 4x
=1In(3) + f f dx da =1In(3) — f f 1 -‘:Tfe—‘*x dxda =

=1In(3) —%f —(n(1+ae*) —In(1 +a))da
14

1
3

=In(3) +~ <L12 %) - Lia(- a)) _
-1

(-
—In(3) + - le( ) ( )—% ' (——)+1L12(1)—

4
—ln(3)+1Ll2( %)—ZLQ(%)—%LQ(—%)-% {(2)

w w
j? j? dxdy
o Jo Sin?(x) + cos(y)
Proposed by Ankush Kumar Parcha-India

2572. Find:

116 RMM-CALCULUS MARATHON 2501-2600



R M M

ROMANIAN MATHEMATICAL MAGAZINE
www.ssmrmh.ro
Solution by Mirsadix Muzefferov-Azerbaijan

- dx

oz (2 dx Z[ 7 west®@ ~
Q_L (fo sinz(x)+cos(y)) dy—JO Jo sin2(x) N cos(y) dy =

cos?(x) cos?(x)

B z( (2 d(tanx) d ta“f_f)zt 7/ (° dx 4
_jo jo(tanx)2+cosy(1+tan2(x)) y = L(L cos(y)+(1+cos(y))t2> y

1+ cos(y)
dy ~cos(y)

j Jeos(y) (1 + cos(yDI 1+ cos(y) I
1 cos(y) /
0

2 dy 1+ cos(y
arctan
0 Jcos(y)(1+ cos(y))( “cos(y) >
..

Z
_.]- <\/cos(y)(1 + COS(}'))>

tan(”i%)ztnf (13’:2) dt \/if L ae =" VZarcsi (1) m
= = == — ——dt = —+V2 arcsin =—
2 o\/l—tz 2 2 0 V1 —¢2 2 2V2
1+¢t2°1+t2
2573. Find:
11 ( )
arctan(x +
jj Y dxdy
xX+y
00

Proposed by Ankush Kumar Parcha-India
Solution by Quadri Faruk Temitope-Nigeria

Using integration by parts, IBP we write :
1 1 (! In(x+y)
I= L [In(x + y) arctan(x + y)| 0~ , mdy]dx
Let I = A — B where:
1 Ll In(x+
A= f In(x + 1) arctan(x + 1) dx; B = f f (—Zy)dxdy
0 0 Jo Xx+y)*+1

Applying IBP again to A,we get:
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2 2
= [(xIn(x) — x) arctan(x)| i — f J;lznixl) dx + f
1 1

After simplifications :
/4
A =21In(2) arctan(2) — 2 arctan(2) + 1

dx

xz2+1

- i(_g" jz x2 1 n(x) dx + {lln(&\f2 + 1)} 2

1 1 2
A=nwIn(2) -2 arctan( )ln(Z) m + 2 arctan (2> + % ~2 Li,(—4) — —ln(Z) In(5) += ln(2) — Z—B

i i
Using the identity : J (x+y) +l| = Gty +l we write:
In(x +y)
B = ————dxd
Jj J (x+y)+i y

B = J(Liy(i(x + 1)) — Li(ix) + In(1 + x) In(—i(1 + x — ©)) — In(x) In(—i(x + i)) dx
B=-— <_E + 2arctan(2) — g - 26+ mwIn(2) — 1ln(Z)

/1 In(5)
I=A—-B=23Li, (2l> 26+ min(2) — E + 2arctan (2) +———1In(2)

2
2574. Find:

fz dx
1 xV1+x3

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Mirsadix Muzefferov-Azerbaijan

j‘z dx  (* x%dx f d(1 + x3) V12t
Lt e L eVire 3L evit s

13 oder 2 wdt 2 dt
_§ff(t2—1)t_§fft(t2—1)__§fﬁ(1—t2)_
1+t V2 +1
R ()

--2 (1n(2) ~In(v2+1)°) = 3 (1n(3 + 2v2) - In(2)) =

=Eln<3 al 2ﬁ> =Eln<ﬁ+ 1) = Eln(l +i)

3 2 3 VZ 3 NG

2575. Find a closed form:

Izjwuﬂu—yﬁ]
1 (y — 1)3

dy

Proposed by Aryan Desai-India
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Solution by Quadri Faruk Temitope-Nigeria

[ Lil(1 - )%
I_fl (y—1)3

* % Ly [—x3 P=p o i [—pl 1 2
f 2[3 ]dx, [ = j 2l p](_p_g)dp
0 x 0 4 3

1 2 .
I'=3| p 3Li(-p)dp
Integration By Parts

® 5
1 = — —j p 3In(1 +p)dp
2o

dy

[uN
1]

y—

3

1

2
p_§
1+p

I = s

2 dp

r(3)

Integration By Parts 3 Jw
0

3 21 3
I=——B(—,—), I =— 2

2'(3)r(3)
ek Ty
3 1
'=—§F(1“> G)
I e Rg e - —ncosec (:) - @

2576. Find:
%sin(Zx) + sin(x)
0 \/1 + 5 cos(x)

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Mirsadix Muzefferov-Azerbaijan

j‘z sin(2x) + sm(x) fz sin(x) (1 + 2 cos(x)) dx —
J1+ 5cos(x) J1+5cos(x) -

z (1 + 2 cos(x)) °°S(,,_f)_’t 1% +20 B
f \/m d(cos(x)) = -—-=  Viise d((1+5t) =

0 Vi+5t-u
_Ef (1+2t)d(2\/1+5t)———f (1+20d(¥V1+5t) =
1

2 (V6 (2u? +3)
- bt _ = 2
Sf du ZSfl (2Qu“+3)du

uz -1 2u2—2_2u2+3}

1+ 5t = u? t= 1+2t=1 =
{+ ur - - 1+ +5 5
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2 (Ve 2 /2 V6 2 11
“ 2 —“(Z.3 - = _ =
zsj1 (2u” +3) du 25(3“ +3“)| 1 25(7‘/3 3)

2577. Find a closed form:

Ix+1
P =f . log(2x + 1) dx
0

Proposed by Shirvan Tahirov-Azerbaijan
Solution by Pratham Prasad-India
1 Hog(2x + 1) p
— ax

Ix+1
1/J=j o log(2x + 1) dx=J log(2x + 1) dx+J
0 0 0

X

1 2x Hog(2x + 1)
_ 1_ -
= [xlog(2x + 1)]; -[0 X1 dx + -[0 p dx

1 11 og(2x+1
=log(3)—j1dx+j d +_[ de

x
1 L Meg(2x+1
=log(3) —1+ [E log(2x + 1)] + f M dx
0o Jo
og(2x + 1)

X

3 2] +1
dx=ilog(3)—1+f de
0

Tog(x+ 1 2log(x + 1
g( )dx+f g(x )dx
1

=log(3) -1+ %lo g(3)+ .];

3
=—-log(3) -1 +f
2 0

1
=;log(3)— 1+%((2)+f1110g(;—+1)

2

og(1 +x) fl log(x)
x 1

2

dx

dx

3 1
= Elog(3) -1 +E((2) +-L

1
og(1 + x) zlog(1 + x)

3 1
=Elog(3)—1+5((2)+j; . x

1 1
dx — [E logz(x)]1
2
3 1 1 1 1
= Elogg;) -1+ E((Z) + E{(Z) + Ll.12 (- g) + EIOgZ(Z)
= Elog(S) —1+4(2) + Li, (— E) + Elog2 (2)

3 w1\ 1
IIJ=Elog(3)—1+—+L12<——>+Elog2(2)

6 2
f1x+1l 2x+1)d —31 3) 1+n2+L'< 1)+1l 22
, % og(2x x—zog 3 iy > 2og()
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2578. Find a closed form:

(A In(x + 1) In(y + 2)
v=l | Taroorn e

Proposed by Shirvan Tahirov-Azerbaijan
Solution by Pratham Prasad-India

(A In(x + 1) In(y + 2)
""fofo GrDG+D PV

_((*x*In(x+1) Mn(y +2)
=(J, G d")( ; dy)

y+1
B 1(x+1)21n(x+1)d 5 T(x+1DIn(x+1)
_<,f0 (x+1) T Jo (x+1)
IIn(x+1) Un(y +2)
+fo GT D ""><0 G+ D dy)
(" ! In(x + 1) In(y + 2)
_<f0 (x+1)ln(x+1)dx—2.]; In(x + 1) dx + . mdx)( , Wdy)
= (Iy — 21 + 13)(1,)

1
I; = f (x + DIn(x + 1)dx
0
IBP [(x + 1)?
11 =

> In(x + 1)

1o
——f (x+1)dx
0 2Jo
I, = 2In(2) 1(1+1)
=4 2\z,
11=121n(2)—Z
Izzfln(x+1)dx
IBP 0

Ix+1
”™ 1_
I, 2 [(x+1)In(1 + 2)]L fo =

dx

1
I, = 2In(2) —f 1dx
0
I, =2In(2) -1
In(x + 1)
13 =

——dx
o (x+1)
In(1+x)=t
~

In(2)
0

1—1122
3-5“()

121
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3 1
I, — 21, + 13 =21In(2) — i 2(2In(2) - 1) + Ean(Z)

5 1
B IIn(y +2)
T O+
1 y+1len(y+1)
4 ; y dy

In(y + 1 Mn(y +1
’4=f n(y )dY‘J n(y )dy
0 0

Yy X y
I, = —Li(—2) — E((Z)
Y=, —21, +I3)(1,)
W= (—z In(2) + ; + %1112(2)) <—Li2(—2) - %z(z))
5
W= (2 In(2) - 7 - %1:12(2)) <Li2(—2) + %z(z))
¥ = 21n(2)Liy(~2) — ZLiz(—Z) _ %1:12(2) Liy(—2) +{(2)In(2) — Z((z)

1
—3 {(2)In%(2)

flflxz In(x + 1) In(y + 2)

. 5 1 _
x+ Dy +1) dxdy = 2In(2)Li,(-2) — 7 Liz(=2) - Elnz(Z) Li,(-2)

H@)INE@) - 4@) -5 @)

2579. Find a closed form:
fl (x — 1)%Liz(—x)
0 x+1

dx, {(3) -» Apery's constant

Proposed by Shirvan Tahirov-Azerbaijan
Solution 1 by Pham Duc Nam-Vietnam

u = Liz(—x) le(—u)

10 _ 1)27i (— 3™

f (x —1)"*Liz(—x) dx — { (x—1)2 !

0 d | v
y

2 _
Q= (3%—3x+41n(1+x)>Li3(—x)|(1)—f0 le; w <?—3x+4ln(1+x)>dx_
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15
2 {3 -3m@)3®3)
1 1
——j xLi,(—x)dx + Bf Li,(—x)dx — 4f
2 0 0 0 X
1 o _1 n 1 [o'%e) _1 n 2 1
A=j xLiZ(—x)dx=Z( z) jx"”dx: 1 =_1r_+_
0 n=1 n 0 n

—~ n2(n + 2) 24 8

e G L N S G S
B—jole(—x)dx—Z 2 fox dx = an(n+1) —E+Zln(2)—1

n=1 n=1

1

MIn(1 + x)Li, (—x)
dx

1 - 1
c- j In1 + ’2“2( ") g = — j Lip(-0)d(Lip(~0)) = — 5 L0l § =
0 0
Q= %5((3) ~3In(2)2(3) - %A +3B —4C
n? 1
=23 -3m@1®) ——(—ﬁ+§> +
? t
L(x —1)%Liz(—x) 15 ot 11 49
.[;) 1 dx ——((3) 31n(2)((3)+ﬁ—ﬁn +6ln(2)—ﬁ

Solution 2 by Pratham Prasad-India

.['1 (x — 1)2Li3(— x)
dx
0 x+1

_ f: (x + 1}31"13(_’() dx— 4f01 Lis(—x)dx + 4[01 Lif'g:;) _
j:xLi3(—x)dx ~3 fOlLig(—x):x + 4f01 Lifi;;) dx = I, — 31, + 41,
I, = f 1xLi3(—x)dx = f 1xz O ix =n=1 (_:3)n fo 1x"+1 dx =
PR T T s D etz el s
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3 1 1,1 1 3 1 1
~5¢® +g8@ —5 (5~ In®) + (@) = ~52@) + 5@ ~ 3

I, —j Liz(— x)dx—f (—x)" Z(—l)"f xdx = 3 n3((:11'|)-n1)

C (-)" (—1)" (—1)" Z (-n"

n3 n2 n+1
n=1 n=1 n=1

+1=

- _ %((3) += ((2) —In(2) — In(2)

3 1
—Z((B) +E((2) —Zln(Z) +1

YLiz(—x) , 1
I3 _-fo 1+ x dx—ng,(—x)ln(x+1)|0

17:; (_
~ j lei x) In(1 + x)dx = Liz(—1) In(2) +
0

3 1/ 1 2
| = (2)<——z(3)>+ (Lir(-2))" 1n<z><—1<<3>>+5(—5<<2))

4

I
288 1 ((3) In(2)

dx =1y~ 31, + 4l =~ {(3) + 5 {(2) — o -

T(x —1)2Liz(—x)
,[;, x+1

4
(_ 2¢3) += ((z) 21n(2) + 1) +4 <”— ~27(3) ln(2)>

288 4
1(x—1)%Lis(—x) , 15 11 4
fo x+1 dx —_((3) 3ln(2)((3)+ﬁ—ﬁn +6ln(2)—_6

2580. Find:

1 (a — x*y*)dxdy
fo jo A+0A+ A +x%y2)
Proposed by Bui Hong Suc-Vietnam
Solution by Pratham Prasad-India

1 (a — x*y?)dxdy B
fo fo 1+ +y)(1+x2y2)
_flj‘l (a + 1dxdy _flfl dxdy
o Jo A+0A+yA+aty?) Sy Jo A+0)(1+Y)
_ dxdy
N (““)fo fo A+ 0 +y)A +22y?)

—In%(2)
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dx
‘(“J’l)j( A+ 00+ A+ 2y 2)>dy““2(2)

((1+x2y2)+y2(1 x)(1+x))dx ,
= (““)L T fo A+ DA+ 2D dy ~In*(2)
~ 1 1 1 1 yZ yzx
—(a+1)]0 (1+y)(1+yz)<f0 1+x+1+x2y2_1+x2y2dx>dy_ln2(2)

' 1 ! oy Toyx
= 1 _
@ )jo (1"'3’)(“'3’2)([0 1+xdx+j0 1+ x5y ™ Jo 1+x2y2dx>dy
—1n%(2)

1 1 1 1
=(a+1)f0 (1+y)(1+ 2)<ln(2)+yj ﬁ d(xy)

1 1
_Ej 1+ 22y 7 A%y )>dy_ln2(2)

—(+1)f1 ! (1(2)+ tan(y) — =1 1+2)d In?(2
= (a LA na+D n yarctan(y) - n(1+y®))dy —1In“(2)
In(2)

B yarctan(y)
- @ | Gryays

1
dy+(a+1)f a
0

) (1 + 32 +y)(1+y?)
—5la+ )f (1+y)(1+y2)d y —In?(2)
(a+1) (z)f (1+y dy+( (Z)f (1+y2) @
(aﬂ) (z)f (1+y2)dy+ la+ 1)[ a(rfif";(z’;)
e [TEPe | T
e [ e [ Y
—5at1) f 1ln((1:y)2)d —In?(2)
= (anr 2 (2)11 + @ er (2)12 (a: 1)ln(2)l3 +%(a+ I, +%(a+ DI

1 1
—E(a+ 1)1, —Z(a+ 11, +Z(a+ 1)l —Z(a+ 1)I5 — In?(2)
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2
- @ D) an@) + ey () - (a+1%nﬂxmﬂn+%0r+ﬂ<%ﬁ

+ E(a + 1)( (46 — nln(Z))) —5(a+ 1)( 1n(2))
— 1(a +1) (—1n(2) - G) +—(a +1) (—an(Z))

4
1 3 ?
- Z(a + 1)( In?(2) — —8> —In?%(2)

2
= %(a +1) <n’ln(2) +21n2%(2) + ?+ 2G — —ln(Z) - gln(Z) —mIn(2) + 26

2

+ = an (2) — ElnZ (2) + ﬁ) —In?%(2)
2

== (a +1) (—n’ In(2) + In?(2) + 3 4G> — In?(2)
f @ ) = [In(y + DI} = In(2)
I, = j; (1+—y2)dy = arctan(1) =g

1 9 y 1 1 A L |
13:f —yzdy = f —dx"z"f ———dy =1, =1In(2)
o (1+y%) o (1+x) o (1+y)

- 1 arctan(y) p arctag(y)ztf%t e ;2 % ) >
- > 0 2 " 32

o (1+y3)
1 1 2
y arctan(y) [1 1 ('In(1+y?)

Is=| ————2dy = |=arctan(y)In(1 + 2] —— | ——=Zdy=
Th y OnA+yD| =2 ), vy @
1ln(1+y2) 13 1 (1
- _ S A L _ 2 _
ln( ) — 2 , (1+y2) 8ln(Z) Zfo In(sec?(x)) dx

= §ln(2) + j; In(cosx)dx = gln(z) + g — gln(Z) = %(46 —min(2))

Is = gln(z) + len(cosx)dx = %ln(z) + g — gln(Z) = %(46 —min(2))
0

B flarctan(y)
*~ L a+y

In(1+y)
1+ y?

dy = [In(1 + y) arctan(y)]3 — f
0
= —ln(z) f In(siny + cosy) dy + f In(cosy) dy

= —ln(z) f In \/_cos (—— y)) dy+f In(cosy)dy
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T

= gln(z) - foz In (cos (g - y)) dy + len(cosy)dy

3

= gln(z) - fozln(cos(y)) dy + j:ln(cosy)dy = gln(Z)

w

I, = gln(z) - jzln(cos(y)) dy + J-Zln(cosy)dy = gln(Z)
0 0

I IIn(1 + y?)
7 ) A+

w

1 z m
dy = j In(sec?(x)) dx = —Zf In(cosx)dx = Eln(Z) -G
0 0

_ ('yln(1+y?) yzr_:yl 'In(1 +y) yi_f"l
=), o 23, aayy @ S e
_Jlln(1+y2)
1 2 o 0 (1+y) 1
(‘@ +y?H ., ((YIn(1+y)
9 —fo Wd}’— [In(1 + y) In(1 + y*)]g ZJ; (1+ %)
1 2 2
=1n%(2) -2 ) Wdy=lnz(2)— <Z—6 glog2(2)> ln2(2)—E
1 2
=@ -2 y?ll(i—;z;,)dy=ln2(2)—2<:;6+810g2(2)> ) - o

2581. Find a closed form:

.f fl In(x) ln(xy)

Proposed by Aryan Desai-India
Solution by Pham Duc Nam-Vietnam

[ - f f 1ln(x)ln(xy) IO INGY) 4 vay ey f f 1ln(}')ln(x3') dx

1 l 2 x symmetry 1 ln3 x
zz_ff (y) =7 ()dx:
0

1—x
—Zf x"ln3(x)dx=6Z:L=6{(4)=1T—4
i Jo e, (n+1)* 30

2582. Find a closed form:

dy

fl In(y)Li;(y) dy
0 1-y
Proposed by Aryan Desai-India
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Solution by Pham Duc Nam-Vietnam
'In(y)Li,(y) Lxin(x) ! In()
’—fo 1—_ydy—‘f0 1-x dx(fo 1—xtdt>
I—fll (0) AL (T2 —— — Li(6)(—
= n(t)dt(¢ 1-t lzt(l——t-l-?))

1 ,
I= ((z)f ﬂd —1—] —ln(t)le(t)dt
0

2 22@) - E(ln(t) Lia ()] g~ Lis(®)]

4

z(4) ——zZ(Z) ~120

1 1
= -3 8@) + LD =3

2583. Find a closed form:
7 1
dx

2
fo (sin(x) + 1)2\/ln(tan(x) + sec(x))
Proposed by Asmat Qatea-Afghanistan

Solution by Rana Ranino-Algeria
z 1 2
0= f dx =
o (sin(x) + 1)2,/In(tan(x) + sec(x))
z 1
o (cos(x) + 1)%,/In(ctg(x) + csc(x))
1z 1 dx 0%

2
:Z_]; X X 2 (2
2 (X\ |_ X\ cos
cos (2) ln(tan(z) (2)
1f°°e-t(1+e-2‘) 1f00 1, 1(* 1 1 /1 1
—dt == t2 e_tdt+—f t2 1e‘3tdt=—l"<—)+—1‘<—)
0 Vi 2), 2), 2°\2) " 2y3 \2

: o

|

N ]
WY
=
|
o)
VN
WY
@l -

2584. Find:

128 RMM-CALCULUS MARATHON 2501-2600



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
1 sin(x) + tan(x) 4
o (1+sin(x))(1+ cos(x)) .

Proposed by Cosghun Memmedov-Azerbaijan
Solution by Mirsadix Muzefferov-Azerbaijan

Let's simplify the subintegral expression :
sin(x) + tan(x) sin(x) (1 + cos(x)) sin(x)

(1 +sin(x))(1 + cos(x)) - cos(x)(1 + sin(x))(1 + cos(x)) - cos(x) (+sin(x)) -

M' {Let : tanE =t . Then tan(x) = ; sin(x) = 2t
1+ sin(x)’ 22 ' 1—¢2’ 1+ ¢’
dx = 11— dt}
i sin(x) + tan(x) i tan(x) tzt:m% tang 4t
, AFsin@) A+ cos) =), Arsin@ ™ ~ J; A-pa+os ™
4t A B D

From : +

A-DA+0? 1t 1+t A+ a+o?
AA+t)3+BA-t)A+t)?+CcA1-t)(A1+t)+D(1—1t) =4t
Let's simplify . We get

A—-B=0
3A—-B—-C=0 A-B=0 1 1 B
A+B+C+D=0
1 1
Then : ok __2 + 2 + 1 2
A=A+ 1-t 1+t A+t (1+1t)3

J’“‘"g 4t dt
0 1-t)(1+1)3

w w w T
1 f“‘"ﬁ dt L1 f“‘"ﬁ dt N f“‘"ﬁ dt 5 f“‘"@ dt

1l 1+t tan% 1 |tan%+ 1 |tan%_

2" 1=d] o Ta+ol o Ta+odl o
1 1+v2-1 1 1
—(ln|——ln(1)>—(——1)+ -—1|=
2 2-+2 1+v2-1 (1+v2-1)

1 V2 1 1

Eln(1+\/§)—7+1+5—1=§(ln(1+\/§)—\/§+1)
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2585. Find a closed form:

fi\/cos(x) — sin(x) dx
4

Proposed by Sonu Aarnav-india
Solution by Odeyemi Gideon-Nigeria

I=f;\/cos(x)—sin(x)dx=J;\[\/fcos (x+§)dx

I = ﬁf:,/cos(x)dx =\/\EJ:cosz(%)_l(x)sinz(%)_l(x)dx
r@r@ _ [y @
= V2 4 2) _ V2 4
R R 2r(3)
fi\/cos(x) — sin(x) dx = \/:\/E l (15)
1

2r (3)
2586. Find a closed form:

¢ r1arcsin(x®) arccos(x?)
Q= j .f dxd
1 Jo X
Proposed by Ankush Kumar Parcha-India

a

Solution by Ose Favour-Nigeria

Larccos(x) arcsin(x Larcsin(x) /@
f ) ( )dx =f —()(——arcsin(x)) dx =
0 b 0 x 2

n (larcsin(x) 1(arcsin(x))? = *=Sin®)
————dx—| —————dx =
0 0

2

X

x (3 ;. ? :
=3 f yetg(y)dy — f y ctg(y)dy = Tln(z) +2 f yin(sin(y))dy =
0 0 0

~— —_—
In(2)7

2 2 = 1 g 7
= T1n(2) — 2(?111(2) -2 ;Efo ycos(2ky)dy = 3@
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2587. Find a closed form:

0=

111
fjjlnz(xyz)(l_l_xz 2 2) dXdydz
000

Proposed by Asmat Qatea-Afghanistan

Solution by Obiajunwa Januarius-Nigeria
It is known that:

0flofljF(xyz)dxdydz = %Lllnz(x)}?(x) dx

11 In?(x)

111
szfflnz(xyz)(1+x2y 272) dxdydzzi o (1+x2)In?(x) x
000
_1j‘1 dx m
2),1+x2 8

2588. Find a closed form:
, jw (z% + 1)z1%In(2)
0 (2100 + 1)2(z* + %22 + 1)*
Proposed by Bui Hong Suc-Vietnam

dz

Solution by Pham Duc Nam-Vietnam

® (2% + 1)z1%In(2) (2% + 1)z1%In(2)
I'= _f dz = 6251. 100 2(5 4 2 2
0 (2100 4 1)2(z* + %zz +1)* o (2199 +1)%(5z* + 2z% +5)

(z%2 + 1)z'%1n(2) @ (z% + 1)z'%1n(2) >

1
625( , @O D25 1222 15 2T ) Gt D252+ 222 1 5)F 2

1
Change the variable z = T for the latter integral yields:
[ = 625_[ (z% + 1)z'%1n(2) dz+
B 1% + 1)2(52* + 222 + 5)*
(@7 +1) @ mn(7)
625 f 5 L dt
1 1
P10 +1) (5(*+2(p?+5)
I — 625 f (z% + 1)z1°6 ln(z) fl (t? + 1t1%In(t)

- ( o (2190 +1)2(5z* + 222 + 5)* “ (¢100 + 1)2(5¢* + 2t2 + 5)*
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2589. Find a closed form:

. joo x(x?(x(x(x*(4x —20) — 20) +17) — 20) — 20) + 4
- ((((47‘2 +4)x% + 17)x% + 17) x% + 4) X2 + 4

Proposed by Srinivasa Raghava-AIRMC-India
Solution by Obiajunwa Januarius-Nigeria

dx

[ - f°° x(x?(x(x(x?(4x —20) — 20) +17) —20) — 20) + 4
o ((((4x2 +4)x% +17)x2 + 17) xZ + 4) x% +4

@ 1 1 1 1 1
I= - - d
f_oo(1+x2 2—2x+x2+2+2x+x2 1—2x+2x2+1+2x+2x2) o

[ f°° 1 1 4 1 1 1 +1 1 d
= - - = = b
1+x2 1 121 1)2 2 1 1 2 1 1
—00 +x +(x ) +(x+ ) (x_i)Z_*_Z (x_*_i)z_*_z
(o]

I = arctan(x) — arctan(x — 1) + arctan(x + 1) — arctan <2 (x — %)) + arctan <2 <x + %))’
2590. Prove that:

1 _ m [ coth(mv/3)
;(1+k2)(2+k2)(3+k2)_5 N

Proposed by Ankush Kumar Parcha-India

=T
(0]

V2coth(mvV2) + coth(n))

Solution 1 by Shobhit Jain-India

0 o0 1 1
Z i Z 2 - 2
I = = —_ —+ =
W (1+k2)(2 + k2)(3 + k?) L 3+k% 2+kZ 1+ k2

= 21(/3) ~ f(V2) 4 5 (D)

o)

1 sin(mx) T x?
here, f(x) = ) g Now, ———=|[(1-1z

k=—o0 k=1
= In(sin(mx)) — In(mx) = Z In <1 — k_> Now dif ferentiate w.r.t x

2

k=1
[ee] [00]
(%) 1 Z 2x T Z by

= mcot(mx) — — = = = —_
x x% — k2 tan(mx) x% — k2

k=1 =—00

[ee]
N lace x by i T z o tan(imx)
owreplacexbyix - ——= ——— use, tan(inmx
p y tan(imx) —x2 — k2

= i tanh(mx)
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[oe]

_ 1A _ i ix - T _ z X
itanh(mx) —x2 — k2 tanh(mx) & x% + k?

k:—OO
(o]

1 h 1 1
= fe) = Y gy = T D p(E) - FVD) 4 2 FD)

=y x2+ k2
1 (m coth(mV3) mcoth(nv2)\ 1
=1= g w —V2coth(nV2) + coth(n))
Solution 2 by Pratham Prasad-India
2 1

1 1 1
qzez A+ PE+PE+D) EqZZ A+e) C+a) G+

= %n (coth(n) — V2 coth(mV2) + %coth(n\/f)_’))

= g(\% coth(mv3) — V2 coth(nV2) + coth(ﬂ))

As by Fourier series:
1 T
D = g cothh)

nezZ

2591. Find:

——dx
1+ x+ x?2
Proposed by Vasile Mircea Popa-Romania

fl xIn? (x)
0

Solution by Pratham Prasad-India
1 a

tet 1@ = |
1xa(1_x) 1

1 — dx, 1 — a _ yat+l 3rdq

(a) j; x (@) fo (x*—x )riox x

1 2

xIn“(x

dx. Thus,l”(l):f —()2 X
o 1+x+x

1—x3
I(a) = i fol(xa+3r —xtENdx, - 1(a) = i(Sr Ya+1 3r +1a T2
r=0 r=0
=S D), o= (1) (122)
o= (v () - w(55) 1@ =5(v(5)-w)
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1 [4r? 1 [4n3
v =— 26¢(3) +2¢(3 I'a =—<——24 3)
27<3W $(3) «)) W =57(575 243
1 xIn%(x) 473
f 1+ x + x2 = (( )
0 81V3 9
2592. Find a closed form:
Vs
Q= f In?(1 + cosx) dx
0
Proposed by Bui Hong Suc-Vietnam
Solution by Pratham Prasad-India
T 3 y=7 5
Q= j In?(1 + cosx) dx =j In? (2 cos ( )) dx = ZJ In2(2 cos?(y)) dy =
0 0 2 0

= Zj (In(2) + 21In(cosy))?dy

=mlIn?(2) + 8f (In(cosy))?dy + 81n(2)f In(cosy) dy

s
Y=Yy

z z
2 mwln?(2) + 4f (In(siny))?dy + 8In(2) f In(siny) dy
0 0

I

I
T

7 Y=o~y
Ilzf In(siny)dy, I, =
0
T

0
z 2 ™
21, = f In(sinycosy) dy, 21, = f In(sin(2y))dy — = 1In(2)
0 o
T T Z 4
21, = Ef In(sin(x)) dx — El n(2), 21, = f In(sin(x)) dx — =1In(2)
0 0

(4 (4
211 = 11 —Eln(Z), 11 = —Eln(Z)

9
2

y

I, = Re j:(ln(siny))zdy, I, %Re f:n (ln (sin (g)))z dy
1 2m . i 2
I, = ERefO [log(l —e'?) —In(2) - 3 (6 — n)] dy

1 2w 1 1 2w )
I, = ERef log?(2) -7 (0 —m)?do + ERef —ilog(1—€"*)(6 —m)do
0 0

2w
+ ERef log?(1 — ") — 210g(2) log(1 — €°) d@
0

1
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I, =2 (2mlog2(2) - =) +1() + 1Re§, _, (~1) (log2(1 - 2) — 210g(2) log(1 -
z)) dz

1 s
_ - 2
I, = 2(21'L'log 2) + 6>

fnlnz(l + cosx) dx = wIn?(2) + 2n{(2)
0

2593. Find a closed form:

dx

© Vx
fo 1+ e2x
Proposed by Manuel Suka-Angola
Solution by Pratham Prasad-India

° \/— ° \/;e—ZX r-1 —2rx
o 1+ 1+ e2x Trem = o 1+e2* dx = J \/_z(_l) dx =
® co _q\yr—-1 1 © 17 1 3
= Z:(—l)r‘1 Vxe ?*dx = =D Vtetdt = —32 = )3 r (E) =
r=1 0 =1 (2r)z 0 2271 (r)2
1 1 3\ [Vr 3
_g(l__z><(i)<7> -g0Z- 133
2594. Find a closed form:
co m-—1
Hn—lz_m . .
z z _—, where H,, is the k_th harmonic number
e n(m-—n)
m=3 n=

Proposed by Vincenzo Dima-Italy
Solution by Shobhit Jain-India

m © -m i ® -k
I:Z n(nmlzn) Z - (m n) <;n )(;%)

1<n<m<oo

='L{ I

Use, ZT =—-In(1-2"1) =In2

=1
o yk _In(1-

Now, —In(1-y) = Zy? ( y) Z H,_y" !
=1

Integrate w.r.t y fromy O to y x
m*(1-x) <~ H, . In?2 <~ H,_, <l n?2
_— = —x" = =1=

2 n ~ 2 Lyn2n
x=5 n=2

) (In2) = = (an)3

n=2
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2595. Prove that:
22
ffysm(x)—l dxdv = 2| Li 2—-m—Vm? -4 L 2-m+Vm? —4
1+ ysin(x) y= L2 2 ‘2 2
00

Proposed by Amin Hajiyev-Azerbaijan
Solution by Shobhit Jain-India

77 77z
(x)—-1
- ffi]s-ll-r;:m(x) xdy = J J 1- 1 +ysm(x) dydx =
00 . 00
2
bf sm(x) (1 + = > sm(x))) =

z
zn-TZ_Z.l'l Sln(x))dx=%2—2f(g)
0

sin(x)

11'

In(1+ asin(x))
sin(x)

Now, consider f(a) = f dx a>-1= f(0)=0

Tl'

z 1
—f() = '[‘ In(1+ sin(x)) j‘ l" 1 _|_ t2 2
0

sin(x) _
amo i
2
1 1+ t)2>
In (—2
_ f N1+ )
t

0 , 0 0
m? 1j‘ In(1+y)

In(1+t In(1 + t?
ﬂf¥‘“‘f¥‘“

L,
12 2 dy (by substituting y = t?)
0

2 2 11.'2

1
=/ =% -3%17"g

f'(a)

2
(1 +a)+(1- a)t2

(@ .
2 2
bf 1+ asm(x) (_)f 1+ acos(x)

x—>2tan‘1t
t= l,‘an(2

(@ 2 — 1-a cosla L<q<i
- = — i
fl@=rpmp==t\ 1va| " Jioa Jo7 “1ses=

—X
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a—1 cosh™la
= for a>1

2
/4 — -1
= f'(a) —az_ltanh ( P o
(cosh™1a)?
— a=1

n?  (cosla)? /5
= - < < - - =>
= f(a) 3 > 1_a_1$f2(a) 8+ > >
4 (T
=>1—n2 , (11')_11'2 2/n2+(COSh1(7))\_ h_l(n_)z_
=71 Y377 \8 2 /‘ cosit “\2)) =
e 1'l'+ 2 1= —2 T+Vm? —4
ST 2T s - 2
T+Vmt —4 1 m—-Vm2 -4
Let,z=f=;=—

1 In?
Now, Li,(1—z)+ Li, (1 - ;) L @) = —In?(z)

B 2
—2 <Li2(1 _2) + Li, (1 _ ;))

N ( t+VIZ—2\ [ m-\m—4
>=2 Ll2<1——>+L12<1——2 >

—In2(_—— " -
=>ln< > >

( ) <2—Tl’—\/1‘l’2—4—> . <2—n’+\/n2—4>>
= I =2| Li, + Li,

2 2

2596. Prove that:
! coth™1(v2) — 16_3 In(2) +n (% - %)

ff ( *ry tan~ <)§>> dxdy = %sinh‘l(l) - \/_E
Proposed by Cosghun Memmedov-Azerbaijan

Solution by Shobhit Jain-India

_ ([ Xty (Y _
2 = ff In(xy) dxdy ff tan (x > dxdy =
[0,1]2 [0,1]2

Iy

(e—u + e—v) e—Zu—v
I, = - f f —— e " Vdudv = —Zf f dudv =
ety u+v u+v
y=e~V 00 00
L7 e 2u-v 7 e—(t+2)u
=—2f f dv |du = —Zf f dt |du =
u+v — 1+t
0 \o vout 0 \o0
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[oe]

e G 1
=-2 =-2 = —-2In2
JJ 1+t dudt Of(1+t)(2+t)dt in

- tan‘l(X)dX> dy =

g j (YZ)
1

here, F(Y?) = f tan-1(X)dX = F(Y) = f tan-1(X)dX
0

1
=Ytan 1(Y) — —ln(l +Y?)

£l
H%s
N
PO
o~
Q
S
AR
VS
S| =
~—
ISH
<
8~ —
QU
b<
Il
me—
S -
c\.<
NS

o)

fF(yz)dy = —F(1)+ fi—fF’(Yz)dy=%(E—m—2)+§fMdY
1

4 IBP 3 1

1

p T 1 (n an) ZJ‘ tan~1(Y?) iy
- - e | - - | — =
272 3\4 2 3 Y2
1
N j‘tan 1(y?) gy - /5 J‘ 2 iy
’ 2 - A4 4
4 Y IBP4- 11+Y
[ b4 1(1‘[ ln2> 2(11) Zf 2 d m In2 Zf 2 dy
- == -] — - = — _
272 3\4 2 3\4 3) 1+Y4 4 6 3) 1+Y4
1 1
T g °°1+12—(1 12) ? 14l ? -2
dy = Y Y/ ay = Y gy — Y gy =
1+Y4 2, 1 AT , 17

1
r du r dv Oo T 1
7 of“”z_zfvz—z 2V2 zr[ <v+\/_>l "2z 7t

n2 2 n2
:>12=§+%—§<2L i——ln(1+\/ )) Z——3”_+—3 —In(1+ V2 )+—n
n2
—0=1I,—1,=—2In2— (Z__s +—ln(1+\/ )+_):
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2 13 1 1
. = —mln(l +1\/E) —?ln(Z)l';Tl’ (ﬁ— —) : )
=Eln(1 +\/E) —ﬁln(l +\/E) —?ln(Z) +n(ﬁ—z)

1 x+1
Now, sinh lx =In (x ++/x% + 1) and coth lx = —ln( )
2 x—1
= sinh™1(1) = ln(l + \/E) = coth™\/2

= 0= sinh7(1) - = coth WZ - > in(2) + (= 1)
= ——=sin ——=co ——In |l —=——
3v2 V2 6 3V2 4
2597. Find a closed form:

(0]

N
= X
xt+x2+1
1
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Daniel Sitaru-Romania

[o9) [o2)

Q—f x d—f x d—f 1 ax-
R R 2( 1 ) ¥ 241 £
x2 1

1 1 1
X= oo o]
y —— -
’=""f }1’ dy=f ?1‘ dx
1 y2+7+1 1 X2+=5+1
o 1
(17
2Q = 1 dx
(o] ! —_ 1 (o]
1 (x+%) dx y—::+§1 1
Q_Ef 1,2 B Efyz—sdy:
1 (x+§ -3 2
1 y—+3 1 2-+3
Q=——Ilim|(In — In
437>\ |y++v3|/ 43 [2++3
1 1 2-3 1 2++/3
Q=——Inl1- In = In
43 43 [2+V3] 43 \2-3

2598. Find:

* b
sz dx
1 Vatr+x2+1

Proposed by Nguyen Hung Cuong-Vietnam
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Solution by Shirvan Tahirov-Azerbaijan, Kartick Chandra Betal-India

= J fﬁ

1
x=—-dx= ——dy—>

Y /2+ —+1

(ee]

o dx ——dx 1——2)dx

I=f I—f = 2I =
1 /x2+ 2+1 /x2+ —+1 /x2+ —+1
x+—=

}’—>(x+;) x—(l——)dx—dy

® 1\
lel\(()C:T))_l -]-\/}’7— log|y+m||;°=

] = oo
2599. Find a closed form:
1 xIn?(x)
0= | aoma-nE-a®
Proposed by Shirvan Tahirov-Azerbaijan
Solution 1 by Exodo Halcalias-Angola

1 In? 1l 2 1 1l 2 3 ll 2
Q:f xin”(x) dx:—Zf n(x)dx—ij n—(x)dx+—f n_(x)dx:
0 0 0 0

1-x2-x)(3—x) 2—x x—1 2 3—x

dx

1—x x5

L, fl%lnz(x)dx lflmz(x)d sflélnz(x)
0 1—%x Z2Jo 0 1—%x

= —4Li, (%) + Lig(1) + 3Lis (%) =
1 1 1
-2 (215(3) + 4In3(2) + 12¢(2) In (E)) +¢(3) + 3Li; (5)

Note :
1 In®
'Oi?§2d2=04WMLmHU)

Lia() = | 1O,

0 t
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Solution 2 by Pratham Prasad-India
1 xIn?(x)
0o =02 -x)3 - x)

3 ('In?(x) 1 1lnz(x) n2(x) 1
=§jo 3—xdx+ifo —1_xdx—2j0mdx=il(3)+§1(1)_21(2)

Q=

Define:
11 2 1 11 2
M@= [ el “(’de

"In?(x) dx =

=%f Z( lnz(x)dx——z f
LSO () S T )25 O ()25

r=0 r=0

I(a) = 2Li; (2)
P = 3Li; (%) + Liz(1) — 4Li, (%)

1 xIn?(x)

L A-0Z-03_xn =3 (%) T43) —4li; (%)

Solution 3 by Shobhit Jain-India
3
2 2
2—x + 3 - x> dx

Ae ; xln®x ]
. A-02-036-0™ f’”‘

:fllnzx<1(1—x)—1_(1—;)_1+%(1—§)_ >dx=—F(1)—F<%)+%F<%)

‘m»-x

| N =

here, F(a) = f(ln x)(1-ax)ldx = Z f(ln x)a" 1x" ldx = = —ng(a)
n=1g
A= Ep(1) _F (;) %F (%) — Lis(1) — 4Li; (%) + 3Li (%)

By Landen’s Trilogarithmic identity,
1 1 1
Lis(2) + Lis(1 — 2) + Lis (1 _ —) = ¢(3) + £ Inz + {(2)Inz — 5 In*2)In(1 - 2)

= Lis(1) = §(3) = 2Lis (;) +Lis(—1) = ¢(3) + %ln32 _{2)n2

zl 7=
_2
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;) n3)=4¢@3)+ —ln32 - n—lnz = 2Li, (1) iE)
2

—3) + —ln32 - ”—znz

2 2
= Lia (5) = 283) ~ 2 + Int2 = A= {(3) - 4( ((3)—1;—2ln2+%ln32)+3Li3(%>
2

= A= 3Li <1>+nlz 3 2132
=3Lis\3) + 5 n2—5¢ 3"
2600. Find a closed form:

T

0= fi (xz In (sinz(x)) +x*2(1 + sin(xz))) dx
0

Proposed by Shirvan Tahirov-Azerbaijan
Solution 1 by Bui Hong Suc-Vietnam
- cos(2kx)

~ In(sin(x)) = —In(2) — B , for 0<x<m

k=1
n— .
n—1\x"17J 1T
fx"‘l cos(ax)dx = Zj! ( ] ) R sin (ax +%)
j=0 J
For n, m, keZ*; meR;, ab €R
T

Q= f (x" In (sin"(x)) +x™(a+b sin(xm))> dx = ffx" In (sin"(x)) dx +
0

0

A
n

z z
af x™dx + bf x™(sin(x™))dx
0 0

B C
T

T

A= fi x"1In (sin"(x)) dx = kfix” In(sin(x)) dx
0

=k f <1n(2) w> dx =

1

" In(2
—k(ln(z)f n- 1dx+z f "1 cos(2kx)) = —k(— n( ),
had 1 had X"~ 1-j ] E n.n+1 ln(2)
2 - _
Z Z)’ ( j )(2k)1+1 sin (ka+ z) o= *orm
: ]:
0 n . 0 w
n! (nx Z z " n) v z sin (le’ +]2 ) _ i+l In(2)
2n+1 sin 2 fen+2 J: (] 2n+1 ki1 )= (2n+1_ (n+1)
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—_1\k-1 "t
z"( )2n+1 ' (_)k_l(klle zﬁlsi (F)sm+2)=- (W:lizi)
le( >2n+1 sm( )(1 27 NI(n+ 1)—21::_1$ln(n ) {(n+2))
2 m+1 | T 1 m+1
B=fo mdx=:z+1(2)_m+1(1zt)

w
IBP

C= L m(sm(xm))dx = ——f xd(cos(x™)) = —n%(xcos(xm)l 2 _ f_cos(xm)> =

0

_1 (E cos ((g)m> - jooocos(xm)dx + j;cos(xm)dx) = — E(E cos ((g)m) _

I’<1+1> T N 1 °°eixm+e‘ixmd( my) = 17 ((n)m)
m) % 2m " 2m n m-1 x™)) = m(2Cos 2
z (@™ m
i(3) t 4 omilz) t

P14 ) cos gt g | (3 an =~ Geos((5)7) -

Note :

f cos(x™)dx =R (f e* dx) =R <F (1 + —) (cosi + isin—))
0 0 m 2m 2m

1 yi4
= I"(l +—> cos —
m 2m

—xt
~E(x) = f o dt : The exponential integral

1
n=2, k=2, m=2, a=1,b=1
T
2
Q= f (xz In (sinz(x)) +x%2(1 + sin(xz))) dx
0

e — In2)n® 3m nw n w?\ 1 nC i
=~z tgi®F __Zcos(4)+2 z (_)

Solution 2 by Pratham Prasad-India

Q= f: (*? In(sin?(x)) + 22(1 + sin(x?)))
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j (x2 In(sin?(x)) + x2(1 + sin(xz)))
0

N[]

w 3 s

2 2 2
= f x%In(sin?(x)) dx + j x?dx + J x?sin(x?) dx =
0 0 0

N E)

o z ]
2 f x?In(sinx) dx + — + j x?sin(x?) dx =
. 24

T

2 jf ( In(2) - Z COS(ka)) dx + 22 + jixz sin(x?) dx =

3

—21n(2)f x%dx — ZZ j x cos(Zx)dx+ﬁ+Jixzsin(xz)dx:

In(2) i3 3 <Tl’(—1)k> 3 7 .
— -2 ) — dx+—+ | x?sin(x?)dx =
¥ )

12 4k? 24

In(2)m® m (- 1)"+ 3
12 2 k3 24

T
2
+ f x?sin(x?) dx =

s

ln(2)1t 3 z ,
12 —((3)+ﬁ+f x%sin(x*) dx
Now,

NIJ

12 1 2 12
f x?sin(x?) dx = —f x(2xsin(x?))dx = [— —xcos(xz)] + —f cos(x?)dx =

0
_m 2 N 1
=—zcos| 5

nc 2 _m w?\ 1 nc i1
240 =¥ ‘_ZC°S<T>+E 2 <§>
P = ff x2 In(sin?(x)) + x*(1 + sin(xz)))

0

0
3 2
Q=—ln(2)n 3—11-((3)+1T——Ecos(n>+1 EC( E)

XE

12 24 4 4 2\ 2
Solution 3 by Shobhit Jain-India

2
0= fxz In(sin’x) dx +f x%dx +
0

17.'

x2sin(x?)dx

QRM:

xsin(x?)2xdx

N =
S —— i3

T T
2 2

= f 2x% In(2sinx) dx + (1 — 2In2) f x%dx +
0 0

144 | RMM-CALCULUS MARATHON 2501-2600



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
T
Z
3

j 6%In <2sin (g)) do + (1 - Zan) 22 + ;j xsin(x?)d(x?)

E
15:
4-_

2
™
I, = f 0% cos(nB) do =
0

[ b=

L
NN

0=2x

(=)

3

f 2cos(nO)do + (1 — zmz)ﬁ - %J xd[cos(x?)]
0

SIH

Iy

sinm®)]” 2mcos(nm) 2m(—1)"
- n? T 2

Iy
[62 sin(n@) o 0 cos(nB)

nZ
3

z
2 2
I, = jxd[cos(xz)] = Ecos <%> — J cos(x?)dx = gcos <%> - gc (g)
0 0

2
1w 2m(-1)" n 1(m ? T T
=>.Q——4 1—11 +(1 Zl 2)24—§<§COS<T - EC(E)
n=
™ 2 T T
Tn®+Q - ZInZ)ﬁ—Zcos<4>+ 56(5)

3 2
Q= —z(3) +(1- Zan)ﬁ—%cos (’; ) + gc(g)

NOTES:
n(x) — Dirichlet's Eta Function

n(x) = (1 - 217¢(x)
{(x) — Riemann's Zeta Function

C(x) — Fresenel's cosine integral function

C(x) = \/%f cos(t?)dt = %f ]_%(t)dt
0 0

2
J 1(t) = /E cos(t) — Bessel's cosine function
2
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It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.

This is RMM TEAM.
To be continued!

Daniel Sitaru
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