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1601.

Ifa,b,c>0suchthat:a+b+c=3andn k € Nwithk + 1 > n, then

Z ab _ 3
a2+ nb2+ka n+k+1

cyc
Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

weighted AM = weighted GM

a? + nb? + ka > (m+k+1).""“Vazb2n, gk

ab 1 a b 1 1

= < ) ) = (a1, pk+1-n)n+k+1
az+nb2+ka n+k+1" _k+2 ° 2n n+k+1( )
an+k+1 qn+k+1

weighted GM = weighted AM
k .
sincek+1-n=0

= ﬁ (Van—l_bk+1—n)“+k+1 <
n

K
1 <(n —1Da+k+1- n)b>n+k+1 Bernoulli
<

n+k+1 k
1 14 (n—-1a+(k+1-n)b-Kk k
n+k+1 k n+k+1
. ab - 1 1+(n—1)(a—b)+bk—k B '
“"a?+nb2+ka n+k+1° n+k+1 and anatogs

Z ab < 3
=
a’+nb2+ka n+k+1

cyc

+(n—1)(a—b+b—c+c—a)+k(a+b+c)—3k

(n+k+1)2
a+b-|;c=3 3 n 3k_ 3k . Z ab < 3
~ n4+k+1 (n+k+1)?2 ZLia?+nb?2+ka n+k+1

cyc

Va,b,c>0|a+b+c=3andn,k€Nwithk+12n,
"="iffa=b=c=1(QED)
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1602.If a,b,c > 0 such that : abc = 1 and A < 3,then :

(a+b)(b+c)(c+a)—A(a+b+c)>8-3A

Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

(a+b)(b+c)(c+a)—A(a+b+c)=>8—-3A
bc = b + c¢) — 8abc
@n(b+c)—821 Za—B a::ll_[cyc( ) > A Za—3

abc
cyc cyc cyc

A-G -
Now,Za—3 > 33/ab —3“b‘£13—3=0=zu—320

cyc cyc

O]
=>A-3) Za—S <0(+2-3<0)=>2A Za—S <3 Za—3
cyc cyc cyc
=~ (i) = in order to prove (*), it suffices to prove :

[Icye(b + ) — 8abc >3 Z 43 abg1 [Ieye(b + ¢) — 8abc L9> 3Ycyca

abc abc Yabc
cyc
[Ieye(b + ©) + abc (;) 3 eyc@
abc - 3\/abc

Assigningb+c=x,c+a=y,a+b=z2=>x+y—-z2=2c>0,y+z—x=2a
>0andz+x—-y=2b>0=>x+y>zy+z>x,z2+x>y=xYyzformsides
of a triangle with semiperimeter, circumradius and inradius = s, R, r (say);

soZZaszzZs:>Za=s—>(1):>a=s—x,b=s—y,c=s—z

cyc cyc cyc
XyzZ + r’s - 3s
r’s  ~ Ur2s
4Rrs +r?’s  3s (4R +1)3 27s3 5 () )
& > > 3 & s =2——© (4R+r1)° = 27rs
r<s Vris r r<s

Gerretsen

?
Now,27rs? <  27r(4R?> + 4Rr +3r?) < (4R +7r)3
? R ?
& 16t3 — 15t2 —24t—20>0 (t = ;) s (t—2)(16t% + 17t +10) = 0 > true

Euler
“t = 2 (xxx) > (xx) = (x) is true

~(a+b)(b+c)(c+a)—A(a+b+c)=>8—-3A
Vab,c>0|abc=1"=" iffa=b=c=1(QED)

~abc=r%s - (2)and (1) and (2) = () &
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1603.If a,b,c > 0,ab + bc + ca = 3abc,n € N then

1 1 1 3
+ + <
na+b nb+c nc+a n+1

Proposed by Marin Chirciu-Romania

Solution by Tapas Das-India
1 4 1 4 1 AM;HM 1 Z (n 4 1) _
na+b nb+c nc+a -~ (n+1)? a al

B 1 [zn_l_zl]_ n+1 ab+bc+ca_ 3
T (n+1)? a al  (n+ 12 abc T n+1

(since ab + bc + ca = 3abc)

Equality holdsfora = b = c = 1.
1
1604.Ifa,b > gthen:

\/82+1+\/8b2+1+32< t 1 )>50
@ 3\a+1 b+1)~ 3

Proposed by Marin Chirciu-Romania

Solution by Tapas Das-India

8x+1
Lemmal: For x > 0,/8x2+1>

8x+1
Proof:/8x%2+ 1> 3 or,

9(8x2 +1) > (8x + 1)? or,
8(x*—2x+1)=00r, (x—1)? > 0 (true)

L 2 >01+8x+32 1 >25

emma?2: forx 3 3x11>3

1+8x+32 1 >25

3 3x+1-3 "
1+8x)(x+1)+32=>25(x+1)or,

Proof:

8(x*—2x+1)=00r,(x—1)* > 0True

32/ 1 1
\/8a2+1+\/8b2+1+?( +—)=

a+1 b+1
8a? 1 1 32 1 8b2 1 1 32 1 lemmal
= — —(—— >
[ a+ +3<a+1)]+[ + +3(b+1)] =

5 | RMM-CYCLIC INEQUALITIES MARATHON 1601-1700
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2[8a+1 £< 1 )] [8b+1 g( 1 )]lemm,,z

3 * 3\a+1 3 * 3\b+1 -
25 25 50
> — 3 +?:—(Equalltyfora— =1)

1605.If a;, >0(k=1,2,...,n), then

D aia Z =Y e
a, =
a+a2 2 k a.? + a,?

cyclic cycllc

Proposed by Mihaly Bencze, Neculai Stanciu-Romania
Solution by Mirsadix Muzefferov-Azerbaijan

a, 2 a, 2 as 2 anz Bergstrom
LHS : + + + ...+t >
a1+a2 a2+a3 a3+a4 an+a1

(a; + ay+...+a,)? 1w
> = E a
2(ay +a; +--+a,) Zk_

s Y B0 Y G Y Y )
. a12+a22_ a12 - a'l 2 ak_Z

cyc cyc (a—z) +1 cyc a, cyc k=1

1606. If x,y,z > 0, then prove that:

(x+y)7—x7—y7>343(z 3
(x+y)>—x°>—y> 125 xy)

Proposed by Mihaly Bencze, Neculai Stanciu — Romania
Solution by Rovsen Pirguliyev-Azerbaijan
Toprovethat (x + y)” —x” —y” = 7xy(x + y)(x? + xy + y?) (1)
denoteA= (x+y)" —x” —y’
x7 +y7 = (x +y)(x® — By + x*y? — x3y% + x%y* — x5 + y°)
and (x + y)® = x% + 6x°y + 15x*y? + 20x3y3 + 15x%y* + 6xy° + y°

6 RMM-CYCLIC INEQUALITIES MARATHON 1601-1700
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then we have:

A= (x+y)(7x%y + 14x*y? + 21x%y3 + 14x%y* + Txy5) =
=7xy(x + y)(x* + 2x3y + 3x%y? + 2xy3 + y*) =
= 7xy(x + ) (x* + xy + y»)? (1)
Similarly to prove (x + y)°> — x> — y° = 5xy(x + y)(x? + yx + y*) (2)
Using (1) and (2) =

(x+y)7—x"—y" 177xy(x+y)(x*+xy+y*)?*
(x+y)5—x5—y5 1 15xy(x+y)x2+xy+y2)
343

=E5(x2 +xy+y2) - (y* + yz + z2) (2% + zx + x?)

further applying Holder’s inequality we have:

1_[(352 +xy +y?) = (Z xy)

1607. If a;, > 0 (k=1,2,..,n)and Y}_,a: = n then prove that:

n

1
2—31
n+1-—ak
k=1

3

Proposed by Neculai Stanciu-Romania

Solution by Khaled Abd Imouti-Syria
by using AM — GM:

O a§+a§+---..+a,21<a1+a2+---.+an
An n = n
a1+a2+"'.+an
1< - =n<a+a+.+a, (D
n n
2
a
but:Zaizn:Z;"zl
=1 BERGSTROM ;.
2 2 2 2
a; a (a; +a, +--.+a,)
1:_1_|__2_|_..._|__" 2 1 2 n

n n n n?
(@ +az +-.+a,)> <n* = a; +a, + . +a, <n (1)

from),(I): a; +a +--+a,=n

7 RMM-CYCLIC INEQUALITIES MARATHON 1601-1700
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holds when:

2 2 2
ai+ai+ . +a;i a +a,+-.+a

1
a1=a2=---=an,S0:a1=a2=---=an=;

, 1 = = i <1 >1 (t
S0: E = = <l1en=> rue
n+1-a; 1 n2+n-1 ( )

1608. If a,b > 0 then:

() 10
a+1 b+1/

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

a4 . b4 CEB);HEV (a3 + bg)(a + b) _
- 2
(a + b)?(a? + b? — ab) AM;GM (a+ b)?(2ab — ab) ab(a+ b)?
> = a

2 2 2
1 1 Bergstrom (1 + 1)2 32
8 ) =

a+1 b+1 ‘a+b+2 a+b+2

nd

Now we need to show

a® b3
—_— >
b+a+8(a+1+b+1>_100r
a* + p* ( 1 N 1 )>10
ab a+1 b+1/ or
ab(a + b)? N 32 - 10

2ab a+b+2 or

x2 32 a+b=x>0

— > 10 or

2 +x+2
x3 +2x2-20x+24>0o0r

(x +6)(x—2)% > 0true
Equality forx =a+b=20ra=b=1

8 RMM-CYCLIC INEQUALITIES MARATHON 1601-1700
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1609. If a, b > 0 then:
a3 . b3 . 4 -
at+1 b2 2+1 a+b

3

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

al b3

+ + >3
a’2+1 b 2+1 a+b

(a- o)+ (b= prs) 1 23
az+1 bz +1 a+b ™~

(@+b)+— (“ + b)>3
a a+b a’?+1 b2+1)—

(@+b) +— (“+b)>3( )
a a+b 2a 2b/) am-—gm

(@th)+— 54
a a+b

(a+b)>—4(a+b)+4=00r(a+b—2)* =0 (true)

Equality fora+b=20ra=b=1
1610.If a,b € Rand (a + 1)(b + 1) = 4, then prove that :

a*+b*>a®+b?
Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

As(a+1)(b+1) =4 . either(a+1),(b+1) >0or
(a+1),(b+ 1) < 0and in the latter case,a,b< -1 <0
>a3+b3<0<a*+b*:.a*+b*>a+b3

When (a+1),(b+1) >0,(a+ Db+ D =4= @t DbrD =222 <

a+1+b+1
2 (+(a+1)(b+1)=4>@+1),(b+1)>0>a+b=>2

:>3—ab22('.'(a+1)(b+1)=4:>a+b+ab(;)3):>x:abS1—>(1)

? ?
Now, a* + b* > a3 + b® & (a? + b?)? — 2a?b? > (a + b)(a? + b? — ab)

9 | RMM-CYCLIC INEQUALITIES MARATHON 1601-1700
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o ((a+b)? — 2ab)? — 2ab? > (a + b)((a + b)? — 3ab)

via (*)

& (B-x)?-2x)2 222> (3 —0)((3 - )% — 2x)

<=>x4—15x3+68x2—108x+5420:»(x—1)(Z(x 14) + 54(x — 1))2

via (1) via (1) via (1)

—strue~ (x—1) < O0andx*(x—14) < Oand54(x—-1) < 0
= (x2 (x —14) + 54(x — 1)) <0 . a*+b* > a3 + b3 .. combining all cases,
a*+b*>a®+b3vabeR|(a+1)(b+1)=4"=" iffa=b =1 (QED)
1611.1f a, b, c € [3; 5] and a? + b% + ¢? = 50, then prove that:
a+b+c=>12
Proposed by Hung Nguyen Cuong-Vietnam

Solution by Pham Duc Nam-Vietnam
xa,b,c€[3,5]=2(@—-3)(b—3)(c—3)=0
and 5-a)(5-b)(5-¢)=>0
>@-3)b-3)(c-3)+5-a)(5-b)(5-¢)=0
Expand and simplify:
< 2(ab+bc+ca)—16(a+b+c)+98=>0
But: (a + b+ ¢)? = a? + b* + ¢? + 2(ab + bc + ca)
s(a+b+c)?*—(a®?+b*+c*)—16(a+b+c)+98=>0
s(a+b+c)?—-16(a+b+c)+48=>0
sa+b+c=120ra+b+c<4
a,b,c€e[3,5]=>a+b+c=>12,proved.
Equality holds iff: a = 3, b = 4, ¢ = 5 and permutations.
1612.If a,b > 0 then:

\/3a2+1+\/3b2+1+6( 1 2 )>10
a+1 b+1/

Proposed by Nguyen Hung Cuong-Vietnam

10 RMM-CYCLIC INEQUALITIES MARATHON 1601-1700
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Solution by Tapas Das-India

Minkowski

V3aZ +1++3b2 +1 = J(x/?a)z +(1)2 + \[(\/§b)2 +(1)2

2
\[(\/E(a+ b)) +(1+1)2=/3(a+b)*+4and
1 1 Bergstrom (1+1)2 24
6( + ) 6. =
a+1 b+1 a+b+2 a+b+2

1
N d toshow3a® + 1+ 3bZ +1 6(
ow we nee oS OW\/a + +\/ + + a+1+b+1

2444+ —— _>1
\/3(a+b) + +a+b+2_ 0 or,

24 a+b=x>0

3x2+4+m = 10 or,

24
\/3x2+4210—x

+ 2

10x— 4
V3x2+4> or,

x+2
(Bx2+4)(x+2)? > (10x — 4)? or,
x3 +4x* —28x+ 32> 0or,
(x —2)%(x + 8) > 0 true,equality forx =a+b=20or,a=b =1

)21001’

or,

1613.If a,b,c > 0 and abc = 1, then prove that :
a(b + c) b(c+ a) c(a+b)

+ + >3
b2.+/ac + bc.vVbc c%.Vab + ca.v/ca a?.Vbc + ab.Vab

Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

a(b+c) N b(c+ a) N c(a+b)
b2.v/ac + bc.vbc c¢2.v/ab + ca.\/ca a?.+/bc + ab.vab
a(b + ¢) b(c+ a) c(a+Db)

~ b.Vbc(vab + ¢) ' c.vca(vbe+a) | avab(vea+ b)
abc=1 ava(b+c) N bvb(c + a) N cvc(a +b)

~ b(Vab++Vcve) c(vbe+vava) a(Vea+vb.Vb)
CBS ava(b + c) N bvb(c + a) N cv/c(a+b)
~ b(Vc+tavb+c) c(Vat+bvJcta) a(vb+cVa+b)

avavb+c bVb.vc+a cJc.Va+b
= + +
b.v/c+a c.va+b a.vb+c

11 RMM-CYCLIC INEQUALITIES MARATHON 1601-1700
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A£63.3 a\/E.\/b+c.b\/E.\/c+a.c\/E.\/a+b=3.3mabc==13
b.Vc+a c.va+b a.vb+c

. a(b +c) N b(c+a) N c(a+b) -3
" b2.vac+bc.vbe  c2.vab+ca.vca a?.bc+ ab.Vab
Vab,c>0|abc=1"=" iffa=b=c=1(QED)

1614.If a,b,c > 0 and abc = 1, then prove that :

avb3+c3+bJad+c3 cVad+b3+b.Jad+c3 c.ad+b3+ab3+c3
+ +
ab(a + b) be(b + ¢) ac(a + ¢)

>3v/2

Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kokata-India

VAB,C>0,(A+B),(B+C),(C+A) form sides of a triangle
(+~(A+B)+ (B+C)>(C+A) and analogs) = VA + B,VB + C,VC + A form
sides of a triangle with area F (say) and 16F? =

zZ(A+B)(B+c)—Z(A+B)2 =ZZ<ZAB+B2>—ZZA2—ZZAB

cyc cyc cyc \ cyc cyc cyc

:6ZAB+ZZA2—ZZAZ—ZZAB:4F:2 ’ZAB—>(1)
cyc

cyc cyc cyc cyc

xy ? \3 z x2y?
e — 2_<:>
— y+z)(z+x) 2

(Beyexy)” _ (Beyexy)
chc (xY(ZCyC xy + ZZ)) (chc xY)Z + Xyz chcx

2
? 3 ? ) Xy ? \/§
= Z (Z xy) = BXYZZX - true .. \/ m =>— > (2)

cyc cyc

aVb3+c3+b.yJad+c3 c+a®+b3+b.ad +c3

)
=

3
Now,V x,y,z > 0, 2
ow. vy, z \/c xy(y+z)(z+x) 4

Via Bergstrom, LHS of (x) >

We have : ab(a + b) + bc(b + ©)
c.v/ad3 +b3 +a/b3+¢3
ac(a+c)
abc=1 aC. b3+c3+bc\/a3+c3 ca.\/a3 +b3 +ab.\/a3+c3
a+b b+c
bc. a3+ b3+ ab.yb3 +¢3
¢ 3, 3 3 3c+a 3, h3 3, 43
:a+b( a.\/b3 + c3 +b.\/c +a)+—( a3 +b3 +b.y/c +a)

12 | RMM-CYCLIC INEQUALITIES MARATHON 1601-1700
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+c:;a.(c.w/a3 +b3+a.yVb3 + c3)
a b
- b—-i—c'(b"/c3 +a? "'CC-\/‘I3 +b3) t T a a.(c. a3 +b3 +a.\/m)
+a—+b.(a.w/b3 +c3+b.vVc3+ a3)

X y YA
=—MB+C)+—(C+A)+—A+B
y+z( ) z+x( ) x+y( )

(x= ay=bz=zA=ab3+c3B=b.J/c2+a?C=cVa3 +b3)
2 Oppenheim

X 2 2 Z
.VB+C +L.VC+A +—— VA+B =
yt+z Z+x x+y

xy via (1) and (2) V3
4F. — = 2 z AB.—
o y+2z)(z+x) 2

cyc

=+3. \/z (a.\/b3 +¢3.b.y/c3 + a3) A; \/§.\[3. Yazb2c2(a® + b3) (b3 + c3)(c? + a?d)

cyc

/h3 + 3 (a3 + 3
Ce;zro 3,i/a2b2c2,8a3b3c3 abc==13\/i.'. a.\b3+c*+b.ya’*+c
ab(a + b)
cVad+b3+b.Jad+c3 cad3+b3+abd+c3
> 3v2
bc(b + ¢) ac(a+ c)
Vab,c>0|abc=1"=" iffa=b=c=1(QED)

1615. If x, ¥,z > 0 then:

(x+y)5_x5_y5 2
< X

5((x +y)3 —x3 —y3) Z
cyc

cyc

Proposed by Neculai Stanciu-Romania
Solution by Tapas Das-India
(x+y)° —a5—y°=

x° + 5x*y + 10x3y? + 10x%y3 + 5xy* + y5 — x5 — 5
= 5xy(x + y)(x* + xy + y?)

(x+y)2—x3—y2=3xy(x+y)

(x+y)>5—x5—y> Z S5xy(x + y)(x* + xy + y?) _

5(x+y)3 -2 —y%) 15xy(x +y)
cyc cyc

13 | RMM-CYCLIC INEQUALITIES MARATHON 1601-1700
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1 AM-GM 1 x% + y?
=§Z(x2+xy+y2) < 3 <x2+ 2y+y2>=

cyc cyc
13 1
2 2 2 2
= —r— :—-Z =
3 zz(x ty8) =3 Zx Zx
cyc cyc cyc

1616.If a,b,c > 0,abc = 1 then:

1 1 1
2 >
(@+b+c) (a2+2+b2+2+c2+2)_9

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

AM—-GM
(a+b+c)2=2a2+22ab >

> Zaz + 63/ azb?c? = Zaz +6(asabc=1) =(a?*+2)+ Bb* +2)+ (c?+2)

1 1 1
b 2( )z
(@+b+c) a2+2+b2+2+c2+2

9

1 1 1 ) Cauchy—-Schwarz

2[(@+2)+ B+ + @+ (st gt s

(Equality fora=b=c=1)

1617.If a,b > 0 then:
T T
b+1 a+1 a b/~

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Tapas Das-India
a(7 ) 32 D) 2 10
b+1 a+1 a b/~ or,

4(a+b)? 3(1+1)2
a+b+2 a+b

> 10 (Bergstrom) or,

14 RMM-CYCLIC INEQUALITIES MARATHON 1601-1700
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4x? 12 a+b=x>0
+— = 10 or,
x+2 x

2x3 —5x% —4x+ 12 > 0 or,
(x —2)%2(2x + 3) = 0 true.
Equality for a=b =1

1618.Ifa,b,c = 0,a + b + ¢ = 3 then:
a b c

+ +
b2 +c2+2a+2 c2+a’+2b+2 a?+b%+2c++2

1
< —
2

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

a a
= <
Zb2+cz+2a+2 Z(b2+1)+(c2+1)+2a_
cyc cyc

AM—GM a+b+c 1

z Z a = ==
2a+2b+2c 2(@a+b+c) 2

cyc

Equality fora= b=c=1

1619.Ifa,b,c > 0,a+ b + ¢ =%then:

19
Vab—2c+5+‘{/ac—2b+5+4\/bc—2a+5<T

Proposed by Samed Ahmedov-Azerbaijan
Solution by Tapas Das-India

1
a+b+c=§ S 2c=1-2a-2b

ab—2c+5=ab—-1+2a+2b+5=

=ab+2a+2b+4=(a+2)(b+2)

Vab—2c+5=@rb+2) =@ Db+211 <

<a+2+b+2+1+1_a+b+6
= 4 - 4
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Vab—2c+5+Yac—2b+5+Y¥bc—2a+5<

a+b+6+a+c+6+b+c+6_2(a+b+0)+18_19( b+ _1>
4 4 4 4 ~a\ cT2

1620. If a,b,c > 0 and abc = 1, then prove that :
(a+b).Va® + b3 N (b +c).Vb3 +¢3 N (c+a).Ve3 + a3 -
a’b. Vb3 + c3 +b2a.Ve3 + a3 c2b.Vad +b3 +b2c.Ved +a®  c2a.Vad + b3 +aZcVvb3 +¢3
Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

VAB,C>0,(A+B),(B+C),(C+A) form sides of a triangle
(~(A+B)+ (B+C)>(C+A) and analogs) = VA + B,VB + C,VC + A form
sides of a triangle with area F (say) and 16F? =

zZ(A+B)(B+c)—Z(A+B)2 =ZZ<ZAB+B2>—ZZA2—ZZAB

cyc cyc cyc \ cyc cyc cyc
=6ZAB+22A2—ZZAZ—ZZAB=>4F=2 ZAB—>(1)
cyc cyc cyc cyc cyc

xy ? V3 z x2y? ? 3

Now,V x,y,z > 0, —_— S > —
ow. vy, z \/cyc(y+z)(z+x) 2 xy(y+z)(z+x)(*-)4

cyc

(Beyexy)” _ (Beyexy)’
Zeye (¥ (Zeyexy +22))  (Beyexy)” +xyzSeyex

2
?7 3 ? Xy 7 43
> E > E S A
_4<:>< xy) > 3xyz ) x — true \/Cyc(y+Z)(Z+x)_ > - (2)

cyc cyc

Via Bergstrom, LHS of (x) >

We have (a +b).v/a® +b3 s (b + ©).\/b3 +¢c3
azb.\/b3—-|-c3 + bza.m ch.Jm + bzc.\/c3+—a3
N (c+ a).m
cza.\/m+ azc.\/b:“—-}-c3

(a;bb).\/a3 + b3 (bl;}_cc).\/b3 +c3
B a.\/b3 + c3 +b.y/c3 + a3 +c.\/a3 + b3 +b.m
+ (C:aa)' Vel +ad abe =1 c(a+b)./a3+b3
c.\/m+a.\/b3—+c3 a.\/b3 +c3 +b.y/c3 + a3
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N a(b+c).vb3+c¢3 N b(c+ a).v/c3 + a3
cVa3+b3+bJc3+a3 cad3+b3+abd+c3

a.\/b3 + ¢3 b+o+ b.\/c3 + a3 cta)+
= . c (c+a
b.\/c3 + a3 +c.ad3+b3 cvad+b3+a+b3+c3
cvad+b3 x z
.(a+b)=—(B+C)+L(C+A)+—(A+B)
a.\V/b3 +c3 +b.y/c3 +a3 ytz Z+x xX+y

(x=a\/b3+c3y:b\/c3+a3z:c a3+b3,A:a,B=b,C=c)
ZOppenheim
=y—\/B+ +—\/C+A +—

xy via (1) and (2)
4F. = AB 3 b
\/ (y +2z)(z+ x) z z @
cyc cyc

A_
S 9. azbz 2abc 1

. (a+b).{a3 +b3 (b+c).m
@b b7 1 +blaye 1@  ?byai 1 b7 + bl t @b

N (c+a)m
c2a. W‘F a’c W

=" iffa=b=c=1(QED)

23\7’a,b,c>0|abc=1,

1621. If a,b,c > 0, then prove that :

z a+b.\/—(\/—+\/—)+\/—(\/—+\/—)

b(b+c) ++a(c+ a)

cyc
Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

VAB,C>0,(A+B),(B+C),(C+A) form sides of a triangle
(+(A+B)+ (B+C)>(C+A) and analogs) = VA + B,VB + C,VC + A form
sides of a triangle with area F (say) and 16F? =

ZZ(A+B)(B+C)—Z(A+B)2 =ZZ<ZAB+BZ>—ZZAZ—ZZAB

cyc cyc cyc \ cyc cyc cyc

=6ZAB+ZZA2—ZZAZ—ZZAB=>4F=2 ’ZAB—>(1)

cyc cyc cyc cyc cyc

? /3 3
xy >£=’Z xZy?

yc(y+z)(z+x)_ 2 4

Now, V >0
ow. vy, z ’jc xy(y+z)(z+x) 4
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(Beyery)” _ (Zeyety)”
chc (xY(chc xy + ZZ)) (chc xY)Z + Xyz chcx

2
72 3 ? . xy ? \/—
ZZ(:)(ny) 23xyz2x—>true--\[ m_ 2 - (2)

Via Bergstrom, LHS of (x) >

cyc cyc
,a+b \/_(\/_+\/_)+\/_(\/_+\/_)
We have : .
c \/b(b+c)+\/a(c+a)
b+c \/_(\/_+\/_)+\/_(\/_+\/_) a+c va(va+vb) +Ve(vb + V)

a \/b(a+b)+\/c(c+a) b Ja(a+b)+Jc(b+c)
\/_(\/_+\/_)+\/_(\/_+\/_) \/_(\/_+\/_)+\/_(\/_+\/_)
’a+ /b+c
\[b(b +c) \/a(c +a) \[b(a +b) \/c(c +a)
\/_(\/_+\/_)+\F(x/_+\/_)
a+c

a(a + b) c(b+c)
ca

b+c ct+a

a <\/E+\/E+\/E+\/B>+ b (\/E+x/5+x/ﬁ+x/€>
c-lt;a_l_\/al—b Vb Ve \/a-:b_l_\/b-ia-c Ve Va

a+b

+ C <\/B+\/E+\/E+\/E>
\/b+c+\/c+a' Va Vb
a b

:—(B+c)+—(c+A)+—(A+B)

’b+c \/c+a \/a+b \
\ _Vbive o Vetia :\/_+\/_

Vb
2 Oppenheim

2 y/
y VC+A +—— VA+B =
+Xx x+y

y zZ
xy via (1) and (2) \/§_ Vb ++/¢ Ve +Va
4F'\/cyc—(y+z)(z+x) > 2 ’;AB.T—\@.\/Z( N~ )

cyc

X 2
= .VB+C
+z
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Va Vb abc

cyc

o 3.3jl—[<m+ﬁ.ﬁ+ﬁ> =3_6\/(x/5+x/E)2(x/E+x/E)2(\/E+\/B)Z

2=6

ae j (4be)(4vea) (4vab) _

abc

_ ,a+b \/B(\/E+\/E)+\/E(\/E+\/E)+ b + ¢ Vb(va +vb) + Vc(Ve + Va)
) c \/b(b+c)+\/a(c+a) a \/b(a+b)+\/c(c+a)

L |ate Va(va + vb) +Ve(Vb + Vc)
/ —

\/a(a+b)+\/c(b+c)

>6Vab,c>0"=" iffa=b=c(QED)

1622.If x,y,z > 0,x +y+z = 1,then:

2 2
l_[(x+2y) S§+32xy

cyc cyc
Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India
2 wxtyt+z=1
— 2
| |(x+2y)s3+35xy s

cyc cyc

3
3(22x2y+42xy2+9xyz>s 2<Zx> +9Z:xy2

cyc cyc cyc cyc

=3 3(22x2y+42xy2 +9xyz> <

cyc cyc

2 Zx3 +3<2xyz+2x2y+2xy2> +9z:xy2

cyc cyc cyc cyc

A-G A-G
o2 Z x3+3 Z xy? > 15xyz - true = Z x® > 3xyzand Z xy? > 3xyz

cyc cyc cyc cyc

2
l_[(x+2y)S§+32xy2 Vx,y,z>0|x+y+z=1,

cyc cyc

1
=" iffx=y=z=§(QED)
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1623. If a,b > 0 and ab(a* + b*) > 2, then prove that :
a®> +b%>2
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India
We shall prove that : (a® + b5)6 > 2a°b®(a* + b*)> - (1)

Chebyshev 1
and = a®>+b> > > (a +b)(a* +b%)

1
(a5 + b5)6 > 3—2(a5 +b%)(a + b)5(a* + b*)"
Holder 1 1

> - = 5 5( 4 45; 5h5( 4 4 hi)5
> 32.16.(a+b) (a + b)>(a* + b*)°> > 2a’°b>(a* + b*)

& (a+b)1° > 1024a°b®  (a +b)? > 4ab — truevia A — G - (1) is true

6 ab(a*+b*) 2 2
= (a® + b%) > 64 = a® + b5 > 2

Va,b >0|ab(a* +b*) >2"=" iffa =b =1 (QED)

1624. If a,b > 0 and ab = 4, then prove that :
1 1
_|_
Va3 +1 Vb3 +1
Proposed by Nguyen Hung Cuong-Vietnam

2
2_
3

Solution by Soumava Chakraborty-Kolkata-India

Letx =~ y= L andthen:xy= L andt=x4vy > 2./xy = 2. |-
etx=_,y=randthen:xy=_andt=x+y > Jxy = 2. 2
1 1 1 1

+ = +
va®+1 Vb3 +1 \/l“Ll \/1+1
X3 y3
_ X. \/E\/E + y. \/;\/; Berg;trom
Jx(x+1).Vx2—x+1 \/y(y+1).\/y2—y+1 -
(x +y)? t2

Y tx+y 2 +y2—(x+y) +2 JE—2xy+t. & —2xy—t+2

=>t>1- (1) and now,
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xy % 2t2 7 2 ?
>—-—o5tt-8t+3>0
Jee2+2t—-1)(2t2 -2t+3) 3

o t-1)GB +5t2+5(t—1)+2) >0 - true ~ t > 1 via (1)

1 1 2
>-Vab>0|ab=4"=" iffa=b =2 (QED)

+
Va3+1 +vb3+1 3

1625. Leta,b,c = 0,ab + bc + ca > 0. Prove that:

a(b + ¢) N b(c + a) . c(a+ b) _ (a+ b+ c)?
ab + ac +2bc bc+ ba+2ca ca+cb+2ab~ 2(ab + bc + ca)

Proposed by Phan Ngoc Chau-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

2 2
2(ab+bc+ca)z a(b+¢) =Z<a(b+c)+ a’(b + c) >S

ab + ac + 2bc ab + ac + 2bc
cyc cyc
CBS
< J—
- zzb”z <ab+bc ac+bc> Zzbc+z<a+c a+b>
cyc cyc cyc cyc
ab2 a(b2+c2)
2 ber Y (S5 )2 Y e YD
b+c
cyc cyc cyc cyc
sz +Z((b+ ) _ 2abe )5421; 2ab i
= c a c) — < c—2abc.— =
Yieye(b + €)
cyc cyc cyc
9abc Scrli\ur
=22bc+ ZZbc—— < ZZbc+Za2=(a+b+C)2,
a+b+c
cyc cyc cyc cyc

as desired. Equality holds iff (a = b = ¢ > 0) and

(a=0,b = c > 0) and permutation.
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1626. If a; >0 (k=1,2, 3 .n) then

Y amnEiy e Y
= a
a,; + a, 2 o= as + a3

cyclic cyclic

Proposed by Mihaly Bencze, Neculai Stanciu-Romania
Solution by Mirsadix Muzefferov-Azerbaijan

n 2
et DD
a1+a2 24 aj + a3
2

cyclic cyclic

Bergstrom
2 2

aj a; as n <
a,+a, a+az az+ta, a, +a, -

(a1 +a, +as+- an)2 zn:
a
2((11 + a, + as + - n 2 k

A_
a? + a3 a;\? - a1 —2..%7 2 k
1 2 oye ( ) + 2

i — 1
cyclic a, cyc a cyc

1627.If a, b, c > 0 then:
a3 1 ) ab?
DarpZz. %),
a+b 2 a+b

Proposed by Neculai Stanciu, Mihaly Bencze-Romania
Solution by Tapas Das-India

Z a‘fb - ( a+ b> Z Z a j—bb AM_HM
1 <2b a2b> 1 b1 g2 =

23 ) T Y iy

i "21 IDX SRS
AM-HM a a

Za+b = (a > 42"2 4Zab<
Yyt w

ab?
=),
From (A) and (B)we get z 52 Zz 2D
Equality holds fora=b =c
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1628. If a, b, c > 0 then:

a’? + 2bc _
(a+b+1)(a+b+c?)~

1

Proposed by Neculai Stanciu-Romania
Solution by Tapas Das-India

(a+b+1)(a+b+c?) =

c-S

= ((Wa+b) +@2)((Va+th) +(©?2) = (a+b+0? (D)

a? + 2bc (2 a? + 2bc 3
(a+b+1)(a+b+c?) — (a+b+c)?

_a2+b2+c2+2bc+2ca+2ab_(a+b+c)2_1
B (a+b+c)? “(a+b+0)?

Equality holds fora=b=c=1
1629. If a,b € R and ab(a* + a?b? + b*) > 3, then prove that :
a’ +b?>2
Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

a a
It's clear that ab > 0 and so,t = b= b2
we shall prove that : 3(a? + b?)3 > 8ab(a* + a?b? + b*)

> 0 and now,

32 +1)°>8t(t*+t2+1) © 3t6 —8t5 +9t* —8t3 +9t2 —8t+3 >0
1
& == (t-1)? ((12¢2 + 4t + 9)(2t — 1)% + 39) >0 - true

~ 3(a? + b2)3 > 8ab(a* + a’b? + b*) > 24 = (a®> +b2)3 > 8

>a’+b%?>2"="iffa=b=10ora=>b=-1(QED)
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1630. If a,b > 0 then:

B(s o+ ) 4 3( ) > 14
b+1 a+1 a?  b%)

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

Y +3(1+1)—
b+1 a+1 a?  b%2)

a> b2 13 13\ Bergstrom & Radon
- s(ptarn) lare)

b+1 a+1 a? + b2
- 8(a+hb)?* 3(1+1)3 a+b=t>0 8t? 24

> + = +
a+b+2 (a+b)? t+2 t2

8t? 24
We need to show + —= =14 or
t+2 2

8t* + 24t + 48 > 14t3 + 28t or

8t* — 14t3 — 28t> + 24t +48 >0
or (t —2)%(8t* + 18t + 12) > 0 true
Equality holds fort=a+b=20r a=b =1

1631.If a, b, c > 0 then:

a(F ) s (R D) > 14
b+1 a+1 a b/~

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

i +5(1+1)—
b+1 a+1 a b)

a3 b3 12 12\ Bergstrom & Holder
) 5(_+_> >
a b

B 4<b+1+a+1 *
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4-((1 + b)3 5(1 + 1)2 a+b=t>0 2t3 20

=2(a+b+2) a+b = 2T e
2t3 20
We need to show +— > 14 or,
+2 ¢t

3 10 . 2
+—5 =27 ort*+10t + 20 = 7t + 14t or,
t+2 t

Y T7t2 —4t+20>00r (t—2)2(t2 +4t+5) > 0, true

Equality holds fort=a+b=20r a=b =1

1632. Leta,b,c = 0,ab+ bc+ca >0anda+ b + ¢ = 3. Prove that:
a b c 9
Vbc + 3 \/ca +3 \/ b+3 4(ab + bc + ca)

Proposed by Phan Ngoc Chau-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

4(ab + bc + ca) Z

The 1 —(ab+bc+ca)z
CBS

pre 1
S(ab+bc+ca)z (b+c a+\/E):

cyc
a(ab + bc + ca
=z ( ) (ab+bc+ca)z
b+c

<
vbc+a+b+c

cyc

Cyca-i-\/

Z N Z abc Z Vbc Z be <
a? . c<
cyc cyc cyc a-+ \/E

HM—GM

cas Jbe =
< z a + Cyc bc =
; cyc 2 ( chc \/_(a + +vbc )) Z

=Yty avher (- Eoele )zbc

cyc cyc chc bc + chca cyc
av
§2a2+52a bc+<2—zc§—b> ZDC— (a+b+c) =09,
cyc cyc cye

cyc

Equality holds iff (a = b = ¢ > 0) and (a = 0,b = ¢ > 0) and permutation.
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1633. Let a,b,c > 0.Prove that:

(6ab + 6bc + 6 2 — b? 2)( ! + ! + ! )<45
a c ca—a“—b“—c < —
a’?+ b%  b%2+c? %+ a? 2
Proposed by Phan Ngoc Chau-Vietnam
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Letp:=a+b+cq:=ab+ bc+ca,r:=abc. WLOG,we assume thatp = 1.

1 N 1 N 1 (a? + b? + ¢*)? + a?b? + b%c? + c*a? 3
a?+b%2 b2+c2 c2+a? (a?+ b? +c?)(a?b? + b2:c? + c2a?) — a’b?:c?:

@ -29*+q*-2pr  (1-2@7+q*-2r 1—4q+5q*>—-2r
- @2 -29)(q?-2pr) -2 (1-2q)(q*>-2r)-1% q?-2¢°-2(1-2¢@)r—1?%

The desired inequality is equivalent to

1—4q+5q*>—2r 45

—-1). <
8q-1) Q> —2q3>—-2(1-2q)r—1r2 "~ 2

& f(r) =2—-24q + 119q9*> — 17093 — (94 — 212q)r — 451% > 0.
From the identity

0<(a—b)%(b—c)*(c—a)*=-27r*+2(9pq — 2p*)r + p*q* — 4¢°

It follows
- —-2p® +9pq + 2/ (p? —3q)* -2+9q+2,/(1-3q)3
r= 27 = 27 —To
Since 3q < p? = 1,then 94 — 212q > 0,and let x> = 1 — 3q.
Weh _1-3x%+2x° q
e haver, = 27 ,an
fr) = f(ry) =
1-—x%\° 1-—x2\° 1—x?
=2-8(1-x%)+119 3 —-170 3 —194 — 212 3 To

— 4'51'02
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3 2x%(32 — 80x + 66x% — 182x3 + 245x%) B 2x%2(4 — 7x)%(2 + 2x + 5x2) -0
a 81 B 81 =

which completes the proof.
1
Equality holds iff (x =0 &oq= 3 ©Sa=b= c) and

4 1 _b_c d tati
(x—7<=)q—49=)a— —5an permualon).

1634. Leta,b,c = 0,ab + bc + ca > 0. Prove that

2a2 +bc 2b*+ca 2c:2+ab 9 a?+ b* + c¢?
+ + >
b+ c c+a a+b 2

a+b+c

Proposed by Phan Ngoc Chau-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Letp:=a+b+c q:=ab+ bc+ca, r:=abc. WLOG,we assume thatp = 1.
We have

2a? + bc B Yeyc(2a? + be)(a + b)(c + a) _ 2%yc a’(ap + bc) + Xy be(a® + q)
£l b+c (a+b)(b+c)(c+a) B

pq—rT

_2p(p3—3pq+3r)+3pr+q2_2—6q+q2+9ré9 a’?+b*+c* 9(1-2q)
B pq-—r - q-r -2

atb+c 2
©4-21q9+20g>°+93 -2¢)r>0. (1)

p’_1

We have q < 3 =3 and by the fourth degree Schur’s inequality, we have

(49-p> )P’ -q@) (4q—-1)(1-q)
r= = .
= 6p 6

1
If0<gq< 2ve have: LHS ;) = 4 —21q + 209> = (1 - 4q)(4 — 5q) > 0.

1 1 4qg—-1)(1 -
IfZSqS§,wehave: LHS(l)24—21q+20q2+9(3—2q).( 9~ 1( q):

6
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1
=5(4q-1)(1-3¢9)(1-29) 20.
So the proof is complete. Equality holds iff (a = b = ¢) and
(a = 0,b = ¢) and permutation.

1635.1f x,y,z > 0, x* + y* + z?> = 3 then:

yz zZX Xy
+ + <1
4—x2 4—y2 4-— 72

Proposed by Shirvan Tahirov-Azerbaijan
Solution 1 by Tapas Das-India

2 x24+y2+22=3

AM—-GM
4—x = =1+x*+y*+22-x*=1+y*+2> = 1+2yz(1)
yz zx - xy yz (2 yz
T3z y2 a—z2 Lia—x2 " 1+2yz
3 1 12 Bergstrom
——— <
22( 1+2yz) 2 2 1+2yz o
<3 1 (1+1+1)? 3 1 9 3 1 9
2 23+2(xy+yz+zx) 2 23+22xy 2 23+2%x%
3.1 9 iyezo3y 3 1 4
=372 r3 @ X Y HE=3)=5-5=

Equality holds forx=y=z=1

Solution 2 by Lamiye Quliyeva-Azerbaijan

yz_ Xz _ Xy _ yz N Xz N
4—x2 4-—y? 4—22_4—(3—y2—zz) 4 — (3 —x%-12%)
- Xy yz N Xz N X
4—-(3- xz—yz) 1+y2+22 1+4+x2+22 1+x2+y?
2
yz x%)
1+y2+2z27 3
2 z Xz x x z2 7%
> <Lt yz 2 T 212 zy STl
14+x2+22~ 3 1+y*2+22 14+x24+22 14+x24+y?~ 3 3 3
xy z*
1+x2+y2~ 3)
2 42 g2 a2 124 g2
—+y—+—_ 4 <1
3 3 3 3
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yz Xz xy
<1
4-—x2+4-—y2+4-—zz_

Equality holds forx=y=z=1

Solution 3 by Ertan Yildirim-Turkiye

z xz x
4-{x2+4-—yz+4-—yz2S1
2yz 4 2xz 4 2xy <2
4 —x2 4—y?2 4-—72
2yz 2xz 2xy A8y 422 x2 422 x24y?
4—x2+4—yz+4—z2 = 4 — x? 4—y2-|_4—z2 -
3—x* 3-—y* 3-2°

4—x2+4—y2+4—22=1_4—x2+1_4—y2+1_4—22=
1 1 1 e (1+1+1)?
3_(4—x2+4—y2+4—22 = 3_12—(x2+y2+zz)=
9 9
3"12-3 27977

Equality holds for x=y=z=1
1636.If a,b,c > 0, then:

6\/§< 2a+b+c+ 2b+c+a+ 2C+a+b<2ﬁ
5 T Ja+2b+ 2c b+ 2c+ 2a c+2a+2b

Proposed by Vasile Mircea Popa-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

WLOG, we assume thata + b + ¢ = 1. The desired inequality becomes

65 a+1 |b+1 [c+1
<
5 _\/Z—a-l_\/Z—D-I_\/Z—c<2\/E

We will prove that

27a + 31 a+1 a+1

205 ~(z-a~ vz WY
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a+1 a+1 B a+1 0<2‘1<1a+1
2-a [la+1)2-a) J2+a(1-a) V2

27a+31< a+1
205 ~ J2-a

& 729a3 + 216a? —387a+78>0 < (3a—1)%(81la+78) >0,

o (27a+31)%(2—-a) <2000(a+1)

which is true and the proof of (1) is complete. Similarly, we have

27b+31< b+1<b+1 d27c+31< c+1<c+1
< an <
205 2-b 2 205 2-c 42

6vV5 27(a+b+c)+3.31 a+1 b+1 c+1 a+b+c+3
= < + + < =2V2
5 205 2—-a J2-b (2-c V2

1637. If a,b,c > 0 and V n € N, then prove that:

a2n+1 + ancn+1 b2n+1 + bnan+1 C2n+1 + cnbn+1 3

bZnan+1C + C2n+1bna + cann+1a + a2n+1cnb + achn+1b + b2“+1a“c = ( )n+1
abc) 3

Proposed by Zaza Mzhavanadze-Georgia

Solution by Soumava Chakraborty-Kolkata-India

VA,B,C >0,(A+B) (B +C),(C+A’) form sides of a triangle
(~(A+B)+ (B +C)>(C+A)and analogs)
= VA’ + B,VB + C,VC + A’ form sides of a triangle with area F (say) and 16F?
=2 (W+B)B+C) - ) (A'+B)?

cyc cyc

= Zz ZA’B’+B’2 —ZZA’Z—ZZA’B’

cyc \ cyc cyc cyc

= 6ZA'B’+ZZ:A’2 —ZZA’Z—ZZA’B’:>4F=Z ’ZA’B’—) (1)
cyc

cyc cyc cyc cyc

xy ? /3 z x2y? ?

3

N ;v ' Y >O; 2—(:) 2_

oW, VXY, 2 \/ (y+2z)(z+x) 2 xy(y+z)(z+x)(~;;)4
cyc

cyc
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(Beyexy)” _ (Beyexy)”

Via Bergstrom, LHS of (x) > = 5
chc (xY(chc xy + ZZ)) (chc xY) + xyz chc X

2

; 3 = ; 3 t ; 3 (2)
—_— _) .'. _q
= E xy | = 3xyz E X rue CYEC( Dz =2

cyc cyc
a2n+1 + ancn+1 b2n+1 + bnan+1 c2n+1 + Cnbn+1
bZnan+1c + c2n+1bna + cann+1a + a2n+1cnb + a2ncn+1b + b2n+1anc
an(an+1 + cn+1) bn(bn+1 + an+1) cn(cn+1 +bn+1)
= + +
ab”c(a”b™ + c2") = bc"a(c"b™ + a??) cab(a”c” + b2n)
an (an+1 + cn+1> bn (bn+1 + an+1) cn (Cn+1 + bn+1)
ac” a"b" bocn
= +

We have :

Cn
cn 1 1 a® 1 1
~Ppn n '(Cn+1 + a“+1> + ch qgn '(an+1 + bn+1) + a™ bn '(b“"'l + C“"'l)
C

C
T ar *pr br *em

Z
= (B +C)+——(C+A) +——(A'+B)
y+z Z+x x+y
( a" b" c" 1 1 1 )
X =

- _ 1 _ 1 _ r_
_bn'y_cn’z_an‘A _bn+1'B _cn+1’c _an+1

_ X [} /2 y ! /2 Z ! ’2
——y+z.\/B +C +—z+x.\/C +A +x+y.\/A + B

Oppenheim x via (1) and (2) V3
> 4F. y = 2 Z A'B . —
(y+z)(z+x) 2
cyc cyc

_ 3 z( 1 1 )A;G 3 6 1 3
= V3. il eni1) = 2 ZhZeZyntl il o
S\ e J(“ b%c?) (abc) 3

a2n+1 + ancn+1 b2n+1 + bnan+1 c2n+1 + cnbn+1 3

bZnan+1c + c2n+1bna + Cann+1a + a2n+1cnb + achn+1b + b2n+1anc = ( )n+1
abc) 3

Vab,c>0andVneN,=" iffa=b=c(QED)

1638.If a,b > 1 and A > 2, then :

a* b* 1 1
A +(A+1)(E+B)231+2

b2+1+a2+1

Proposed by Marin Chirciu-Romania
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Solution by Soumava Chakraborty-Kolkata-India

at b* a*—b*+b* b*—a*+at
bZr1 a2+1 bZ+1 | a2+1
- 1 1 b*-14+1 a*-1+1
= (a _b)<b2+1_a2+1)+ b2+1 | @+ 1
(a4 _ b4)(a2 _ bZ)
T @+ Db+ 1) R v
(a? +b*)(a®? —b?)? | 1 1
= —1+b%2-1
(a2 +1)(b%2+1) ta + +az+1+b2+1
at b*

e “bprr1 a1 1
(a* + b%)(a* — b*) +a2—1+b2—1—(1— 1 )_(1 1 )

(a2 +1)(bZ + 1) 2 at+1 2 bZz+1
(a? + b?)(a? — b?)? a’ -1 b% -1
= +a*-1+b%>-1- -
(a2+1)(b%2+1) 2(a2+1) 2(b2%2+1)

(@ +b2)(a® —b2)? (a®—1)(2a%+1) (b%—1)(2b%+1)
ST @+r0m+D T 2@+ 20+ 1)
. A( a4 N b4 >_)L 3 (a2+b2)(a2—b2)2
T1T\bZ+1 a2 +1 -7 (@ + D2+ 1)
R <(a2 “D@a* D) (b - D@D+ 1)>

' 2(a2+1) 2(b%2+1)
2250 (@ —-1)2a2+1) (b?—1)(2b2+ 1)
= "'( 2@+ | 22+ 1) >

= A a’ + b’ +(A+1)(1+1> (3A+2)
b2+1 a?2+1 a b

a* b* 1 1
:)‘<b2+1+a2+1>_)‘_()‘+1)<2_5_5) =
(a?—1)(2a®>+1) (b?2-1)(2b%+1) a-1 b-1
( 2@+ 1) 20+ D) >_O‘+1)< T )
S A.<(a2 —1)(2a®+1) (b?-1)(2b% + 1)> _ (A+ )L) (a— 1 b- 1)

2

2@+ 1) T 2m2+1) +

b

A a—1 b-1

(-.-1£—anda,b21:> + 20)
2 a b

_AMa-1) <(2a2 +1)(a+1) 3> N A(b—-1) <(2b2 +1)(b+1) 3>

2 a+1 a 2 b2 +1 b

_ AMa-1)(2a*+2a® - 2a*+a-3) N A(b—1)(2b* + 2b3 —2b%2 +b —3)
B 2a(a? + 1) 2b(b2 +1)
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_ Ma-— 1)2(2a3 + 4a* + 2a + 3) N A(b — 1)2(2b3 + 4b% + 2b + 3) -0
- 2a(a? +1) 2b(b2+1) =

4 4
A( : + b )—A—(x+1)(2—%—1)20

b2+1 a?2+1 b

b2+1 a2+1
Va,b>1andA > 2, =" iffa=b =1 (QED)

a* b* 1 1
= A + +(A+1)(E+B)231+2

1639.Ifa,b,c > 0and,a+ b+ c = 3,1 = 0 then:

a? 3
Z >
va+ b Jai+1

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

a? Bergstrom (q + b + C)Z CBS
R :

a+ Ab N YVa+ab
(a + b + C)Z a+bic=3 9 1 _ 3
J3@+b+co)(A+1) 3Va+1 JVa+1

Equality holds fora=b=c=1
1640. If a,b > 0 then:

2 @ + b’ +1+1>3
(b+1)?2 (a+1)2 a b~

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

a3 b3 1 1 Radon &Bergstrom
2 —4= >
<(b+1)2+(a+1)2>+a+b =
2(a+ b)3 N (1+1)2 a+b=t>0 2t3 N 4
“(a+b+2)?2 a+b T (t+2)2 ¢t
We need to show:

2t3

(t+2)2 +
2t* + 4t%2 + 16t + 16 -
3t3 +12t2 + 12t

—=>3or,
t

3 or,
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2t* —3t3 - 8t>* + 4t + 16 > 0 or,
(t—2)%2(2t>* + 5t +4) > 0 true
Equality holds fort=a+b=20ra=b=1

1641. Leta,b,c = 0,ab + bc + ca > 0. Prove that

a’ + bc N b?% + ca . c® + ab >a+b+c
b+c+2a c+a+2b a+ b+ 2c 2

Proposed by Phan Ngoc Chau-Vietnam
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have

a? + bc (a® + bc)(b + ¢)
2(aerJrc)Zb+c+2 Z(a +”C)+Z b+c+2a
cyc

cyc cyc
By CBS inequality, we have
Z bc(b + c) (chc bc) HMHAM (chc bc) Z be
b +
cycb+c+2a Seye be (1+b+ ) Sere (bc a( c)) 2 s
a’(b+c) (a+b+ c)2 -1 Zabc a(b —c)?
5 . TN INE =
b+c+2a 2 b+c
cyc chc (1 + b + C cyc cyc cyc cyc

>0
Using the results, we get

a’ + bc
2(a+b+c)zm22a2+zzbc=(a+b+c)2

cyc cyc cyc

as desired. Equality holds iff (a = b = ¢ > 0) and
(a = b > 0,c = 0) and its permutations.

1642.1f a,b > 0,(vVa + 1)(Vb + 1) = 4 then:

a b3
>_
@+12 b+12°-2

[y

Proposed by Nguyen Hung Cuong-Vietnam
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Solution by Tapas Das-India

(Va+1)(Vb+1)=40orVab+ (Va++Vb)+1=4or

a+b
2

+2(a+b) >3 (Am - Gm & CBS)

=Va+b>0
W+ 2VZu—6 > 0 or (u+3v2)(u—-+v2)=0o0r

u—vV2=20(as u>0)or u=vV2or u> >2o0r,a+hb=2(1)

al b3 cgs a b3
(a+1)2+(b+1)2 - 2(a2+1)+2(b2+1) B
1 a b b AM-GM
—E(a—a2+1+ _b2+1) =

3@ o -Germ) 23(=-GrD) 3

Equality holds fora=b =1

1643.1f x,y,z > 0,x + y + z = 3 then:

x5 y5 Z5

+ +
x2+1 y2+1 z2+1

3
2_
2

Proposed by Kostantinos Geronikolas-Greece
Solution by Tapas Das-India

5

3
L : >2t—2,t€ (0,3
emma 21”72 0.3)

Proof:

3
>2t——or2t° —4t3+3t* —-4t+3>0
t2+1 2

(t—1)2Qt3+4t>+2t+3)>0trueast <3

5 5 5 5

X y VA Lemma

X
= >
x2+1+y2+1+z2+1 zx2+1 -
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>Z(z 3)—2( Fy+z)—o—2x3-a=>
= X 2 = XT+yYyTZ2 2— 2—2

Equality holds for x=y=z=1
1644.1f x,y,z > 0,xy + yz + zx = 3xyz then:

1 1 1
3 + +—= <1
x>+y+z y’+z+x zZ2+x+y

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

xy+yz+zx = 3xyz

1 1 1
—+—-—+—-—=3
Xy z
1 1 1 Bergstrom (1 41+ 1)2
3=—+—+— = S Er—
Xy z x+y+z

3x+y+2)=>9

x+y+z=>3(1)
x+y+z=>3
y+z=3—-x

D AM~-GM
XBry+z=> x3+3-x=03+1+1)+1-x > 3x+1—-x=2x+1(2)

1 1 1 1 (2)
3 T3 T3 223—3
x3+y+z y +z+x zZ3+x+y x3+y+z

1 _z 1 AM;HMl (1+1+1)
2x+1 ZLix+x+1 ~— 9
1+1

(Z +2 +z );y; gB+3+3)=1

Equality holds forx=y=z=1
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1645. Leta,b,c = 0,ab + bc+ca > 0and a + b + ¢ = 3.Prove that:

13a —4bc 13b—4ca 13c—4ab 27 a?* + b% + ¢
+ + < —-
b+c c+a a+b 2 ab+ bc + ca

Proposed by Phan Ngoc Chau-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

2
Letp:=a+b+c=3,q:=ab+bc+cas%=3,r:=abc.
13a — 4bc 13p—4 24+
—=Z(u—13+4a)=(13.3—4q).p q—39+12=
b+c b+c pq-—r
cyc cyc
(39 -4¢)(9 + q) 227 a>+b%:+c2 27(9-2q)
= 27 < —. = S r
3q—r1 2 ab+ bc+ca 2q
- q(27 — 6q + 8q?%)
- 243 '

From the known identity
0<(a—b)%(b—c)*(c—a)*=-27r*+2(9pq — 2p*)r + p*q* — 4¢°

It follows

- —2p® +9pq + 2,/ (p? - 3q)® -18+9q+2,/333 —¢q)3
r= 27 - 9 '
So it suffices to prove that

-18+9q +2,/3(3—¢q)3 27 — 6q + 8q*
q 9\/ 3-9q) Sq( q q)@27 3G—q7?

243

< (3-¢q)(81—-9q —449?%)
3—q=0

S 272.33-9) <(81-9q9—-4¢»)?* © 0<q(q+9)(4g—9)?
which is true and the proof is complete. Equality holds iff (g =3 ©@a=b =
=1) and

9 1
(q = 2 Sa=b= 7 c= 2) and its permutations.

1646.If x,y,z > 0,xyz = 1 then:
X y z 3v2
+ + >
Jyi+z VZ2+x (Jx2+y 2
Proposed by Shirvan Tahirov-Azerbaijan
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Solution by Hai Duong-Vietnam
Letbe f, g: R XR;XR: — R%

XYVZ X VA
g(x,y,z) =3’ Y f(xy,2) = TR S
JOr+2)(@ +0)G2+y) Vyi+z VZ2+x  ([xP+y
AM—-GM
f(x,y,2z) = Y - >

+ +
JyP+z VZ2+x  ([xP+y

_ 3 xXyz
VO + (22 + ) (2 +y)
f(x,y,2) 2 gx,y,2) (1)
32 3 1 HOLDER 1
= = 33 S 3 =
\[\/(yz +2)(22 + x)(x% + y)

1+ 3/xyz (1+ W)s

=g(xy,2)

3 xXyz 33
:3\[\/()’2_'_2)(22 +x)(x2+y) =g(X,y,z):Maxg(x,y,z)zT(z)
By (1), (2):

X y z 32

+ + >
Jyi+z VZ2+x  (Jxt+y 2

Equality holdsforx =y =2z=1

1647.1f x,y,z > 0,xyz = 1 then:

x y z
G+20+2)  G+r2z+2) @ @E+2)

1
> —
3

Proposed by Shirvan Tahirov, Gulkhanim Piriyeva-Azerbaijan
Solution by Ertan Yildirim-Turkiye
X N y 4 z - 1 -
x+2)y+2) (@+2)(z+2) (z+2)(x+2) 3

x(z+2)+y(x+2)+z(y+2)>1
(x+2)(y+2)(z+2) =3
Bxz+xy+yz+2(x+y+2)]=>(x+2)(y+2)(z+2) =

3(xy+xz+yz)+6(x+y+2z)=>xyz+2(xy+xz+yz)+4(x+y+z)+8 =
i
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)

xy+xz+yz+2(x+y+z)§9
1 1 1 i
-+ -+ -+2(x+y+2z) =9
z y x
1 1 1 e
(x+;>+(y+;>+(x+;)+x+y+zZ6+x+y+z2

N e’
22

2226+3-232xyz=6+3-1=9
Equality holds for x=y=z=1
1648. If x, v,z > 0 then:
X y z
Jx% + 3yz+\/y2 +3xz-l_\/z2 + 3xy

>

N| W

Proposed by Shirvan Tahirov, Gulkhanim Piriyeva-Azerbaijan
Solution by Hai Duong-Vietnam

1 3 1
Lemma:Vt>0 : f(t)=m+ Elntzf

o) = 3 . 3 _q (1+3t)Vv1+3t— 8t
 2(1+30)V1+3t 16t 8(1+ 3t)Vv1+ 3t
ffM)=0->(1+3t)V1+3t=8t->t=1
and f'(t) >0-> t>1and ff(t)<0-t<1

VE> 0t f() 2 Minf(t) = f(1) =
1

1
+ —int > -
vi+3t 16 2
t=2 L 32 1
==
22 > 1622 M
1+3-22
VA
yz 1 3. vy
t= + —In>= (2)
2 16 x% - 2
1+3-2% o
X
¢ zZx 1 4 31 X 1(3)
== n— =
Y /1+3-§,—’2‘ 16 2
By adding (1), (2), (3):
1 1 1 3 Xy Yz zx 3
* * e e y) 2
\/1+3-’;—3’ \/1+3-% J1+3-? y
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aE A—
Jx2+3yz \Jy*+3xz .z +3xy
x y z

+ +
Jx2+3yz \Jy*?+3xz /z%+3xy

+Inl >

N[ W

3
2_
2

1649.1f x,y,z > 0,x + y + z = 3 then:
x5 N ys N 25 >3
x2+1 y?+1 z2+1 2

Proposed by Kostantinos Geronikolas-Greece
Solution by Tapas Das-India

tz I ] —_— 2’ ( ) )

(t—1D?Qt3+4t> +2t+3)>0trueast <3

x5 y5 75 x5  Lemma
2 T2 T3 :Z 2
x*+1 y-+1 z-+1 x“+1

>Z(2 3)—2( +y+2) 9—2><3 0.3
> x—g)=2x+y+z)-5= 2=73
Equality holds for x=y=z=1

1650. If a,b,c > 0 and a? + b? + c¢? + 2abc = 1, then prove that :
2

(a+b+ c+1) >4(1+1+1)+1
bc ca ab — \a? b? ¢?

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

a’+b%2+c:2+2abc=1=>a%®+2bca+b*+c2-1=0

3 —2bc+2v/b2c2 —b2 —c2 + 1
B 2

>a

= —bc++/(1 —b2)(1 —c2)
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(+ 1 —-1b% = c? + a? + 2abc > 0 and analogously,1 — c? > 0)

=—bc+/(1A-b2)(A - c2) (~a>0)

= —bc+%.\/9(1—b)(1—c)*(1+b)(1+c)

A-G 9(1—-b)(1-c)+ (@1 +b)(1+0¢) 10 — 8(b + ¢) + 10bc
< —bc+ = —bc+
6 6

_5—4(b+c)+2bc

3

2
-'-SZaS15—82a+22ab=>112a£15+22ab£15+§ Za

cyc cyc cyc cyc cyc cyc

=>3a<5-4(b+ c)+ 2bc and analogs

3
= 2t2—33t+45> 0 t=za > (2t-3)(t-15)20=>t<>

cyc

3 1
'.'a,b,c<1=>2a<3=>t215 .-.Z_Eza_,@

cyc cyc
A-G s

Again,1 = a? + b? + ¢? + 2abc > 3p? + 2p3 (p = Vabc)

1 3

=>@2p-1(p+1)? S0:>p:3\/achE:>1—2abCZZ

YRS ) W

cyc cyc

Weh ( +b+c+1) >4(1 1+1)+1
enave \be " ca " ab = tp2
2

o Z a’?+abc| > 42 a’b? + a?b?c?

cyc cyc

a?+b2+c%+2abc=1
(=4

21b%4+c2+2abc=1

(1 —abc)? > 42 a’b? + a’b?*c? © 1 — 2abc > 42 azb? * =

cyc cyc
a?+b2+c%+2abc=1
Zaz 24Za2b2 = Zaz Za2+2abc Zélz:azb2
cyc cyc cyc cyc cyc
@Za4+22a2b2+2abc Zaz 24Za2b2
cyc cyc cyc cyc
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()
& Z a* + 2abc (Z a2> ZZ a’b?

cyc cyc cyc

Now, via ®Z a* + 2abc (Z a2> > Z a* + abc (Z a>

cyc cyc cyc cyc

Schur A-G
> z a’b + z ab3 > Zz a?b? = (x) is true

cyc cyc cyc

(B2 ) sa(ha he t)
“\bc ca ab — \a?2 b2 c2

1
Vab,c>0]|a?+b?+c%+2abc=1"=" iffa=b=c=2 (QED)

1651.If a,b,c > 0 and (a + b)(b + ¢)(c + a) = 8, then prove that :

\/az+ab+b2_I_\/bz+b(:+c2_|_\/c2+(:a+a2
Vab + 2 vbc + 2 JVea

Proposed by Nguyen Hung Cuong-Vietnam

>+/3

Solution by Soumava Chakraborty-Kolkata-India

V3
Vb? + bc + c2 —-(y* +z%)
Let vVa = x,vb = y,/c = z and then : 222

Vbe + 2 yz +2
2
3 z (yz + z2)2 Bergs>trom 3 (chc(yz + ZZ))
- ' 2 2 2 2 - )
£ 2yz(y? +z2%) + 4(y? + z2) Yeye (Zyz(chc x% — xz)) + 8 Yeye X2
Meyc(x2+y?) =8 2 2)° !
y (x :Y ) \/§ (chcx ) > \/§

(chc xz)(chc xy) — Xyz Leye X + 2(2cyc xz)_ i/(ncyc(xz + y2))

@z<zxz>2_(zxz><zxy>+xyzzx;z<zxz>.3 <ﬂ<x2+yz>>

cyc cyc cyc cyc cyc cyc

- z(zxz>2_<2xz><zxy>+xyzzx

3

cyc cyc cyc cyc
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é 8 l_l(x2 +y?) sz

3

cyc cyc
2
2| _ 2
| 2 Zx Zx ny +xysz
cyc cyc cyc cyc
3
?
% 8 sz szyz — x2y2z2 Z X2
() cyc cyc cyc

Assigningy+z=Xz+x=Yx+y=2Z2=>X+Y-Z=22>0,Y+Z—-X=2x
>0andZ+X-Y=2y>0=2X+Y>ZY+Z>X,Z+X>Y=>X,Y,Z form
sides of a triangle with semiperimeter, circumradius and inradius

=s,R,r (say)
©)
yieldingZZx=ZX=ZS:>Zx =s=>x=s—Xy=s—-Yz=s—-12
cyc cyc cyc
(D)

~ XyzZ = r*s and such substitutions = Z xy = Z(s -X)(s—-Y)

cyc cyc

2
D ia (+) and (s*+)
:ny =" 4Rr + r? and sz = Zx —Znyvm =
cyc cyc cyc cyc

(....)
s2—2(4Rr+r?) = sz =" s% — 8Rr — 2r? and also,

cyc
2

ia (¢),(**) and (e+°)
Z xty? = Z xy | —2xyz Z x| (4Rr + r?)%? — 2r?s.s

cyc cyc cyc

?
(2(s® — 8Rr — 2r?)2 — (s? — 8Rr — 2r2)(4Rr + r?) + r2s?)3 >
8(r?(s? — 8Rr — 2r?)((4R + r)? — 2s?) —r*s?)(s? — 8Rr — 2r?%)3
& s12 — (54Rr + 10r?)s'® + r2(1196R? + 480Rr + 47r?)s?
—r3(13960R3 + 8976R?r + 1908Rr? + 134r3)s®
+r*(90816R* + 82400R>r + 27996R?*r? + 4224Rr3 + 239r%)s*
—r5(312832R5 + 373248R*r + 178240R%r? + 42592R?r® + 5094Rr* + 244r°)s?

+r6 (446464R6 + 669696R5T + 418560R*r? + 139520R3r3 + 26160R2r4)
+2616Rr> + 109r°

?
> |0
**)

(

R
Now, 3132t3 — 9088t% + 9000t — 3037 (t = ;)
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Euler
= (t—2)(3132t% — 2824t + 3352) + 3667 > 3667 > 0,
14496t* — 57364t3 + 86922t% — 59604t + 15587

Euler
= (t—2)(14496t3 — 28372t% + 30178t + 752 ) + 17091 > 17091 > 0 and
8000t5 — 41552t* + 87477t3 — 92947t% + 49798t — 10773
= (t—2)(t2(8000t% — 25552t + 26272) + 10101t(t — 2) + t + 9396) + 8019

Elger 8019 ( ~+ discriminant of (8000t — 25552t + 26272) = )
- —187799296 < 0 = t2(8000t% — 25552t + 26272) > 0

~ P = (s?—-16Rr + 5r?)® + 16r(21R — 20r)(s? — 16Rr + 5r?)°>
+161r2(358R% — 685Rr + 336r2)(s? — 16Rr + 5r2)*
+16r3(3132R3 — 9088R?r + 9000Rr? — 3037r3)(s? — 16Rr + 5r?)3
4 _ 3 2.2
+16I‘4 (14-4-96R 57364R°r + 86922R“r ) (SZ —16Rr + 51‘2)2

—59604Rr3 + 15587r*
8000R> — 41552R*r + 87477R3r% — 92947R?r3

+64r> ( . .
+49798Rr* — 10773r

) (s? —16Rr + 5r?)

Gerretsen ?
> 0 -~ inorder to prove (*x), it suffices to prove : ||LHS of (xx) > P

& 5632t5 — 40256t5 + 117000t* — 177919¢3
+150265t%2 — 67251t + 12538 > 0 ©
(t—2) ((t -2) ((t —2)(5632t3 — 6464t + 10632t + 8497) + 21951) + 3645)

? Euler
>0->true~t > 2= (%) > (%) is true

.\/a2+ab+b2 Vb2 +bc+c2 Vc2 + ca+ a?

+ + >+/3
vab + 2 vbc + 2 vea
Va,b,c>0|(a+b)(b+c)(c+a) =8 =" iffa=b=c=1(QED)

1652. If a, b, c > 0 then:

a+b czx/b+c+b2\/c+a>3 2

b2cZ a+b+2c - abc

cyc

Proposed by Zaza Mzhavanadze-Georgia

Solution by Soumava Chakraborty-Kolkata-India

VA,B,C >0,(A+B), (B +C),(C+A) form sides of a triangle
(~(A+B)+ (B +C)>(C+A’) and analogs)

= VA’ + B,VB + C,VC + A’ form sides of a triangle with area F (say) and
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16F2 = 2 Z(A’ +B)(B +C)— Z(A’ +B)?
cyc cyc

= ZZ Z:A’B’+B’2 —ZZA’Z—ZZA’B’

cyc \ cyc cyc cyc

= 6ZA'B'+ZZA’Z —ZZA’Z—ZZA’B’:4F=2 /ZA'B'—> (1)
cyc

cyc cyc cyc cyc

oz [ Ly L
owvLy.z ’ Cyc(y+z)(z+x)_ 2 xy(y+z)(z+x)54

(Beyery)” _ (Beyery)”
chc (xY(chc xy + ZZ)) (chc xY)Z + xyz chc X

Via Bergstrom, LHS of (x) >

2

2 3 ? . xy ?\/§
ZZ®<ny 23xyz2x—>true--\/ (y+z)(z+x)_ > — - (2)

cyc cyc

We have :
a+b cz.\/b+c+b2.\/c+a+b+c ccVJa+b+a’\Jc+a
b2c2 "’ a+b+2c cza?’ b+ c+ 2a
+c+a bz.\/a+b+a2.\/b+c_
a?b?’ c+a+2b B
~ a+b \/b+c+\/c+a N b+c Jc+a +va+b
" (b+c)+(c+a)’\ b2 c2 (c+a)+(a+b)'\ 2 a?
N c+a \/a+b \/b+c
(a+b)+(b+c)'\ a2
! ! y ! ! li li
=—B C —(C +A —A B
" ( )+z+x( ) + + B)
N v— _JeFa
x=a+by=b+cz=c+aA = P ,B' = p
Oppenheim xy via (1) and (2)
= 4F > Z
\/ y+2z)(z+x)
yc cyc

V3 va+b vb+c A—G 6[(a+b)(b+c)(c+a) Cesaro 6| 8abc
= V3. Z a? ~  b? = a‘b4ct = 3 atb4ct

cyc
=3 2 Vab 0,="iffa=Db = ED
=3 | 2be a,b,c>0"=" iffa=b=c(QED)
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1653. If a, b, c > 0 and a* + b* + ¢* = 3 then prove that:
1 N 1 N 1 -1
4—-a 4-b 4—-—c
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
We have:

1 Sa*+11 4 5o
< < 8—11a+4a*—a> >0

4—a 36 ,
o (1-2a+a*)(8+ 5a+2a? —a?) 2 0,
which is true for all a < 2. Therefore :
a4+b4+c4+3.11=1

1 4 1 4 1
4—a 4-b 4-c— 36

Equality holds iffa=b =c = 1.

1654. If a, b, ¢ > 0 and a? + b? + ¢* + 2abc = 1, then prove that :

1+1+1>2<a+b+C)
a2 b%2 2~ ab
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Moroco
—. The given condition becomes xy + yz + zx + 2xyz

Let -_bc _ca -_ab
X=G Y Tt
=1lor

1 1 1
1+x+1+y+1+Z=2,andweneedtoprovethatx+y+z22(xy+yz+zx)

By CBS inequality, we have :
__x Ly .z (x+y+2z)?
T 1+x 1+y 1+z  x(A+x)+yA1+y)+z(1+2)

1
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thenx+y+z > 2(xy+ yz+ zx). Equality holds iffa=b =c = %

1655. If a,b,c > 0 and a?® + b? + c? + 2abc = 1, then prove that :
(5 (2) + (&) s2(Be )
bc ca ab/ — b2

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

a’+b?+c?+2abc=1>a?+2bca+b?>+c2-1=0

—2bc + 2vVb2c2 — b2 —c2 + 1

Sa= > = —bc+ /(1 -b2)(1 - c?)
(+1—Db?% = c¢% + a? + 2abc > 0 and analogously,1 — c¢? > 0)

= —bc+/(1-b2)(1-c?) (v a>0)
= ~bet 3 9A-BA- O+ AT DA+ O

A-G 91-b)(1-c)+@1+b)(1+ 10—-8(b+c) +10b
= be+ ( )( 6)6 ( )( c>=—bc+ ( 66) c
5—4(b+c)+2bc

= 3a <5—4(b + c) + 2bc and analogs

2
33 as1s- gza+zzmuza<15+zzab<15+_<z)

cyc cyc cyc cyc cyc cyc

:>2t2—33t+4520<t=2a>:>(2t—3)(t—15)20:>t=ZaS

cyc cyc

2
<'.'a,b,c<1:>Za<3:>t?215>:.1252a—>(l)

cyc cyc

N| W

3

a3 b C 3via>(l) 2 6 ; 1 1 1
Now, (o) +() +(55) 2 smma| a2 )22(z+mt )

cyc

2 ?
= picz Z a’bh? | o z a z a® > |3abc a’b?
a ¢ cyc cyc cyc () cyc

() e )
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1

A-G 1
3 Za Zab z:azb2 > 5.9abc. z:azb2 = (%) is true
cyc

cyc cyc

S (D) ) 22 1)

Vab,c>0|a?+b%+c2+2abc=1"=" iffa=b= —(QED)
1656. Leta,b,c,d = 0, prove that:

2

3(a+b+c+d)?+18(abc + bed + cda + dab) > 11(a+ b + ¢ + d)(ab + bc + c¢d + da + ac + bd)

Proposed by Nguyen Van Hoa-Vietnam
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

WLOG, we assume thatd = min(a,b,c,d)

Letp:=a+b+c,q:=ab+ bc+ ca, r = abc. The desired inequality becomes
3(p + d)® + 18(r + qd) = 11(p + d)(q + pd)

By Schur’s inequality, we have 97 > 4pq — p3, so it suffices to prove that

p3 — 2p*d — 2pd? + 3d3 > q(3p — 7d)

2
Since g < Z and p > 3d, so it suffices to prove that

2 d
p —2p2d—2pd2+3d32%(3p—7d)or—(p 3d)2>0

which is true and the proof is complete
Equality holds iff (a = b = ¢ = d) and (a = b = ¢,d = 0) and its permutations

1657. Leta,b,c > 0,ab + bc + ca > 0and a + b + ¢ = 3.Prove that
a? b?

2
b2+cz+

c
a2 + b?

27
Tra 7=

3(a? + b% + ¢? + 2abc)

Proposed by Phan Ngoc Chau-Vietnam
48
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

By AM — GM inequlity, we have :

a? +2a2 b2+c2>33 a? aZ\/b2+c22 3a?
B+ T vz o+ 2v2

By CBS inequality, we have

b? + c? 1 1
< +\/ES\[( +§)(b2+c2+2bc)=b+c.

2 2
Then
a? 3a? b2 +c2 3a?

b2+c22 > —a? ’ > > > —a?(b + ¢ — Vbc) (and analogs)

Therefore
a? 27 3a? 3
2 2 2 _
sz—-l—cz-l_?ZZ(T-l_a bc—a (b+c))+z(a+b+c) =
cyc cyc
= 3(a® + b? +cz)+Za2\/E—(a+b+c)(ab+bc+ca)+3abc+3(ab+bc+ca) >
cyc
AM-GM

S 3(a?+ b? + ¢2) + 3abc + 3abc = 3(a® + b? + ¢* + 2abc).
Equality holds iffa=b =c = 1.
1658. Leta,b,c > 0,a+ b + c + abc = 4.Prove that:
(ab + bc + ca — 5)? > 3abc + 1
Proposed by Phan Ngoc Chau-Vietnam
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
Letp:=a+b+cq:=ab+ bc+ca,r :=abc. We have 4

AM—-GM 3
=p+r < p+ﬁ,then3SpS4
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Schur 3 3 2
+ 9r +9(4 — 4 — +4p -9
andg 2 P _p+oé-p _, G-p)@ Hap-9)
4p 4p 4p

The desired inequality can be rewrittenasq <5—-,/13 —3p =5 —x,

where x = /13 — 3p.
Suppose, for the sake of contradiction, that q > 5 — x.

By the fourth degree Schur’s inequality, we have
p* + 6pr > 5p*q — 4q* = f(q).
We have f'(q) = 5p? — 8q > 0, so f is strictly increasing, then

p*+6pr = f(q) > f(5—x) =5p*(5—x) —4(5 — x)?

13—x2

P="3 2\ 4 2 2\ 2
P 13 —x 13— x 13 —x
S ( 3 ) +2(13—x2)<4— 3 >>5< 3 >(5—x)—4(5—x)2

& —(x — 1)%(2 — x)(1033 + 400x — 137x% — 41x% + 4x* + x5) > 0,
which is not true because x = \/13——3p € [1,2].
Thenq <5 — \/m and the proof is done.
Equality holds iff (a = b =c =1 )and (a = b = 2,c = 0) and its permutations.
1659. Leta,b,c = 0,ab + bc + ca + abc = 4.Prove that :

1 1 1 21
<
2a+2b+c+2b+2c+a+2c+2a+b_10a+10b+10c+5

Proposed by Phan Ngoc Chau-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Letp:=a+b+cq:=ab+ bc+ca,r:=abc. Wehaveq +r =4,and

Z Z cyc(zp b) (Zp - C) 8p + q _
2b+2c‘+a 2p—a (Zp a)2p—-b)(2p —c) 4p3+2pq—r_

cyc
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2 _ ? ?7 3 2 _
- 8p*+4-—r o 21 @rgp 10p“ +32p -5
4p3+8p—-(2p+1r 10p+5

42p + 1) =ro (1)
By AM — GM inequality, we have

4=q+r=>3Yr2+r=r<1 & p>.3q=+/34-r) >3.
3 2 2
p?—10p%+32p-5 p-3)@P*-7p+3)
> : = >1>r.
If p > 7, we have 1Zp+ D) 1+ 22p+ D) >1>r

If 3 <p <7: Suppose that r > r,.
Using the following known identity, we have

0<(a—b)%(b—c)*(c—a)* =p?q* —4q® + 18pqr — 4p3r — 27r% =
=p*(4-1r)?—-44-7r)3+18p(4 —1r)r —4p3r —27r? =
= 16p? — 256 — (4p3 + 8p? — 72p — 192)r — (75 + 18p — p*)r? + 413 = f(1).

We have

f'(r)=-2(75+18p — p?) + 24r = -126 —24(1—1r) —2p(18—p) <0=>f' |

= () < f'(ry) = —4p3 —8p? + 72p + 192 — 2(75 + 18p — p*)ry + 121?

(p — 3)[(p — 3)(2343 + 802p + 423p? + 192p3 — 7p*) + 7560] 355
4(2p + 1)3 =

= f(r) < f(ry) = 16p* — 256 — (4p3 + 8p? — 72p — 192)ry — (75 + 18p — p*)1ry? + 413 =

3=<p<7
—(p—3)%(p — 4)%(69 + 43p + 137p? + 293p3 + 127p* — 3p°) < 0,

which contradicts f(r) = 0,so (1) is true, and the proof is complete.

1
Equality holds iff (a = b = ¢ = 1) and (a =b= 5/ €= 3) and its permutations.
1660. If x,y,z > 0,xyz = 1 then:

X

y z 3v2
+ + >
Jyi+z Vz22+x (Jx2+y 2

Proposed by Shirvan Tahirov-Azerbaijan
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Solution by Le Thu-Vietnam

3 27(xyz+ ) x?
~ Lemma (Zx) > (xy 2x7y) Vx,y,z=0

WLOG *
Proof :Lety>0 2= mid(x,y,z) then by Rearangement inequality:

xyz+Zx2y=xyz+x.xy+y.yz+z.zx£
<xyz+x.xy+y.xz+zyz=yx*+2xz+2z%)=
AM—GM x+z x+z)°
~ y+ + 4 x3
=ylx+2)? < 4-.( 2 2 ) = (2.2)

27 27
2 Holder

we have (Y =) 'S ED_5(2)
~ We have > ==
Jy?+z Xx(y?+2z) V2
32
o Z(Zx) 29(ny2+2xy). Using above lemma
3 4
it suffices to prove that : 2 (Z x) > 27 (Z xy—xyz)

2
By AM — GM , BnyS(Zx) since xyz=1

2

3 2 ?
we are thus left with: 2 (Z x) -9 (Z x) +2750
u=yx

S (u—3)2(2u+3) >0 which completes the proof
Equality holds iff x=y=z=1.

1661. If a,b,c > 0, then prove that :

ab?c? + 2b%c3 + b3c¢?

Z b+c ct+a
22/_| 22/
yeasc a+b a‘b a+b

Proposed by Zaza Mzhavanadze-Georgia

> 6Vabc

Solution by Soumava Chakraborty-Kolkata-India
VA,B,C >0,(A+B), (B +C),(C+A) form sides of a triangle

(~(A+B)+ (B +C) > (C+A) and analogs) = VA’ + B,VB + C,VC + A’
form sides of a A with area F (say) and 16F? =

2 Z(A' +B)(B +C)— Z(A’ +B)?

cyc cyc
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= ZZ E:A’B’+B’2 —ZZA’Z—ZZA’B’

cyc \ cyc cyc cyc

= 6ZA'B'+ZZA’2 —ZZA’Z—ZZA’B’:4F=2 ZA’B’—> (1)
cyc cyc

cyc cyc cyc

Now, v >0 v 13 z ©y” 33
A = y+2z)(z+x)~ 2 xy(y +2)(z+x) 34
2
x
Via Bergstrom, LHS of () > (Zeye 2y) =
chc (xY(chc xy + ZZ))

2

(chc xy)z ? 3 ?
2 ZZ ny 2 3xysz—>true
(chc .X'Y) + xyz chc X

cyc cyc

. xy RE
\/ (y+z)(z+x)—z_’(2)

ab?c? + 2b%c3 + b3¢? bc2a? + 2c%ad + c3a?
We have : > + =
/ +c c+a ’a+ ct+a
2 a’b2 2.2 2h2
a*c?, a+b+ b“. a+b b®c?. b+c+ab' b+c
N cb2a? + 2a%b3 + a®b
2 ’a+b 2’
b2c2. s 2¢
_ a+2c+b N b+ 2a+c c+2b+a
a* b+c+ cta b? a+b c? b+c
b2 a+b ' ¢c2'\Ja+b a2 b+tc b2" +c
a+b vV

7 (b+ctcta) l;);r (c+a+a+bh) “C+a(a+b+b+c)
vb+c +Jc+a

+ +
Jc+a Va+b va+b Vb+c
b2 + c2 c? + a? a? + b2

x y Z
=—— B +C)+——(C +A)+—— (A" +B
y+Z( ) z+x( ) x+y( )

va+b vb +c ve+a , ,
X=—pm Y=z I & ,AA=a+bB =b+cC=c+a
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Oppenheim xy via (1) and (2) V3
> 4F. = 2 2 A'B'.—
(y+2)(z+x) 2
cyc

cyc

= V3. \/Z(m b)(b+0) > 3. (@t b)Eb+Oicra? > 3.56talbic?

cyc

= 6.YabcV a,b,c > 0,"=" iffa=b = c (QED)
1662. If a,b,c > 0 and abc = 1, then prove that :

f”‘+f\f Ve[t varfe f\ﬂff
Eonl i W

Proposed by Zaza Mzhavanadze-Georgia

Solution by Soumava Chakraborty-Kolkata-India

VA,B,C >0,(A+B), (B +C),(C+A) form sides of a triangle
(~(A+B)+ (B +C)>(C+A)and analogs) > VA’ + B,VB + C,VC + A’
form sides of a A with area F (say) and
16F2 = 2 Z(A’ +B)(B +C)— Z(A’ + B)?

cyc cyc

:zz<zyg'+3e>_zzyz_ZZA»B»

cyc \ ¢yc cyc cyc

=6ZA'B'+ZZA'2—ZZA'Z—ZZA'B':>4F=2 ZA'B'—>(1)

cyc cyc cyc cyc cyc

N VXY Z>0 Z ;\/§ X*Y* ;3
—_— @ p—
ow, VA Y LY+ DZ+X) ” 2 XYY +Z)(Z+X) 5 4

cyc cyc O]
2 2
(Zeye XY) _ (Zeye XY)

Via Bergstrom, LHS of (x) >

Seye (XY (Deye XY +22))  (Seye XY)” + XYZE, X

2
2 3 V3
27 <ZXY> >3XYZZX—>true JZ(Y+Z)(Z+X)_ > - (2)

cyc cyc
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We have : \/_3a \/_I ff+ff \/—3c+\/—f
\F\f V_\f Va. g+ i/_\f \/_fhrsa
=Y15(§) +z15(y) +z (%) +x15(£) +x15(§) +y5(y)10

Z

S T T e
(x—3‘V_y—3(V_z—3%)
x16y15 4 x6525 Y1615 | y6,25 ;16415 | 5625

Z16y10 + x10y16 " 16710 | 410,16

B 16y15 6 25 N y16z15 + y6 25 N z16x15 + Z63,25

" 25 +yS Gy | @™ + 20D | yo(ay) 0 + x0(za) 10
xyz_=1 x16y15 6 25 y16z15 +y6x25 z16x15 + Z6 25

y16x10 710516

y
10 T 710 y10 T 310 210 T yT0
x° 5 5 A
W( x10y25 | y1072 ) Y (y10 25+z10x25) T(z10 25+x10y25)
= y6 26 +2 76  x6 ¥y
10 T 310 0 T 510 10+ Z10
Z x x y y Z
Y Z
=Y—+Z(B’+C’)+—(C’+A’)+—(A’+B’)
6 6 Oppenheim
_* _y _Z ' 10,25 p’/ _ ,10,25 ¢/ _ 10,25 pp
(X—W,Y—ZT,Z—W,A—Z x“°,B =x y ,C Yy 'z =

cyc cyc

XY via (1) and (2) \/§
4F. Z > 2 ZA’B’__: 3. Z 10425 510y25
j Y+ Z)(Z+X) > \/_\/ (z10x25. x10y25)
cyc

1 =1
RIS szs 15°5° 3 ey, (xy2) s = 3

W ol el
ff+ff r“%wf VI+[5“

Vabc>0|abc-1”—” iffa=b=c=1(QED)
1663. Let a, b, c = 0, a® + b? + c? = 3. Prove that:
a’> b*> c?

—+—+—+abc=>4
b c a

Proposed by Nguyen Van Hoa-Vietnam
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

WLOG, we assume that b is between a and c. By AM — GM inequality, we have

a*> b* c?
—+—+—+abc
b ¢ a
a® b? c?
= <7 + azb) + (7 + b2c> + <;+ c2a> + abc — (a®b + b*c + c*a) =

> 2a? + 2b? + 2¢? + abc — (a?b + b*c + c?a) = 6 + c(a— b)(b —c¢) — b(a? + ¢?) >
>6—-b(3-b*)=4+(b+2)(b—1)% =>4,
as desired. Equality holds iffa=b =c = 1.

1664.
Fora,b,c € Rsuchthatab + bc+ ca > 0,a + b + ¢ = 3. Prove that:

(2a+b—-3c)2b+c—3a)(2c+a—3b) <42V21
Proposed by Nguyen Minh Tho-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Since ab + bc + ca > 0,then we have 18 = 2(a + b + ¢)?
> (a—b)?2+ (b—c)?+ (c — a)?
so it suffices to prove that:
(2a+b—-3c)(2b+c—3a)(2c+a—3b)
3

Sz\j7 (a—b)2+ (b—c)?+ (c—a)?

: 3 (1)

WLOG, we assume that ¢ = min{a,b,c}.Letx:=a—-c=>0,y:=b—c = 0.

The inequality (1) becomes:
3

x2 —xy + y?
2x+y)2y —3x)(x—3y) < 2\/7 . #
The inequality is true for y = 0. Now, we assume thaty > 0,

X
lett := ; the inequality becomes
3

(2t +1)(2 —38)(t—3) < 2 /7t2_Tt“ 2)

This inequality is true if LHS ;) < 0. We assume now that LHS ;) = 0.
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After squaring, the inequality is equivalent to
(t+4)2(5t—1)2(4t—-5)? >0,
which is true and the proof is complete. Equality holds iff

221 V21 3v21 3v21 2v21 V21
(a,b,c)e{<1+ >,<1— 1 1 )

7 1t 7 1ttt

(1 N V21 3v21 2\/2_1>}

71—t
1665. Let a,b,c = 0,ab + bc + ca > 0, then prove that :

\/b+c_|_\/c+a_|_\/a+b>3 a+b+c
a++vVbc b++ca c++ab ., 2(ab+ bc+ ca)

Proposed by Phan Ngoc Chau-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

By Holder's inequality, we have

2
<Za+\/_> Z(””)Z(H@ >8(a+b+c)d,

SO 1t suffices to prove that
2
9Z(b +¢)%(a++Vbc) <16(a+ b+ c)*(ab + bc + ca).

cyc

By AM — GM inequality, we have
2
182(b +¢)%(a++Vbc) = 9Z(b + ¢)%(2a® + 2bc + 4aVbc)

cyc cyc
4bc
< 9Z(b+ c)? [Za2 + 2bc + a<b+ C+F)]

cyc

= 9Z(b +¢)[2(a? + bc)(b + ¢) + a(b? + ¢ + 6bc)] =

cyc

) 2

=z7za3(b+c)+722b2c2+162abc2a232 Za Zbc
cyc

cyc cyc cyc cyc

& SZ:bzc2 +2acha < 52a3(b+c) & Sz:bc(b—c)2 +Za2(b—c)2 >0,

cyc cyc cyc cyc cyc
which is true and the proof is complete. Equality holdsif a = b = c.
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1666. Leta,b,c = 0,ab + bc + ca > 0.Prove that:

a(b + ¢) b(c + a) c(a +b) _ a? + b? + c?
ab + ac +4bc bc+ ba+4ca ca+cb+ 4ab  ab + bc + ca

Proposed by Phan Ngoc Chau-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

(ab + bc + ca) Z a(b+¢) Z <a(b +c) — 3abe(b + ¢) > <

ab+ac+4bc= ab + ac + 4bc

cyc cyc

AMZGM b+c
< —_ =
< 2(ab+ bc + ca) — 3abc ab T act (b 1 o7

cyc

9abc ST
=2(ab+bc+ca)—m < a2+b2+c2

which completes the proof.
Equality holds iffa=b =c =1 &a = b,c = 0 and permutations.
1667. Leta,b,c > 0,a+ b + ¢ = 4. Prove that:

a b c 2
-+ + < -
a+4b+2 b+4c+2 c+4a+2 3

(%)
Proposed by Phan Ngoc Chau-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

3a 3b 3c a 3(b+c
) o N ( )

<
a+4b+2+b+40+2+c+4a+2_2 6—a 6—a

( 1 3 >+3b( 1 1 )+3 ( 1 1 )>0
@ p— J— —
N6—a at+tab+2 6—a brac+2) °\6-a c+2a+2/"

4ac 9bc 3c(4a — b)

_ >0
S 6-aat+ab+2)  6-—a)bt4ct+2) (b-a)ctdat2) "
4 3 >+3b ( 1 >0
@ — —
Ca(c+4a+2 a+4b+2 “\b+4ac+2 c+4a+2)_
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52abc 52abc

>
@(c+4-a+2)(a+4-b+2)+(b+4c+2)(c+4a+2)_

0,
which is true and the proof is complete.
Equality holds if a = b = 2,¢c = 0 and its permutations.
3
1668.If a,b,c > 0,a+b+c=3and A > g,then :

Z a3 - 3
az+2ib  A+1

cyc

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

2
Z a3 _ z at Bergs>trom (chc az) atbrc=3
a?+Ab Ziad+iab T Ycad+2AY%g.ab

cyc cyc

(chc az)z _ 9(chc az)z
(Zeye aS;(chc a) , AT abg (Ceye @)’ 3(Beye @3)(Beye @) + A(Zeye ab) (Teye a)”

g (e =)
|
() (3] Bl
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()5 o)) -z

3
ZOand-.-)ng.'- LHS of (1) >

() (o)) o) =)
“of )z (e +o{2) ()

Assigningb+c=x,c+a=y,a+b=z=>x+y—-z2=2c>0,y+z—x=2a

—

>0andz+x—-y=2b>0=>x+y>zy+z>xz+x>y=>xyZform

sides of a triangle with semiperimeter, circumradius and inradius

=s,R r (say);
soZZaszzZs:>Za=s—>(1):>a=s—x,b=s—y,c=s—zand
cyc cyc cyc

such substitutions = Z ab = Z(s —x)(s—-y)=> Z ab = 4Rr +r? - (2) and

cyc cyc cyc

2
ia (1) and (2)
Zaz = <Za> —ZZab e s? —2(4Rr +r?)

cyc cyc cyc

N z a? = s2 — 8Rr — 2r2 - (3)and finally,z a® =

cyc cyc

3
<z a) —3(a+b)(b+c)(c+a) vieh s3 —12Rrs =

cyc

Z a3 = s(s? — 12Rr) - (4) - via (1),(2), (3) and (4), (x+) <

cyc

?
8(s? — 8Rr — 2r?)? > (4Rr + r?)s? + 5s2(s? — 12Rr)
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& 3s* — (72Rr + 33r?)s? + 32r?(4R + r)?

?
> (0and 3(s? — 16Rr + 5r?)?
(***)
Gerretsen
=

0 - in order to prove (xxx), it suffices to prove :

LHS of (+x*) > 3(s2 — 16Rr + 5r2)?2
& (24R — 63r)s?

{v -

r(256R% — 736Rr + 43r?)
(****)

Gerretsen
24R — 63r > 0 and then : LHS of (x+xx) >
(24R — 63r)(16Rr — 5r2) > r(256R% — 736Rr + 43r?2)

& 8r2(16R? — 49Rr + 34r2) > 0 © 8r2(R— 2r)(16R—17r) = 0
Euler
— true * R > 2r = (#*xx) is true
Gerretsen
24R — 63r < 0 and then : LHS of (xx**)

=
(24R — 63r)(4R? + 4Rr + 3r%) > r(256R? — 736Rr + 43r2)

? R ?
& 2413 - 103t2 +139t—-58 >0 (t = ;) e (t-2)((t-2)(24t—-7)+15) >0
Euler
— true ~ t = 2 = (**xx) is true and combining both cases, (x*xx) =

a3

3

(¥+x) is true V triangles p . = (¥*) = () is true - Z Z b > 111

cyc
3
Va,b,c>0|a+b+c=3 ANA>

=//="iffa=b
1669.

= ¢ =1 (QED)
If a,b,c > 0,then prove that :

cyc

3/c3 +ad 3|b3 + ¢3
z (b3 + ¢3)3. f—as 53t (c? +a3)3. /—ag +b? _ 12. ¢/48. a3b3c3

Vb3 + 3 + Vc3 + a3

~ Vab+ b6 + cb

Proposed by Zaza Mzhavanadze-Georgia
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Solution by Soumava Chakraborty-Kolkata-India
VA,B,C >0,(A+B), (B +C),(C+A’) form sides of a triangle
(+(A’+B)+ (B +C) > (C +A’) and analogs) = VA’ + B,VB' + C,VC + A’
form sides of a A with area F (say) and 16F? =

2 Z(A’ +B)(B +C) — Z(A’ +B)?

cyc cyc
=ZZ Z:A’B’+B’2 —ZZA’Z—ZZA’B’
cyc \ cyc cyc cyc
= 6ZA’B’ + ZZA’Z — ZZA'2 - ZZA’B’ = 4F = 2 ZA’B‘ - (1)
cyc cyc cyc cyc cyc

Now,VX,Y,Z > 0 Z XY 2¥3 X" 13
JRE— @ —_—
ow, vA& X, LY+ DZ+X) T 2 XYY +Z)(Z+X) = 4

cyc cyc ()

2 2
(Zeye XY) (Zeye XY)

Via Bergstrom, LHS of (x) > = 5
Teye (XY (Zeye XY +22))  (LeyeXY)” +XVZ T X

2

;3 EXY ;BXYZEX t E > 3 2
4 - rue Y+Z)(Z+X) ™~ 2
cyc

cyc cyc

3, 33 32 +ad 3 333 3[b3 +¢3
w ‘(b +c).’a3+b3+(c +a)'/a3+b3
e have : 3 3 +
Vb3 + 3+ V3 +ad
3/c3 +ad 3la3 + b3
(a3 + b3)3. fb3+c3+(c3+a3)3. ’b3+c3
Va3 +b3 + VY3 + a3
3 333 3|b3 +¢3 3, .33 /a3 +b3
(a® +b°)°. /c3+a3+(b + ¢®)°. /c3+a3
Va3 +b3 + Vb3 + 3
x
9(Z 9(Y 9(2) 1 29(% 9(Y 9 (X
:y (x)+z (x)+x (Y) i (Y)_l_x (z)+y (z)
y+z Z+x x+y

=Y+ y=3p¥+3z=Y3+a3
P ) AR @)

1
+ =+
y

+

=

+

* 5

N——

R
N R N
R <

+

N =
<= N
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1
_%.(ys +z8) y-(za + x®) %.(xs +y?®)

Y Z
— BI ! ! AI AI BI
Y+ ( +C)+Z+X(C+ )+X+Y( +B)
1 1 1 Oppenheim
<X=—,Y=—,Z=—,A’=x8,B’=y8,C’=z8) >
X y Z

XY via (1) and (2) \/'?j
4F. Z > 2 z A'B' . —
Y+Z2)(Z+X) 2

cyc cyc

M-GM 16 Cesaro

8 8A 6 16 16 16
=+/3. Z(a3 +b3)3(b3+c¢3)3 > 3. ((@+b3)3Mb3+c3)3(c3+a3)3 >

cyc

J 16 2 12.Y/48.a%b3c? ?
3. (8a®b3c3)3 > — & 219(gbc)16 z a® | > 212,24 3(abc)18
Va® + bé + cb

cyc

?
= Z a® > 3a?b?c? - true via AM — GM ..
cyc
3’c3+a3 3’b3+c3
(b3+C3)3. m+(c3+a3)3. a3+b3
Vb3 +c3+ V3 +ad
3 333/‘33‘|“13 3 333/‘13‘|‘b3
(a® + b3)3. b3+c3+(c + a’)3. b3+ 3
Va3 +b% + V3 + a8

3/b3 + ¢3 3/a3 + b3
(a® + b3)3. 3+ a3 + (b® + ¢3)3. 1’ 3B+ ad - 12.%/48. a3b3¢3

Va3 + b3 + Vb3 + 3 ~ Ya®+bb + ¢t
" =" iffa =b = c (QED)

+

+

Yab,c>0,

1670.If a,b,c > 0,a+ b+ c = 3,1 = 0then:
ab 3

<
z\/u +1)a?—2Adab+ (A+1)b2 VA +2
Proposed by Marin Chirciu-Romania

Solution by Tapas Das-India
AM—-GM
A+1)a?—-2Aab+ A+ 1)b*? > 2(A+1)ab— Aab = (A+2)ab (1)

Z\/EC? \/S(ab+bc+ca) < \/3(a+b+c)2

=a+b+c=3(2)

3
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ab (1)

z Z 1 Z\/_b(i) 3
an =
J@+1)a? - dab + (A + 1)b? \/ab(l T2) VA+2 VAi+2
Equality holds for a=b=c=1.

9
42x+2—224
1+x

Proposed by Marin Chirciu-Romania

1671.1f x,y,z > 0 then:

Solution by Tapas Das-India

4Zx+zl+ —4Z(x+ 1)+Z——12>

> 42( +1)+9(1+ + 12AM>GM
x —~ >
2(x+1)
> 2 Z( +1).9 (3)° —-12=2-18-12 =24
T(x+1)
1
Equality holds forx =y =2z = X

1672. If a,b,c > 0,ab + bc + ca + 2abc = 1,then :

D2

cyc cyc
Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

We shall first prove the following : Z

2n+ 1 bhcn
cyc cyc

Va,b,c>0|ab+bc+ca+2abc=1andnEN
Wehave:Z((1+b)(1+c)) =214+a)(1+b)(1+c¢) :>Z

1+a
cyc cyc

z 2( 1 1 1) Zx+1—1 9
= = — = — =—| = - =
. a'y b'z C x+1

cyc 1 + v cyc

Bergstrom 9
=3— 2_1_2 > 2= ) x26 d
1+x YeycX +3 x ~ (m)an

cyc cyc

cyc cyc cyc cyc

=2
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n = 0 and then : (x) is equivalent to : Z x > 6, which is true via (m)

cyc
= (%) is true

Chebyshev 1 via (m)
[Case 2]n € N* and thenzz:x211+1 z 3 Zx szn >

cyc cyc cyc

Z:(x“)2 > 2 Z y"z" = (%) is true and hence, combining both cases,

cyc cyc

1
(*)istrue‘v’x,y,z>0| Zmz landne N, =" iffx=y=z=2

cyc

1 1
.-.Zmzzzbncn Va,b,c>0|ab+bc+ca+2abc=1andnEN,

cyc cyc

1
=" iffa=b=c =3 and putting n = 2, we get :

1 1
Z—SZZZ Va,b,c>0|ab+bc+ca+2abc=1,
a b?c?

cyc cyc
"=" iffa=b=c== (QED)
1673. If a,b,c > 0,ab + bc + ca + 2abc = 1 and n € N then :

1 1
Z a2n+1 =2 b ch

cyc cyc

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

Wehave: ) (1+b)(1+0) =20+ QA +D)A+0) = )

=2
1+a
cyc cyc
z ( 1 1 1) Zx +1-1 2
= X=—y=—,Z2=—]> _ =
i1 _|__ a b C T x+1
Bergstrom
—:Zx>6—>(m)and
Yeyex +3
cyc cyc
Z a2n+1 > Zx2n+1 > Zzynzn N (*)
cyc cyc cyc cyc
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n = 0 and then : (%) is equivalent to : Z x > 6, which is true via (m)

cyc

= (%) is true

Chebyshev 1 via (m)
[Case 2|n € N* and then : szn“ 2 3 Zx sz" >

cyc cyc cyc

2 (Z (x“)2> >2 Z y"z" = (x) is true and hence, combining both cases,

cyc cyc

1
(*)istrue‘v’x,y,z>0| zm=1andneN,”=” iffx=y=z=2

cyc

1 1
.-.zmzzzbncn Va,b,c>0|ab+bc+ca+2abc:landneN,

o o
"= iffa=b=c =% (QED)
1674. If x,y,z > 0,x3 + y3 + 23 + 3xyz = 6 and A > 0, then :
(xy +yz +zx)3 + Axyz < 27 + A
Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

6=Zx3+3xyz

cyc

A-G
> 6xyz=>1—xyz=>0and ~A>0.A(1—xyz) >0

3 2 3
27
= it suffices to prove : 27 > ny s 36 Z x3+3xyz | = ny
cyc cyc cyc
2 3
()
'.'6=Zx3+3xyz 3 Zx3+3xyz >4 ny
cyc cyc cyc

Assigningy+z=a,z+x=b,x+y=c>a+b—-c=22>0,b+c—a=2x
>0andc+a—-b=2y>0=a+b>cb+c>ac+a>b = ab,cform
sides of a triangle with semiperimeter, circumradius and inradius

=s,R,r (say)
*)
yieldingZszZazZs::»zx(:s:>x=s—a,y=s—b,z=s—c
cyc cyc cyc
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o XYZ i r’s and,ny = Z(s —a)(s—b)=4Rr+r? = ny N 4Rr + r?

cyc cyc cyc
3
via ()
and also,Zx3 = (Z x) —3(x+y)y+2z)(z+x) = s3-3.4Rrs
cyc

cyc
= Zx3 ) s3 — 12Rrs

cyc

Via (¢s),(es¢) and (¢se¢), (*) becomes : 3(s3 — 12Rrs + 3r?s)? > 4(4Rr + r?)3
(**)
< 3s2(s2 —12Rr +3r?)?| > [4r3(4R +r1)3

Gerretsen

Euler
Now,s?2 > 12Rr+3r2+4r(R—2r) > 3r(4R+r) and so,in order

to prove (xx), it suffices to prove : 9(s? — 12Rr + 3r%)? > 4r?(4R + r)?
< 3(s?2 —12Rr + 3r?) > 2r(4R +r) © 3s? > 44Rr — 7r? - true
Gerretsen Euler

+3s2 >  44Rr—-7r’+4r(R—2r) > 44Rr — 7r? = (x+) = () is true
a(xy+yz+2zx)3 +Axyz <27 +AVxy,z> 0|23 +y3 +23 + 3xyz = 6 and
A>0"=" iffx=y=z=1(QED)

1675. If a,b,c > 0,a+ b +c = 3and)\2%,then:

lZa*?’ ZZaz +3(A—-1)
cyc cyc

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

3
1Y > Yt r30-1 z%(z) .

cyc cyc cyc

(2)(27) (2 (3

r(oZ (3] Joo(3e) (3B oo

cyc cyc cyc cyc cyc

it suffices to prove :9 Y a - (Z () =6 (Z ) (Z > - (Z )

cyc cyc cyc cyc cyc
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<=)4-Za +6abc>3 a2b+3§:ab2
cyc cyc cyc
Schur
Now,4-z a3 +12abc > 4 ) a’*b + 42 ab? and
cyc ©) cyc cyc

A—G
Z a’b + Z ab®> > 6abc and via D + ), (*) is true

cyc cyc @
1
-'-AZa322a2+3()t—1)‘v’a,b,c>0|a+b+c=3andl22,

cyc cyc

"="iffa=b=c=1(QED)

1676. If x,y,z > 0, x +y+z = 1and12£,then:

A
Zl_z+)\xyz_i+ﬁ

cyc

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

1 A xtytz=1 1 x2 1 - A Axyz

& E _—— =

< : = 3
2 27 Dicye X o x+y 27 27 (chc x)

S (chc x). l_}cyc(x n (; x2> (Z xy> + z x%y? | — %

cyc cyc

3
< 2 Z 27
<—3. x| —27xyz
27(chcx) cyc
3
A O]
e —0s. Zx —27xyz || =
27(Zeyex)

cyc

ﬁ(%g )(zxy>+zzxyz_<zx>ﬂ<x+y>>

1—1z

cyc

cyc cyc cyc cyc
Assigningy+z=a,z+x=b,x+y=c=>a+b-c=2z>0,

b+c—a=2x>0andc+a—-b=2y>0=>a+b>cb+c>a,

c+a>b= a,b,cformsides of a triangle with semiperimeter,
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circumradius and inradius = s, R, r (say) yielding 2 z x = z a=2s

cyc cyc
O] (e*)
:Zx =s>x=s—ay=s—bz=s—c-xyz = r’sand,
cyc
(...)
ny= Z(s— a)(s —b) = 4Rr + r? :»ny =" 4Rr + r? and,
cyc cyc cyc
2

i (.) d(...)
Zx2= Zx —Znyvm = s? — (4Rr +r?)

cyc cyc cyc

:::)

2
= Z x2 2 52 _gRr — 212 and,z xty? = z xy) - 2xyzz x
cyc

cyc cyc
via (c)’(cc) and (ooo

cyc

cyc
A= > - in order to prove (x), it suffices to prove :
s3 —27r%s - 2(4Rr +r?)(s? — 8Rr — 2r?) + 2r?((4R +r)? — 2s?) — 4Rrs?

2s? - 8Rrs
(via (o), (s¢),(s¢), (ss%¢), (ss000)) & s% + 16R% — 46Rr + r? > 0 > true

Gerretsen
~s2+16R? —46Rr+r? >

Euler
16R? — 30Rr — 4r2 =2(8R+r)(R—2r) > 0

(istrue : Y v hyz < 24 2

= (= - —

1S true 1—2z yz_z 27
cyc

27
Vx,y,z>0|x+y+z=1and)»2—,"

1
" iffx=y=z=§(QED)

1677. If a, b, c > 0 and a® + b? + ¢?* = 12, then prove that:

(a® +4a+8)(b® +4b +8)(c® + 4c + 8) < 243

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

a’+8)?2%—(a—2)*(a*—-2a+4 a? + 8)2
Wehavea3+4a+8=( )= ( 6)( )S( 5 ), Ya
> 0,then

(a®+4a+8)(b®+4b+8)(c® +4c+8) < %[(al2 + 8)(b? + 8)(c? + 8)]?
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2
<a2+8+b2+8+cz+8>3

AM-GM 4
=243

= &

3

Equality holds iffa=b = ¢ = 2.

1678.If a,b,c > 0,ab + bc + ca + 2abc = 1 then:
1 1 1>2(1 1 1)

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

z
Let a = ,b = 4 ,C = then ab + bc + ca + 2abc =1
y+z zZ+x X+y
2

1 N 1 +1 _<1>3+(1>3+(1>3 Cheiycv1(1+1+1) (1)2+(1) +<1)2 -
a3 b3 3 \a b c = 3\a b c/\\a b c) |~
>1(1+1+1)(1+1+1)

~“3\a b c/\ab bc ca
We need to show:
1 1 1 1 1 1
>2( +—+—)
1(1+1+1>(1+1+1)>2(1+1+1)
or3 a b c/\ab bc ca/ ab bc ca
1/1 1 1 1 1 1 y+z z+x x+Yy
or—(—+—+—>220r(—+—+—)260r + +
3\a b a b c X y
+z z4+x x+ Z Z X X AM-GM
Y + y=<y+ +—+—+—+X) >

since, + — =
X y z X Xy Yy z zZ
1

Z Z X X 6
6(X 2 —.—.—)6=6

> 6true

1
Equality holds forx=y=zora=b=c =3

1679.1f a,b,c > 0,ab + bc + ca + 2abc = 1 then:

1 1 1
—+—+—-—=>4(a+b+c)

a b c
Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India
X y z

ab + bc + ca + 2abc = 1.Leta = ,b = ,C =
y+z Z+x x+y
We need to show:
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+z z+x x+
E+b+c>4(a+b+c)ory + 4

X y z
+ 24( + + )
X y z y+z z+x x+Yy
X z AM-HM 1/x x 1
4( +2 4 ) < 4(—(—+—)+ (y Y
y+z z+x x+Yy z

HE+ DY +3E4D)

ytz z+x x+Yy

x Yy
x * y * z
Equalityholdsforx=y—zora=b=c=%.
1680. If a, b, c > 0 and a? + b? + c? + abc = 4, then prove that
1 1 1 a b C
Gttt a2t

ca  ab
Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-KoIkata India
1 1

S
—t—+—=>—+ o > abc
b2 c2 “bc  ca ab
cyc cyc
21b2+c%+abc =4
PN 2(b? + c¢?) + b?c? > abc(4 — abc)
a?+b%2+c2+abc =4
IEN

2(4 — a® — abc) + b%c? > 4abc — a?b?c?

()
& (1 + a®)b%c? — (a® + 4a)bc + 4a* — a* ! 0
Now, LHS of (*) is a quadratic polynomial in bc with discriminant, § =
4
(a® + 4a)?> —4(1 + a?)(4a? — a*) = a*(5a®> —4) and if a®? < -, () is

trivially true and so, we now focus on the scenario when : a* >

5

(:) a® +4a —a*.V5a% -4
= 2(1 + a?)

A-G ?
Now,4—a?=b%2+c2+abc > bc(2+a)=>bc<2-a<
a® +4a—a*.V5a2 -4

2(1+ a?)

and in order to prove (*), it suffices to prove : bc

o 3a® —4a% +6a—-4

?
=
“
*

5a%2 — 4
(xx%)

We have : 3a% — 4a? + 6a — 4 = — (9a_4)3+342<
e nave : sa a a —81 3 513
71
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'.'a>—>—>— . (xx%) © (3a® — 4a? + 6a — 4)2>a4(5a —4)

& ab — 6a® + 14a* —18a® +17a> —12a+4 >0

e (a-1)%*(a-2)*(a*+1) é 0 > true - (xxx) = (¥x) = (%) is true

1 1 1 a b
- >—+—+—Vabc>0|a +b?+c%?+abc=4

T2t e ab
=" iffa=b=c=1(QED)
1681. If a,b,c > 0 and a? + b? + c? + abc = 4, then prove that :

(2“+2b+2c+1)2>16(1 b )t
bc ab - b2

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

41 — N
bc+ca+ab+ +b2+

B TS R e e ]

cyc cyc cyc cyc

2 2
@16+<Za2> +82a22162a2b2+16+<2a2> —82:12

cyc cyc cyc cyc cyc

2a 2b 2c z 1 1 1 a?+b2+c2+abe = 4
( ) 216(G )1

a?+b%+c2+abc =4
& a? +b? + c? > a?(b? + ¢?) + b?c? PEN

a’-b%’c?+(1-a*)(4—a*—abc) >0
(*)
sat+1- az)(4 az)lbzc2 + a(1 — a?®)bc
Now, 4 — a? = b? + c? +abc > bc(2+a):>bc<2—a:>LHSOf(*)<
2-a)?+a(1-a*>)(2-a) < a’ +(1-a>)4—-a?) © 2a(a’? -2a+1) > 0

& 2a(a — 1)220—>true (%) is true =

2a 2b 2c 2 1 1 1

(E+E+E+1> 216( tprte )+1
Vab,c>0|a?+b?+c?+abc=4"=" iffa=b=c=1(QED)
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1682. If a,b,c > 0anda+b +c =i+%+% then prove that :

2
_|_
a+b+c abc
Proposed by Nguyen Hung Cuong-Vietnam

a+b+c>

Solution by Soumava Chakraborty-Kolkata-India

3 2 (chc a) (chc ab)
4 =
a+b+c abc abc o a

3 N 2 achcyca<“1_ chcab>
Y@ abc’ Yeab \

~abcYyca
2
Q
& Za Zab 3achab+2abc Za

cyc cyc cyc cyc

at+b+c>

2

Assigningb+c=x,c+a=y,a+b=z=2x+y—-z2=2c>0,y+z—x=2a
>0andz+x—-y=2b>0=>x+y>zy+z>x,z2+x>y=>xYyzformsides
of a triangle with semiperimeter, circumradius and inradius = s,R, r (say);

soZZa=2x=25:>Za=s—>(1):>a=s—x,b=s—y,c=s—z

cyc cyc cyc

~ abc = r?s - (2)and such substitutions = Z ab = Z(S —x)(s—y)

cyc cyc
= Z ab = 4Rr +r? - (3) and via (1), (2) and (3), () &
cyc

s(4Rr + r2)2 > 3r2s(4Rr + r?) + 2r?s® o s? < 8R? — 2Rr — r? - true

Gerretsen Euler
'S < 4R?+4Rr+3r2=8R%2—-2Rr-r?-2(R-2r)(2R+r) <
2
8RZ—2Rr—-r?= (¥)istrue~a+b+c> +
a+b+c abc
1 1 1 ]
Vab,c>0 a+b+c=a+5+z,”=” iffa=b=c=1(QED)
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1683.If a,b,c > 0anda+ b+ c = i+%+% then prove that :

1 N 1 N 1 _
a’?+2 b%2+2 c2+2°
Proposed by Nguyen Hung Cuong-Vietnam

1

Solution by Soumava Chakraborty-Kolkata-India

1 1 1
< 2 2
a2+2+b2+2+c2+2_1<=2((b +2)(c +2))
cyc
< (a% +2)(b? + 2)(c? + 2) & a?b?c? + ZaZb2 >4
cyc
2
o Zoycab .a2b2c2+2a2b2 24<abczcyca> <?1_ Yeycab )

abc Yy a £ Yeycab ~abcYyca

2
()
& achab+ Za Z:azb2 Zab 4a2b2c2 Za

cyc cyc cyc cyc cyc

3

Assigningb+c=x,c+a=y,a+b=z=2>x+y—-z2=2c>0,y+z—x=2a
>0andz+x—-y=2b>0=>x+y>zy+z>xz2+x>y=
x,y,z form sides of a triangle with semiperimeter, circumradius and
inradius = s,R, r (say);

soZZaszzZs:>Za=s—>(1):>a=s—x,b=s—y,c=s—z

cyc cyc cyc
.. abc = r?s - (2)and such substitutions = Z ab = Z(s —x)(s—y)
cyc cyc
2
:Zab =4Rr +r? - (3) and Z:azb2 = Zab — 2abc Za
cyc cyc cyc cyc

ia (1),(2) and (3)
TOPZTN 4Rr +19)? - 2r2s.s o Z a’b? = r?>((4R +1)? — 2s?) > (4)

cyc
and via (1),(2),(3) and (4), () &

2
(rzs(4Rr +1%) +sr?((4R+r1)? — Zsz)) ((4Rr + rz)) > 4r*s®
€]
< ((AR+1)2 —2s2)(4R+1r)2 +r(4R+T1)3| > |4s*
Now, via Doucet (or Trucht) and via Gerretsen, LHS of (xx) — RHS of (x*) >
s2(16R? + 8Rr + r?) + r(4R +r)? — 4s2(4R? + 4Rr + 3r?)

Gerretsen

=r(4R+r)3 —s?(8Rr + 11r?) >
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r(4R +r)® — (4R? + 4Rr + 3r?)(8Rr + 11r?) = 4r(R — 2r)(8R? + 9Rr + 4r?)

Euler . 1 1 1
> 0=>(**)=>(*)lstru:-'-cllz+12+b2+2+c2+2S1
Va,b,c>0|a+b+c=E+B+E,”=” iffa =b =c=1(QED)

1684.1f x,y > 0,x + y = 8 then:
x/§+\/§>1
8+ /xy 3

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Tapas Das-India
AM-GM
x+y=8or,2/xy < 8or, Jxy<4(1)

We need to show:

\/E+\/§>1

—8+\/x_y_§or3(\/§+\/;)28+\/x_yor’
Squaring
9(x+y+2/xy) = 64+xy+16\/xy
x+y=8

or72+ 18 /xy > 64 +xy+16,/xy

xy—2/xy-8<0or(Jxy—4)(Jxy+2)<0
True as \/xy < 4 (from (1))
Equality holds for x=y=4.

1685. If a,b,c > 0 and ab + bc + ca + 2abc = 1, then prove that :
a+b+c=>2(ab + bc + ca)
Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

ab+bc+ca+2abc=1=>a(b+c+2bc)=1—-bc=>b+c
1—bc

—2bcand so,a+b + ¢ = 2(ab + bc + ca) becomes :

1—bc
a-+ p — 2bc = 2(1 — 2abc) '.'Zabzl—Zabc

cyc

)
& a? +1—bc - 2abc > 2a — 4a’bc (1+4bc)a2—2(1+bc)a+1—bc0
Now, LHS of () is a quadratic polynomial in a with discriminant, § =
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4(1+ bc)? — 4(1 + 4bc)(1 — bc) = 4(5b?c? — bc) and if be < 5

(%) is trivially true and so, we now focus on the scenario when : bc > S
(311 4+ bc — V5b%¢c2 — bc

<
1 + 4bc

and in order to prove (*), it suffices to prove : a
A-G
Now,1—bc = a(b + ¢) + 2abc > 2a.vbc + 2abc = 2a.Vbc(1 + Vbc)

:’(1+\/l;)(1—\/ﬁ)22a.ﬁ(1+\/ﬁ):1—m22a.\/_
1-m ? 1+ m?—-+v5m*— m?

- —\/bcél+bc— 5b%¢2 — bc —m?
= (=4
= be - 1 + 4bc 2m - 1+ 4m?
?
(m = \/bc) o 6m? —4m? +3m-—1 > 2m.+/5m* — m?2
(***)

Wehave'6m3—4m2+3m_1_i 2(9m—_2)3+171(m—227) S0
| 81 3 513
b >1 S 1 227 2 o (o)
= —— L (xxx) ©
‘ ">V s
(6m3—4m2+3m—1)224m2(5m4_m2)

& 16m° — 48m°® + 56m* —36m3® +17m? —6m+1=>0
?
& (m-1)22m-1)?2(4m? + 1) > 0 - true . (***) = (*x) = () is true
a+b+c>2(ab+bc+ca)Vab,c> 0|ab+bc+ca+2abc- 1

1
"= iffa=b=c=§(QED)

1686. Leta,b,c = 0,ab + bc + ca > 0.Prove that

15a2+b2+c2+ ab N bc N ca -
2 (a+b+c¢)? a?2+b%? b2 +c%2 c%+a?”

Proposed by Phan Ngoc Chau-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

The desired inequality can be rewritten as follows
(b+c)? (c+a)?

15(a? + b? + > a + b)?
( ) ( ) >11.

(a+b+c)? a’+b?  b: +c?  c2+a?
2
WLOGassumethata+b+c=1.Letp:=a+b+c=1,q:=ab+bc+ca_%
_1 — b
—3,r-—a c.

By CBS inequality, we have
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(b+)? _ (Teyelb +)(5a+ 1))’

b2 + ¢z — chc(b2 + c2)(5a + 4)2

3 (10q + 8p)*
~ 50(q2 — 2pr) + 40(pq — 3r) + 32(p? — 2q)
2(5q + 4)?
~ 16— 12q + 25¢% — 1101
So it suffices to prove that

cyc

2(5q + 4)? (5q +4)*
_ >
15Q =20 + 16124 + 252 1107 = ' © 16— 124 + 25¢% — 1107
>15q -2 (1)

If 15q — 2 < 0, the inequality (1) is true. Assume now that 15q — 2 > 0.
375q3 — 255q% + 224q — 48
110(15q — 2) '

DHoer=

From the known identity
0<(a—b)%(b—c)*(c—a)*=-27r*+2(9pq — 2p*)r + p?*q* — 4¢°

It follows

L ~2P° +9pq - 2y(P* -3q)* _-2+99-2y(1-39)°
- 27 B 27 '
So it suffices to prove that

—2+9g—-2,/(1-3¢)3 _ 375¢° — 255¢ + 224q — 48
27 = 110(15q — 2)
o (1-3¢)(1736 — 6120q + 3375¢2) > 220(15q — 2)/(1 — 3¢)3

squaring

S 27(1-39)%*(25q — 8)%(675q%* — 80q + 1632) > 0,
which is true and the proof is complete.

Equality holds iff a = b = cand a = b = 2c¢ and its permutation.

1687. Let a, b, c be non — negative real numbers such that

a+ b+ c=ab+ bc+ ac.Prove that :
a b c
+ +
Via+2 V7b+2 +7c+2
Proposed by Phan Ngoc Chau-Vietnam

>1

Solution by Yusuf Wasef-Egypt

1 1
Leta = ot b = ; c= o WLOG we can assume that x & z are on the same side of unity.
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= x+y+z=xy+xz+ yz Thusit's sufficient to show that :

1 1 1
+ +
V2x2+7x J2y2+7y 222+ 7z

> 1.

Since we have that f(u) = ———— is a convex function thus we can conclude that
V2u?2+7u
1 1 Jemsems 2
J + N > > :
2x2+ 7x 222+ 7z \/ x+2z x+z
2(%3%) +7(*39)

Let assume that x + z = 2t and It's given that

_Zt—xz< 1 ¢ 1
{ x+y+z=xy+xz+yz =>{ Y=%2t-1 "2t-1 or2<t.
x-1D(z-1)=>20 =xz>2t-1 xz— 2t MM 2 _ 94 for 0 1
= < <t<-—-.
W=T2¢ = 12 forost<;
And since that the function
1
f(u) = ———— is a decreasing function we conclude that
v2u?2 +7u
Case (I):
2 1 2 1
+ > + =1
J2ez+ 7t 2y +7y 262 + 7t \/2( 1 )2+7( 1 )
2t—1 2t—1
Case (II):
2 1 2 1
>1

2
tz — t2 — 2t
1—2t) +7(1—2t)

With equalityatt =1o0ort—> 0.5 = (a,b,c) = (1,1,1) or (a, b, c)

+ > +
V2e2 v+ 7t 2y +7y 22+ 7t \/< 2t

= (2,2,0) and their permutations.

1688. If a,b,c > 0, then prove that :
cz(b3 +¢3) \/bz(c3 + a3)

Z\/ +c c+a > 3V2

cye e R e

Proposed by Zaza Mzhavanadze-Georgia
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Solution by Soumava Chakraborty-Kolkata-India

VA,B,C >0,(A+B), (B +C),(C+A’) form sides of a triangle

(~ (A +B)+ (B +C) > (C+A) and analogs) = VA’ + B,VB + C,VC + A’
form sides of a A with area F (say) and 16F? =

2 Z(A’ +B)(B +C) — Z(A’ +B)?

cyc cyc
=ZZ Z:A’B’+B’2 —ZZA’Z—ZZA’B’
cyc \ cyc cyc cyc

= 6ZA’B’+ZZA’Z —ZZA’Z—ZZA’B’zwlF:Z /ZA'B'—> 1)
cyc

cyc cyc cyc cyc

Now,vay2>0, |3 2133 5. vy 3
@ —
owvLy.z ’ £ (y+z)(z+x) xy(y+z)(z+x)54

Via Bergstrom, LHS of (x) > (chc xy) =
chc (XY(chc xy + ZZ))
2
2
? 3 ?
(Zczyc xy) = Z Z xy | =3xyz Z x - true
(Zeyexy)” +xyzXcycx T e

. Xy ? V3
\/y Gioein-z @

ch(b3+c3)+Jb2(c3+a3) ch(a3+b3)+Ja2(c3+a3)
We have : b + a ¢
' b+c+ bc+a b a+b+ bc+a
aca+b a+b c'b+c a'b+c
Jbz(a3+b3)+ az(b3+c3)
a
+ a+b+ b+c
Catc %axc
a+b ’b3+c3 a+b fc3+a3 b+c ’a3+b3+b+c ’c3+a3
_ab ' a bc - C
o b+ c+a a+b c+a
T a T ¢
c+a a3+b3 c+a ’b3+c3
b+c
a b
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a+b b+c
B a b3+¢3 |3 +ad b c3+a3 |a3+Db3
" b+c c+a’ b3 + c3 +c+a a+b’ c3 + a3
+ +

b c a
ct+a
C a’+b3 |b3+c3
faxb brc | TP
a b
=y—(B +C’)+—(C +A’)+—(A + B)

( a+b b+c c+a a3+b3 b3+c3 c3+a3>
x = )y = b JZ = / /

Oppenheim via (1) and (2) 1/
= 4F. > 2 E A'B'.
(y+ z) (z + x)
cyc

cyc

a3 + b3 b3 + ¢3 A-G (a3 + b3)(b3 + (:3)((:3 + a3) Cesaro
= V3. Z <\/ a3 ><\/ b3 ) = 3\/ a3b3c3

cyc

3.8=3vV2Vvab,c>0"=" iffa=b = c(QED)

1689. If a, b, c > 0 then:

c3+a’ b3 + ¢3
z (b+)3w+(+)3w __ 36abc

b+c\? 5. ct+a 3. 3y @ +b3+c?
ey oy () e

Proposed by Zaza Mzhavanadze-Georgia

Solution by Soumava Chakraborty-Kolkata-India

VA,B,C>0,(A"+B),(B +C),(C+ A) form sides of a triangle

(+(A"+B)+ (B +C)>(C+A)and analogs) = VA’ + B,VB’' + C,VC + A’

form sides of a A with area F (say) and 16F? =

2 Z(A’ +B)(B +C) - Z(A’ + B’)?

cyc cyc

= ZZ<ZA’B’+B’Z>—ZZA’Z—ZZA'B'

cyc \ cyc cyc cyc
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= 6ZA’B’+ZZA‘Z —ZZA'2 —22A'B':>4F=2 /ZA’B'—> (D
cyc

cyc cyc cyc cyc

xy ? \/_ Z x%y? 23
4

Now,V x,y,z > 0, —_— > — S
ow v x.y.z \/ (y+z)(z+x) ycxy(y+z)(z+x)

(Zeyexy)” _
chc (xY(chc Xy + ZZ))

Via Bergstrom, LHS of () >

2

(Beyery)” ? 3 ?
2 ZZ(:) ny 23xyz2x—>true

(chc xY) + xyz chc X cyc cyc

J IV

y+z)(z+x) 2

c+a +c3
(b+ )3 3+b3+(c+a)3m

We have : +

(B5) @+ an+ () e

a’ +b3
c3+ad

3 3 3
(a+b)3. E3r_a3+(c+a)3 I (a +b)3b—+;3+(b+c)3.
+

a + b\? 3 ct+a 3 3 a+ b\? 3 3 b + c\2 3 3
(b+ ) (c? +a)+( ) .(@® +b?) (c+a) (b +c)+(c+a) -(@®+b?)
(a+b)? ((b+c)3 (c+a)3) (b +¢)? ((a+b)3+(c+a)3)
_ad+b3'\b3+cd  c+ad b3+c3 ' \a3+b3  c3+ad
B (b+c)?2  (c+ a)? (a+b)?2  (c+a)?

b3+c3  ¢3+ad ad+b3 " c3+ad
(c+a)? ((a+b)3+(b+c)3)
c3+a3 \al+b3  b3+c3

(a+b)2_|_(b+c)2

a3 + b3 b3+c3

:—(B’+c’)+ (c’+A)+—(A’+B’)
y+z x+y
(a +b)? (b+c)2 (c+ a)?
- a3+b3'y=b3+c3'z= cd+ad’
, (a+b)®  (b+¢)? (c+a)?
T @B+b3 . b3+ G tad

Oppenheim xy via (1) and (2) V3
> 4F. —_— > 2 A'B'.—
(y+2)(z+x) Z 2
cyc cyc

!
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(a+b)3 (b+c)3\Aa-G _ s (a+b)é(b+ c)é(c+ a)t Cesaro
- \/5\/2 <a3 + b3 b3+ c3> = 3'\[(113 +b3)Z(b3 + ¢3)2(c3 + ad)? =

cyc

3.8ab 1 A;G 244ab 3 _ 36abc
- 2ane Y@+ + (B +a3) 2@ +p3+3) ad+b3+c3
Vab,c>0"=" iffa=b=c(QED)

1690. If a,b,c > 0, then prove that :
a2024(ab2025 n C2026) 2024

z ab20%5 1 pc2025 = 3(abc) 3

cyc

Proposed by Zaza Mzhavanadze-Georgia

Solution by Soumava Chakraborty-Kolkata-India

VA,B,C >0,(A+B), (B +C),(C+A) form sides of a triangle
(+~(A’+B)+ (B +C) > (C+A) and analogs) > VA’ + B, VB’ + C,VC + A’
form sides of a A with area F (say) and

16F2 = 2 Z(A' +B)(B +C)— Z(A’ +B)?

cyc cyc
:22 Z:A'B'+B'2 —ZZA'Z—ZZA'B'
cyc \ ¢yc cyc cyc
= 6ZA'B' + Zz:A'2 - ZZ:A'2 - ZZA'B' =>4F =2 ZA'B' - (1)
cyc cyc cyc cyc cyc
xy ? V3 x*y? ? 3
Now,V x,y,Z > 0, 2—®Z = —
owTEYE y+2)(z+x)~ 2 xy(y+z)(z+x) =24
cyc cyc O]
2
N eve X
Via Bergstrom, LHS of () > (Zeye xy) =
chc (xY(chc xy + ZZ))
2
2
Yeye X ? 3 ?
( ;yc Y) ZZ(:) ny = 3xyz2x—>true
(chc XY) + Xxyz chc X cyc cyc
xy 743

- (2)

£ (y+2)(z+x) z7

a2024(ab2025 + C2026) b2024(bc2025 + a2026) C2024(Ca2025 + b2026)

We have :
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2024 (2025 2025\ 2024 2025 2025\ (2024 /42025 2025
b ( + ) [ ( a b ) a ( b T ¢ )
+ +

C a
b2024 c2024 c2024 a?024 a?024 b2024

a

[ a a b b C
x ! ! y ! ! z li li
=— @B +C)+—(C"+A)+——(A"+B)
y+z Z+x xt+y
2024 p2024 c2024 a2925 p2025 c2025\ Oppenheim
X = Y = ,Z = ,A’= ’B’= ) "= >
b C a b C a

xy via (1) and (2) 1/ a2025 [2025
4F. = E A'B'. =3 E .
J (y+2)(z+x) < b ¢ )
cyc cyc cyc

A-G _ 6|(abc)4050 a2024(ab2025 +c2026) b2024(bc2025 _|_a2026)
> 3. y

(abc)z . ab2025 4 pc2025 bc2025 4 ¢q2025
C2024(Ca2025 + b2026) 2024
>3.(abc) 3 Vab,c>0,"=" iffa=b=c(QED)

ca2025 + ab?2025

1691.If a,b,c > 0,ab+bc+ca=a+b+candn € N,A > 0,then :

n(a+b+c)+xz +1_3(n+l)

cyc
Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

neEN=>n+1>1- n(a+b+c)+lz

n+1
cyc
1 n+1 pernoulli 1
n(a+b+c)+lZ(1+E—1> > nZa+AZ 1+(n+1)<a—1)
cyc cyc cyc
1 ?
=nZa+3)L+)L(n+1) ZE—B >3(n+2)
cyc cyc
A(n+1) ?
Sn Za—S + — Zab—Sabc =0
abc
cyc cyc

ab+bc+ii>= a+b+c n Z a— 3 chc ab n )L(n + 1) ZCYC ab ) Z ab — 3abc é 0
ZCYC a abc chc a

cyc cyc
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2
n A(n+1) ?

S Za —32 Zab —3abc2a =0
chc a abc chc a

cyc cyc cyc cyc

2

- true " n, A, Za —SZab, Zab —3acha20

cyc cyc cyc cyc

n(a+b+c)+lz +1_3(n+)L)Vabc>0|ab+bc+ca—a+b+c
cyc

andneN,A>0,"=" iffn=0Aa=b=c=1(QED)

1692. In A ABC, if a? + b? + c? = 3, then prove that :
1 1 1 ab+bc+ca 9

+ + + <
3a+bc 3b+ca 3c+ab 2 4
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

1 a? +b2ic2 =3 1 1

— "= <
3a + bc ’Bchcaz.a+bc a(a+b+c)+bc

1 1

“ala+tb)+cathb) (atb)(c+a)
1 b+c

= <
3a+bc ~ 2s(s? + 2Rr + r?)
1 1 1 ab + bc + ca a2+b22c2 =3

:>3a+bc+3b+ca+3c+ab+ 2 -
zaz Z b+c +32cycab
6s(s> +2Rr +r2) 2% . a’
cyc cyc
_ 4s(s? — 4Rr —r?) N 3(s?2 +4Rr +r?)
" 3s(s2+2Rr +r2) 4(s?—4Rr —r?)

and analogs

_ 16(s? — 4Rr — r?)? + 9(s? + 4Rr + r?)(s® + 2Rr + r?) 2 9
B 12(s2 + 2Rr + r2)(s%2 — 4Rr — r2) ~4
?
& s* + (10Rr + 7r?)s? —r?(272R? + 172Rr + 26r?) >0
()
Gerretsen
Now,LHS of (*) >  (26Rr + 2r?)s? —r?(272R? + 172Rr + 26r?)

Gerretsen

>  (26Rr + 2r?)(16Rr — 5r?) — r?(272R? + 172Rr + 26r?)
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Eul
= 18r?(8R? — 15Rr — 2r?) = 18r?(8R + 5r)(R — 2r) uzer 0 = (%) is true

1 1 1 ab+bc+ca 9

+ + + <—

3a+bc 3b+ca 3c+ab 2 4
VAABC|a%+b%+c¢2=3"=" iffa=b=c=1(QED)

1693. If a,b,c > 0 then prove that :

vab + vbc + Vca a+b b+c c+a
2+ §4< + + >
a+b+c 3a+3b+2c 3b+3c+2a 3c+3a+2b

Proposed by Pavlos Trifon-Greece

Solution by Soumava Chakraborty-Kokata-India

2+\/ab+\/ﬁ+ﬁ 4( a+b N b+c N c+a )
at+b+c 3a+3b+2c 3b+3c+2a 3c+3a+2b

CES 9 J3 chc ab 4 (b + C)Z Bergstrom
- <
L 3b+0l+2ab o o

cyc

J3ecab 16(Seyea)’ 7

- <0
chc a 6 chc a*+10 chc ab

8(m + 2n) — 6m — 10n ? 3n )
= > m=Za ,n=Zab
3m + 5n m + 2n
cyc cyc

) ?
& (m+2n)(2m + 6n)? > 3n(3m + 5n)? © 4m3 + 5m?n — 6mn? — 3n® > 0
?

2+

& (m—n)(4m? + 9mn + 3n2) > 0 - true * m > n

2+\/ab+\/ﬁ+\/ca<4( a+b N b+c N c+a )
a+b+c - 3a+3b+2c 3b+3c+2a 3c+3a+2b

Vab,c>0"="iffa=b=c(QED)
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1694.If a,b,c > 0,a+ b +c=3abcandn € N,A > 0, then :

1
n(a+b+c)+lzan+123(n+l)

cyc
Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

1
neN:>n+121-'-n(a+b+c)+)\z:n—+1
a
cyc
n+i Bernoulli

=n(a+b+c)+AZ(1+%—1) >

cyc

nZa+lz<1+(n+1)(%—1)>

cyc cyc

1 ?
=nZa+3)L+A(n+1) ZE_B >3(n+2)

cyc cyc

Sn (Z a— 3) + Ml:l;_cl) (Z ab — 3abc> é 0

cyc cyc

b+c = 3ab a An+1 ?
o +::>3a cn Za—zcyc + (n ) Zab—Babc >0
abc abc

cyc cyc

N % <z a> (abc —1) + )L(Z:cl) (Z ab — 3abc> 5 0

cyc cyc ()

Now,3abc=Za > 33/abc = abc > 1 - (1) and Zab> ’Babcz
cyc

cyc cyc

~

a+bhe = 3abe v3abc.3abc = Z ab > 3abc - (2) ~ (1) and (2) = (x) is true

cyc

1
n(a+b+c)+lzan+123(n+l)‘v’a,b,c>0|a+b+c=3abcand
cyc

neENA>0"=" iffn=0Aa=b=c=1(QED)
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1695.If a,b,c > 0,1 = 0 then:

a* + Ab* 5
ZT-l-(l-l-l)zabZZ(l-l-l)za

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

Z a* + Ab* B Z a* N AZ (az)2 (b?)?
ab  ZL.ab ab ab

CBS (X a?)?  a?)? X a?)?
= Sab + 4 S ab =A+1) S ab

We need to show:

*+ Ab*
ZaT-F(A-l-l)ZabZZ(A-I- 1)2(12

(X a*)?
> ab

22
RIS

A+1) +(A+1)Zab22(l+1)2a2

X+ > 2o0r(x—1)%>>0true

Equality casefora = b = c.

1696. If a,b,c > 0 and abc = ab + bc + ca, then prove that :

a—b)2+ (b-c)+ (c— a)?
2(a+b+c)—abc+( ) ( > ) ( ) > -9

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Assigningb+c=x,c+ta=ya+b=z=>x+y—z=2c>0,
y+z—x=2a>0andz+x—-y=2b>0=>x+y>zy+z>xz2+x>y
= x,y,Z form sides of a triangle with semiperimeter, circumradius and inradius
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=s,R r (say); SOZZa=Zx=Zs:Za=s—>(1)

cyc cyc cyc
>a=s—x,b=s—y,c=s—1z. abc = r?s - (2) and such substitutions =

ab= ) (s—x)(s—y)=> ) ab=4Rr+r? - (3) and
2=, 2,

cyc cyc cyc
2
via (1) and (3)
Za2= Za —ZZab = s? — 2(4Rr +r?)
cyc cyc cyc

:Zaz =s?2—-8Rr—2r? - (4)
cyc

(a— b)z + (b - C)Z + (c— a)z 19 abc = ab+bc+ca

Now,2(a+b + c) —abc +

2abc(2cyc a) 9a*b?c?
cye cyc cyc cyc (ZCYC a )

via (1),(2),(3),(4) 2r2s? 9r4s?
. ——— _ —(4Rr+r3) +s?—12Rr—3r2 + —————
4Rr + r2 (4Rr +1%) + 5 r r (4Rr + r2)2

2r(4R+r)s? —r(4R +r)3 + (s? — 12Rr — 3r?)(4R + r)? + 9r2s? ?
= =20
(4R + r)?2

& (4R? + 4Rr + 3r?)s? r(4R +r1)3
®

Rouche

Now, (4R? + 4Rr + 3r?)s? >
(4R? + 4Rr + 3r2) (2R2 +10Rr — r? — 2(R — 21). M) r(4R + r)3
< (4R? + 4Rr + 3r?)(2R? + 10Rr —r?) —r(4R +r)3
é 2(R — 2r).+/R?% — 2Rr. (4R? + 4Rr + 3r?)
& 2(R - 2r)(4R3 — 3R%r + r3)2(R 2r).\/R% — 2Rr. (4R? + 4Rr + 3r2)
®

Euler
and =~ R—2r > 0 . inorder to prove (2),it suffices to prove :

) ?
(4R%® — 3R?’r +r3)? > (R? — 2Rr)(4R? + 4Rr + 3r?)2 © r3(4R + 1) > 0 > true

a—b)>+ (b—-c)?+ (c—a)?
:>@:>@istrue.'-2(a+b+c)—abc+( )"+ ( > )"+ ( ) > -9

Va,b,c>0|abc=ab+bc+ca,”=” iffa=b=c=1(QED)
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1697. In any A ABC, the following relationship holds :

al(a+b) b3(b+c) c3(c+a)
a? + b? b?Z + c2 c2 + a?

Proposed by Nguyen Hung Cuong-Vietnam

> a? + b? + c?

Solution by Soumava Chakraborty-Kolkata-India

al(a+b) b3(b+c) c3(c+a)
a? + b2 b2 + c2 c2 + a?

—(@®+b*+c?) =

_Z b3(b+c¢) b?+c? _22b4+2b3c—b4—c4—2b2c2
B b2 + c2 2 B 2(b2 + c2)

cyc cyc

(b?% + c?)(b? — ¢? 1
Z e o s R zy: <b2°(b - <Z @’ “4>>

cyc

()

cyc cyc cyc |
>0

1
=300 ~ @ r T aD) | | =
(Z a®b? — abcz a2> /

cyc
\ +abc
cyc cyc

- (z azbz><z bsc_zbzcz> +abe (z v abcza2> o

cyc cyc cyc cyc cyc ()

( Z(bz —c2)=0

cyc

Lets—a=x,s—b=y,s—c=z&then:a=y+zb=z+x,c=x+y—- (m)

Now, (m) = Z b3c — Z:bzc2 = Z(z +x)3(x+y)— Z(z +x)%(x +y)?

cyc cyc cyc cyc
=Yt xy) w=ayy Loy
= ) Xy° —XyZ ) X=XyZ ) ——XyZ ) X
cyc cyc cyc z cyc
Bergstrom
>  xyz (é::cyc ) xysz—O Zb3 sz 2>0-Q)
cyc X
cyc cyc cyc
Again, (m) = Z a3b? — abcz a =
cyc cyc
D@+ - @YY+ DE D) Y+ = ) (15 +xy* - 2xy?)
cyc cyc cyc
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=z:x(x2 —y3)2>0- z:a%2 —abcz:a2 >0-2) -~ @Oand(2) =
cyc cyc cyc
a3(a+b) b3(b+c) c3(c+a)
> a2 + h? 4 2
a? + b? b2 + c2 c2 + a? =@ +bo+c
Vv ABC, with equality iff A ABC is equilateral (QED)

(%) is true -

> 3732

a
Z C2024\/b2024 T c2024 2024\/ 2024 | 42024
2024 | 2024 2024 | 2024

Proposed by Zaza Mzhavanadze-Georgia
Solution by Tapas Das-India

Walter Janous inequality: a’,b’,c'and x',y’', z' be positive real numbers

then:
xl yl A
—— (b +c)+——("+a)+—— (' +a)=>3@h’ +b'c +ca) (1)
y +z zZ' +x x'+y
2024 2024 2024 2024 [ 2024 2024 2024 2024 2024
a +b c +b a +c
Letx’: \/( ),yI: \/( ),ZI — \/( )
a b c
2025 2025 2025
p2025 | 2025 p2025 | (2025 c2025 | 2025
and a’ = \/( ),b, — \/( ),CI — \/( )
a b c
mi/(bzozs + a2025) Zozi/(bzozs + ¢2025)\ amMm-GM
Z a'b = Z . >
a b
2025 2025 2025
2(ab) 2z .2(bc) 2 2 vabbc 2 a
> z = 220252 = zmz\F (2)
bc bc c

C 2025 505 5 D 2025 5o S5oof
za b2025 + C2025 + E C2025 + a2025
202

i/bzon T 2024 2024\/ c2024 | 2024 B

¢ 2024 | p2024 2024 | 2024
2025 [ 112025 2025 2025 [+ 2025 2025
2024 \/(b +c ) \/(C +a )
_ \/(a2°24 + b2024) b + c _
a T\ 2024 c2024 | p2024 2024 a2024 | (2024
Ve ), )

b c
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x'(b" +c') (1) (2) 2 a AM—GM
=Z— J3@h' +b'c +c'a) = 3.220252 - >
y +2z c

2
> w/3.z—zozs.3 =332

Equality holds fora = b = c.

1699. If a, b, c > 0 then:

2025 b2025

(o
+ +

2025 - (ab2023 + bc2023 + ca2°23)2°25
b c a (a2024 + b2024 + C2024)2024

a

Proposed by Zaza Mzhavanadze-Georgia
Solution by Tapas Das-India

a2925 bzozs c2025
< - ) (h2024 4 (2024 | 20242024 >
2025 2025
Holder 2025 a2025 2025 a2025
Z . p(2024%2024) p(4096576) =
b

2025

2025 | 2025 2025
(Z \ja _p(4096575) 2"Zi/azozs_1,4096575) —

2025

_ (z ZOZW = (ab?°23 + bhc?023 4 ¢q?023)2025

2025 b2025 c
+

2025 (ab2°23 + bC2023 + ca2°23)2°25
+ =
b c a (a2024 + p2024 4 C2024)2024

a

Equality holds fora = b = c.
1700.

1
If a,b,c € [O;E] and a + b + ¢ = 1, then prove that :

9
a3+b3+c3+4abcsﬁ

Proposed by Nguyen Hung Cuong-Vietnam
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Solution by Soumava Chakraborty-Kolkata-India

9
3 3
4_ —_—
a’+b3+c +2 abc 32

9
= 3abc + Za Za —SZab +4abc—3—2

cyc cyc cyc

a+b+c=1

9 9
= 7abc+1—3(bc+a(1—a))———3a —3a+1+bc(7a-3) ——

32
9 32(3a? —3a + 32bc(7a — 3) + 23
a’+b3+c®+4abc——= ( ) ( ) - (m)
32 32
9 v1a(m)

m7a—3>Oandthen:a3+b3+c3+4abc—3—2 =

32(3a? — 3a) + 32bc(7a — 3) + 23 A- G 32(3a%? —3a) + 8(b + ¢)?(7a—3) + 23

32 32
atb+c=1 32(3a? — 3a) + 8(1 — a)2(7a —-3)+23 _ 56a —40a* +8a-1

32
9
[0 D a3+b3+c3+4abcs§

(2a 1)(19a? + (3a — 1)2)
32 (

1 1
[Case2]7a—3 < 0and (b_-) (c—i) 0 (b=3)(c—3)=0

b+C+1>0a+b+c=1b 1—a_|_1>0 b 1—2a>0
— = _t - = bc —
1, N El_ )(c )4 )

a 7a—-3)(1—2a
><0:>bc(7a—3)< 3 and then :
9 m) 32(3a? — 3a) + 32bc(7a — 3) + 23
a’ + b3+ ¢3 +4abc—§vm—m ( ) 32 ( )

- 32(3a* - 3a) + 8(7a—3)(1 - 2a) +23 —(4a—1)? -
= 32 N 32 =

9
~a®+b3+c2+4abc < 37" combining both cases,

= bc —

= (7a-13) (bc—

9 1
a3+b3+c3+4ach§Va,b,ce[O;E]Aa+b+c=1,

o=t (a=2b=c=Dor (h=tic=a=2) (c=2a=b=2) camp
=" a—z, —C—4 or —Z,C—a—4 c-z,a— =2 (QED)
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It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru
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