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3 RMM-CYCLIC INEQUALITIES MARATHON 1601-1700 

 

1601. 

𝐈𝐟 𝒂, 𝐛, 𝐜 > 0 𝑠𝑢𝑐ℎ 𝑡ℎ𝒂𝐭 ∶ 𝒂 + 𝐛 + 𝐜 = 𝟑 𝒂𝐧𝐝 𝐧, 𝐤 ∈ ℕ 𝐰𝐢𝐭𝐡 𝐤 + 𝟏 ≥ 𝐧, 𝐭𝐡𝐞𝐧  

∑
𝒂𝐛

𝒂𝟐 + 𝐧𝐛𝟐 + 𝐤𝒂
𝐜𝐲𝐜

≤
𝟑

𝐧 + 𝐤 + 𝟏
 

  Proposed by Marin Chirciu-Romania 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝒂𝟐 + 𝐧𝐛𝟐 + 𝐤𝒂 ≥
𝐰𝐞𝐢𝐠𝐡𝐭𝐞𝐝 𝐀𝐌 ≥ 𝐰𝐞𝐢𝐠𝐡𝐭𝐞𝐝 𝐆𝐌

(𝐧 + 𝐤 + 𝟏). √𝒂𝟐𝐛𝟐𝐧 . 𝒂𝐤
𝐧+𝐤+𝟏

 
 

⇒
𝒂𝐛

𝒂𝟐 + 𝐧𝐛𝟐 + 𝐤𝒂
≤

𝟏

𝐧 + 𝐤 + 𝟏
.

𝒂

𝒂
𝐤+𝟐
𝐧+𝐤+𝟏

.
𝐛

𝒂
𝟐𝐧

𝐧+𝐤+𝟏

=
𝟏

𝐧 + 𝐤 + 𝟏
. (𝒂𝐧−𝟏. 𝐛𝐤+𝟏−𝐧)

𝟏
𝐧+𝐤+𝟏 

 

=
𝟏

𝐧 + 𝐤 + 𝟏
. (√𝒂𝐧−𝟏. 𝐛𝐤+𝟏−𝐧

𝐤
)

𝐤
𝐧+𝐤+𝟏

≤

𝐰𝐞𝐢𝐠𝐡𝐭𝐞𝐝 𝐆𝐌 ≥ 𝐰𝐞𝐢𝐠𝐡𝐭𝐞𝐝 𝐀𝐌

𝐬𝐢𝐧𝐜𝐞 𝐤+𝟏−𝐧 ≥ 𝟎

 

 

𝟏

𝐧 + 𝐤 + 𝟏
. (
(𝐧 − 𝟏)𝒂 + (𝐤 + 𝟏 − 𝐧)𝐛

𝐤
)

𝐤
𝐧+𝐤+𝟏

≤
𝐁𝐞𝐫𝐧𝐨𝐮𝐥𝐥𝐢

 

 
𝟏

𝐧 + 𝐤 + 𝟏
. (𝟏 + (

(𝐧 − 𝟏)𝒂 + (𝐤 + 𝟏 − 𝐧)𝐛 − 𝐤

𝐤
) .

𝐤

𝐧 + 𝐤 + 𝟏
) 

 

∴
𝒂𝐛

𝒂𝟐 + 𝐧𝐛𝟐 + 𝐤𝒂
≤

𝟏

𝐧 + 𝐤 + 𝟏
. (𝟏 +

(𝐧 − 𝟏)(𝒂 − 𝐛) + 𝐛𝐤 − 𝐤

𝐧 + 𝐤 + 𝟏
)  𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 

 

⇒∑
𝒂𝐛

𝒂𝟐 + 𝐧𝐛𝟐 + 𝐤𝒂
𝐜𝐲𝐜

≤
𝟑

𝐧 + 𝐤 + 𝟏
 

 

+
(𝐧 − 𝟏)(𝒂 − 𝐛 + 𝐛 − 𝐜 + 𝐜 − 𝒂) + 𝐤(𝒂 + 𝐛 + 𝐜) − 𝟑𝐤

(𝐧 + 𝐤 + 𝟏)𝟐
 

 

=
𝒂+𝐛+𝐜 = 𝟑 𝟑

𝐧 + 𝐤 + 𝟏
+

𝟑𝐤 − 𝟑𝐤

(𝐧 + 𝐤 + 𝟏)𝟐
∴∑

𝒂𝐛

𝒂𝟐 + 𝐧𝐛𝟐 + 𝐤𝒂
𝐜𝐲𝐜

≤
𝟑

𝐧 + 𝐤 + 𝟏
  

 

∀ 𝒂, 𝐛, 𝐜 > 0│𝒂 + 𝐛 + 𝐜 = 𝟑 𝒂𝐧𝐝 𝐧, 𝐤 ∈ ℕ 𝐰𝐢𝐭𝐡 𝐤 + 𝟏 ≥ 𝐧, 
′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 
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1602. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0 𝑠𝑢𝑐ℎ 𝑡ℎ𝒂𝐭 ∶ 𝒂𝐛𝐜 = 𝟏 𝒂𝐧𝐝 𝛌 ≤ 𝟑, 𝐭𝐡𝐞𝐧 ∶ 
 

(𝒂 + 𝐛)(𝐛 + 𝐜)(𝐜 + 𝒂) − 𝛌(𝒂 + 𝐛 + 𝐜) ≥ 𝟖 − 𝟑𝛌 
 

  Proposed by Marin Chirciu-Romania 
Solution by Soumava Chakraborty-Kolkata-India 
 

(𝒂 + 𝐛)(𝐛 + 𝐜)(𝐜 + 𝒂) − 𝛌(𝒂 + 𝐛 + 𝐜) ≥ 𝟖 − 𝟑𝛌 

⇔∏(𝐛+ 𝐜)

𝐜𝐲𝐜

− 𝟖 ≥ 𝛌(∑𝒂

𝐜𝐲𝐜

− 𝟑) ⇔
𝒂𝐛𝐜 = 𝟏 ∏ (𝐛 + 𝐜)𝐜𝐲𝐜 − 𝟖𝒂𝐛𝐜

𝒂𝐛𝐜
≥
(∗)

𝛌(∑𝒂

𝐜𝐲𝐜

− 𝟑) 

𝐍𝐨𝐰,∑𝒂

𝐜𝐲𝐜

− 𝟑 ≥
𝐀−𝐆

𝟑√𝒂𝐛𝐜
𝟑

− 𝟑 =
𝒂𝐛𝐜 = 𝟏

𝟑 − 𝟑 = 𝟎 ⇒∑𝒂

𝐜𝐲𝐜

− 𝟑 ≥ 𝟎 

⇒ (𝛌 − 𝟑)(∑𝒂

𝐜𝐲𝐜

− 𝟑) ≤ 𝟎 (∵ 𝛌 − 𝟑 ≤ 𝟎) ⇒ 𝛌(∑𝒂

𝐜𝐲𝐜

− 𝟑) ≤
(𝐢)

𝟑(∑𝒂

𝐜𝐲𝐜

− 𝟑) 

∴ (𝐢) ⇒ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

∏ (𝐛 + 𝐜)𝐜𝐲𝐜 − 𝟖𝒂𝐛𝐜

𝒂𝐛𝐜
≥ 𝟑(∑𝒂

𝐜𝐲𝐜

− 𝟑) ⇔
𝒂𝐛𝐜 = 𝟏 ∏ (𝐛 + 𝐜)𝐜𝐲𝐜 − 𝟖𝒂𝐛𝐜

𝒂𝐛𝐜
+ 𝟗 ≥

𝟑∑ 𝒂𝐜𝐲𝐜

√𝒂𝐛𝐜
𝟑  

⇔
∏ (𝐛 + 𝐜)𝐜𝐲𝐜 + 𝒂𝐛𝐜

𝒂𝐛𝐜
≥
(∗∗) 𝟑∑ 𝒂𝐜𝐲𝐜

√𝒂𝐛𝐜
𝟑  

𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐛 + 𝐜 = 𝒙, 𝐜 + 𝒂 = 𝐲, 𝒂 + 𝐛 = 𝐳 ⇒ 𝒙 + 𝐲 − 𝐳 = 𝟐𝐜 > 0, 𝑦 + 𝑧 − 𝒙 = 𝟐𝒂 
> 0 𝒂𝐧𝐝 𝐳 + 𝒙 − 𝐲 = 𝟐𝐛 > 0 ⇒ 𝒙 + 𝐲 > 𝑧, 𝐲 + 𝐳 > 𝒙, 𝐳 + 𝒙 > 𝑦 ⇒ 𝒙, 𝐲, 𝐳 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 
𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 = 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲);  

𝐬𝐨 𝟐∑𝒂

𝐜𝐲𝐜

=∑𝒙

𝐜𝐲𝐜

= 𝟐𝐬 ⇒∑𝒂

𝐜𝐲𝐜

= 𝐬 → (𝟏) ⇒ 𝒂 = 𝐬 − 𝒙, 𝐛 = 𝐬 − 𝐲, 𝐜 = 𝐬 − 𝐳 

∴ 𝒂𝐛𝐜 = 𝐫𝟐𝐬 → (𝟐) 𝒂𝐧𝐝 (𝟏) 𝒂𝐧𝐝 (𝟐) ⇒ (∗∗) ⇔
𝒙𝐲𝐳 + 𝐫𝟐𝐬

𝐫𝟐𝐬
≥

𝟑𝐬

√𝐫𝟐𝐬
𝟑  

⇔
𝟒𝐑𝐫𝐬 + 𝐫𝟐𝐬

𝐫𝟐𝐬
≥

𝟑𝐬

√𝐫𝟐𝐬
𝟑 ⇔

(𝟒𝐑 + 𝐫)𝟑

𝐫𝟑
≥
𝟐𝟕𝐬𝟑

𝐫𝟐𝐬
⇔ (𝟒𝐑 + 𝐫)𝟑 ≥

(∗∗∗)

𝟐𝟕𝐫𝐬𝟐 

𝐍𝐨𝐰, 𝟐𝟕𝐫𝐬𝟐 ≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟐𝟕𝐫(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) ≤
?
(𝟒𝐑 + 𝐫)𝟑 

⇔ 𝟏𝟔𝐭𝟑 − 𝟏𝟓𝐭𝟐 − 𝟐𝟒𝐭 − 𝟐𝟎 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) ⇔ (𝐭 − 𝟐)(𝟏𝟔𝐭𝟐 + 𝟏𝟕𝐭 + 𝟏𝟎) ≥

?
𝟎 → 𝐭𝐫𝐮𝐞 

∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 ⇒ (∗∗∗) ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 
∴ (𝒂 + 𝐛)(𝐛 + 𝐜)(𝐜 + 𝒂) − 𝛌(𝒂 + 𝐛 + 𝐜) ≥ 𝟖 − 𝟑𝛌  

∀ 𝒂, 𝐛, 𝐜 > 0│𝒂𝐛𝐜 = 𝟏,′′=′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 
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1603. 𝑰𝒇 𝒂, 𝒃, 𝒄 > 0 , 𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎 = 3𝒂𝒃𝒄, 𝒏 ∈ 𝑵 𝒕𝒉𝒆𝒏 

𝟏

𝒏𝒂 + 𝒃
+

𝟏

𝒏𝒃 + 𝒄
+

𝟏

𝒏𝒄 + 𝒂
≤

𝟑

𝒏 + 𝟏
 

Proposed by Marin Chirciu-Romania 
Solution by Tapas Das-India 
 

𝟏

𝒏𝒂+ 𝒃
+

𝟏

𝒏𝒃 + 𝒄
+

𝟏

𝒏𝒄 + 𝒂
≤

𝑨𝑴−𝑯𝑴 𝟏

(𝒏 + 𝟏)𝟐
∑(

𝒏

𝒂
+
𝟏

𝒂
) = 

 

=
𝟏

(𝒏 + 𝟏)𝟐
[∑

𝒏

𝒂
+∑

𝟏

𝒂
] =

𝒏+ 𝟏

(𝒏 + 𝟏)𝟐
.
𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂

𝒂𝒃𝒄
=

𝟑

𝒏+ 𝟏
 

 
(𝒔𝒊𝒏𝒄𝒆 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝟑𝒂𝒃𝒄) 

 
Equality holds for 𝒂 = 𝒃 = 𝒄 = 𝟏. 

 

1604. If 𝒂, 𝒃 ≥
𝟏

𝟔
 then: 

√𝟖𝒂𝟐 + 𝟏 + √𝟖𝒃𝟐 + 𝟏 +
𝟑𝟐

𝟑
(
𝟏

𝒂 + 𝟏
+

𝟏

𝒃 + 𝟏
) ≥

𝟓𝟎

𝟑
 

 
Proposed by Marin Chirciu-Romania 

Solution by Tapas Das-India 

 𝑳𝒆𝒎𝒎𝒂𝟏: 𝑭𝒐𝒓 𝒙 > 0 , √𝟖𝒙𝟐 + 𝟏 ≥
𝟖𝒙 + 𝟏

𝟑
,  

 𝑷𝒓𝒐𝒐𝒇:√𝟖𝒙𝟐 + 𝟏 ≥
𝟖𝒙 + 𝟏

𝟑
 𝒐𝒓 ,  

𝟗(𝟖𝒙𝟐 + 𝟏) ≥ (𝟖𝒙 + 𝟏)𝟐 𝒐𝒓,  

𝟖(𝒙𝟐 − 𝟐𝒙+ 𝟏) ≥ 𝟎 𝒐𝒓, (𝒙 − 𝟏)𝟐 ≥ 𝟎 (𝒕𝒓𝒖𝒆) 

 

 𝑳𝒆𝒎𝒎𝒂 𝟐 ∶  𝒇𝒐𝒓 𝒙 > 0 ,
𝟏 + 𝟖𝒙

𝟑
+
𝟑𝟐

𝟑

𝟏

𝒙 + 𝟏
≥
𝟐𝟓

𝟑
 

  𝑷𝒓𝒐𝒐𝒇: 
𝟏 + 𝟖𝒙

𝟑
+
𝟑𝟐

𝟑

𝟏

𝒙 + 𝟏
≥
𝟐𝟓

𝟑
 𝒐𝒓,  

(𝟏 + 𝟖𝒙)(𝒙+ 𝟏) + 𝟑𝟐 ≥ 𝟐𝟓(𝒙 + 𝟏)𝒐𝒓, 
 

𝟖(𝒙𝟐 − 𝟐𝒙+ 𝟏) ≥ 𝟎 𝒐𝒓, (𝒙 − 𝟏)𝟐 ≥ 𝟎 𝑻𝒓𝒖𝒆   

 

 √𝟖𝒂𝟐 + 𝟏+ √𝟖𝒃𝟐 + 𝟏+
𝟑𝟐

𝟑
(
𝟏

𝒂 + 𝟏
+

𝟏

𝒃 + 𝟏
) = 

 

= [√𝟖𝒂𝟐 + 𝟏+
𝟑𝟐

𝟑
(
𝟏

𝒂 + 𝟏
)] + [√𝟖𝒃𝟐 + 𝟏 +

𝟑𝟐

𝟑
(
𝟏

𝒃 + 𝟏
)] ≥

𝒍𝒆𝒎𝒎𝒂𝟏
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≥ [
𝟖𝒂 + 𝟏

𝟑
+
𝟑𝟐

𝟑
(
𝟏

𝒂 + 𝟏
)] + [

𝟖𝒃 + 𝟏

𝟑
+
𝟑𝟐

𝟑
(
𝟏

𝒃+ 𝟏
)] ≥

𝒍𝒆𝒎𝒎𝒂𝟐
 

 

≥
𝟐𝟓

𝟑
+
𝟐𝟓

𝟑
=
𝟓𝟎

𝟑
(𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒇𝒐𝒓 𝒂 = 𝒃 = 𝟏) 

 

1605. If   𝒂𝒌 > 0 (𝑘 = 1, 𝟐, . . . , 𝒏) , then 

∑
𝒂𝟏

𝟐

𝒂𝟏 + 𝒂𝟐
≥
𝟏

𝟐
𝒄𝒚𝒄𝒍𝚤𝒄

∑𝒂𝒌 ≥ ∑
𝒂𝟏𝒂𝟐

𝟐

𝒂𝟏
𝟐 + 𝒂𝟐

𝟐

𝒄𝒚𝒄𝒍𝚤𝒄

𝒏

𝒌=𝟏

 

 
Proposed by Mihaly Bencze, Neculai Stanciu-Romania 

Solution by Mirsadix Muzefferov-Azerbaijan 
 

𝑳𝑯𝑺 ∶
𝒂𝟏

𝟐

𝒂𝟏 + 𝒂𝟐
+

𝒂𝟐
𝟐

𝒂𝟐 + 𝒂𝟑
+

𝒂𝟑
𝟐

𝒂𝟑 + 𝒂𝟒
+ … +

𝒂𝒏
𝟐

𝒂𝒏 + 𝒂𝟏
≥

𝑩𝒆𝒓𝒈𝒔𝒕𝒓𝒐𝒎

 

≥
(𝒂𝟏 + 𝒂𝟐+. . . +𝒂𝒏)

𝟐

𝟐(𝒂𝟏 + 𝒂𝟐 +⋯+ 𝒂𝒏)
=
𝟏

𝟐
∑𝒂𝒌

𝒏

𝒌=𝟏

 

 

𝑹𝑯𝑺 ∶ ∑
𝒂𝟏𝒂𝟐

𝟐

𝒂𝟏
𝟐 + 𝒂𝟐

𝟐

𝒄𝒚𝒄

=∑
𝒂𝟏

(
𝒂𝟏
𝒂𝟐
)
𝟐
+ 𝟏𝒄𝒚𝒄

≤
𝑨−𝑮

∑
𝒂𝟏

𝟐 ∙
𝒂𝟏
𝒂𝟐

=

𝒄𝒚𝒄

𝟏

𝟐
∑𝒂𝒌 =

𝟏

𝟐
∑𝒂𝒌

𝒏

𝒌=𝟏𝒄𝒚𝒄

 

 
1606. If 𝒙, 𝒚, 𝒛 > 0, then prove that: 

∏
(𝒙 + 𝒚)𝟕 − 𝒙𝟕 − 𝒚𝟕

(𝒙 + 𝒚)𝟓 − 𝒙𝟓 − 𝒚𝟓
≥
𝟑𝟒𝟑

𝟏𝟐𝟓
(∑𝒙𝒚)

𝟑

 

Proposed by Mihaly Bencze, Neculai Stanciu – Romania  

Solution by Rovsen Pirguliyev-Azerbaijan 

To prove that (𝒙 + 𝒚)𝟕 − 𝒙𝟕 − 𝒚𝟕 = 𝟕𝒙𝒚(𝒙 + 𝒚)(𝒙𝟐 + 𝒙𝒚 + 𝒚𝟐)  (1) 

denote 𝑨 = (𝒙 + 𝒚)𝟕 − 𝒙𝟕 − 𝒚𝟕 

𝒙𝟕 + 𝒚𝟕 = (𝒙 + 𝒚)(𝒙𝟔 − 𝒙𝟓𝒚 + 𝒙𝟒𝒚𝟐 − 𝒙𝟑𝒚𝟑 + 𝒙𝟐𝒚𝟒 − 𝒙𝒚𝟓 + 𝒚𝟔) 

and (𝒙 + 𝒚)𝟔 = 𝒙𝟔 + 𝟔𝒙𝟓𝒚 + 𝟏𝟓𝒙𝟒𝒚𝟐 + 𝟐𝟎𝒙𝟑𝒚𝟑 + 𝟏𝟓𝒙𝟐𝒚𝟒 + 𝟔𝒙𝒚𝟓 + 𝒚𝟔 
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then we have: 

𝑨 = (𝒙 + 𝒚)(𝟕𝒙𝟓𝒚 + 𝟏𝟒𝒙𝟒𝒚𝟐 + 𝟐𝟏𝒙𝟑𝒚𝟑 + 𝟏𝟒𝒙𝟐𝒚𝟒 + 𝟕𝒙𝒚𝟓) = 

= 𝟕𝒙𝒚(𝒙 + 𝒚)(𝒙𝟒 + 𝟐𝒙𝟑𝒚 + 𝟑𝒙𝟐𝒚𝟐 + 𝟐𝒙𝒚𝟑 + 𝒚𝟒) = 

= 𝟕𝒙𝒚(𝒙 + 𝒚)(𝒙𝟐 + 𝒙𝒚 + 𝒚𝟐)𝟐   (1) 

Similarly to prove (𝒙 + 𝒚)𝟓 − 𝒙𝟓 − 𝒚𝟓 = 𝟓𝒙𝒚(𝒙 + 𝒚)(𝒙𝟐 + 𝒚𝒙 + 𝒚𝟐)     (2) 

Using (1) and (2) ⇒ 

∏
(𝒙+ 𝒚)𝟕 − 𝒙𝟕 − 𝒚𝟕

(𝒙 + 𝒚)𝟓 − 𝒙𝟓 − 𝒚𝟓
=∏

𝟕𝒙𝒚(𝒙 + 𝒚)(𝒙𝟐 + 𝒙𝒚+ 𝒚𝟐)𝟐

𝟓𝒙𝒚(𝒙 + 𝒚)(𝒙𝟐 + 𝒙𝒚 + 𝒚𝟐)
= 

=
𝟑𝟒𝟑

𝟏𝟐𝟓
(𝒙𝟐 + 𝒙𝒚 + 𝒚𝟐) ⋅ (𝒚𝟐 + 𝒚𝒛 + 𝒛𝟐)(𝒛𝟐 + 𝒛𝒙 + 𝒙𝟐) 

further applying Holder’s inequality we have: 

∏(𝒙𝟐 + 𝒙𝒚 + 𝒚𝟐) ≥ (∑𝒙𝒚)
𝟑

 

1607. 𝑰𝒇 𝒂𝒌 > 0 (𝒌 = 𝟏, 𝟐, … , 𝒏)𝒂𝒏𝒅 ∑ 𝒂𝒌
𝟐 = 𝒏  𝒕𝒉𝒆𝒏 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕𝒏

𝒌=𝟏 : 

∑
𝟏

𝒏 + 𝟏− 𝒂𝒌
≤ 𝟏

𝒏

𝒌=𝟏

 

Proposed by Neculai Stanciu-Romania 

Solution by Khaled Abd Imouti-Syria 

𝒃𝒚 𝒖𝒔𝒊𝒏𝒈 𝑨𝑴 − 𝑮𝑴: 

𝟏 = √
𝒏

𝒏
= √

𝒂𝟏
𝟐 + 𝒂𝟐

𝟐 +⋯ . . +𝒂𝒏𝟐

𝒏
≤
𝒂𝟏 + 𝒂𝟐 +⋯ .+𝒂𝒏

𝒏
 

𝟏 ≤
𝒂𝟏 + 𝒂𝟐 +⋯ .+𝒂𝒏

𝒏
⟹ 𝒏 ≤ 𝒂𝟏 + 𝒂𝟐 +⋯ .+𝒂𝒏 (𝚰) 

𝒃𝒖𝒕: ∑𝒂𝒌
𝟐 = 𝒏

𝒏

𝒌=𝟏

⟹∑
𝒂𝒌
𝟐

𝒏
= 𝟏

𝒏

𝒌=𝟏

 

𝟏 =
𝒂𝟏
𝟐

𝒏
+
𝒂𝟐
𝟐

𝒏
+ ⋯+

𝒂𝒏
𝟐

𝒏
≥⏞

𝑩𝑬𝑹𝑮𝑺𝑻𝑹𝑶𝑴 (𝒂𝟏 + 𝒂𝟐 +⋯ .+𝒂𝒏)
𝟐

𝒏𝟐
 

 
(𝒂𝟏 + 𝒂𝟐 +⋯ .+𝒂𝒏)

𝟐 ≤ 𝒏𝟐 ⟹ 𝒂𝟏 + 𝒂𝟐 +⋯ .+𝒂𝒏 ≤ 𝒏 (𝚷) 
 

𝒇𝒓𝒐𝒎 (𝚰) , (𝚷) ∶  𝒂𝟏 + 𝒂𝟐 +⋯+ 𝒂𝒏 = 𝒏 
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𝒃𝒖𝒕: √
𝒂𝟏
𝟐 + 𝒂𝟐

𝟐 +⋯ . . +𝒂𝒏𝟐

𝒏
≤
𝒂𝟏 + 𝒂𝟐 +⋯ .+𝒂𝒏

𝒏
 𝒉𝒐𝒍𝒅𝒔 𝒘𝒉𝒆𝒏: 

𝒂𝟏 = 𝒂𝟐 = ⋯ = 𝒂𝒏, 𝒔𝒐: 𝒂𝟏 = 𝒂𝟐 = ⋯ = 𝒂𝒏 =
𝟏

𝒏
 

𝒔𝒐: ∑
𝟏

𝒏 + 𝟏 − 𝒂𝒌
=

𝒏

𝒏 + 𝟏 −
𝟏
𝒏

𝒏

𝒌=𝟏

=
𝒏𝟐

𝒏𝟐 + 𝒏− 𝟏
≤ 𝟏 ⟺ 𝒏 ≥ 𝟏  (𝒕𝒓𝒖𝒆) 

1608. If 𝒂, 𝒃 > 0 then: 
 

𝒂𝟑

𝒃
+
𝒃𝟑

𝒂
+ 𝟖 (

𝟏

𝒂 + 𝟏
+

𝟏

𝒃 + 𝟏
) ≥ 𝟏𝟎 

 
Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Tapas Das-India 
 

𝒂𝟒 + 𝒃𝟒 ≥⏞
𝑪𝑬𝑩𝒀𝑺𝑯𝑬𝑽 (𝒂𝟑 + 𝒃𝟑)(𝒂 + 𝒃)

𝟐
= 

(𝒂 + 𝒃)𝟐(𝒂𝟐 + 𝒃𝟐 − 𝒂𝒃)

𝟐
≥

𝑨𝑴−𝑮𝑴 (𝒂 + 𝒃)𝟐(𝟐𝒂𝒃 − 𝒂𝒃)

𝟐
=
𝒂𝒃(𝒂 + 𝒃)𝟐

𝟐
 𝒂𝒏𝒅 

 𝟖 (
𝟏

𝒂 + 𝟏
+

𝟏

𝒃 + 𝟏
) ≥
𝑩𝒆𝒓𝒈𝒔𝒕𝒓𝒐𝒎

𝟖 .
(𝟏 + 𝟏)𝟐

𝒂 + 𝒃 + 𝟐
=

𝟑𝟐

𝒂 + 𝒃 + 𝟐
  

 
𝑵𝒐𝒘 𝒘𝒆 𝒏𝒆𝒆𝒅 𝒕𝒐 𝒔𝒉𝒐𝒘 

 
𝒂𝟑

𝒃
+
𝒃𝟑

𝒂
+ 𝟖(

𝟏

𝒂 + 𝟏
+

𝟏

𝒃 + 𝟏
) ≥ 𝟏𝟎 𝒐𝒓 

 
𝒂𝟒 + 𝒃𝟒

𝒂𝒃
+ 𝟖(

𝟏

𝒂 + 𝟏
+

𝟏

𝒃 + 𝟏
) ≥ 𝟏𝟎 𝒐𝒓 

 
𝒂𝒃(𝒂 + 𝒃)𝟐

𝟐𝒂𝒃
+

𝟑𝟐

𝒂 + 𝒃 + 𝟐
≥ 𝟏𝟎 𝒐𝒓 

 
𝒙𝟐

𝟐
+

𝟑𝟐

𝒙 + 𝟐
≥

𝒂+𝒃=𝒙>0

 𝟏𝟎 𝒐𝒓 

 

 𝒙𝟑 + 𝟐𝒙𝟐 − 𝟐𝟎𝒙 + 𝟐𝟒 ≥ 𝟎 𝒐𝒓 
 

 (𝒙 + 𝟔)(𝒙 − 𝟐)𝟐 ≥ 𝟎 𝒕𝒓𝒖𝒆  
𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒇𝒐𝒓 𝒙 = 𝒂 + 𝒃 = 𝟐 𝒐𝒓 𝒂 = 𝒃 = 𝟏 
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1609. If 𝒂, 𝒃 > 0 then: 

𝒂𝟑

𝒂𝟐 + 𝟏
+

𝒃𝟑

𝒃𝟐 + 𝟏
+

𝟒

𝒂 + 𝒃
≥ 𝟑 

 
Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Tapas Das-India 
 

𝒂𝟑

𝒂𝟐 + 𝟏
+

𝒃𝟑

𝒃𝟐 + 𝟏
+

𝟒

𝒂 + 𝒃
≥ 𝟑   

 

(𝒂 −
𝒂

𝒂𝟐 + 𝟏
) + (𝒃 −

𝒃

𝒃𝟐 + 𝟏
) +

𝟒

𝒂 + 𝒃
≥ 𝟑  

 

(𝒂 + 𝒃) +
𝟒

𝒂 + 𝒃
− (

𝒂

𝒂𝟐 + 𝟏
+

𝒃

𝒃𝟐 + 𝟏
) ≥ 𝟑  

 

 (𝒂 + 𝒃) +
𝟒

𝒂 + 𝒃
− (

𝒂

𝟐𝒂
+
𝒃

𝟐𝒃
) ≥ 𝟑(𝒂𝒎− 𝒈𝒎) 

 

 (𝒂 + 𝒃) +
𝟒

𝒂 + 𝒃
≥ 𝟒  

 
(𝒂 + 𝒃)𝟐 − 𝟒(𝒂 + 𝒃) + 𝟒 ≥ 𝟎 𝒐𝒓 (𝒂 + 𝒃 − 𝟐)𝟐 ≥ 𝟎 (𝒕𝒓𝒖𝒆) 

 
 𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒇𝒐𝒓 𝒂 + 𝒃 = 𝟐 𝒐𝒓 𝒂 = 𝒃 = 𝟏 

1610. 𝐈𝐟 𝒂, 𝐛 ∈ ℝ 𝒂𝐧𝐝 (𝒂 + 𝟏)(𝐛 + 𝟏) = 𝟒, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝒂𝟒 + 𝐛𝟒 ≥ 𝒂𝟑 + 𝐛𝟑 
  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 
 

𝐀𝐬 (𝒂 + 𝟏)(𝐛 + 𝟏) = 𝟒 ∴ 𝐞𝐢𝐭𝐡𝐞𝐫 (𝒂 + 𝟏), (𝐛 + 𝟏) > 0 𝐨𝐫  
(𝒂 + 𝟏), (𝐛 + 𝟏) < 0 𝑎𝐧𝐝 𝐢𝐧 𝐭𝐡𝐞 𝒍𝒂𝐭𝐭𝐞𝐫 𝐜𝒂𝐬𝐞, 𝒂, 𝐛 < −1 < 0 
⇒ 𝒂𝟑 + 𝐛𝟑 < 0 ≤ 𝒂𝟒 + 𝐛𝟒 ∴ 𝒂𝟒 + 𝐛𝟒 > 𝒂𝟑 + 𝐛𝟑 

𝐖𝐡𝐞𝐧 (𝒂 + 𝟏), (𝐛 + 𝟏) > 0, (𝒂 + 𝟏)(𝐛 + 𝟏) = 𝟒 ⇒ √(𝒂 + 𝟏)(𝐛 + 𝟏) = 𝟐 ⇒ 𝟐 ≤
𝐀−𝐆

 
𝒂 + 𝟏 + 𝐛 + 𝟏

𝟐
 (∵ (𝒂 + 𝟏)(𝐛 + 𝟏) = 𝟒 ⇒ (𝒂 + 𝟏), (𝐛 + 𝟏) > 0) ⇒ 𝒂 + 𝐛 ≥ 𝟐 

⇒ 𝟑 − 𝒂𝐛 ≥ 𝟐(∵ (𝒂 + 𝟏)(𝐛 + 𝟏) = 𝟒 ⇒ 𝒂 + 𝐛 + 𝒂𝐛 =
(∗)
𝟑) ⇒ 𝒙 = 𝒂𝐛 ≤ 𝟏 → (𝟏) 

𝐍𝐨𝐰,𝒂𝟒 + 𝐛𝟒 ≥
?
𝒂𝟑 + 𝐛𝟑 ⇔ (𝒂𝟐 + 𝐛𝟐)𝟐 − 𝟐𝒂𝟐𝐛𝟐 ≥

?
(𝒂 + 𝐛)(𝒂𝟐 + 𝐛𝟐 − 𝒂𝐛) 
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⇔ ((𝒂 + 𝐛)𝟐 − 𝟐𝒂𝐛)𝟐 − 𝟐𝒂𝟐𝐛𝟐 ≥
?
(𝒂 + 𝐛)((𝒂 + 𝐛)𝟐 − 𝟑𝒂𝐛) 

⇔
𝐯𝐢𝒂 (∗)

((𝟑 − 𝒙)𝟐 − 𝟐𝒙)𝟐 − 𝟐𝒙𝟐 ≥
?
(𝟑 − 𝒙)((𝟑 − 𝒙)𝟐 − 𝟐𝒙) 

⇔ 𝒙𝟒 − 𝟏𝟓𝒙𝟑 + 𝟔𝟖𝒙𝟐 − 𝟏𝟎𝟖𝒙 + 𝟓𝟒 ≥
?
𝟎 ⇔ (𝒙 − 𝟏) (𝒙𝟐(𝒙 − 𝟏𝟒) + 𝟓𝟒(𝒙 − 𝟏)) ≥

?
𝟎 

→ 𝐭𝐫𝐮𝐞 ∵ (𝒙 − 𝟏) ≤
𝐯𝐢𝒂 (𝟏)

𝟎𝒂𝐧𝐝 𝒙𝟐(𝒙 − 𝟏𝟒) <
𝐯𝐢𝒂 (𝟏)

𝟎 𝒂𝐧𝐝 𝟓𝟒(𝒙 − 𝟏) ≤
𝐯𝐢𝒂 (𝟏)

𝟎 

⇒ (𝒙𝟐(𝒙 − 𝟏𝟒) + 𝟓𝟒(𝒙 − 𝟏)) < 0 ∴ 𝒂𝟒 + 𝐛𝟒 ≥ 𝒂𝟑 + 𝐛𝟑 ∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝒂𝒍𝒍 𝐜𝒂𝐬𝐞𝐬, 

𝒂𝟒 + 𝐛𝟒 ≥ 𝒂𝟑 + 𝐛𝟑 ∀ 𝒂, 𝐛 ∈ ℝ│(𝒂 + 𝟏)(𝐛 + 𝟏) = 𝟒,′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝟏 (𝐐𝐄𝐃) 

1611. If 𝒂, 𝒃, 𝒄 ∈ [𝟑; 𝟓] and 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 = 𝟓𝟎, then prove that: 

𝒂 + 𝒃 + 𝒄 ≥ 𝟏𝟐 

Proposed by Hung Nguyen Cuong-Vietnam 

Solution by Pham Duc Nam-Vietnam 

∗ 𝒂, 𝒃, 𝒄 ∈ [𝟑, 𝟓] ⇒ (𝒂 − 𝟑)(𝒃 − 𝟑)(𝒄 − 𝟑) ≥ 𝟎 

and (𝟓 − 𝒂)(𝟓 − 𝒃)(𝟓 − 𝒄) ≥ 𝟎 

⇒ (𝒂 − 𝟑)(𝒃 − 𝟑)(𝒄 − 𝟑) + (𝟓 − 𝒂)(𝟓 − 𝒃)(𝟓 − 𝒄) ≥ 𝟎 

Expand and simplify: 

⇔ 𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) − 𝟏𝟔(𝒂 + 𝒃 + 𝒄) + 𝟗𝟖 ≥ 𝟎 

But: (𝒂 + 𝒃 + 𝒄)𝟐 = 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) 

⇔ (𝒂 + 𝒃 + 𝒄)𝟐 − (𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) − 𝟏𝟔(𝒂 + 𝒃 + 𝒄) + 𝟗𝟖 ≥ 𝟎 

⇔ (𝒂 + 𝒃 + 𝒄)𝟐 − 𝟏𝟔(𝒂 + 𝒃 + 𝒄) + 𝟒𝟖 ≥ 𝟎 

⇔ 𝒂+ 𝒃 + 𝒄 ≥ 𝟏𝟐 or 𝒂 + 𝒃 + 𝒄 ≤ 𝟒 

𝒂, 𝒃, 𝒄 ∈ [𝟑, 𝟓] ⇒ 𝒂 + 𝒃 + 𝒄 ≥ 𝟏𝟐, proved. 

Equality holds iff: 𝒂 = 𝟑, 𝒃 = 𝟒, 𝒄 = 𝟓 and permutations. 

1612. If 𝒂, 𝒃 > 0 then: 

√𝟑𝒂𝟐 + 𝟏 + √𝟑𝒃𝟐 + 𝟏 + 𝟔 (
𝟏

𝒂 + 𝟏
+

𝟏

𝒃 + 𝟏
 ) ≥ 𝟏𝟎 

Proposed by Nguyen Hung Cuong-Vietnam 
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Solution by Tapas Das-India 

√𝟑𝒂𝟐 + 𝟏 + √𝟑𝒃𝟐 + 𝟏 = √(√𝟑𝒂)
𝟐
+ (𝟏)𝟐 + √(√𝟑𝒃)

𝟐
+ (𝟏)𝟐 ≥

𝑴𝒊𝒏𝒌𝒐𝒘𝒔𝒌𝒊
 

 √(√𝟑(𝒂 + 𝒃))
𝟐

+ (𝟏 + 𝟏)𝟐 = √𝟑(𝒂 + 𝒃)𝟐 + 𝟒 𝒂𝒏𝒅 

 𝟔 (
𝟏

𝒂 + 𝟏
+

𝟏

𝒃 + 𝟏
 ) ≥
𝑩𝒆𝒓𝒈𝒔𝒕𝒓𝒐𝒎

 𝟔.
(𝟏 + 𝟏)𝟐

𝒂 + 𝒃 + 𝟐
=

𝟐𝟒

𝒂 + 𝒃 + 𝟐
  

 𝑵𝒐𝒘 𝒘𝒆 𝒏𝒆𝒆𝒅 𝒕𝒐 𝒔𝒉𝒐𝒘 √𝟑𝒂𝟐 + 𝟏 +√𝟑𝒃𝟐 + 𝟏 + 𝟔(
𝟏

𝒂 + 𝟏
+

𝟏

𝒃 + 𝟏
 ) ≥ 𝟏𝟎 𝒐𝒓 

 √𝟑(𝒂 + 𝒃)𝟐 + 𝟒 +
𝟐𝟒

𝒂 + 𝒃 + 𝟐
≥ 𝟏𝟎 𝒐𝒓,  

√𝟑𝒙𝟐 + 𝟒 +
𝟐𝟒

𝒙 + 𝟐
≥

𝒂+𝒃=𝒙>0

 𝟏𝟎 𝒐𝒓,  

√𝟑𝒙𝟐 + 𝟒 ≥ 𝟏𝟎 −
𝟐𝟒

𝒙 + 𝟐
𝒐𝒓,  

√𝟑𝒙𝟐 + 𝟒 ≥
𝟏𝟎𝒙 − 𝟒

𝒙+ 𝟐
 𝒐𝒓, 

(𝟑𝒙𝟐 + 𝟒)(𝒙 + 𝟐)𝟐 ≥ (𝟏𝟎𝒙 − 𝟒)𝟐 𝒐𝒓,  
𝒙𝟑 + 𝟒𝒙𝟐 − 𝟐𝟖𝒙 + 𝟑𝟐 ≥ 𝟎 𝒐𝒓,  

(𝒙 − 𝟐)𝟐(𝒙 + 𝟖) ≥ 𝟎 𝒕𝒓𝒖𝒆 , 𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒇𝒐𝒓 𝒙 = 𝒂 + 𝒃 = 𝟐 𝒐𝒓, 𝒂 = 𝒃 = 𝟏 

 
1613. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0 𝒂𝐧𝐝 𝒂𝐛𝐜 = 𝟏, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝒂(𝐛 + 𝐜)

𝐛𝟐. √𝒂𝐜 + 𝐛𝐜. √𝐛𝐜
+

𝐛(𝐜 + 𝒂)

𝐜𝟐. √𝒂𝐛 + 𝐜𝒂. √𝐜𝒂
+

𝐜(𝒂 + 𝐛)

𝒂𝟐. √𝐛𝐜 + 𝒂𝐛. √𝒂𝐛
 ≥ 𝟑 

 
  Proposed by Zaza Mzhavanadze-Georgia 

Solution by Soumava Chakraborty-Kolkata-India 
 

 
𝒂(𝐛 + 𝐜)

𝐛𝟐. √𝒂𝐜 + 𝐛𝐜.√𝐛𝐜
+

𝐛(𝐜 + 𝒂)

𝐜𝟐. √𝒂𝐛 + 𝐜𝒂. √𝐜𝒂
+

𝐜(𝒂 + 𝐛)

𝒂𝟐. √𝐛𝐜 + 𝒂𝐛. √𝒂𝐛
 

=
𝒂(𝐛 + 𝐜)

𝐛. √𝐛𝐜(√𝒂𝐛 + 𝐜)
+

𝐛(𝐜 + 𝒂)

𝐜. √𝐜𝒂(√𝐛𝐜 + 𝒂)
+

𝐜(𝒂 + 𝐛)

𝒂.√𝒂𝐛(√𝐜𝒂 + 𝐛)
 

=
𝒂𝐛𝐜 = 𝟏 𝒂√𝒂(𝐛 + 𝐜)

𝐛(√𝒂𝐛 + √𝐜.√𝐜)
+

𝐛√𝐛(𝐜 + 𝒂)

𝐜(√𝐛𝐜 + √𝒂.√𝒂)
+

𝐜√𝐜(𝒂 + 𝐛)

𝒂(√𝐜𝒂 + √𝐛. √𝐛)
 

≥
𝐂𝐁𝐒 𝒂√𝒂(𝐛 + 𝐜)

𝐛(√𝐜 + 𝒂. √𝐛 + 𝐜)
+

𝐛√𝐛(𝐜 + 𝒂)

𝐜(√𝒂 + 𝐛. √𝐜 + 𝒂)
+

𝐜√𝐜(𝒂 + 𝐛)

𝒂(√𝐛 + 𝐜. √𝒂 + 𝐛)
 

=
𝒂√𝒂.√𝐛 + 𝐜

𝐛.√𝐜 + 𝒂
+
𝐛√𝐛. √𝐜 + 𝒂

𝐜. √𝒂 + 𝐛
+
𝐜√𝐜. √𝒂 + 𝐛

𝒂. √𝐛 + 𝐜
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≥
𝐀−𝐆

𝟑. √
𝒂√𝒂.√𝐛 + 𝐜

𝐛. √𝐜 + 𝒂
.
𝐛√𝐛.√𝐜 + 𝒂

𝐜. √𝒂 + 𝐛
.
𝐜√𝐜. √𝒂 + 𝐛

𝒂. √𝐛 + 𝐜

𝟑

= 𝟑. √√𝒂𝐛𝐜
𝟑

=
𝒂𝐛𝐜 = 𝟏

𝟑  

∴
𝒂(𝐛 + 𝐜)

𝐛𝟐 . √𝒂𝐜 + 𝐛𝐜. √𝐛𝐜
+

𝐛(𝐜 + 𝒂)

𝐜𝟐. √𝒂𝐛 + 𝐜𝒂.√𝐜𝒂
+

𝐜(𝒂 + 𝐛)

𝒂𝟐. √𝐛𝐜 + 𝒂𝐛. √𝒂𝐛
 ≥ 𝟑 

∀ 𝒂, 𝐛, 𝐜 > 0│𝒂𝐛𝐜 = 𝟏,′′=′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 
 

1614. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0 𝑎𝐧𝐝 𝒂𝐛𝐜 = 𝟏, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝒂.√𝐛𝟑 + 𝐜𝟑 + 𝐛.√𝒂𝟑 + 𝐜𝟑

𝒂𝐛(𝒂 + 𝐛)
+
𝐜.√𝒂𝟑 + 𝐛𝟑 + 𝐛.√𝒂𝟑 + 𝐜𝟑

𝐛𝐜(𝐛 + 𝐜)
+
𝐜.√𝒂𝟑 + 𝐛𝟑 + 𝒂.√𝐛𝟑 + 𝐜𝟑

𝒂𝐜(𝒂 + 𝐜)
 ≥ 𝟑√𝟐 

  Proposed by Zaza Mzhavanadze-Georgia 
Solution by Soumava Chakraborty-Kokata-India 
 

 ∀ 𝐀, 𝐁, 𝐂 > 0, (𝐀 + 𝐁), (𝐁 + 𝐂), (𝐂 + 𝐀) 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞   

(∵ (𝐀 + 𝐁) + (𝐁 + 𝐂) > (𝐂 + 𝐀) 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬) ⇒ √𝐀+ 𝐁,√𝐁 + 𝐂, √𝐂 + 𝐀 𝐟𝐨𝐫𝐦  
𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝒂𝐫𝐞𝒂 𝐅 (𝐬𝒂𝐲) 𝒂𝐧𝐝 𝟏𝟔𝐅𝟐 = 

𝟐∑(𝐀+ 𝐁)(𝐁 + 𝐂)

𝐜𝐲𝐜

−∑(𝐀+ 𝐁)𝟐

𝐜𝐲𝐜

= 𝟐∑(∑𝐀𝐁

𝐜𝐲𝐜

+ 𝐁𝟐)

𝐜𝐲𝐜

− 𝟐∑𝐀𝟐

𝐜𝐲𝐜

− 𝟐∑𝐀𝐁

𝐜𝐲𝐜

 

= 𝟔∑𝐀𝐁

𝐜𝐲𝐜

+ 𝟐∑𝐀𝟐

𝐜𝐲𝐜

− 𝟐∑𝐀𝟐

𝐜𝐲𝐜

− 𝟐∑𝐀𝐁

𝐜𝐲𝐜

⇒ 𝟒𝐅 = 𝟐√∑𝐀𝐁

𝐜𝐲𝐜

→ (𝟏) 

𝐍𝐨𝐰, ∀ 𝒙, 𝐲, 𝐳 > 0,√∑
𝒙𝐲

(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
? √𝟑

𝟐
⇔∑

𝒙𝟐𝐲𝟐

𝒙𝐲(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
?
⏟
(∗)

𝟑

𝟒
 

𝐕𝐢𝒂 𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦,𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
(∑ 𝒙𝐲𝐜𝐲𝐜 )

𝟐

∑ (𝒙𝐲(∑ 𝒙𝐲𝐜𝐲𝐜 + 𝐳𝟐))𝐜𝐲𝐜

=
(∑ 𝒙𝐲𝐜𝐲𝐜 )

𝟐

(∑ 𝒙𝐲𝐜𝐲𝐜 )
𝟐
+ 𝒙𝐲𝐳∑ 𝒙𝐜𝐲𝐜

 

≥
? 𝟑

𝟒
⇔ (∑𝒙𝐲

𝐜𝐲𝐜

)

𝟐

≥
?
𝟑𝒙𝐲𝐳∑𝒙

𝐜𝐲𝐜

→ 𝐭𝐫𝐮𝐞 ∴ √∑
𝒙𝐲

(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
? √𝟑

𝟐
→ (𝟐) 

𝐖𝐞 𝐡𝒂𝐯𝐞 ∶
𝒂. √𝐛𝟑 + 𝐜𝟑 + 𝐛.√𝒂𝟑 + 𝐜𝟑

𝒂𝐛(𝒂 + 𝐛)
+
𝐜.√𝒂𝟑 + 𝐛𝟑 + 𝐛.√𝒂𝟑 + 𝐜𝟑

𝐛𝐜(𝐛 + 𝐜)
 

+
𝐜.√𝒂𝟑 + 𝐛𝟑 + 𝒂.√𝐛𝟑 + 𝐜𝟑

𝒂𝐜(𝒂 + 𝐜)
 

=
𝒂𝐛𝐜 = 𝟏 𝒂𝐜.√𝐛𝟑 + 𝐜𝟑 + 𝐛𝐜.√𝒂𝟑 + 𝐜𝟑

𝒂 + 𝐛
+
𝐜𝒂.√𝒂𝟑 + 𝐛𝟑 + 𝒂𝐛.√𝒂𝟑 + 𝐜𝟑

𝐛 + 𝐜
 

+
𝐛𝐜.√𝒂𝟑 + 𝐛𝟑 + 𝒂𝐛.√𝐛𝟑 + 𝐜𝟑

𝐜 + 𝒂
 

=
𝐜

𝒂 + 𝐛
. (𝒂.√𝐛𝟑 + 𝐜𝟑 + 𝐛.√𝐜𝟑 + 𝒂𝟑) +

𝒂

𝐛 + 𝐜
. (𝐜. √𝒂𝟑 + 𝐛𝟑 + 𝐛.√𝐜𝟑 + 𝒂𝟑) 
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+
𝐛

𝐜 + 𝒂
. (𝐜. √𝒂𝟑 + 𝐛𝟑 + 𝒂.√𝐛𝟑 + 𝐜𝟑) 

=
𝒂

𝐛 + 𝐜
. (𝐛.√𝐜𝟑 + 𝒂𝟑 + 𝐜.√𝒂𝟑 + 𝐛𝟑) +

𝐛

𝐜 + 𝒂
. (𝐜.√𝒂𝟑 + 𝐛𝟑 + 𝒂.√𝐛𝟑 + 𝐜𝟑) 

+
𝐜

𝒂 + 𝐛
. (𝒂.√𝐛𝟑 + 𝐜𝟑 + 𝐛.√𝐜𝟑 + 𝒂𝟑) 

=
𝒙

𝐲 + 𝐳
(𝐁 + 𝐂) +

𝐲

𝐳 + 𝒙
(𝐂 + 𝐀) +

𝐳

𝒙 + 𝐲
(𝐀 + 𝐁) 

(𝒙 = 𝒂,𝐲 = 𝐛, 𝐳 = 𝐳, 𝐀 = 𝒂.√𝐛𝟑 + 𝐜𝟑, 𝐁 = 𝐛.√𝐜𝟑 + 𝒂𝟑, 𝐂 = 𝐜.√𝒂𝟑 + 𝐛𝟑) 

=
𝒙

𝐲 + 𝐳
. √𝐁 + 𝐂

𝟐
+

𝐲

𝐳 + 𝒙
. √𝐂 + 𝐀

𝟐
+

𝐳

𝒙 + 𝐲
. √𝐀 + 𝐁

𝟐
≥

𝐎𝐩𝐩𝐞𝐧𝐡𝐞𝐢𝐦

 

𝟒𝐅.√∑
𝒙𝐲

(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
𝐯𝐢𝒂 (𝟏) 𝒂𝐧𝐝 (𝟐)

𝟐√∑𝐀𝐁

𝐜𝐲𝐜

.
√𝟑

𝟐

= √𝟑.√∑(𝒂.√𝐛𝟑 + 𝐜𝟑. 𝐛. √𝐜𝟑 + 𝒂𝟑)

𝐜𝐲𝐜

≥
𝐀−𝐆

√𝟑.√𝟑. √𝒂𝟐𝐛𝟐𝐜𝟐(𝒂𝟑 + 𝐛𝟑)(𝐛𝟑 + 𝐜𝟑)(𝐜𝟑 + 𝒂𝟑)
𝟑

 

≥
𝐂𝐞𝐬𝒂𝐫𝐨

𝟑. √𝒂𝟐𝐛𝟐𝐜𝟐. 𝟖𝒂𝟑𝐛𝟑𝐜𝟑
𝟔

=
𝒂𝐛𝐜 = 𝟏

𝟑√𝟐 ∴
𝒂.√𝐛𝟑 + 𝐜𝟑 + 𝐛.√𝒂𝟑 + 𝐜𝟑

𝒂𝐛(𝒂 + 𝐛)
 

+
𝐜.√𝒂𝟑 + 𝐛𝟑 + 𝐛.√𝒂𝟑 + 𝐜𝟑

𝐛𝐜(𝐛 + 𝐜)
+
𝐜.√𝒂𝟑 + 𝐛𝟑 + 𝒂.√𝐛𝟑 + 𝐜𝟑

𝒂𝐜(𝒂 + 𝐜)
 ≥ 𝟑√𝟐  

∀ 𝒂,𝐛, 𝐜 > 0│𝑎𝐛𝐜 = 𝟏,′′=′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 
 

1615. If 𝒙, 𝒚, 𝒛 > 0 then: 

∑
(𝒙 + 𝒚)𝟓 − 𝒙𝟓 − 𝒚𝟓

𝟓((𝒙 + 𝒚)𝟑 − 𝒙𝟑 − 𝒚𝟑)
𝒄𝒚𝒄

≤∑𝒙𝟐

𝒄𝒚𝒄

 

 
Proposed by Neculai Stanciu-Romania 

Solution by Tapas Das-India 
(𝒙 + 𝒚)𝟓 − 𝒙𝟓 − 𝒚𝟓 = 

 

𝒙𝟓 + 𝟓𝒙𝟒𝒚+ 𝟏𝟎𝒙𝟑𝒚𝟐 + 𝟏𝟎𝒙𝟐𝒚𝟑 + 𝟓𝒙𝒚𝟒 + 𝒚𝟓 − 𝒙𝟓 − 𝒚𝟓 
 

= 𝟓𝒙𝒚(𝒙 + 𝒚)(𝒙𝟐 + 𝒙𝒚 + 𝒚𝟐)  

 

 (𝒙 + 𝒚)𝟑 − 𝒙𝟑 − 𝒚𝟑 = 𝟑𝒙𝒚(𝒙 + 𝒚)  
 

∑
(𝒙+ 𝒚)𝟓 − 𝒙𝟓 − 𝒚𝟓

𝟓((𝒙 + 𝒚)𝟑 − 𝒙𝟑 − 𝒚𝟑)
𝒄𝒚𝒄

=∑
𝟓𝒙𝒚(𝒙 + 𝒚)(𝒙𝟐 + 𝒙𝒚+ 𝒚𝟐)

𝟏𝟓𝒙𝒚(𝒙 + 𝒚)
𝒄𝒚𝒄

= 
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=
𝟏

𝟑
∑(𝒙𝟐 + 𝒙𝒚+ 𝒚𝟐)

𝒄𝒚𝒄

≤
𝑨𝑴−𝑮𝑴 𝟏

𝟑
∑(𝒙𝟐 +

𝒙𝟐 + 𝒚𝟐

𝟐
+ 𝒚𝟐)

𝒄𝒚𝒄

= 

 

=
𝟏

𝟑
∙
𝟑

𝟐
∑(𝒙𝟐 + 𝒚𝟐) =

𝟏

𝟐
∙ 𝟐∑𝒙𝟐

𝒄𝒚𝒄

=

𝒄𝒚𝒄

∑𝒙𝟐

𝒄𝒚𝒄

 

 

1616. If 𝒂, 𝒃, 𝒄 > 0, 𝑎𝑏𝑐 = 1 then: 
 

(𝒂 + 𝒃 + 𝒄)𝟐 (
𝟏

𝒂𝟐 + 𝟐
+

𝟏

𝒃𝟐 + 𝟐
+

𝟏

𝒄𝟐 + 𝟐
) ≥ 𝟗 

 
Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Tapas Das-India 

(𝒂 + 𝒃 + 𝒄)𝟐 =∑𝒂𝟐 + 𝟐∑𝒂𝒃 ≥
𝑨𝑴−𝑮𝑴

  

 

≥∑𝒂𝟐 + 𝟔√𝒂𝟐𝒃𝟐𝒄𝟐
𝟑

=∑𝒂𝟐 + 𝟔(𝒂𝒔 𝒂𝒃𝒄 = 𝟏) = (𝒂𝟐 + 𝟐) + (𝒃𝟐 + 𝟐) + (𝒄𝟐 + 𝟐)  

 

 (𝒂 + 𝒃 + 𝒄)𝟐 (
𝟏

𝒂𝟐 + 𝟐
+

𝟏

𝒃𝟐 + 𝟐
+

𝟏

𝒄𝟐 + 𝟐
) ≥ 

 

≥ [ (𝒂𝟐 + 𝟐) + (𝒃𝟐 + 𝟐) + (𝒄𝟐 + 𝟐) ]   (
𝟏

𝒂𝟐 + 𝟐
+

𝟏

𝒃𝟐 + 𝟐
+

𝟏

𝒄𝟐 + 𝟐
) ≥
𝑪𝒂𝒖𝒄𝒉𝒚−𝑺𝒄𝒉𝒘𝒂𝒓𝒛

 𝟗 

 
 (𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒇𝒐𝒓 𝒂 = 𝒃 = 𝒄 = 𝟏) 

 

1617. If 𝒂, 𝒃 > 0 then: 

4 (
𝒂𝟐

𝒃 + 𝟏
+

𝒃𝟐

𝒂 + 𝟏
 ) + 𝟑 (

𝟏

𝒂
+
𝟏

𝒃
) ≥ 𝟏𝟎 

 
Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Tapas Das-India 

𝟒(
𝒂𝟐

𝒃 + 𝟏
+

𝒃𝟐

𝒂 + 𝟏
 ) + 𝟑(

𝟏

𝒂
+
𝟏

𝒃
) ≥ 𝟏𝟎 𝒐𝒓, 

 
𝟒(𝒂 + 𝒃)𝟐

𝒂 + 𝒃 + 𝟐
+
𝟑(𝟏 + 𝟏)𝟐

𝒂 + 𝒃
≥ 𝟏𝟎 (𝑩𝒆𝒓𝒈𝒔𝒕𝒓𝒐𝒎) 𝒐𝒓, 
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𝟒𝒙𝟐

𝒙 + 𝟐
+
𝟏𝟐

𝒙
≥

𝒂+𝒃=𝒙>0

 𝟏𝟎 𝒐𝒓, 

 

 𝟐𝒙𝟑 − 𝟓𝒙𝟐 − 𝟒𝒙 + 𝟏𝟐 ≥ 𝟎 𝒐𝒓,  
 

(𝒙 − 𝟐)𝟐(𝟐𝒙 + 𝟑) ≥ 𝟎 𝒕𝒓𝒖𝒆.  
 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒇𝒐𝒓  𝒂 = 𝒃 = 𝟏 
 

1618. If 𝒂, 𝒃, 𝒄 ≥ 𝟎, 𝒂 + 𝒃 + 𝒄 = 𝟑 then: 
𝒂

𝒃𝟐 + 𝒄𝟐 + 𝟐𝒂 + 𝟐
+

𝒃

𝒄𝟐 + 𝒂𝟐 + 𝟐𝒃 + 𝟐
+

𝒄

𝒂𝟐 + 𝒃𝟐 + 𝟐𝒄 + +𝟐
≤
𝟏

𝟐
 

 
Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Tapas Das-India 
 

∑
𝒂

𝒃𝟐 + 𝒄𝟐 + 𝟐𝒂 + 𝟐
𝒄𝒚𝒄

=∑
𝒂

(𝒃𝟐 + 𝟏) + (𝒄𝟐 + 𝟏) + 𝟐𝒂
𝒄𝒚𝒄

≤ 

≤⏞
𝑨𝑴−𝑮𝑴

∑
𝒂

𝟐𝒂 + 𝟐𝒃 + 𝟐𝒄
𝒄𝒚𝒄

=
𝒂 + 𝒃 + 𝒄

𝟐(𝒂 + 𝒃 + 𝒄)
=
𝟏

𝟐
 

 
 𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒇𝒐𝒓 𝒂 =  𝒃 = 𝒄 = 𝟏 

 

1619. If 𝒂, 𝒃, 𝒄 > 0, 𝑎 + 𝑏 + 𝑐 =
𝟏

𝟐
 then: 

√𝒂𝒃 − 𝟐𝒄 + 𝟓
𝟒

+ √𝒂𝒄 − 𝟐𝒃 + 𝟓
𝟒

+ √𝒃𝒄 − 𝟐𝒂 + 𝟓
𝟒 

<
𝟏𝟗

𝟒
 

Proposed by Samed Ahmedov-Azerbaijan 
Solution by Tapas Das-India 
 

 𝒂 + 𝒃 + 𝒄 =
𝟏

𝟐
 ⟺  𝟐𝒄 = 𝟏 − 𝟐𝒂− 𝟐𝒃  

 
 𝒂𝒃 − 𝟐𝒄 + 𝟓 = 𝒂𝒃 − 𝟏 + 𝟐𝒂+ 𝟐𝒃+ 𝟓 = 

 
= 𝒂𝒃 + 𝟐𝒂+ 𝟐𝒃+ 𝟒 = (𝒂 + 𝟐)(𝒃 + 𝟐)  

 

 √𝒂𝒃 − 𝟐𝒄 + 𝟓
𝟒

= √(𝒂 + 𝟐)(𝒃 + 𝟐)
𝟒

= √(𝒂 + 𝟐)(𝒃 + 𝟐).𝟏. 𝟏
𝟒

≤
𝑨𝑴−𝑮𝑴

 
 

≤
𝒂 + 𝟐 + 𝒃 + 𝟐+ 𝟏+ 𝟏

𝟒
=
𝒂+ 𝒃 + 𝟔

𝟒
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  √𝒂𝒃 − 𝟐𝒄+ 𝟓
𝟒

+ √𝒂𝒄− 𝟐𝒃+ 𝟓
𝟒

+ √𝒃𝒄 − 𝟐𝒂 + 𝟓
𝟒 

< 
 

<
𝒂 + 𝒃 + 𝟔

𝟒
+
𝒂 + 𝒄 + 𝟔

𝟒
+
𝒃 + 𝒄 + 𝟔

𝟒
=
𝟐(𝒂 + 𝒃 + 𝒄) + 𝟏𝟖

𝟒
=
𝟏𝟗

𝟒
(𝒂𝒔 𝒂 + 𝒃 + 𝒄 =

𝟏

𝟐
) 

 

1620.  𝐈𝐟 𝒂, 𝐛, 𝐜 > 0 𝑎𝐧𝐝 𝒂𝐛𝐜 = 𝟏, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

(𝒂 + 𝐛).√𝒂𝟑 + 𝐛𝟑

𝒂𝟐𝐛. √𝐛𝟑 + 𝐜𝟑 + 𝐛𝟐𝒂.√𝐜𝟑 + 𝒂𝟑
+

(𝐛 + 𝐜). √𝐛𝟑 + 𝐜𝟑

𝐜𝟐𝐛.√𝒂𝟑 + 𝐛𝟑 + 𝐛𝟐𝐜. √𝐜𝟑 + 𝒂𝟑
+

(𝐜 + 𝒂).√𝐜𝟑 + 𝒂𝟑

𝐜𝟐𝒂. √𝒂𝟑 + 𝐛𝟑 + 𝒂𝟐𝐜. √𝐛𝟑 + 𝐜𝟑
 ≥ 𝟑 

  Proposed by Zaza Mzhavanadze-Georgia 
Solution by Soumava Chakraborty-Kolkata-India 
 

∀ 𝐀, 𝐁, 𝐂 > 0, (𝐀 + 𝐁), (𝐁 + 𝐂), (𝐂 + 𝐀) 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞  

 (∵ (𝐀 + 𝐁) + (𝐁 + 𝐂) > (𝐂 + 𝐀) 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬) ⇒ √𝐀 + 𝐁, √𝐁 + 𝐂, √𝐂 + 𝐀 𝐟𝐨𝐫𝐦  
𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝒂𝐫𝐞𝒂 𝐅 (𝐬𝒂𝐲) 𝒂𝐧𝐝 𝟏𝟔𝐅𝟐 = 

𝟐∑(𝐀+ 𝐁)(𝐁 + 𝐂)

𝐜𝐲𝐜

−∑(𝐀+ 𝐁)𝟐

𝐜𝐲𝐜

= 𝟐∑(∑𝐀𝐁

𝐜𝐲𝐜

+ 𝐁𝟐)

𝐜𝐲𝐜

− 𝟐∑𝐀𝟐

𝐜𝐲𝐜

− 𝟐∑𝐀𝐁

𝐜𝐲𝐜

 

= 𝟔∑𝐀𝐁

𝐜𝐲𝐜

+ 𝟐∑𝐀𝟐

𝐜𝐲𝐜

− 𝟐∑𝐀𝟐

𝐜𝐲𝐜

− 𝟐∑𝐀𝐁

𝐜𝐲𝐜

⇒ 𝟒𝐅 = 𝟐√∑𝐀𝐁

𝐜𝐲𝐜

→ (𝟏) 

𝐍𝐨𝐰, ∀ 𝒙, 𝐲, 𝐳 > 0,√∑
𝒙𝐲

(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
? √𝟑

𝟐
⇔∑

𝒙𝟐𝐲𝟐

𝒙𝐲(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
?
⏟
(∗)

𝟑

𝟒
 

𝐕𝐢𝒂 𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦,𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
(∑ 𝒙𝐲𝐜𝐲𝐜 )

𝟐

∑ (𝒙𝐲(∑ 𝒙𝐲𝐜𝐲𝐜 + 𝐳𝟐))𝐜𝐲𝐜

=
(∑ 𝒙𝐲𝐜𝐲𝐜 )

𝟐

(∑ 𝒙𝐲𝐜𝐲𝐜 )
𝟐
+ 𝒙𝐲𝐳∑ 𝒙𝐜𝐲𝐜

 

≥
? 𝟑

𝟒
⇔ (∑𝒙𝐲

𝐜𝐲𝐜

)

𝟐

≥
?
𝟑𝒙𝐲𝐳∑𝒙

𝐜𝐲𝐜

→ 𝐭𝐫𝐮𝐞 ∴ √∑
𝒙𝐲

(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
? √𝟑

𝟐
→ (𝟐) 

𝐖𝐞 𝐡𝒂𝐯𝐞 ∶
(𝒂 + 𝐛).√𝒂𝟑 + 𝐛𝟑

𝒂𝟐𝐛.√𝐛𝟑 + 𝐜𝟑 + 𝐛𝟐𝒂.√𝐜𝟑 + 𝒂𝟑
+

(𝐛+ 𝐜). √𝐛𝟑 + 𝐜𝟑

𝐜𝟐𝐛.√𝒂𝟑 + 𝐛𝟑 + 𝐛𝟐𝐜. √𝐜𝟑 + 𝒂𝟑
 

+
(𝐜 + 𝒂).√𝐜𝟑 + 𝒂𝟑

𝐜𝟐𝒂.√𝒂𝟑 + 𝐛𝟑 + 𝒂𝟐𝐜.√𝐛𝟑 + 𝐜𝟑
 

=
(
𝒂 + 𝐛
𝒂𝐛

) .√𝒂𝟑 + 𝐛𝟑

𝒂.√𝐛𝟑 + 𝐜𝟑 + 𝐛.√𝐜𝟑 + 𝒂𝟑
+

(
𝐛+ 𝐜
𝐛𝐜

) .√𝐛𝟑 + 𝐜𝟑

𝐜. √𝒂𝟑 + 𝐛𝟑 + 𝐛.√𝐜𝟑 + 𝒂𝟑
 

+
(
𝐜 + 𝒂
𝐜𝒂

) .√𝐜𝟑 + 𝒂𝟑

𝐜. √𝒂𝟑 + 𝐛𝟑 + 𝒂.√𝐛𝟑 + 𝐜𝟑
=

𝒂𝐛𝐜 = 𝟏 𝐜(𝒂 + 𝐛).√𝒂𝟑 + 𝐛𝟑

𝒂.√𝐛𝟑 + 𝐜𝟑 + 𝐛.√𝐜𝟑 + 𝒂𝟑
 



 
www.ssmrmh.ro 

17 RMM-CYCLIC INEQUALITIES MARATHON 1601-1700 

 

+
𝒂(𝐛 + 𝐜). √𝐛𝟑 + 𝐜𝟑

𝐜. √𝒂𝟑 + 𝐛𝟑 + 𝐛.√𝐜𝟑 + 𝒂𝟑
+

𝐛(𝐜 + 𝒂).√𝐜𝟑 + 𝒂𝟑

𝐜. √𝒂𝟑 + 𝐛𝟑 + 𝒂.√𝐛𝟑 + 𝐜𝟑
 

=
𝒂.√𝐛𝟑 + 𝐜𝟑

𝐛.√𝐜𝟑 + 𝒂𝟑 + 𝐜.√𝒂𝟑 + 𝐛𝟑
. (𝐛 + 𝐜) +

𝐛.√𝐜𝟑 + 𝒂𝟑

𝐜. √𝒂𝟑 + 𝐛𝟑 + 𝒂.√𝐛𝟑 + 𝐜𝟑
. (𝐜 + 𝒂) + 

𝐜. √𝒂𝟑 + 𝐛𝟑

𝒂.√𝐛𝟑 + 𝐜𝟑 + 𝐛.√𝐜𝟑 + 𝒂𝟑
. (𝒂 + 𝐛) =

𝒙

𝐲 + 𝐳
(𝐁 + 𝐂) +

𝐲

𝐳 + 𝒙
(𝐂 + 𝐀) +

𝐳

𝒙 + 𝐲
(𝐀 + 𝐁) 

(𝒙 = 𝒂.√𝐛𝟑 + 𝐜𝟑, 𝐲 = 𝐛.√𝐜𝟑 + 𝒂𝟑, 𝐳 = 𝐜.√𝒂𝟑 + 𝐛𝟑, 𝐀 = 𝒂, 𝐁 = 𝐛, 𝐂 = 𝐜) 

=
𝒙

𝐲 + 𝐳
. √𝐁 + 𝐂

𝟐
+

𝐲

𝐳 + 𝒙
. √𝐂 + 𝐀

𝟐
+

𝐳

𝒙 + 𝐲
. √𝐀 + 𝐁

𝟐
≥

𝐎𝐩𝐩𝐞𝐧𝐡𝐞𝐢𝐦

 

𝟒𝐅.√∑
𝒙𝐲

(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
𝐯𝐢𝒂 (𝟏) 𝒂𝐧𝐝 (𝟐)

𝟐√∑𝐀𝐁

𝐜𝐲𝐜

.
√𝟑

𝟐
= √𝟑∑𝒂𝐛

𝐜𝐲𝐜

 

≥
𝐀−𝐆

√𝟗. √𝒂𝟐𝐛𝟐𝐜𝟐
𝟑

=
𝒂𝐛𝐜 = 𝟏

𝟑 

∴
(𝒂 + 𝐛).√𝒂𝟑 + 𝐛𝟑

𝒂𝟐𝐛.√𝐛𝟑 + 𝐜𝟑 + 𝐛𝟐𝒂.√𝐜𝟑 + 𝒂𝟑
+

(𝐛 + 𝐜). √𝐛𝟑 + 𝐜𝟑

𝐜𝟐𝐛.√𝒂𝟑 + 𝐛𝟑 + 𝐛𝟐𝐜. √𝐜𝟑 + 𝒂𝟑
 

+
(𝐜 + 𝒂).√𝐜𝟑 + 𝒂𝟑

𝐜𝟐𝒂.√𝒂𝟑 + 𝐛𝟑 + 𝒂𝟐𝐜.√𝐛𝟑 + 𝐜𝟑
 ≥ 𝟑 ∀ 𝒂,𝐛, 𝐜 > 0│𝑎𝐛𝐜 = 𝟏, 

′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 
 

1621.  𝐈𝐟 𝒂, 𝐛, 𝐜 > 0, 𝑡ℎ𝑒𝑛 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝐭 ∶ 

∑√
𝒂+ 𝐛

𝐜
.
√𝐛(√𝐛 + √𝐜) + √𝒂(√𝐜 + √𝒂)

√𝐛(𝐛 + 𝐜) + √𝒂(𝐜 + 𝒂)
𝒄𝒚𝒄

≥ 𝟔 

  Proposed by Zaza Mzhavanadze-Georgia 
Solution by Soumava Chakraborty-Kolkata-India 
 

∀ 𝐀, 𝐁, 𝐂 > 0, (𝐀 + 𝐁), (𝐁 + 𝐂), (𝐂 + 𝐀) 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞  

 (∵ (𝐀 + 𝐁) + (𝐁 + 𝐂) > (𝐂 + 𝐀) 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬) ⇒ √𝐀 + 𝐁, √𝐁 + 𝐂, √𝐂 + 𝐀 𝐟𝐨𝐫𝐦  
𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝒂𝐫𝐞𝒂 𝐅 (𝐬𝒂𝐲) 𝒂𝐧𝐝 𝟏𝟔𝐅𝟐 = 

𝟐∑(𝐀+ 𝐁)(𝐁 + 𝐂)

𝐜𝐲𝐜

−∑(𝐀+ 𝐁)𝟐

𝐜𝐲𝐜

= 𝟐∑(∑𝐀𝐁

𝐜𝐲𝐜

+ 𝐁𝟐)

𝐜𝐲𝐜

− 𝟐∑𝐀𝟐

𝐜𝐲𝐜

− 𝟐∑𝐀𝐁

𝐜𝐲𝐜

 

= 𝟔∑𝐀𝐁

𝐜𝐲𝐜

+ 𝟐∑𝐀𝟐

𝐜𝐲𝐜

− 𝟐∑𝐀𝟐

𝐜𝐲𝐜

− 𝟐∑𝐀𝐁

𝐜𝐲𝐜

⇒ 𝟒𝐅 = 𝟐√∑𝐀𝐁

𝐜𝐲𝐜

→ (𝟏) 

𝐍𝐨𝐰, ∀ 𝒙, 𝐲, 𝐳 > 0,√∑
𝒙𝐲

(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
? √𝟑

𝟐
⇔∑

𝒙𝟐𝐲𝟐

𝒙𝐲(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
?
⏟
(∗)

𝟑

𝟒
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𝐕𝐢𝒂 𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦,𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
(∑ 𝒙𝐲𝐜𝐲𝐜 )

𝟐

∑ (𝒙𝐲(∑ 𝒙𝐲𝐜𝐲𝐜 + 𝐳𝟐))𝐜𝐲𝐜

=
(∑ 𝒙𝐲𝐜𝐲𝐜 )

𝟐

(∑ 𝒙𝐲𝐜𝐲𝐜 )
𝟐
+ 𝒙𝐲𝐳∑ 𝒙𝐜𝐲𝐜

 

≥
? 𝟑

𝟒
⇔ (∑𝒙𝐲

𝐜𝐲𝐜

)

𝟐

≥
?
𝟑𝒙𝐲𝐳∑𝒙

𝐜𝐲𝐜

→ 𝐭𝐫𝐮𝐞 ∴ √∑
𝒙𝐲

(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
? √𝟑

𝟐
→ (𝟐) 

𝐖𝐞 𝐡𝒂𝐯𝐞 ∶ √
𝒂 + 𝐛

𝐜
.
√𝐛(√𝐛 + √𝐜) + √𝒂(√𝐜+ √𝒂)

√𝐛(𝐛 + 𝐜) + √𝒂(𝐜 + 𝒂)
+ 

√
𝐛 + 𝐜

𝒂
.
√𝐛(√𝒂 + √𝐛) + √𝐜(√𝐜 + √𝒂)

√𝐛(𝒂 + 𝐛) + √𝐜(𝐜 + 𝒂)
+√

𝒂 + 𝐜

𝐛
.
√𝒂(√𝒂 + √𝐛) + √𝐜(√𝐛 + √𝐜)

√𝒂(𝒂 + 𝐛) + √𝐜(𝐛 + 𝐜)
 

= √
𝒂 + 𝐛

𝐜
.

√𝐛(√𝐛+ √𝐜) + √𝒂(√𝐜 + √𝒂)

√𝒂𝐛

√𝐛(𝐛 + 𝐜)
𝒂𝐛 +√

𝒂(𝐜 + 𝒂)
𝒂𝐛

+√
𝐛 + 𝐜

𝒂
.

√𝐛(√𝒂+ √𝐛) + √𝐜(√𝐜 + √𝒂)

√𝐛𝐜

√𝐛(𝒂 + 𝐛)
𝐛𝐜 + √

𝐜(𝐜 + 𝒂)
𝐛𝐜

 

+√
𝒂+ 𝐜

𝐛
.

√𝒂(√𝒂 + √𝐛) + √𝐜(√𝐛+ √𝐜)

√𝐜𝒂

√𝒂(𝒂 + 𝐛)
𝐜𝒂

+ √
𝐜(𝐛 + 𝐜)
𝐜𝒂

 

=
√𝐛+ 𝐜

𝒂

√
𝐜 + 𝒂
𝐛

+ √
𝒂+ 𝐛
𝐜

. (
√𝐜 + √𝒂

√𝐛
+
√𝒂 + √𝐛

√𝐜
) +

√
𝐜 + 𝒂
𝐛

√𝒂+ 𝐛
𝐜

+ √
𝐛+ 𝐜
𝒂

. (
√𝒂 + √𝐛

√𝐜
+
√𝐛 + √𝐜

√𝒂
) 

+
√𝒂+ 𝐛

𝐜

√𝐛+ 𝐜
𝒂 +√

𝐜 + 𝒂
𝐛

. (
√𝐛 + √𝐜

√𝒂
+
√𝐜 + √𝒂

√𝐛
) 

=
𝒙

𝐲 + 𝐳
(𝐁 + 𝐂) +

𝐲

𝐳 + 𝒙
(𝐂 + 𝐀) +

𝐳

𝒙 + 𝐲
(𝐀 + 𝐁) 

 

(

  
 𝒙 = √

𝐛 + 𝐜

𝒂
, 𝐲 = √

𝐜 + 𝒂

𝐛
, 𝐳 = √

𝒂 + 𝐛

𝐜
,

𝐀 =
√𝐛 + √𝐜

√𝒂
, 𝐁 =

√𝐜 + √𝒂

√𝐛
, 𝐂 =

√𝒂+ √𝐛

√𝐜 )

  
 

 

=
𝒙

𝐲 + 𝐳
. √𝐁 + 𝐂

𝟐
+

𝐲

𝐳 + 𝒙
. √𝐂 + 𝐀

𝟐
+

𝐳

𝒙 + 𝐲
. √𝐀 + 𝐁

𝟐
≥

𝐎𝐩𝐩𝐞𝐧𝐡𝐞𝐢𝐦

 

𝟒𝐅.√∑
𝒙𝐲

(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
𝐯𝐢𝒂 (𝟏) 𝒂𝐧𝐝 (𝟐)

𝟐√∑𝐀𝐁

𝐜𝐲𝐜

.
√𝟑

𝟐
= √𝟑.√∑(

√𝐛 + √𝐜

√𝒂
.
√𝐜 + √𝒂

√𝐛
)

𝐜𝐲𝐜
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≥
𝐀−𝐆

√𝟑.√𝟑. √∏(
√𝐛 + √𝐜

√𝒂
.
√𝐜 + √𝒂

√𝐛
)

𝐜𝐲𝐜

𝟑

= 𝟑. √
(√𝐛 + √𝐜)

𝟐
(√𝐜 + √𝒂)

𝟐
(√𝒂+ √𝐛)

𝟐

𝒂𝐛𝐜

𝟔

 

≥
𝐀−𝐆

𝟑. √
(𝟒√𝐛𝐜)(𝟒√𝐜𝒂)(𝟒√𝒂𝐛)

𝒂𝐛𝐜

𝟔

= 𝟑. 𝟐 = 𝟔 

∴ √
𝒂+ 𝐛

𝐜
.
√𝐛(√𝐛 + √𝐜) + √𝒂(√𝐜+ √𝒂)

√𝐛(𝐛 + 𝐜) + √𝒂(𝐜 + 𝒂)
+√

𝐛 + 𝐜

𝒂
.
√𝐛(√𝒂 + √𝐛) + √𝐜(√𝐜 + √𝒂)

√𝐛(𝒂 + 𝐛) + √𝐜(𝐜 + 𝒂)
 

+√
𝒂+ 𝐜

𝐛
.
√𝒂(√𝒂+ √𝐛) + √𝐜(√𝐛 + √𝐜)

√𝒂(𝒂 + 𝐛) + √𝐜(𝐛 + 𝐜)
≥ 𝟔 ∀ 𝒂,𝐛, 𝐜 > 0,′′=′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 (𝐐𝐄𝐃) 

 

1622. 𝐈𝐟 𝒙, 𝐲, 𝐳 > 𝟎, 𝒙 + 𝐲 + 𝐳 = 𝟏, 𝐭𝐡𝐞𝐧 ∶ 

∏(𝒙 + 𝟐𝐲)

𝐜𝐲𝐜

≤
𝟐

𝟑
+ 𝟑∑𝒙𝐲𝟐

𝐜𝐲𝐜

 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

∏(𝒙+ 𝟐𝐲)

𝐜𝐲𝐜

≤
𝟐

𝟑
+ 𝟑∑𝒙𝐲𝟐

𝐜𝐲𝐜

⇔
∵ 𝒙+𝐲+𝐳 = 𝟏

 

𝟑(𝟐∑𝒙𝟐𝐲

𝐜𝐲𝐜

+ 𝟒∑𝒙𝐲𝟐

𝐜𝐲𝐜

+ 𝟗𝒙𝐲𝐳) ≤ 𝟐(∑𝒙

𝐜𝐲𝐜

)

𝟑

+ 𝟗∑𝒙𝐲𝟐

𝐜𝐲𝐜

 

⇔ 𝟑(𝟐∑𝒙𝟐𝐲

𝐜𝐲𝐜

+ 𝟒∑𝒙𝐲𝟐

𝐜𝐲𝐜

+ 𝟗𝒙𝐲𝐳) ≤ 

𝟐(∑𝒙𝟑

𝐜𝐲𝐜

+ 𝟑(𝟐𝒙𝐲𝐳 +∑𝒙𝟐𝐲

𝐜𝐲𝐜

+∑𝒙𝐲𝟐

𝐜𝐲𝐜

))+ 𝟗∑𝒙𝐲𝟐

𝐜𝐲𝐜

 

⇔ 𝟐∑𝒙𝟑

𝐜𝐲𝐜

+ 𝟑∑𝒙𝐲𝟐

𝐜𝐲𝐜

≥ 𝟏𝟓𝒙𝐲𝐳 → 𝐭𝐫𝐮𝐞 ∵ ∑𝒙𝟑

𝐜𝐲𝐜

≥
𝐀−𝐆

𝟑𝒙𝐲𝐳 𝒂𝐧𝐝 ∑𝒙𝐲𝟐

𝐜𝐲𝐜

≥
𝐀−𝐆

𝟑𝒙𝐲𝐳 

∴∏(𝒙 + 𝟐𝐲)

𝐜𝐲𝐜

≤
𝟐

𝟑
+ 𝟑∑𝒙𝐲𝟐

𝐜𝐲𝐜

 ∀ 𝒙, 𝐲, 𝐳 > 𝟎│𝒙 + 𝐲 + 𝐳 = 𝟏, 

′′ =′′  𝐢𝐟𝐟 𝒙 = 𝐲 = 𝐳 =
𝟏

𝟑
 (𝐐𝐄𝐃) 
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1623.  𝐈𝐟 𝒂, 𝐛 > 0 𝑎𝐧𝐝 𝒂𝐛(𝒂𝟒 + 𝐛𝟒) ≥ 𝟐, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝒂𝟓 + 𝐛𝟓 ≥ 𝟐 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

𝐖𝐞 𝐬𝐡𝒂𝒍𝒍 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ (𝒂𝟓 + 𝐛𝟓)
𝟔
≥ 𝟐𝒂𝟓𝐛𝟓(𝒂𝟒 + 𝐛𝟒)𝟓 → (𝟏) 

 

𝒂𝐧𝐝 ∵ 𝒂𝟓 + 𝐛𝟓 ≥
𝐂𝐡𝐞𝐛𝐲𝐬𝐡𝐞𝐯 𝟏

𝟐
(𝒂 + 𝐛)(𝒂𝟒 + 𝐛𝟒) 

∴ (𝒂𝟓 + 𝐛𝟓)
𝟔
≥
𝟏

𝟑𝟐
(𝒂𝟓 + 𝐛𝟓)(𝒂 + 𝐛)𝟓(𝒂𝟒 + 𝐛𝟒)𝟓 

≥
𝐇𝐨𝐥𝐝𝐞𝐫 𝟏

𝟑𝟐
.
𝟏

𝟏𝟔
. (𝒂 + 𝐛)𝟓(𝒂 + 𝐛)𝟓(𝒂𝟒 + 𝐛𝟒)𝟓 ≥

?
𝟐𝒂𝟓𝐛𝟓(𝒂𝟒 + 𝐛𝟒)𝟓 

 

⇔ (𝒂 + 𝐛)𝟏𝟎 ≥
?
𝟏𝟎𝟐𝟒𝒂𝟓𝐛𝟓 ⇔ (𝒂 + 𝐛)𝟐 ≥

?
𝟒𝒂𝐛 → 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 𝐀 − 𝐆 ∴ (𝟏) 𝐢𝐬 𝐭𝐫𝐮𝐞 

 

⇒ (𝒂𝟓 + 𝐛𝟓)
𝟔

≥
𝒂𝐛(𝒂𝟒+𝐛𝟒) ≥ 𝟐

𝟔𝟒 ⇒ 𝒂𝟓 + 𝐛𝟓 ≥ 𝟐 

 

∀ 𝒂, 𝐛 > 0│𝑎𝐛(𝒂𝟒 + 𝐛𝟒) ≥ 𝟐,′′=′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝟏 (𝐐𝐄𝐃) 
 

1624. 𝐈𝐟 𝒂, 𝐛 > 0 𝑎𝐧𝐝 𝒂𝐛 = 𝟒, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝟏

√𝒂𝟑 + 𝟏
+

𝟏

√𝐛𝟑 + 𝟏
≥
𝟐

𝟑
 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

𝐋𝐞𝐭 𝒙 =
𝟏

𝒂
, 𝐲 =

𝟏

𝐛
 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝒙𝐲 =

𝟏

𝟒
 𝒂𝐧𝐝 𝐭 = 𝒙 + 𝐲 ≥

𝐀−𝐆
𝟐√𝒙𝐲 = 𝟐.√

𝟏

𝟒
 

⇒ 𝐭 ≥ 𝟏 → (𝟏) 𝒂𝐧𝐝 𝐧𝐨𝐰,
𝟏

√𝒂𝟑 + 𝟏
+

𝟏

√𝐛𝟑 + 𝟏
=

𝟏

√
𝟏
𝒙𝟑
+ 𝟏

+
𝟏

√
𝟏
𝐲𝟑
+ 𝟏

 

=
𝒙. √𝒙.√𝒙

√𝒙(𝒙 + 𝟏). √𝒙𝟐 − 𝒙 + 𝟏
+

𝐲.√𝐲.√𝐲

√𝐲(𝐲 + 𝟏). √𝐲𝟐 − 𝐲 + 𝟏
≥

𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

 

(𝒙 + 𝐲)𝟐

√𝒙𝟐 + 𝐲𝟐 + 𝒙 + 𝐲.√𝒙𝟐 + 𝐲𝟐 − (𝒙 + 𝐲) + 𝟐
=

𝐭𝟐

√𝐭𝟐 − 𝟐𝒙𝐲 + 𝐭.√𝐭𝟐 − 𝟐𝒙𝐲 − 𝐭 + 𝟐
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=
𝒙𝐲 = 

𝟏
𝟒 𝟐𝐭𝟐

√(𝟐𝐭𝟐 + 𝟐𝐭 − 𝟏)(𝟐𝐭𝟐 − 𝟐𝐭 + 𝟑)
≥
? 𝟐

𝟑
⇔ 𝟓𝐭𝟒 − 𝟖𝐭 + 𝟑 ≥

?
𝟎 

⇔ (𝐭 − 𝟏)(𝟓𝐭𝟑 + 𝟓𝐭𝟐 + 𝟓(𝐭 − 𝟏) + 𝟐) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥ 𝟏 𝐯𝐢𝒂 (𝟏) 

 

∴
𝟏

√𝒂𝟑 + 𝟏
+

𝟏

√𝐛𝟑 + 𝟏
≥
𝟐

𝟑
 ∀ 𝒂, 𝐛 > 0│𝑎𝐛 = 𝟒,′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝟐 (𝐐𝐄𝐃) 

 

1625. 𝐋𝐞𝐭 𝒂, 𝒃, 𝒄 ≥ 𝟎, 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 > 0.  𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 : 

𝒂(𝒃 + 𝒄)

𝒂𝒃 + 𝒂𝒄 + 𝟐𝒃𝒄
+

𝒃(𝒄 + 𝒂)

𝒃𝒄 + 𝒃𝒂 + 𝟐𝒄𝒂
+

𝒄(𝒂 + 𝒃)

𝒄𝒂 + 𝒄𝒃 + 𝟐𝒂𝒃
≤

(𝒂 + 𝒃 + 𝒄)𝟐

𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)
 

Proposed by Phan Ngoc Chau-Vietnam 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

      𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)∑
𝒂(𝒃 + 𝒄)

𝒂𝒃 + 𝒂𝒄 + 𝟐𝒃𝒄
𝒄𝒚𝒄

=∑(𝒂(𝒃 + 𝒄) +
𝒂𝟐(𝒃 + 𝒄)𝟐

𝒂𝒃 + 𝒂𝒄 + 𝟐𝒃𝒄
)

𝒄𝒚𝒄

≤ 

≤⏞
𝑪𝑩𝑺

𝟐∑𝒃𝒄

𝒄𝒚𝒄

+∑𝒂𝟐 (
𝒃𝟐

𝒂𝒃 + 𝒃𝒄
+

𝒄𝟐

𝒂𝒄 + 𝒃𝒄
)

𝒄𝒚𝒄

= 𝟐∑𝒃𝒄

𝒄𝒚𝒄

+∑(
𝒂𝟐𝒃

𝒂 + 𝒄
+
𝒄𝒂𝟐

𝒂 + 𝒃
)

𝒄𝒚𝒄

= 

= 𝟐∑𝒃𝒄

𝒄𝒚𝒄

+∑(
𝒄𝟐𝒂

𝒄 + 𝒃
+
𝒂𝒃𝟐

𝒃 + 𝒄
)

𝒄𝒚𝒄

= 𝟐∑𝒃𝒄

𝒄𝒚𝒄

+∑
𝒂(𝒃𝟐 + 𝒄𝟐)

𝒃 + 𝒄
𝒄𝒚𝒄

=                           

= 𝟐∑𝒃𝒄

𝒄𝒚𝒄

+∑(𝒂(𝒃 + 𝒄) −
𝟐𝒂𝒃𝒄

𝒃 + 𝒄
)

𝒄𝒚𝒄

≤⏞
𝑪𝑩𝑺

𝟒∑𝒃𝒄

𝒄𝒚𝒄

− 𝟐𝒂𝒃𝒄.
𝟗

∑ (𝒃 + 𝒄)𝒄𝒚𝒄
=             

= 𝟐∑𝒃𝒄

𝒄𝒚𝒄

+(𝟐∑𝒃𝒄

𝒄𝒚𝒄

−
𝟗𝒂𝒃𝒄

𝒂 + 𝒃 + 𝒄
) ≤⏞
𝑺𝒄𝒉𝒖𝒓

𝟐∑𝒃𝒄

𝒄𝒚𝒄

+∑𝒂𝟐

𝒄𝒚𝒄

= (𝒂 + 𝒃 + 𝒄)𝟐, 

𝐚𝐬 𝐝𝐞𝐬𝐢𝐫𝐞𝐝.  𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 (𝒂 = 𝒃 = 𝒄 > 0) 𝐚𝐧𝐝 

 (𝒂 = 𝟎, 𝒃 = 𝒄 > 0) 𝐚𝐧𝐝 𝐩𝐞𝐫𝐦𝐮𝐭𝐚𝐭𝐢𝐨𝐧. 
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1626. 𝑰𝒇  𝒂𝒌 > 0  (𝒌 = 𝟏, 𝟐, 𝟑…𝒏) 𝒕𝒉𝒆𝒏 ∶ 

∑
𝒂𝟏
𝟐

𝒂𝟏 + 𝒂𝟐
≥
𝟏

𝟐
∑𝒂𝒌

𝒏

𝒌=𝟏

≥ ∑
𝒂𝟏𝒂𝟏

𝟐

𝒂𝟏
𝟐 + 𝒂𝟐

𝟐

𝒄𝒚𝒄𝒍𝒊𝒄𝒄𝒚𝒄𝒍𝒊𝒄

 

 
Proposed by Mihaly Bencze, Neculai Stanciu-Romania 

Solution by Mirsadix Muzefferov-Azerbaijan 
 

∑
𝒂𝟏
𝟐

𝒂𝟏 + 𝒂𝟐
≥
𝟏

𝟐
∑𝒂𝒌

𝒏

𝒌=𝟏

≥ ∑
𝒂𝟏𝒂𝟏

𝟐

𝒂𝟏
𝟐 + 𝒂𝟐

𝟐

𝒄𝒚𝒄𝒍𝒊𝒄𝒄𝒚𝒄𝒍𝒊𝒄

 

𝒂𝟏
𝟐

𝒂𝟏 + 𝒂𝟐
+

𝒂𝟐
𝟐

𝒂𝟐 + 𝒂𝟑
+

𝒂𝟑
𝟐

𝒂𝟑 + 𝒂𝟒
+⋯+

𝒂𝒏
𝟐

𝒂𝒏 + 𝒂𝟏
≥⏞

𝑩𝒆𝒓𝒈𝒔𝒕𝒓𝒐𝒎

 

≥
(𝒂𝟏 + 𝒂𝟐 + 𝒂𝟑 +⋯𝒂𝒏)

𝟐 

𝟐(𝒂𝟏 + 𝒂𝟐 + 𝒂𝟑 +⋯𝒂𝒏)
=
𝟏

𝟐
∑𝒂𝒌

𝒏

𝒌=𝟏

 

∑
𝒂𝟏𝒂𝟏

𝟐

𝒂𝟏
𝟐 + 𝒂𝟐

𝟐

𝒄𝒚𝒄𝒍𝒊𝒄

=∑
𝒂𝟏

(
𝒂𝟏
𝒂𝟐
)
𝟐

+ 𝟏
≤⏞
𝑨−𝑮

∑
𝒂𝟏

𝟐 .
𝒂𝟏
𝒂𝟐
 
=
𝟏

𝟐
∑𝒂𝟐
𝒄𝒚𝒄

=

 𝒄𝒚𝒄𝒄𝒚𝒄

𝟏

𝟐
∑𝒂𝒌

𝒏

𝒌=𝟏

(𝒕𝒓𝒖𝒆) 

 
1627. If 𝒂, 𝒃, 𝒄 > 0 then: 

∑
𝒂𝟑

𝒂 + 𝒃
≥
𝟏

𝟐
∑𝒂𝟐 ≥∑

𝒂𝒃𝟐

𝒂 + 𝒃
 

 
Proposed by Neculai Stanciu, Mihaly Bencze-Romania 

Solution by Tapas Das-India 

∑
𝒂𝟑

𝒂 + 𝒃
=∑(𝒂𝟐 −

𝒂𝟐𝒃

𝒂 + 𝒃
) =∑𝒂𝟐 −∑

𝒂𝟐𝒃

𝒂 + 𝒃
≥

𝑨𝑴−𝑯𝑴
 

≥  ∑𝒂𝟐 −
𝟏

𝟒
∑(

𝒂𝟐𝒃

𝒂
+
𝒂𝟐𝒃

𝒃
) =∑𝒂𝟐 −

𝟏

𝟒
∑𝒂𝒃−

𝟏

𝟒
∑𝒂𝟐 = 

=
𝟑

𝟒
∑𝒂𝟐 −

𝟏

𝟒
∑𝒂𝒃 ≥

𝑨𝑴−𝑮𝑴 𝟑

𝟒
∑𝒂𝟐 −

𝟏

𝟒
∑𝒂𝟐 =

𝟏

𝟐
∑𝒂𝟐  (𝑨) 

∑
𝒂𝒃𝟐

𝒂 + 𝒃
≤

𝑨𝑴−𝑯𝑴 𝟏

𝟒
∑(

𝒂𝒃𝟐

𝒂
+
𝒂𝒃𝟐

𝒃
) =

𝟏

𝟒
∑𝒃𝟐 +

𝟏

𝟒
∑𝒂𝒃 ≤  

≤
𝟏

𝟒
∑𝒃𝟐 +

𝟏

𝟒
∑𝒃𝟐 =

𝟏

𝟐
∑𝒂𝟐   (𝑩) 

𝑭𝒓𝒐𝒎 (𝑨) 𝒂𝒏𝒅 (𝑩)𝒘𝒆 𝒈𝒆𝒕 ∑
𝒂𝟑

𝒂 + 𝒃
≥
𝟏

𝟐
∑𝒂𝟐 ≥∑

𝒂𝒃𝟐

𝒂 + 𝒃
   

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔  𝒇𝒐𝒓 𝒂 = 𝒃 = 𝒄 
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1628. If 𝒂, 𝒃, 𝒄 > 0 then: 
 

∑
𝒂𝟐 + 𝟐𝒃𝒄

(𝒂 + 𝒃 + 𝟏)(𝒂 + 𝒃 + 𝒄𝟐)
≤ 𝟏 

 
Proposed by Neculai Stanciu-Romania 

Solution by Tapas Das-India 
 

(𝒂 + 𝒃 + 𝟏)(𝒂 + 𝒃 + 𝒄𝟐) = 
 

= ((√𝒂 + 𝒃)
𝟐
+ (𝟏)𝟐) ((√𝒂 + 𝒃)

𝟐
+ (𝒄)𝟐) ≥

𝑪−𝑺
 (𝒂 + 𝒃 + 𝒄)𝟐 (𝟏) 

 

∑
𝒂𝟐 + 𝟐𝒃𝒄

(𝒂 + 𝒃 + 𝟏)(𝒂 + 𝒃 + 𝒄𝟐)
≤
(𝟏)

 ∑
𝒂𝟐 + 𝟐𝒃𝒄

(𝒂 + 𝒃 + 𝒄)𝟐.
= 

 

=
𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝟐𝒃𝒄 + 𝟐𝒄𝒂 + 𝟐𝒂𝒃

(𝒂 + 𝒃 + 𝒄)𝟐
=
(𝒂 + 𝒃 + 𝒄)𝟐

(𝒂 + 𝒃 + 𝒄)𝟐
= 𝟏 

 
𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒇𝒐𝒓 𝒂 = 𝒃 = 𝒄 = 𝟏 

 

1629. 𝐈𝐟 𝒂, 𝐛 ∈ ℝ 𝒂𝐧𝐝 𝒂𝐛(𝒂𝟒 + 𝒂𝟐𝐛𝟐 + 𝐛𝟒) ≥ 𝟑, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝒂𝟐 + 𝐛𝟐 ≥ 𝟐 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

𝐈𝐭′𝐬 𝐜𝐥𝐞𝐚𝐫 𝐭𝐡𝒂𝐭 𝒂𝐛 > 0 𝑎𝐧𝐝 𝐬𝐨, 𝐭 =
𝒂

𝐛
=
𝒂𝐛

𝐛𝟐
> 0 𝑎𝐧𝐝 𝐧𝐨𝐰, 

𝐰𝐞 𝐬𝐡𝒂𝒍𝒍 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 𝟑(𝒂𝟐 + 𝐛𝟐)𝟑 ≥ 𝟖𝒂𝐛(𝒂𝟒 + 𝒂𝟐𝐛𝟐 + 𝐛𝟒) 
 

⇔ 𝟑(𝐭𝟐 + 𝟏)𝟑 ≥ 𝟖𝐭(𝐭𝟒 + 𝐭𝟐 + 𝟏) ⇔ 𝟑𝐭𝟔 − 𝟖𝐭𝟓 + 𝟗𝐭𝟒 − 𝟖𝐭𝟑 + 𝟗𝐭𝟐 − 𝟖𝐭 + 𝟑 ≥ 𝟎 
 

⇔
𝟏

𝟏𝟔
(𝐭 − 𝟏)𝟐 ((𝟏𝟐𝐭𝟐 + 𝟒𝐭 + 𝟗)(𝟐𝐭 − 𝟏)𝟐 + 𝟑𝟗) ≥ 𝟎 → 𝐭𝐫𝐮𝐞 

 
∴ 𝟑(𝒂𝟐 + 𝐛𝟐)𝟑 ≥ 𝟖𝒂𝐛(𝒂𝟒 + 𝒂𝟐𝐛𝟐 + 𝐛𝟒) ≥ 𝟐𝟒 ⇒ (𝒂𝟐 + 𝐛𝟐)𝟑 ≥ 𝟖 

 
⇒ 𝒂𝟐 + 𝐛𝟐 ≥ 𝟐,′′=′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝟏 𝐨𝐫 𝒂 = 𝐛 = −𝟏 (𝐐𝐄𝐃) 
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1630. If 𝒂, 𝒃 > 0 then: 
 

𝟖 (
𝒂𝟐

𝒃 + 𝟏
+

𝒃𝟐

𝒂 + 𝟏
) + 𝟑(

𝟏

𝒂𝟐
+
𝟏

𝒃𝟐
) ≥ 𝟏𝟒 

 
Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Tapas Das-India 

𝟖(
𝒂𝟐

𝒃 + 𝟏
+

𝒃𝟐

𝒂 + 𝟏
) + 𝟑(

𝟏

𝒂𝟐
+
𝟏

𝒃𝟐
) = 

=  𝟖(
𝒂𝟐

𝒃 + 𝟏
+

𝒃𝟐

𝒂 + 𝟏
) + 𝟑(

𝟏𝟑

𝒂𝟐
+
𝟏𝟑

𝒃𝟐
) ≥
𝑩𝒆𝒓𝒈𝒔𝒕𝒓𝒐𝒎 & 𝑅𝑎𝑑𝑜𝑛

 

≥
𝟖(𝒂 + 𝒃)𝟐

𝒂 + 𝒃 + 𝟐
+
𝟑(𝟏 + 𝟏)𝟑

(𝒂 + 𝒃)𝟐
=

𝒂+𝒃=𝒕>0 𝟖𝒕𝟐

𝒕 + 𝟐
+
𝟐𝟒

𝒕𝟐
 

𝑾𝒆  𝒏𝒆𝒆𝒅 𝒕𝒐 𝒔𝒉𝒐𝒘 
𝟖𝒕𝟐

𝒕 + 𝟐
+
𝟐𝟒

𝒕𝟐
≥ 𝟏𝟒 𝒐𝒓 

 𝟖𝒕𝟒 + 𝟐𝟒𝒕 + 𝟒𝟖 ≥ 𝟏𝟒𝒕𝟑 + 𝟐𝟖𝒕𝟐 𝒐𝒓 
 

 𝟖𝒕𝟒 − 𝟏𝟒𝒕𝟑 − 𝟐𝟖𝒕𝟐 + 𝟐𝟒𝒕 + 𝟒𝟖 ≥ 𝟎 
 

𝒐𝒓 (𝒕 − 𝟐)𝟐(𝟖𝒕𝟐 + 𝟏𝟖𝒕 + 𝟏𝟐) ≥ 𝟎 𝒕𝒓𝒖𝒆 
 

 𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒇𝒐𝒓 𝒕 = 𝒂 + 𝒃 = 𝟐 𝒐𝒓  𝒂 = 𝒃 = 𝟏 
 

1631. If 𝒂, 𝒃, 𝒄 > 0 then: 
 

𝟒 (
𝒂𝟑

𝒃 + 𝟏
+

𝒃𝟑

𝒂 + 𝟏
) + 𝟓 (

𝟏

𝒂
+
𝟏

𝒃
) ≥ 𝟏𝟒 

 
Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Tapas Das-India 
 

 𝟒 (
𝒂𝟑

𝒃 + 𝟏
+

𝒃𝟑

𝒂 + 𝟏
) + 𝟓(

𝟏

𝒂
+
𝟏

𝒃
) = 

 

=   𝟒 (
𝒂𝟑

𝒃 + 𝟏
+

𝒃𝟑

𝒂 + 𝟏
) + 𝟓(

𝟏𝟐

𝒂
+
𝟏𝟐

𝒃
) ≥
𝑩𝒆𝒓𝒈𝒔𝒕𝒓𝒐𝒎 & 𝐻𝑜𝑙𝑑𝑒𝑟

 

 



 
www.ssmrmh.ro 

25 RMM-CYCLIC INEQUALITIES MARATHON 1601-1700 

 

≥
𝟒(𝒂 + 𝒃)𝟑

𝟐(𝒂 + 𝒃 + 𝟐)
+
𝟓(𝟏 + 𝟏)𝟐

𝒂 + 𝒃
=

𝒂+𝒃=𝒕>0 𝟐𝒕𝟑

𝒕 + 𝟐
+
𝟐𝟎

𝒕𝟐
 

 

𝑾𝒆  𝒏𝒆𝒆𝒅 𝒕𝒐 𝒔𝒉𝒐𝒘
𝟐𝒕𝟑

𝒕 + 𝟐
+
𝟐𝟎

𝒕𝟐
 ≥ 𝟏𝟒 𝒐𝒓, 

𝒕𝟑

𝒕 + 𝟐
+
𝟏𝟎

𝒕𝟐
 ≥ 𝟕  𝒐𝒓 𝒕𝟒 + 𝟏𝟎𝒕 + 𝟐𝟎 ≥ 𝟕𝒕𝟐 + 𝟏𝟒𝒕 𝒐𝒓, 

𝒕𝟒 − 𝟕𝒕𝟐 − 𝟒𝒕 + 𝟐𝟎 ≥ 𝟎 𝒐𝒓 (𝒕 − 𝟐)𝟐(𝒕𝟐 + 𝟒𝒕 + 𝟓) ≥ 𝟎, 𝒕𝒓𝒖𝒆 
 

 𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒇𝒐𝒓 𝒕 = 𝒂 + 𝒃 = 𝟐 𝒐𝒓  𝒂 = 𝒃 = 𝟏 
 

1632. 𝐋𝐞𝐭 𝒂, 𝒃, 𝒄 ≥ 𝟎, 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 > 0 𝐚𝐧𝐝 𝒂 + 𝒃 + 𝒄 = 𝟑.  𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 : 

𝒂

√𝒃𝒄 + 𝟑
+

𝒃

√𝒄𝒂 + 𝟑
+

𝒄

√𝒂𝒃 + 𝟑
≤

𝟗

𝟒(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)
 

Proposed by Phan Ngoc Chau-Vietnam 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝟒(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)∑
𝒂

√𝒃𝒄 + 𝟑
𝒄𝒚𝒄

= (𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)∑
𝟒𝒂

√𝒃𝒄 + 𝒂 + 𝒃 + 𝒄
𝒄𝒚𝒄

≤ 

≤⏞
𝑪𝑩𝑺

(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)∑𝒂(
𝟏

𝒃 + 𝒄
+

𝟏

𝒂 + √𝒃𝒄
)

𝒄𝒚𝒄

= 

=∑
𝒂(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)

𝒃 + 𝒄
𝒄𝒚𝒄

+ (𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)∑
𝒂

𝒂 + √𝒃𝒄
𝒄𝒚𝒄

= 

=∑𝒂𝟐

𝒄𝒚𝒄

+∑
𝒂𝒃𝒄

𝒃 + 𝒄
𝒄𝒚𝒄

+(𝟑 −∑
√𝒃𝒄

𝒂 + √𝒃𝒄
𝒄𝒚𝒄

) .∑𝒃𝒄

𝒄𝒚𝒄

≤ 

≤⏞

𝑯𝑴−𝑮𝑴
𝑪𝑩𝑺

∑𝒂𝟐

𝒄𝒚𝒄

+∑
𝒂√𝒃𝒄

𝟐
𝒄𝒚𝒄

+ (𝟑 −
(∑ √𝒃𝒄𝒄𝒚𝒄 )

𝟐

∑ √𝒃𝒄(𝒂 + √𝒃𝒄)𝒄𝒚𝒄

) .∑𝒃𝒄

𝒄𝒚𝒄

= 

=∑𝒂𝟐

𝒄𝒚𝒄

+
𝟏

𝟐
∑𝒂√𝒃𝒄

𝒄𝒚𝒄

+ (𝟐−
∑ 𝒂√𝒃𝒄𝒄𝒚𝒄

∑ 𝒃𝒄𝒄𝒚𝒄 + ∑ 𝒂√𝒃𝒄𝒄𝒚𝒄

) .∑𝒃𝒄

𝒄𝒚𝒄

≤ 

≤∑𝒂𝟐

𝒄𝒚𝒄

+
𝟏

𝟐
∑𝒂√𝒃𝒄

𝒄𝒚𝒄

+ (𝟐−
∑ 𝒂√𝒃𝒄𝒄𝒚𝒄

𝟐∑ 𝒃𝒄𝒄𝒚𝒄
) .∑𝒃𝒄

𝒄𝒚𝒄

= (𝒂 + 𝒃 + 𝒄)𝟐 = 𝟗, 

 𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 (𝒂 = 𝒃 = 𝒄 > 0) 𝐚𝐧𝐝 (𝒂 = 𝟎, 𝒃 = 𝒄 > 0) 𝐚𝐧𝐝 𝐩𝐞𝐫𝐦𝐮𝐭𝐚𝐭𝐢𝐨𝐧. 
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1633. 𝐋𝐞𝐭 𝒂, 𝒃, 𝒄 > 0. 𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 : 

(𝟔𝒂𝒃 + 𝟔𝒃𝒄 + 𝟔𝒄𝒂 − 𝒂𝟐 − 𝒃𝟐 − 𝒄𝟐) (
𝟏

𝒂𝟐 + 𝒃𝟐
+

𝟏

𝒃𝟐 + 𝒄𝟐
+

𝟏

𝒄𝟐 + 𝒂𝟐
) ≤

𝟒𝟓

𝟐
 

Proposed by Phan Ngoc Chau-Vietnam 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐋𝐞𝐭 𝒑 ≔ 𝒂 + 𝒃 + 𝒄, 𝒒 ≔ 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂, 𝒓 ≔ 𝒂𝒃𝒄.  𝐖𝐋𝐎𝐆,𝐰𝐞 𝐚𝐬𝐬𝐮𝐦𝐞 𝐭𝐡𝐚𝐭 𝒑 = 𝟏. 

𝟏

𝒂𝟐 + 𝒃𝟐
+

𝟏

𝒃𝟐 + 𝒄𝟐
+

𝟏

𝒄𝟐 + 𝒂𝟐
=

(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)𝟐 + 𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐

(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐) − 𝒂𝟐𝒃𝟐𝒄𝟐
= 

=
(𝒑𝟐 − 𝟐𝒒)𝟐 + 𝒒𝟐 − 𝟐𝒑𝒓

(𝒑𝟐 − 𝟐𝒒)(𝒒𝟐 − 𝟐𝒑𝒓) − 𝒓𝟐
=

(𝟏 − 𝟐𝒒)𝟐 + 𝒒𝟐 − 𝟐𝒓

(𝟏 − 𝟐𝒒)(𝒒𝟐 − 𝟐𝒓) − 𝒓𝟐
=

𝟏 − 𝟒𝒒 + 𝟓𝒒𝟐 − 𝟐𝒓

𝒒𝟐 − 𝟐𝒒𝟑 − 𝟐(𝟏 − 𝟐𝒒)𝒓 − 𝒓𝟐
. 

𝐓𝐡𝐞 𝐝𝐞𝐬𝐢𝐫𝐞𝐝 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐢𝐬 𝐞𝐪𝐮𝐢𝐯𝐚𝐥𝐞𝐧𝐭 𝐭𝐨 

(𝟖𝒒 − 𝟏).
𝟏 − 𝟒𝒒 + 𝟓𝒒𝟐 − 𝟐𝒓

𝒒𝟐 − 𝟐𝒒𝟑 − 𝟐(𝟏 − 𝟐𝒒)𝒓 − 𝒓𝟐
≤
𝟒𝟓

𝟐
 

⇔ 𝒇(𝒓) = 𝟐 − 𝟐𝟒𝒒 + 𝟏𝟏𝟗𝒒𝟐 − 𝟏𝟕𝟎𝒒𝟑 − (𝟗𝟒 − 𝟐𝟏𝟐𝒒)𝒓 − 𝟒𝟓𝒓𝟐 ≥ 𝟎. 

𝐅𝐫𝐨𝐦 𝐭𝐡𝐞 𝐢𝐝𝐞𝐧𝐭𝐢𝐭𝐲 

𝟎 ≤ (𝒂 − 𝒃)𝟐(𝒃 − 𝒄)𝟐(𝒄 − 𝒂)𝟐 = −𝟐𝟕𝒓𝟐 + 𝟐(𝟗𝒑𝒒 − 𝟐𝒑𝟑)𝒓 + 𝒑𝟐𝒒𝟐 − 𝟒𝒒𝟑 

𝐈𝐭 𝐟𝐨𝐥𝐥𝐨𝐰𝐬 

𝒓 ≤
−𝟐𝒑𝟑 + 𝟗𝒑𝒒 + 𝟐√(𝒑𝟐 − 𝟑𝒒)𝟑

𝟐𝟕
=
−𝟐 + 𝟗𝒒 + 𝟐√(𝟏 − 𝟑𝒒)𝟑

𝟐𝟕
= 𝒓𝟎. 

𝐒𝐢𝐧𝐜𝐞 𝟑𝒒 ≤ 𝒑𝟐 = 𝟏, 𝐭𝐡𝐞𝐧 𝟗𝟒 − 𝟐𝟏𝟐𝒒 > 0, 𝐚𝐧𝐝 𝐥𝐞𝐭 𝒙𝟐 = 𝟏 − 𝟑𝒒.   

𝐖𝐞 𝐡𝐚𝐯𝐞 𝒓𝟎 =
𝟏 − 𝟑𝒙𝟐 + 𝟐𝒙𝟑

𝟐𝟕
, 𝐚𝐧𝐝  

𝒇(𝒓) ≥ 𝒇(𝒓𝟎) = 

= 𝟐 − 𝟖(𝟏 − 𝒙𝟐) + 𝟏𝟏𝟗(
𝟏 − 𝒙𝟐

𝟑
)

𝟐

− 𝟏𝟕𝟎(
𝟏 − 𝒙𝟐

𝟑
)

𝟑

− (𝟗𝟒 − 𝟐𝟏𝟐(
𝟏 − 𝒙𝟐

𝟑
))𝒓𝟎

− 𝟒𝟓𝒓𝟎
𝟐 
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=
𝟐𝒙𝟐(𝟑𝟐 − 𝟖𝟎𝒙 + 𝟔𝟔𝒙𝟐 − 𝟏𝟖𝟐𝒙𝟑 + 𝟐𝟒𝟓𝒙𝟒)

𝟖𝟏
=
𝟐𝒙𝟐(𝟒 − 𝟕𝒙)𝟐(𝟐 + 𝟐𝒙 + 𝟓𝒙𝟐)

𝟖𝟏
≥ 𝟎, 

𝐰𝐡𝐢𝐜𝐡 𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞𝐬 𝐭𝐡𝐞 𝐩𝐫𝐨𝐨𝐟. 

 𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 (𝒙 = 𝟎 ⇔ 𝒒 =
𝟏

𝟑
 ⇔ 𝒂 = 𝒃 = 𝒄) 𝐚𝐧𝐝 

(𝒙 =
𝟒

𝟕
 ⇔ 𝒒 =

𝟏𝟏

𝟒𝟗
⇔ 𝒂 = 𝒃 =

𝒄

𝟓
 𝐚𝐧𝐝 𝐩𝐞𝐫𝐦𝐮𝐭𝐚𝐭𝐢𝐨𝐧). 

1634.  𝐋𝐞𝐭 𝒂, 𝒃, 𝒄 ≥ 𝟎, 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 > 0.  𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 

𝟐𝒂𝟐 + 𝒃𝒄

𝒃 + 𝒄
+
𝟐𝒃𝟐 + 𝒄𝒂

𝒄 + 𝒂
+
𝟐𝒄𝟐 + 𝒂𝒃

𝒂 + 𝒃
≥
𝟗

𝟐
.
𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝒂 + 𝒃 + 𝒄
 

Proposed by Phan Ngoc Chau-Vietnam 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐋𝐞𝐭 𝒑 ≔ 𝒂 + 𝒃 + 𝒄,   𝒒 ≔ 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂,   𝒓 ≔ 𝒂𝒃𝒄.  𝐖𝐋𝐎𝐆,𝐰𝐞 𝐚𝐬𝐬𝐮𝐦𝐞 𝐭𝐡𝐚𝐭 𝒑 = 𝟏. 

𝐖𝐞 𝐡𝐚𝐯𝐞 

∑
𝟐𝒂𝟐 + 𝒃𝒄

𝒃 + 𝒄
𝒄𝒚𝒄

=
∑ (𝟐𝒂𝟐 + 𝒃𝒄)(𝒂 + 𝒃)(𝒄 + 𝒂)𝒄𝒚𝒄

(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)
=
𝟐∑ 𝒂𝟐(𝒂𝒑 + 𝒃𝒄)𝒄𝒚𝒄 + ∑ 𝒃𝒄(𝒂𝟐 + 𝒒)𝒄𝒚𝒄

𝒑𝒒 − 𝒓
 

=
𝟐𝒑(𝒑𝟑 − 𝟑𝒑𝒒 + 𝟑𝒓) + 𝟑𝒑𝒓 + 𝒒𝟐

𝒑𝒒 − 𝒓
=
𝟐 − 𝟔𝒒 + 𝒒𝟐 + 𝟗𝒓

𝒒 − 𝒓
≥⏞
? 𝟗

𝟐
.
𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝒂 + 𝒃 + 𝒄
=
𝟗(𝟏 − 𝟐𝒒)

𝟐
 

⇔ 𝟒− 𝟐𝟏𝒒 + 𝟐𝟎𝒒𝟐 + 𝟗(𝟑 − 𝟐𝒒)𝒓 ≥ 𝟎.    (𝟏) 

𝐖𝐞 𝐡𝐚𝐯𝐞 𝒒 ≤
𝒑𝟐

𝟑
=
𝟏

𝟑
, 𝐚𝐧𝐝 𝐛𝐲 𝐭𝐡𝐞 𝐟𝐨𝐮𝐫𝐭𝐡 𝐝𝐞𝐠𝐫𝐞𝐞 𝐒𝐜𝐡𝐮𝐫′𝐬 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲,𝐰𝐞 𝐡𝐚𝐯𝐞 

𝒓 ≥
(𝟒𝒒 − 𝒑𝟐)(𝒑𝟐 − 𝒒)

𝟔𝒑
=
(𝟒𝒒 − 𝟏)(𝟏 − 𝒒)

𝟔
. 

𝐈𝐟 𝟎 ≤ 𝒒 ≤
𝟏

𝟒
,𝐰𝐞 𝐡𝐚𝐯𝐞:  𝑳𝑯𝑺(𝟏) ≥ 𝟒 − 𝟐𝟏𝒒 + 𝟐𝟎𝒒

𝟐 = (𝟏 − 𝟒𝒒)(𝟒 − 𝟓𝒒) ≥ 𝟎. 

𝐈𝐟 
𝟏

𝟒
≤ 𝒒 ≤

𝟏

𝟑
,𝐰𝐞 𝐡𝐚𝐯𝐞:  𝑳𝑯𝑺(𝟏) ≥ 𝟒 − 𝟐𝟏𝒒 + 𝟐𝟎𝒒

𝟐 + 𝟗(𝟑 − 𝟐𝒒).
(𝟒𝒒 − 𝟏)(𝟏 − 𝒒)

𝟔
= 
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=
𝟏

𝟐
(𝟒𝒒 − 𝟏)(𝟏 − 𝟑𝒒)(𝟏 − 𝟐𝒒) ≥ 𝟎. 

𝐒𝐨 𝐭𝐡𝐞 𝐩𝐫𝐨𝐨𝐟 𝐢𝐬 𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞. 𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 (𝒂 = 𝒃 = 𝒄) 𝐚𝐧𝐝  

(𝒂 = 𝟎, 𝒃 = 𝒄) 𝐚𝐧𝐝 𝐩𝐞𝐫𝐦𝐮𝐭𝐚𝐭𝐢𝐨𝐧. 

1635. If 𝒙, 𝒚, 𝒛 > 0, 𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 = 𝟑 then: 
 

𝒚𝒛

𝟒 − 𝒙𝟐
+

𝒛𝒙

𝟒 − 𝒚𝟐
+

𝒙𝒚

𝟒 − 𝒛𝟐
≤ 𝟏 

 
Proposed by Shirvan Tahirov-Azerbaijan 

Solution 1 by Tapas Das-India 
 

𝟒 − 𝒙𝟐 =
𝒙𝟐+𝒚𝟐+𝒛𝟐=𝟑 

= 𝟏 + 𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 − 𝒙𝟐 = 𝟏 + 𝒚𝟐 + 𝒛𝟐 ≥
𝑨𝑴−𝑮𝑴

𝟏 + 𝟐𝒚𝒛 (𝟏) 
𝒚𝒛

𝟒 − 𝒙𝟐
+

𝒛𝒙

𝟒 − 𝒚𝟐
+

𝒙𝒚

𝟒 − 𝒛𝟐
=∑

𝒚𝒛

𝟒 − 𝒙𝟐
≤
(𝟏)

 ∑
𝒚𝒛

𝟏 + 𝟐𝒚𝒛
= 

=
𝟏

𝟐
∑(𝟏 −

𝟏

𝟏 + 𝟐𝒚𝒛
) =

𝟑

𝟐
−
𝟏

𝟐
∑

𝟏𝟐

𝟏 + 𝟐𝒚𝒛
≤

𝑩𝒆𝒓𝒈𝒔𝒕𝒓𝒐𝒎

  

≤
𝟑

𝟐
−
𝟏

𝟐

(𝟏 + 𝟏 + 𝟏)𝟐

𝟑 + 𝟐(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)
=
𝟑

𝟐
−
𝟏

𝟐

𝟗

𝟑 + 𝟐∑𝒙𝒚
≤
𝟑

𝟐
−
𝟏

𝟐

𝟗

𝟑 + 𝟐∑𝒙𝟐
= 

=
𝟑

𝟐
−
𝟏

𝟐
.

𝟗

𝟑 + 𝟐. 𝟑
(𝒂𝒔  𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 = 𝟑 ) =

𝟑

𝟐
−
𝟏

𝟐
= 𝟏 

 𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒇𝒐𝒓 𝒙 = 𝒚 = 𝒛 = 𝟏 
 

Solution 2 by Lamiye Quliyeva-Azerbaijan 
 

𝒚𝒛

𝟒 − 𝒙𝟐
+

𝒙𝒛

𝟒 − 𝒚𝟐
+

𝒙𝒚

𝟒 − 𝒛𝟐
≤

𝒚𝒛

𝟒 − (𝟑 − 𝒚𝟐 − 𝒛𝟐)
+

𝒙𝒛

𝟒 − (𝟑 − 𝒙𝟐 − 𝒛𝟐)
+ 

+
𝒙𝒚

𝟒 − (𝟑 − 𝒙𝟐 − 𝒚𝟐)
≤

𝒚𝒛

𝟏 + 𝒚𝟐 + 𝒛𝟐
+

𝒙𝒛

𝟏 + 𝒙𝟐 + 𝒛𝟐
+

𝒙𝒚

𝟏 + 𝒙𝟐 + 𝒚𝟐
 

𝒚𝒛

𝟏 + 𝒚𝟐 + 𝒛𝟐
≤
𝒙𝟐

𝟑

𝒙𝒛

𝟏 + 𝒙𝟐 + 𝒛𝟐
≤
𝒚𝟐

𝟑
𝒙𝒚

𝟏 + 𝒙𝟐 + 𝒚𝟐
≤
𝒛𝟐

𝟑 }
  
 

  
 

⇒
𝒚𝒛

𝟏 + 𝒚𝟐 + 𝒛𝟐
+

𝒙𝒛

𝟏 + 𝒙𝟐 + 𝒛𝟐
+

𝒙𝒚

𝟏 + 𝒙𝟐 + 𝒚𝟐
≤
𝒙𝟐

𝟑
+
𝒚𝟐

𝟑
+
𝒛𝟐

𝟑
 

𝒙𝟐

𝟑
+
𝒚𝟐

𝟑
+
𝒛𝟐

𝟑
≤
𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐

𝟑
≤ 𝟏 
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𝒚𝒛

𝟒 − 𝒙𝟐
+

𝒙𝒛

𝟒 − 𝒚𝟐
+

𝒙𝒚

𝟒 − 𝒛𝟐
≤ 𝟏 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒇𝒐𝒓 𝒙 = 𝒚 = 𝒛 = 𝟏 
 

Solution 3 by Ertan Yildirim-Turkiye 
 

𝒚𝒛

𝟒 − 𝒙𝟐
+

𝒙𝒛

𝟒 − 𝒚𝟐
+

𝒙𝒚

𝟒 − 𝒛𝟐
≤ 𝟏 

𝟐𝒚𝒛

𝟒 − 𝒙𝟐
+

𝟐𝒙𝒛

𝟒 − 𝒚𝟐
+
𝟐𝒙𝒚

𝟒 − 𝒛𝟐
≤ 𝟐 

𝟐𝒚𝒛

𝟒 − 𝒙𝟐
+

𝟐𝒙𝒛

𝟒 − 𝒚𝟐
+
𝟐𝒙𝒚

𝟒 − 𝒛𝟐
≤⏞
𝑨−𝑮𝒚𝟐 + 𝒛𝟐

𝟒 − 𝒙𝟐
+
𝒙𝟐 + 𝒛𝟐

𝟒 − 𝒚𝟐
+
𝒙𝟐 + 𝒚𝟐

𝟒 − 𝒛𝟐
= 

𝟑 − 𝒙𝟐

𝟒 − 𝒙𝟐
+
𝟑 − 𝒚𝟐

𝟒 − 𝒚𝟐
+
𝟑 − 𝒛𝟐

𝟒 − 𝒛𝟐
= 𝟏 −

𝟏

𝟒 − 𝒙𝟐
+ 𝟏 −

𝟏

𝟒 − 𝒚𝟐
+ 𝟏 −

𝟏

𝟒 − 𝒛𝟐
= 

𝟑 − (
𝟏

𝟒 − 𝒙𝟐
+

𝟏

𝟒 − 𝒚𝟐
+

𝟏

𝟒 − 𝒛𝟐
) ≤⏞
𝑩𝒆𝒓𝒈𝒔𝒕𝒓𝒐𝒎

𝟑 −
(𝟏 + 𝟏 + 𝟏)𝟐

𝟏𝟐 − (𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐)
= 

𝟑 −
𝟗

𝟏𝟐 − 𝟑
= 𝟑 −

𝟗

𝟗
= 𝟐 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚  𝒉𝒐𝒍𝒅𝒔  𝒇𝒐𝒓  𝒙 = 𝒚 = 𝒛 = 𝟏 

1636. 𝐈𝐟 𝒂, 𝒃, 𝒄 > 0, 𝐭𝐡𝐞𝐧: 

𝟔√𝟓

𝟓
≤ √

𝟐𝒂 + 𝒃 + 𝒄

𝒂 + 𝟐𝒃 + 𝟐𝒄
+ √

𝟐𝒃 + 𝒄 + 𝒂

𝒃 + 𝟐𝒄 + 𝟐𝒂
+ √

𝟐𝒄 + 𝒂 + 𝒃

𝒄 + 𝟐𝒂 + 𝟐𝒃
< 2√𝟐 

Proposed by Vasile Mircea Popa-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐖𝐋𝐎𝐆,𝐰𝐞 𝐚𝐬𝐬𝐮𝐦𝐞 𝐭𝐡𝐚𝐭 𝒂 + 𝒃 + 𝒄 = 𝟏.  𝐓𝐡𝐞 𝐝𝐞𝐬𝐢𝐫𝐞𝐝 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐛𝐞𝐜𝐨𝐦𝐞𝐬 

𝟔√𝟓

𝟓
≤ √

𝒂 + 𝟏

𝟐 − 𝒂
+√

𝒃 + 𝟏

𝟐 − 𝒃
+√

𝒄 + 𝟏

𝟐 − 𝒄
< 2√𝟐 

𝐖𝐞 𝐰𝐢𝐥𝐥 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 

𝟐𝟕𝒂 + 𝟑𝟏

𝟐𝟎√𝟓
≤ √

𝒂 + 𝟏

𝟐 − 𝒂
<
𝒂 + 𝟏

√𝟐
.          (𝟏) 
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√
𝒂 + 𝟏

𝟐 − 𝒂
=

𝒂 + 𝟏

√(𝒂 + 𝟏)(𝟐 − 𝒂)
=

𝒂 + 𝟏

√𝟐 + 𝒂(𝟏 − 𝒂)
<⏞

𝟎 < 𝑎 <1𝒂 + 𝟏

√𝟐
 

𝟐𝟕𝒂 + 𝟑𝟏

𝟐𝟎√𝟓
≤ √

𝒂 + 𝟏

𝟐 − 𝒂
⇔ (𝟐𝟕𝒂 + 𝟑𝟏)𝟐(𝟐 − 𝒂) ≤ 𝟐𝟎𝟎𝟎(𝒂 + 𝟏) 

⇔ 𝟕𝟐𝟗𝒂𝟑 + 𝟐𝟏𝟔𝒂𝟐 − 𝟑𝟖𝟕𝒂 + 𝟕𝟖 ≥ 𝟎 ⇔  (𝟑𝒂 − 𝟏)𝟐(𝟖𝟏𝒂 + 𝟕𝟖) ≥ 𝟎, 

𝐰𝐡𝐢𝐜𝐡 𝐢𝐬 𝐭𝐫𝐮𝐞 𝐚𝐧𝐝 𝐭𝐡𝐞 𝐩𝐫𝐨𝐨𝐟 𝐨𝐟 (𝟏) 𝐢𝐬 𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞. 𝐒𝐢𝐦𝐢𝐥𝐚𝐫𝐥𝐲, 𝐰𝐞 𝐡𝐚𝐯𝐞 

𝟐𝟕𝒃 + 𝟑𝟏

𝟐𝟎√𝟓
≤ √

𝒃 + 𝟏

𝟐 − 𝒃
<
𝒃 + 𝟏

√𝟐
  𝐚𝐧𝐝  

𝟐𝟕𝒄 + 𝟑𝟏

𝟐𝟎√𝟓
≤ √

𝒄 + 𝟏

𝟐 − 𝒄
<
𝒄 + 𝟏

√𝟐
 

𝟔√𝟓

𝟓
=
𝟐𝟕(𝒂 + 𝒃 + 𝒄) + 𝟑. 𝟑𝟏

𝟐𝟎√𝟓
≤ √

𝒂 + 𝟏

𝟐 − 𝒂
+√

𝒃 + 𝟏

𝟐 − 𝒃
+ √

𝒄 + 𝟏

𝟐 − 𝒄
<
𝒂 + 𝒃 + 𝒄 + 𝟑

√𝟐
= 𝟐√𝟐 

1637.  𝐈𝐟 𝒂, 𝐛, 𝐜 > 0 𝑎𝐧𝐝 ∀ 𝐧 ∈ ℕ, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝒂𝟐𝐧+𝟏 + 𝒂𝐧𝐜𝐧+𝟏

𝐛𝟐𝐧𝒂𝐧+𝟏𝐜 + 𝐜𝟐𝐧+𝟏𝐛𝐧𝒂
+

𝐛𝟐𝐧+𝟏 + 𝐛𝐧𝒂𝐧+𝟏

𝐜𝟐𝐧𝐛𝐧+𝟏𝒂 + 𝒂𝟐𝐧+𝟏𝐜𝐧𝐛
+

𝐜𝟐𝐧+𝟏 + 𝐜𝐧𝐛𝐧+𝟏

𝒂𝟐𝐧𝐜𝐧+𝟏𝐛 + 𝐛𝟐𝐧+𝟏𝒂𝐧𝐜
≥

𝟑

(𝒂𝐛𝐜)
𝐧+𝟏
𝟑

 

  Proposed by Zaza Mzhavanadze-Georgia 

Solution by Soumava Chakraborty-Kolkata-India 

∀ 𝐀’, 𝐁’, 𝐂’ > 0, (𝐀’ + 𝐁’), (𝐁’ + 𝐂’), (𝐂’ + 𝐀’) 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 
 (∵ (𝐀’ + 𝐁’) + (𝐁’ + 𝐂’) > (𝐂’ + 𝐀’) 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬) 

⇒ √𝐀’ + 𝐁’, √𝐁’ + 𝐂’, √𝐂’ + 𝐀’ 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝒂𝐫𝐞𝒂 𝐅 (𝐬𝒂𝐲) 𝒂𝐧𝐝 𝟏𝟔𝐅𝟐 

= 𝟐∑(𝐀’ + 𝐁’)(𝐁’ + 𝐂’)

𝐜𝐲𝐜

−∑(𝐀’ + 𝐁’)𝟐

𝐜𝐲𝐜

 

= 𝟐∑(∑𝐀’𝐁’

𝐜𝐲𝐜

+ 𝐁’𝟐)

𝐜𝐲𝐜

− 𝟐∑𝐀’𝟐

𝐜𝐲𝐜

− 𝟐∑𝐀’𝐁’

𝐜𝐲𝐜

 

= 𝟔∑𝐀’𝐁’

𝐜𝐲𝐜

+ 𝟐∑𝐀’𝟐

𝐜𝐲𝐜

− 𝟐∑𝐀’𝟐

𝐜𝐲𝐜

− 𝟐∑𝐀’𝐁’

𝐜𝐲𝐜

⇒ 𝟒𝐅 = 𝟐√∑𝐀’𝐁’

𝐜𝐲𝐜

→ (𝟏) 

𝐍𝐨𝐰, ∀ 𝒙, 𝐲, 𝐳 > 0,√∑
𝒙𝐲

(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
? √𝟑

𝟐
⇔∑

𝒙𝟐𝐲𝟐

𝒙𝐲(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
?
⏟
(∗)

𝟑

𝟒
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𝐕𝐢𝒂 𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦, 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
(∑ 𝒙𝐲𝐜𝐲𝐜 )

𝟐

∑ (𝒙𝐲(∑ 𝒙𝐲𝐜𝐲𝐜 + 𝐳𝟐))𝐜𝐲𝐜

=
(∑ 𝒙𝐲𝐜𝐲𝐜 )

𝟐

(∑ 𝒙𝐲𝐜𝐲𝐜 )
𝟐
+ 𝒙𝐲𝐳∑ 𝒙𝐜𝐲𝐜

 

≥
? 𝟑

𝟒
⇔ (∑𝒙𝐲

𝐜𝐲𝐜

)

𝟐

≥
?
𝟑𝒙𝐲𝐳∑𝒙

𝐜𝐲𝐜

→ 𝐭𝐫𝐮𝐞 ∴ √∑
𝒙𝐲

(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
? √𝟑

𝟐
→ (𝟐) 

𝐖𝐞 𝐡𝒂𝐯𝐞 ∶
𝒂𝟐𝐧+𝟏 + 𝒂𝐧𝐜𝐧+𝟏

𝐛𝟐𝐧𝒂𝐧+𝟏𝐜 + 𝐜𝟐𝐧+𝟏𝐛𝐧𝒂
+

𝐛𝟐𝐧+𝟏 + 𝐛𝐧𝒂𝐧+𝟏

𝐜𝟐𝐧𝐛𝐧+𝟏𝒂 + 𝒂𝟐𝐧+𝟏𝐜𝐧𝐛
+

𝐜𝟐𝐧+𝟏 + 𝐜𝐧𝐛𝐧+𝟏

𝒂𝟐𝐧𝐜𝐧+𝟏𝐛 + 𝐛𝟐𝐧+𝟏𝒂𝐧𝐜
 

=
𝒂𝐧(𝒂𝐧+𝟏 + 𝐜𝐧+𝟏)

𝒂𝐛𝐧𝐜(𝒂𝐧𝐛𝐧 + 𝐜𝟐𝐧)
+
𝐛𝐧(𝐛𝐧+𝟏 + 𝒂𝐧+𝟏)

𝐛𝐜𝐧𝒂(𝐜𝐧𝐛𝐧 + 𝒂𝟐𝐧)
+
𝐜𝐧(𝐜𝐧+𝟏 + 𝐛𝐧+𝟏)

𝐜𝒂𝐧𝐛(𝒂𝐧𝐜𝐧 + 𝐛𝟐𝐧)
 

=
𝒂𝐧 (

𝒂𝐧+𝟏 + 𝐜𝐧+𝟏

𝒂𝐧𝐜𝐧 )

𝒂𝐛𝐧𝐜 (
𝐛𝐧

𝐜𝐧 +
𝐜𝐧

𝒂𝐧)
+
𝐛𝐧 (

𝐛𝐧+𝟏 + 𝒂𝐧+𝟏

𝒂𝐧𝐛𝐧 )

𝐛𝐜𝐧𝒂 (
𝐜𝐧

𝒂𝐧 +
𝒂𝐧

𝐛𝐧)
+
𝐜𝐧 (

𝐜𝐧+𝟏 + 𝐛𝐧+𝟏

𝐛𝐧𝐜𝐧 )

𝐜𝒂𝐧𝐛 (
𝒂𝐧

𝐛𝐧 +
𝐛𝐧

𝐜𝐧)
 

=

𝒂𝐧

𝐛𝐧

𝐛𝐧

𝐜𝐧 +
𝐜𝐧

𝒂𝐧

. (
𝟏

𝐜𝐧+𝟏
+

𝟏

𝒂𝐧+𝟏
) +

𝐛𝐧

𝐜𝐧

𝐜𝐧

𝒂𝐧 +
𝒂𝐧

𝐛𝐧

. (
𝟏

𝒂𝐧+𝟏
+

𝟏

𝐛𝐧+𝟏
) +

𝐜𝐧

𝒂𝐧

𝒂𝐧

𝐛𝐧 +
𝐛𝐧

𝐜𝐧

. (
𝟏

𝐛𝐧+𝟏
+

𝟏

𝐜𝐧+𝟏
) 

=
𝒙

𝐲 + 𝐳
(𝐁′ + 𝐂′) +

𝐲

𝐳 + 𝒙
(𝐂′ + 𝐀′) +

𝐳

𝒙 + 𝐲
(𝐀′ + 𝐁′) 

(𝒙 =
𝒂𝐧

𝐛𝐧
, 𝐲 =

𝐛𝐧

𝐜𝐧
, 𝐳 =

𝐜𝐧

𝒂𝐧
, 𝐀′ =

𝟏

𝐛𝐧+𝟏
, 𝐁′ =

𝟏

𝐜𝐧+𝟏
, 𝐂′ =

𝟏

𝒂𝐧+𝟏
) 

=
𝒙

𝐲 + 𝐳
. √𝐁′ + 𝐂′

𝟐

+
𝐲

𝐳 + 𝒙
.√𝐂′ + 𝐀′

𝟐

+
𝐳

𝒙 + 𝐲
.√𝐀′ + 𝐁′

𝟐

 

≥
𝐎𝐩𝐩𝐞𝐧𝐡𝐞𝐢𝐦

𝟒𝐅. √∑
𝒙𝐲

(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
𝐯𝐢𝒂 (𝟏) 𝒂𝐧𝐝 (𝟐)

𝟐√∑𝐀′𝐁′

𝐜𝐲𝐜

.
√𝟑

𝟐
 

= √𝟑.√∑(
𝟏

𝐛𝐧+𝟏
.
𝟏

𝐜𝐧+𝟏
)

𝐜𝐲𝐜

≥
𝐀−𝐆

𝟑. √
𝟏

(𝒂𝟐𝐛𝟐𝐜𝟐)𝐧+𝟏
𝟔

=
𝟑

(𝒂𝐛𝐜)
𝐧+𝟏
𝟑

∴ 

𝒂𝟐𝐧+𝟏 + 𝒂𝐧𝐜𝐧+𝟏

𝐛𝟐𝐧𝒂𝐧+𝟏𝐜 + 𝐜𝟐𝐧+𝟏𝐛𝐧𝒂
+

𝐛𝟐𝐧+𝟏 + 𝐛𝐧𝒂𝐧+𝟏

𝐜𝟐𝐧𝐛𝐧+𝟏𝒂 + 𝒂𝟐𝐧+𝟏𝐜𝐧𝐛
+

𝐜𝟐𝐧+𝟏 + 𝐜𝐧𝐛𝐧+𝟏

𝒂𝟐𝐧𝐜𝐧+𝟏𝐛 + 𝐛𝟐𝐧+𝟏𝒂𝐧𝐜
≥

𝟑

(𝒂𝐛𝐜)
𝐧+𝟏
𝟑

  

∀ 𝒂, 𝐛, 𝐜 > 0 𝑎𝐧𝐝 ∀ 𝐧 ∈ ℕ,′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 (𝐐𝐄𝐃) 
 

1638. 𝐈𝐟 𝒂, 𝐛 ≥ 𝟏 𝒂𝐧𝐝 𝛌 ≥ 𝟐, 𝐭𝐡𝐞𝐧 ∶ 

𝛌 (
𝒂𝟒

𝐛𝟐 + 𝟏
+

𝐛𝟒

𝒂𝟐 + 𝟏
) + (𝛌 + 𝟏) (

𝟏

𝒂
+
𝟏

𝐛
) ≥ 𝟑𝛌 + 𝟐 

  Proposed by Marin Chirciu-Romania 
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Solution by Soumava Chakraborty-Kolkata-India 

𝒂𝟒

𝐛𝟐 + 𝟏
+

𝐛𝟒

𝒂𝟐 + 𝟏
=
𝒂𝟒 − 𝐛𝟒 + 𝐛𝟒

𝐛𝟐 + 𝟏
+
𝐛𝟒 − 𝒂𝟒 + 𝒂𝟒

𝒂𝟐 + 𝟏
 

= (𝒂𝟒 − 𝐛𝟒) (
𝟏

𝐛𝟐 + 𝟏
−

𝟏

𝒂𝟐 + 𝟏
) +

𝐛𝟒 − 𝟏 + 𝟏

𝐛𝟐 + 𝟏
+
𝒂𝟒 − 𝟏 + 𝟏

𝒂𝟐 + 𝟏
 

=
(𝒂𝟒 − 𝐛𝟒)(𝒂𝟐 − 𝐛𝟐)

(𝒂𝟐 + 𝟏)(𝐛𝟐 + 𝟏)
+ 𝐛𝟐 − 𝟏 +

𝟏

𝐛𝟐 + 𝟏
+ 𝒂𝟐 − 𝟏 +

𝟏

𝒂𝟐 + 𝟏
 

=
(𝒂𝟐 + 𝐛𝟐)(𝒂𝟐 − 𝐛𝟐)𝟐

(𝒂𝟐 + 𝟏)(𝐛𝟐 + 𝟏)
+ 𝒂𝟐 − 𝟏 + 𝐛𝟐 − 𝟏 +

𝟏

𝒂𝟐 + 𝟏
+

𝟏

𝐛𝟐 + 𝟏
 

⇒
𝒂𝟒

𝐛𝟐 + 𝟏
+

𝐛𝟒

𝒂𝟐 + 𝟏
− 𝟏 = 

(𝒂𝟐 + 𝐛𝟐)(𝒂𝟐 − 𝐛𝟐)𝟐

(𝒂𝟐 + 𝟏)(𝐛𝟐 + 𝟏)
+ 𝒂𝟐 − 𝟏 + 𝐛𝟐 − 𝟏 − (

𝟏

𝟐
−

𝟏

𝒂𝟐 + 𝟏
) − (

𝟏

𝟐
−

𝟏

𝐛𝟐 + 𝟏
) 

=
(𝒂𝟐 + 𝐛𝟐)(𝒂𝟐 − 𝐛𝟐)𝟐

(𝒂𝟐 + 𝟏)(𝐛𝟐 + 𝟏)
+ 𝒂𝟐 − 𝟏 + 𝐛𝟐 − 𝟏 −

𝒂𝟐 − 𝟏

𝟐(𝒂𝟐 + 𝟏)
−

𝐛𝟐 − 𝟏

𝟐(𝐛𝟐 + 𝟏)
 

=
(𝒂𝟐 + 𝐛𝟐)(𝒂𝟐 − 𝐛𝟐)𝟐

(𝒂𝟐 + 𝟏)(𝐛𝟐 + 𝟏)
+
(𝒂𝟐 − 𝟏)(𝟐𝒂𝟐 + 𝟏)

𝟐(𝒂𝟐 + 𝟏)
+
(𝐛𝟐 − 𝟏)(𝟐𝐛𝟐 + 𝟏)

𝟐(𝐛𝟐 + 𝟏)
 

∴ 𝛌(
𝒂𝟒

𝐛𝟐 + 𝟏
+

𝐛𝟒

𝒂𝟐 + 𝟏
) − 𝛌 = 𝛌.

(𝒂𝟐 + 𝐛𝟐)(𝒂𝟐 − 𝐛𝟐)𝟐

(𝒂𝟐 + 𝟏)(𝐛𝟐 + 𝟏)
+ 

𝛌. (
(𝒂𝟐 − 𝟏)(𝟐𝒂𝟐 + 𝟏)

𝟐(𝒂𝟐 + 𝟏)
+
(𝐛𝟐 − 𝟏)(𝟐𝐛𝟐 + 𝟏)

𝟐(𝐛𝟐 + 𝟏)
) 

≥
𝛌 ≥ 𝟐 > 0

𝛌. (
(𝒂𝟐 − 𝟏)(𝟐𝒂𝟐 + 𝟏)

𝟐(𝒂𝟐 + 𝟏)
+
(𝐛𝟐 − 𝟏)(𝟐𝐛𝟐 + 𝟏)

𝟐(𝐛𝟐 + 𝟏)
)  

⇒ 𝛌(
𝒂𝟒

𝐛𝟐 + 𝟏
+

𝐛𝟒

𝒂𝟐 + 𝟏
) + (𝛌 + 𝟏) (

𝟏

𝒂
+
𝟏

𝐛
) − (𝟑𝛌 + 𝟐) 

= 𝛌(
𝒂𝟒

𝐛𝟐 + 𝟏
+

𝐛𝟒

𝒂𝟐 + 𝟏
) − 𝛌 − (𝛌 + 𝟏) (𝟐 −

𝟏

𝒂
−
𝟏

𝐛
) ≥ 

𝛌. (
(𝒂𝟐 − 𝟏)(𝟐𝒂𝟐 + 𝟏)

𝟐(𝒂𝟐 + 𝟏)
+
(𝐛𝟐 − 𝟏)(𝟐𝐛𝟐 + 𝟏)

𝟐(𝐛𝟐 + 𝟏)
) − (𝛌 + 𝟏) (

𝒂 − 𝟏

𝒂
+
𝐛 − 𝟏

𝐛
) 

≥ 𝛌. (
(𝒂𝟐 − 𝟏)(𝟐𝒂𝟐 + 𝟏)

𝟐(𝒂𝟐 + 𝟏)
+
(𝐛𝟐 − 𝟏)(𝟐𝐛𝟐 + 𝟏)

𝟐(𝐛𝟐 + 𝟏)
) − (𝛌 +

𝛌

𝟐
) (
𝒂 − 𝟏

𝒂
+
𝐛 − 𝟏

𝐛
) 

(∵ 𝟏 ≤
𝛌

𝟐
 𝒂𝐧𝐝 𝒂, 𝐛 ≥ 𝟏 ⇒

𝒂 − 𝟏

𝒂
+
𝐛 − 𝟏

𝐛
≥ 𝟎) 

=
𝛌(𝒂 − 𝟏)

𝟐
(
(𝟐𝒂𝟐 + 𝟏)(𝒂 + 𝟏)

𝒂𝟐 + 𝟏
−
𝟑

𝒂
) +

𝛌(𝐛 − 𝟏)

𝟐
(
(𝟐𝐛𝟐 + 𝟏)(𝐛 + 𝟏)

𝐛𝟐 + 𝟏
−
𝟑

𝐛
) 

=
𝛌(𝒂 − 𝟏)(𝟐𝒂𝟒 + 𝟐𝒂𝟑 − 𝟐𝒂𝟐 + 𝒂 − 𝟑)

𝟐𝒂(𝒂𝟐 + 𝟏)
+
𝛌(𝐛 − 𝟏)(𝟐𝐛𝟒 + 𝟐𝐛𝟑 − 𝟐𝐛𝟐 + 𝐛 − 𝟑)

𝟐𝐛(𝐛𝟐 + 𝟏)
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=
𝛌(𝒂 − 𝟏)𝟐(𝟐𝒂𝟑 + 𝟒𝒂𝟐 + 𝟐𝒂 + 𝟑)

𝟐𝒂(𝒂𝟐 + 𝟏)
+
𝛌(𝐛 − 𝟏)𝟐(𝟐𝐛𝟑 + 𝟒𝐛𝟐 + 𝟐𝐛 + 𝟑)

𝟐𝐛(𝐛𝟐 + 𝟏)
≥ 𝟎 

∴ 𝛌 (
𝒂𝟒

𝐛𝟐 + 𝟏
+

𝐛𝟒

𝒂𝟐 + 𝟏
) − 𝛌 − (𝛌 + 𝟏) (𝟐 −

𝟏

𝒂
−
𝟏

𝐛
) ≥ 𝟎 

⇒ 𝛌(
𝒂𝟒

𝐛𝟐 + 𝟏
+

𝐛𝟒

𝒂𝟐 + 𝟏
) + (𝛌 + 𝟏) (

𝟏

𝒂
+
𝟏

𝐛
) ≥ 𝟑𝛌 + 𝟐 

∀ 𝒂, 𝐛 ≥ 𝟏 𝒂𝐧𝐝 𝛌 ≥ 𝟐,′′=′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝟏 (𝐐𝐄𝐃) 
 

1639. If 𝒂, 𝒃, 𝒄 > 0 𝑎𝑛𝑑, 𝑎 + 𝑏 + 𝑐 = 3, 𝜆 ≥ 0 then: 
 

∑
𝒂𝟐

√𝒂 + 𝝀𝒃
≥

𝟑

√𝝀 + 𝟏
 

 
Proposed by Marin Chirciu-Romania 

Solution by Tapas Das-India 
 

∑
𝒂𝟐

√𝒂 + 𝝀𝒃
≥

𝑩𝒆𝒓𝒈𝒔𝒕𝒓𝒐𝒎 (𝒂 + 𝒃 + 𝒄)𝟐

∑√𝒂 + 𝝀𝒃
≥
𝑪𝑩𝑺

 

 
(𝒂 + 𝒃 + 𝒄)𝟐

√𝟑(𝒂 + 𝒃 + 𝒄)(𝝀 + 𝟏)
=

𝒂+𝒃+𝒄=𝟑 𝟗

𝟑

𝟏

√𝝀 + 𝟏
=

𝟑

√𝝀 + 𝟏
 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒇𝒐𝒓 𝒂 = 𝒃 = 𝒄 = 𝟏 

1640. If 𝒂, 𝒃 > 0 then: 

𝟐 (
𝒂𝟑

(𝒃 + 𝟏)𝟐
+

𝒃𝟑

(𝒂 + 𝟏)𝟐
) +

𝟏

𝒂
+
𝟏

𝒃
≥ 𝟑 

 
Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Tapas Das-India 
 

𝟐(
𝒂𝟑

(𝒃 + 𝟏)𝟐
+

𝒃𝟑

(𝒂 + 𝟏)𝟐
) +

𝟏

𝒂
+
𝟏

𝒃
≥

𝑹𝒂𝒅𝒐𝒏 &𝐵𝑒𝑟𝑔𝑠𝑡𝒓𝒐𝒎

 

≥
𝟐(𝒂 + 𝒃)𝟑

(𝒂 + 𝒃 + 𝟐)𝟐
+
(𝟏 + 𝟏)𝟐

𝒂 + 𝒃
=

𝒂+𝒃=𝒕>0 𝟐𝒕𝟑

(𝒕 + 𝟐)𝟐
+
𝟒

𝒕
 

𝑾𝒆 𝒏𝒆𝒆𝒅 𝒕𝒐 𝒔𝒉𝒐𝒘: 

 
𝟐𝒕𝟑

(𝒕 + 𝟐)𝟐
+
𝟒

𝒕
≥ 𝟑 𝒐𝒓 , 

𝟐𝒕𝟒 + 𝟒𝒕𝟐 + 𝟏𝟔𝒕 + 𝟏𝟔

𝟑𝒕𝟑 + 𝟏𝟐𝒕𝟐 + 𝟏𝟐𝒕
≥ 𝟑 𝒐𝒓, 
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𝟐𝒕𝟒 − 𝟑𝒕𝟑 − 𝟖𝒕𝟐 + 𝟒𝒕 + 𝟏𝟔 ≥ 𝟎 𝒐𝒓, 
 

(𝒕 − 𝟐)𝟐(𝟐𝒕𝟐 + 𝟓𝒕 + 𝟒) ≥ 𝟎 𝒕𝒓𝒖𝒆 
 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒇𝒐𝒓 𝒕 = 𝒂 + 𝒃 = 𝟐𝒐𝒓 𝒂 = 𝒃 = 𝟏 
 

1641. 𝐋𝐞𝐭 𝒂, 𝒃, 𝒄 ≥ 𝟎, 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 > 0.  𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 

𝒂𝟐 + 𝒃𝒄

𝒃 + 𝒄 + 𝟐𝒂
+

𝒃𝟐 + 𝒄𝒂

𝒄 + 𝒂 + 𝟐𝒃
+

𝒄𝟐 + 𝒂𝒃

𝒂 + 𝒃 + 𝟐𝒄
≥
𝒂 + 𝒃 + 𝒄

𝟐
 

Proposed by Phan Ngoc Chau-Vietnam 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐖𝐞 𝐡𝐚𝐯𝐞 

𝟐(𝒂 + 𝒃 + 𝒄)∑
𝒂𝟐 + 𝒃𝒄

𝒃 + 𝒄 + 𝟐𝒂
𝒄𝒚𝒄

=∑(𝒂𝟐 + 𝒃𝒄)

𝒄𝒚𝒄

+∑
(𝒂𝟐 + 𝒃𝒄)(𝒃 + 𝒄)

𝒃 + 𝒄 + 𝟐𝒂
𝒄𝒚𝒄

. 

𝐁𝐲 𝐂𝐁𝐒 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲, 𝐰𝐞 𝐡𝐚𝐯𝐞 

∑
𝒃𝒄(𝒃 + 𝒄)

𝒃 + 𝒄 + 𝟐𝒂
𝒄𝒚𝒄

≥
(∑ 𝒃𝒄𝒄𝒚𝒄 )

𝟐

∑ 𝒃𝒄 (𝟏 +
𝟐𝒂
𝒃 + 𝒄)𝒄𝒚𝒄

≥⏞
𝑯𝑴−𝑨𝑴 (∑ 𝒃𝒄𝒄𝒚𝒄 )

𝟐

∑ (𝒃𝒄 +
𝒂(𝒃 + 𝒄)

𝟐 )𝒄𝒚𝒄

=
𝟏

𝟐
∑𝒃𝒄

𝒄𝒚𝒄

 

∑
𝒂𝟐(𝒃 + 𝒄)

𝒃 + 𝒄 + 𝟐𝒂
𝒄𝒚𝒄

≥
(𝒂 + 𝒃 + 𝒄)𝟐

∑ (𝟏 +
𝟐𝒂
𝒃 + 𝒄)𝒄𝒚𝒄

≥⏞
?

 
𝟏

𝟐
∑𝒃𝒄

𝒄𝒚𝒄

 ⇔∑𝒃𝒄

𝒄𝒚𝒄

≥∑
𝟐𝒂𝒃𝒄

𝒃 + 𝒄
𝒄𝒚𝒄

⇔∑
𝒂(𝒃 − 𝒄)𝟐

𝒃 + 𝒄
𝒄𝒚𝒄

≥ 𝟎 
𝐔𝐬𝐢𝐧𝐠 𝐭𝐡𝐞 𝐫𝐞𝐬𝐮𝐥𝐭𝐬,𝐰𝐞 𝐠𝐞𝐭 

𝟐(𝒂 + 𝒃 + 𝒄)∑
𝒂𝟐 + 𝒃𝒄

𝒃 + 𝒄 + 𝟐𝒂
𝒄𝒚𝒄

≥∑𝒂𝟐

𝒄𝒚𝒄

+ 𝟐∑𝒃𝒄

𝒄𝒚𝒄

= (𝒂 + 𝒃 + 𝒄)𝟐 

𝐚𝐬 𝐝𝐞𝐬𝐢𝐫𝐞𝐝. 𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 (𝒂 = 𝒃 = 𝒄 > 0) 𝐚𝐧𝐝 
 (𝒂 = 𝒃 > 0, 𝑐 = 0) 𝐚𝐧𝐝 𝐢𝐭𝐬 𝐩𝐞𝐫𝐦𝐮𝐭𝐚𝐭𝐢𝐨𝐧𝐬. 

 

1642. If 𝒂, 𝒃 > 0, (√𝒂 + 𝟏)(√𝒃 + 𝟏) = 𝟒 then: 

 

𝒂𝟑

(𝒂 + 𝟏)𝟐
+

𝒃𝟑

(𝒃 + 𝟏)𝟐
≥
𝟏

𝟐
 

 
Proposed by Nguyen Hung Cuong-Vietnam 
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Solution by Tapas Das-India 
 
 

 (√𝒂 + 𝟏)(√𝒃 + 𝟏) = 𝟒 𝒐𝒓 √𝒂𝒃 + (√𝒂 + √𝒃) + 𝟏 ≥ 𝟒 𝒐𝒓 

 
𝒂 + 𝒃

𝟐
+ √𝟐(𝒂 + 𝒃) ≥ 𝟑 ( 𝑨𝒎− 𝑮𝒎 & 𝐶𝐵𝑆) 

 

𝒖𝟐 + 𝟐√𝟐𝒖 − 𝟔 ≥
𝒖=√𝒂+𝒃>0

 𝟎  𝒐𝒓 (𝒖 + 𝟑√𝟐)(𝒖 − √𝟐) ≥ 𝟎 𝒐𝒓 

 

 𝒖 − √𝟐 ≥ 𝟎 (𝒂𝒔  𝒖 > 0) 𝒐𝒓  𝒖 ≥ √𝟐 𝒐𝒓  𝒖𝟐 ≥ 𝟐 𝒐𝒓, 𝒂 + 𝒃 ≥ 𝟐 (𝟏) 
 

𝒂𝟑

(𝒂 + 𝟏)𝟐
+

𝒃𝟑

(𝒃 + 𝟏)𝟐
≥
𝑪𝑩𝑺

(
𝒂𝟑

𝟐(𝒂𝟐 + 𝟏)
+

𝒃𝟑

𝟐(𝒃𝟐 + 𝟏)
) = 

 

=
𝟏

𝟐
(𝒂 −

𝒂

𝒂𝟐 + 𝟏
+ 𝒃 −

𝒃

𝒃𝟐 + 𝟏
) ≥
𝑨𝑴−𝑮𝑴

 

 

≥
𝟏

𝟐
((𝒂 + 𝒃) − (

𝒂

𝟐𝒂
 +

𝒃

𝟐𝒃
)) ≥

(𝟏) 𝟏

𝟐
( 𝟐 − (

𝟏

𝟐
+
𝟏

𝟐
)) =

𝟏

𝟐
 

 
𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔  𝒇𝒐𝒓 𝒂 = 𝒃 = 𝟏 

 
1643. If 𝒙, 𝒚, 𝒛 > 0 , 𝑥 + 𝑦 + 𝑧 = 3 then: 

𝒙𝟓

𝒙𝟐 + 𝟏
+

𝒚𝟓

𝒚𝟐 + 𝟏
+

𝒛𝟓

𝒛𝟐 + 𝟏
≥
𝟑

𝟐
 

 
Proposed by Kostantinos Geronikolas-Greece 

Solution by Tapas Das-India 
 

 𝑳𝒆𝒎𝒎𝒂 ∶
𝒕𝟓

𝒕𝟐 + 𝟏
≥ 𝟐𝒕 −

𝟑

𝟐
, 𝒕 ∈ (𝟎, 𝟑) 

 𝑷𝒓𝒐𝒐𝒇:
𝒕𝟓

𝒕𝟐 + 𝟏
≥ 𝟐𝒕 −

𝟑

𝟐
𝒐𝒓 𝟐𝒕𝟓 − 𝟒𝒕𝟑 + 𝟑𝒕𝟐 − 𝟒𝒕 + 𝟑 ≥ 𝟎  

 

 (𝒕 − 𝟏)𝟐(𝟐𝒕𝟑 + 𝟒𝒕𝟐 + 𝟐𝒕 + 𝟑) ≥ 𝟎 𝒕𝒓𝒖𝒆 𝒂𝒔 𝒕 < 3 
 

𝒙𝟓

𝒙𝟐 + 𝟏
+

𝒚𝟓

𝒚𝟐 + 𝟏
+

𝒛𝟓

𝒛𝟐 + 𝟏
=∑

𝒙𝟓

𝒙𝟐 + 𝟏
≥

𝑳𝒆𝒎𝒎𝒂
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≥∑(𝟐𝒙 −
𝟑

𝟐
) = 𝟐(𝒙 + 𝒚 + 𝒛) −

𝟗

𝟐
= 𝟐 × 𝟑 −

𝟗

𝟐
=
𝟑

𝟐
 

 
𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒇𝒐𝒓  𝒙 = 𝒚 = 𝒛 = 𝟏 

1644. If 𝒙, 𝒚, 𝒛 > 0 , 𝑥𝑦 + 𝑦𝑧 + 𝑧𝑥 = 3𝒙𝒚𝒛 then: 
 

𝟏

𝒙𝟑 + 𝒚 + 𝒛
+

𝟏

𝒚𝟑 + 𝒛 + 𝒙
+

𝟏

𝒛𝟑 + 𝒙 + 𝒚
≤ 𝟏 

 
Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Tapas Das-India 
 

𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙 = 𝟑𝒙𝒚𝒛  
 

𝟏

𝒙
+
𝟏

𝒚
+
𝟏

𝒛
= 𝟑  

 

 𝟑 =
𝟏

𝒙
+
𝟏

𝒚
+
𝟏

𝒛
≥

𝑩𝒆𝒓𝒈𝒔𝒕𝒓𝒐𝒎 (𝟏 + 𝟏 + 𝟏)𝟐

𝒙 + 𝒚 + 𝒛
  

 
 𝟑(𝒙 + 𝒚 + 𝒛) ≥ 𝟗  

 
 𝒙 + 𝒚 + 𝒛 ≥ 𝟑 (𝟏)   

 
𝒙 + 𝒚 + 𝒛 ≥ 𝟑  

 
 𝒚 + 𝒛 ≥ 𝟑 − 𝒙 

 

𝒙𝟑 + 𝒚 + 𝒛 ≥
(𝟏)

 𝒙𝟑 + 𝟑 − 𝒙 = (𝒙𝟑 + 𝟏 + 𝟏) + 𝟏 − 𝒙 ≥
𝑨𝑴−𝑮𝑴

 𝟑𝒙 + 𝟏 − 𝒙 = 𝟐𝒙+ 𝟏  (𝟐) 
 

𝟏

𝒙𝟑 + 𝒚 + 𝒛
+

𝟏

𝒚𝟑 + 𝒛 + 𝒙
+

𝟏

𝒛𝟑 + 𝒙+ 𝒚
=∑

𝟏

𝒙𝟑 + 𝒚 + 𝒛
≤
(𝟐)

 

 

≤ ∑
𝟏

𝟐𝒙+ 𝟏
=∑

𝟏

𝒙+ 𝒙 + 𝟏
≤

𝑨𝑴−𝑯𝑴 𝟏

𝟗
∑(

𝟏

𝒙
+
𝟏

𝒙
+ 𝟏) = 

 

=
𝟏

𝟗
(∑

𝟏

𝒙
+∑

𝟏

𝒙
+∑𝟏) =

𝟏
𝒙
+
𝟏
𝒚
+
𝟏
𝒛
=𝟑 𝟏

𝟗
(𝟑 + 𝟑 + 𝟑) = 𝟏  

 
𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒇𝒐𝒓 𝒙 = 𝒚 = 𝒛 = 𝟏 
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1645. 𝐋𝐞𝐭 𝒂, 𝒃, 𝒄 ≥ 𝟎, 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 > 0 𝐚𝐧𝐝 𝒂 + 𝒃 + 𝒄 = 𝟑.𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 : 

𝟏𝟑𝒂 − 𝟒𝒃𝒄

𝒃 + 𝒄
+
𝟏𝟑𝒃 − 𝟒𝒄𝒂

𝒄 + 𝒂
+
𝟏𝟑𝒄 − 𝟒𝒂𝒃

𝒂 + 𝒃
≤
𝟐𝟕

𝟐
∙
𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂
 

Proposed by Phan Ngoc Chau-Vietnam 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐋𝐞𝐭 𝒑 ≔ 𝒂 + 𝒃 + 𝒄 = 𝟑, 𝒒 ≔ 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 ≤
𝒑𝟐

𝟑
= 𝟑, 𝒓 ≔ 𝒂𝒃𝒄. 

∑
𝟏𝟑𝒂 − 𝟒𝒃𝒄

𝒃 + 𝒄
𝒄𝒚𝒄

=∑(
𝟏𝟑𝒑 − 𝟒𝒒

𝒃 + 𝒄
− 𝟏𝟑 + 𝟒𝒂)

𝒄𝒚𝒄

= (𝟏𝟑. 𝟑 − 𝟒𝒒).
𝒑𝟐 + 𝒒

𝒑𝒒 − 𝒓
− 𝟑𝟗 + 𝟏𝟐 = 

=
(𝟑𝟗 − 𝟒𝒒)(𝟗 + 𝒒)

𝟑𝒒 − 𝒓
− 𝟐𝟕 ≤⏞

?

 
𝟐𝟕

𝟐
.
𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂
=
𝟐𝟕(𝟗 − 𝟐𝒒)

𝟐𝒒
 ⇔  𝒓

≤
𝒒(𝟐𝟕 − 𝟔𝒒 + 𝟖𝒒𝟐)

𝟐𝟒𝟑
. 

𝐅𝐫𝐨𝐦 𝐭𝐡𝐞 𝐤𝐧𝐨𝐰𝐧 𝐢𝐝𝐞𝐧𝐭𝐢𝐭𝐲 

𝟎 ≤ (𝒂 − 𝒃)𝟐(𝒃 − 𝒄)𝟐(𝒄 − 𝒂)𝟐 = −𝟐𝟕𝒓𝟐 + 𝟐(𝟗𝒑𝒒 − 𝟐𝒑𝟑)𝒓 + 𝒑𝟐𝒒𝟐 − 𝟒𝒒𝟑 

𝐈𝐭 𝐟𝐨𝐥𝐥𝐨𝐰𝐬 

𝒓 ≤
−𝟐𝒑𝟑 + 𝟗𝒑𝒒 + 𝟐√(𝒑𝟐 − 𝟑𝒒)𝟑

𝟐𝟕
=
−𝟏𝟖 + 𝟗𝒒 + 𝟐√𝟑(𝟑 − 𝒒)𝟑

𝟗
. 

𝐒𝐨 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 

−𝟏𝟖 + 𝟗𝒒 + 𝟐√𝟑(𝟑 − 𝒒)𝟑

𝟗
≤
𝒒(𝟐𝟕 − 𝟔𝒒 + 𝟖𝒒𝟐)

𝟐𝟒𝟑
⇔ 𝟐𝟕√𝟑(𝟑 − 𝒒)𝟑

≤ (𝟑 − 𝒒)(𝟖𝟏 − 𝟗𝒒 − 𝟒𝒒𝟐) 

⇔⏞
𝟑−𝒒≥𝟎

𝟐𝟕𝟐. 𝟑(𝟑 − 𝒒) ≤ (𝟖𝟏 − 𝟗𝒒 − 𝟒𝒒𝟐)𝟐  ⇔ 𝟎 ≤ 𝒒(𝒒 + 𝟗)(𝟒𝒒− 𝟗)𝟐, 
𝐰𝐡𝐢𝐜𝐡 𝐢𝐬 𝐭𝐫𝐮𝐞 𝐚𝐧𝐝 𝐭𝐡𝐞 𝐩𝐫𝐨𝐨𝐟 𝐢𝐬 𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞. 𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 (𝒒 = 𝟑 ⇔ 𝒂 = 𝒃 = 𝒄

= 𝟏) 𝐚𝐧𝐝 

(𝒒 =
𝟗

𝟒
⇔ 𝒂 = 𝒃 =

𝟏

𝟐
, 𝒄 = 𝟐)  𝐚𝐧𝐝 𝐢𝐭𝐬 𝐩𝐞𝐫𝐦𝐮𝐭𝐚𝐭𝐢𝐨𝐧𝐬. 

 

1646. If 𝒙, 𝒚, 𝒛 > 0, 𝑥𝑦𝑧 = 1 then: 

𝒙

√𝒚𝟐 + 𝒛
+ 

𝒚

√𝒛𝟐 + 𝒙
+ 

𝒛

√𝒙𝟐 + 𝒚
≥
𝟑√𝟐

𝟐
 

Proposed by Shirvan Tahirov-Azerbaijan 
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Solution by Hai Duong-Vietnam 
Let be 𝒇, 𝒈:ℝ+

∗𝑿ℝ+
∗ 𝑿ℝ+

∗ ⟶ℝ+
∗  

𝒈(𝒙, 𝒚, 𝒛) = 𝟑√
𝒙𝒚𝒛

√(𝒚𝟐 + 𝒛)(𝒛𝟐 + 𝒙)(𝒙𝟐 + 𝒚)

𝟑
, 𝒇(𝒙, 𝒚, 𝒛) =

𝒙

√𝒚𝟐 + 𝒛
+ 

𝒚

√𝒛𝟐 + 𝒙
+ 

𝒛

√𝒙𝟐 + 𝒚
 

𝒇(𝒙, 𝒚, 𝒛) =
𝒙

√𝒚𝟐 + 𝒛
+ 

𝒚

√𝒛𝟐 + 𝒙
+ 

𝒛

√𝒙𝟐 + 𝒚
≥⏞

𝑨𝑴−𝑮𝑴

 

≥ 𝟑√
𝒙𝒚𝒛

√(𝒚𝟐 + 𝒛)(𝒛𝟐 + 𝒙)(𝒙𝟐 + 𝒚)

𝟑
= 𝒈(𝒙, 𝒚, 𝒛) 

𝒇(𝒙, 𝒚, 𝒛) ≥ 𝒈(𝒙, 𝒚, 𝒛) (𝟏) 

𝟑√𝟐

𝟐
=

𝟑

√𝟏+ √𝒙𝒚𝒛
𝟑

= 𝟑
√

𝟏

√(𝟏 + √𝒙𝒚𝒛
𝟑 )

𝟑

𝟑 ≥⏞
𝑯𝑶𝑳𝑫𝑬𝑹

𝟑√
𝟏

√(𝒚𝟐 + 𝒛)(𝒛𝟐 + 𝒙)(𝒙𝟐 + 𝒚)

𝟑
= 

= 𝟑√
𝒙𝒚𝒛

√(𝒚𝟐 + 𝒛)(𝒛𝟐 + 𝒙)(𝒙𝟐 + 𝒚)

𝟑
= 𝒈(𝒙, 𝒚, 𝒛) ⟹ 𝑴𝒂𝒙𝒈(𝒙,𝒚, 𝒛) =

𝟑√𝟐

𝟐
(𝟐) 

By (𝟏), (𝟐): 

𝒙

√𝒚𝟐 + 𝒛
+ 

𝒚

√𝒛𝟐 + 𝒙
+ 

𝒛

√𝒙𝟐 + 𝒚
≥
𝟑√𝟐

𝟐
 

Equality holds for 𝒙 = 𝒚 = 𝒛 = 𝟏 
 

1647. If 𝒙, 𝒚, 𝒛 > 0, 𝑥𝑦𝑧 = 1 then: 
 

𝒙

(𝒙 + 𝟐)(𝒚 + 𝟐)
+ 

𝒚

(𝒚 + 𝟐)(𝒛 + 𝟐)
+ 

𝒛

(𝒛 + 𝟐)(𝒙 + 𝟐)
≥
𝟏

𝟑
 

 
Proposed by Shirvan Tahirov, Gulkhanim Piriyeva-Azerbaijan 

Solution by Ertan Yildirim-Turkiye 
𝒙

(𝒙 + 𝟐)(𝒚 + 𝟐)
+ 

𝒚

(𝒚 + 𝟐)(𝒛 + 𝟐)
+ 

𝒛

(𝒛 + 𝟐)(𝒙 + 𝟐)
≥
𝟏

𝟑
⟺ 

 
𝒙(𝒛 + 𝟐) + 𝒚(𝒙 + 𝟐) + 𝒛(𝒚 + 𝟐)

(𝒙 + 𝟐)(𝒚 + 𝟐)(𝒛 + 𝟐)
≥
𝟏

𝟑
⟺ 

𝟑[𝒙𝒛 + 𝒙𝒚 + 𝒚𝒛 + 𝟐(𝒙 + 𝒚 + 𝒛)] ≥ (𝒙 + 𝟐)(𝒚 + 𝟐)(𝒛 + 𝟐) ⟺ 
 
𝟑(𝒙𝒚 + 𝒙𝒛 + 𝒚𝒛) + 𝟔(𝒙 + 𝒚 + 𝒛) ≥ 𝒙𝒚𝒛⏟

𝟏

+ 𝟐(𝒙𝒚 + 𝒙𝒛 + 𝒚𝒛) + 𝟒(𝒙 + 𝒚 + 𝒛) + 𝟖 ⟺ 
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 𝒙𝒚 + 𝒙𝒛 + 𝒚𝒛 + 𝟐(𝒙 + 𝒚 + 𝒛)≥⏞
?

𝟗    

 
𝟏

𝒛
+ 
𝟏

𝒚
+ 
𝟏

𝒙
+ 𝟐(𝒙 + 𝒚 + 𝒛) ≥⏞

?

𝟗       

 (𝒙 +
𝟏

𝒙
)

⏟    
≥𝟐

+ (𝒚 +
𝟏

𝒚
)

⏟    
≥𝟐

+ (𝒙 +
𝟏

𝒙
)

⏟    
≥𝟐

 + 𝒙 + 𝒚 + 𝒛 ≥ 𝟔 + 𝒙 + 𝒚 + 𝒛 ≥⏞
𝑨−𝑮

 

≥ 𝟔 + 𝟑 ∙ √𝒙𝒚𝒛
𝟑 = 𝟔 + 𝟑 ∙ 𝟏 = 𝟗 

 
𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚  𝒉𝒐𝒍𝒅𝒔  𝒇𝒐𝒓   𝒙 = 𝒚 = 𝒛 = 𝟏 

 

1648. If 𝒙, 𝒚 , 𝒛 > 0 then: 
𝒙

√𝒙𝟐 + 𝟑𝒚𝒛
+

𝒚

√𝒚𝟐 + 𝟑𝒙𝒛
+

𝒛

√𝒛𝟐 + 𝟑𝒙𝒚
≥
𝟑

𝟐
 

 
Proposed by Shirvan Tahirov, Gulkhanim Piriyeva-Azerbaijan 

Solution by Hai Duong-Vietnam 

𝑳𝒆𝒎𝒎𝒂 ∶ ∨ 𝒕 > 0 ∶   𝑓(𝒕) =
𝟏

√𝟏 + 𝟑𝒕
+ 

𝟑

𝟏𝟔
𝒍𝒏𝒕 ≥

𝟏

𝟐
  

𝒇′(𝒕) = −
𝟑

𝟐(𝟏 + 𝟑𝒕)√𝟏 + 𝟑𝒕
 + 

𝟑

𝟏𝟔𝒕
= 𝟑 ∙

(𝟏 + 𝟑𝒕)√𝟏 + 𝟑𝒕 − 𝟖𝒕

𝟖(𝟏 + 𝟑𝒕)√𝟏 + 𝟑𝒕
 

𝒇′(𝒕) = 𝟎 → (𝟏 + 𝟑𝒕)√𝟏 + 𝟑𝒕 = 𝟖𝒕 → 𝒕 = 𝟏  
 𝒂𝒏𝒅  𝒇′(𝒕) > 0 →  𝑡 > 1  𝑎𝑛𝑑   𝒇′(𝒕) < 0 → 𝑡 < 1 

∨ 𝒕 > 0 ∶   𝑓(𝒕) ≥ 𝑴𝒊𝒏𝒇(𝒕) = 𝒇(𝟏) =
𝟏

𝟐
 

𝟏

√𝟏 + 𝟑𝒕
+ 

𝟑

𝟏𝟔
𝒍𝒏𝒕 ≥

𝟏

𝟐
 

𝒕 =
𝒙𝒚

𝒛𝟐
→

𝟏

√𝟏 + 𝟑 ∙
𝒙𝒚
𝒛𝟐

+ 
𝟑

𝟏𝟔
𝒍𝒏
𝒙𝒚

𝒛𝟐
≥
𝟏

𝟐
 (𝟏) 

𝒕 =
𝒚𝒛

𝒙𝟐
→

𝟏

√𝟏+ 𝟑 ∙
𝒚𝒛
𝒙𝟐

+ 
𝟑

𝟏𝟔
𝒍𝒏
𝒚𝒛

𝒙𝟐
≥
𝟏

𝟐
 (𝟐) 

𝒕 =
𝒛𝒙

𝒚𝟐
→

𝟏

√𝟏 + 𝟑 ∙
𝒛𝒙
𝒚𝟐

+ 
𝟑

𝟏𝟔
𝒍𝒏
𝒛𝒙

𝒚𝟐
≥
𝟏

𝟐
 (𝟑) 

By adding (𝟏), (𝟐), (𝟑): 
𝟏

√𝟏 + 𝟑 ∙
𝒙𝒚
𝒛𝟐

+
𝟏

√𝟏+ 𝟑 ∙
𝒚𝒛
𝒙𝟐

+
𝟏

√𝟏+ 𝟑 ∙
𝒛𝒙
𝒚𝟐

+
𝟑

𝟏𝟔
𝒍𝒏(

𝒙𝒚

𝒛𝟐
∙
𝒚𝒛

𝒙𝟐
∙
𝒛𝒙

𝒚𝟐
) ≥

𝟑

𝟐
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𝒙

√𝒙𝟐 + 𝟑𝒚𝒛
+

𝒚

√𝒚𝟐 + 𝟑𝒙𝒛
+

𝒛

√𝒛𝟐 + 𝟑𝒙𝒚
+ 𝒍𝒏𝟏 ≥

𝟑

𝟐
 

𝒙

√𝒙𝟐 + 𝟑𝒚𝒛
+

𝒚

√𝒚𝟐 + 𝟑𝒙𝒛
+

𝒛

√𝒛𝟐 + 𝟑𝒙𝒚
≥
𝟑

𝟐
 

 

1649. If 𝒙, 𝒚, 𝒛 > 0 , 𝑥 + 𝑦 + 𝑧 = 3 then: 

𝒙𝟓

𝒙𝟐 + 𝟏
+

𝒚𝟓

𝒚𝟐 + 𝟏
+

𝒛𝟓

𝒛𝟐 + 𝟏
≥
𝟑

𝟐
 

 
Proposed by Kostantinos Geronikolas-Greece 

Solution by Tapas Das-India 
 

 𝑳𝒆𝒎𝒎𝒂 ∶
𝒕𝟓

𝒕𝟐 + 𝟏
≥ 𝟐𝒕 −

𝟑

𝟐
, 𝒕 ∈ (𝟎, 𝟑) 

 𝑷𝒓𝒐𝒐𝒇:
𝒕𝟓

𝒕𝟐 + 𝟏
≥ 𝟐𝒕 −

𝟑

𝟐
𝒐𝒓 𝟐𝒕𝟓 − 𝟒𝒕𝟑 + 𝟑𝒕𝟐 − 𝟒𝒕 + 𝟑 ≥ 𝟎  

 

 (𝒕 − 𝟏)𝟐(𝟐𝒕𝟑 + 𝟒𝒕𝟐 + 𝟐𝒕 + 𝟑) ≥ 𝟎 𝒕𝒓𝒖𝒆 𝒂𝒔 𝒕 < 3 
 

𝒙𝟓

𝒙𝟐 + 𝟏
+

𝒚𝟓

𝒚𝟐 + 𝟏
+

𝒛𝟓

𝒛𝟐 + 𝟏
=∑

𝒙𝟓

𝒙𝟐 + 𝟏
≥

𝑳𝒆𝒎𝒎𝒂
  

 

≥∑(𝟐𝒙 −
𝟑

𝟐
) = 𝟐(𝒙 + 𝒚 + 𝒛) −

𝟗

𝟐
= 𝟐 × 𝟑 −

𝟗

𝟐
=
𝟑

𝟐
 

 
𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒇𝒐𝒓  𝒙 = 𝒚 = 𝒛 = 𝟏 

 

1650.  𝐈𝐟 𝒂, 𝐛, 𝐜 > 0 𝑎𝐧𝐝 𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 + 𝟐𝒂𝐛𝐜 = 𝟏, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

(
𝒂

𝐛𝐜
+
𝐛

𝐜𝒂
+
𝐜

𝒂𝐛
+ 𝟏)

𝟐

≥ 𝟒 (
𝟏

𝒂𝟐
+
𝟏

𝐛𝟐
+
𝟏

𝐜𝟐
) + 𝟏 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 + 𝟐𝒂𝐛𝐜 = 𝟏 ⇒ 𝒂𝟐 + 𝟐𝐛𝐜. 𝒂 + 𝐛𝟐 + 𝐜𝟐 − 𝟏 = 𝟎 

⇒ 𝒂 =
−𝟐𝐛𝐜 ± 𝟐√𝐛𝟐𝐜𝟐 − 𝐛𝟐 − 𝐜𝟐 + 𝟏

𝟐
= −𝐛𝐜 ± √(𝟏 − 𝐛𝟐)(𝟏 − 𝐜𝟐) 
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(∵ 𝟏 − 𝐛𝟐 = 𝐜𝟐 + 𝒂𝟐 + 𝟐𝒂𝐛𝐜 > 0 𝑎𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐨𝐮𝐬𝒍𝐲, 𝟏 − 𝐜𝟐 > 𝟎) 

= −𝐛𝐜 +√(𝟏 − 𝐛𝟐)(𝟏 − 𝐜𝟐) (∵ 𝒂 > 0) 

= −𝐛𝐜 +
𝟏

𝟑
.√𝟗(𝟏 − 𝐛)(𝟏 − 𝐜) ∗ (𝟏 + 𝐛)(𝟏 + 𝐜) 

≤
𝐀−𝐆

− 𝐛𝐜 +
𝟗(𝟏 − 𝐛)(𝟏 − 𝐜) + (𝟏 + 𝐛)(𝟏 + 𝐜)

𝟔
= −𝐛𝐜 +

𝟏𝟎 − 𝟖(𝐛 + 𝐜) + 𝟏𝟎𝐛𝐜

𝟔
 

=
𝟓 − 𝟒(𝐛 + 𝐜) + 𝟐𝐛𝐜

𝟑
⇒ 𝟑𝒂 ≤ 𝟓 − 𝟒(𝐛 + 𝐜) + 𝟐𝐛𝐜 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 

∴ 𝟑∑𝒂

𝐜𝐲𝐜

≤ 𝟏𝟓− 𝟖∑𝒂

𝐜𝐲𝐜

+ 𝟐∑𝒂𝐛

𝐜𝐲𝐜

⇒ 𝟏𝟏∑𝒂

𝐜𝐲𝐜

≤ 𝟏𝟓+ 𝟐∑𝒂𝐛

𝐜𝐲𝐜

≤ 𝟏𝟓+
𝟐

𝟑
(∑𝒂

𝐜𝐲𝐜

)

𝟐

 

⇒ 𝟐𝐭𝟐 − 𝟑𝟑𝐭 + 𝟒𝟓 ≥ 𝟎 (𝐭 =∑𝒂

𝐜𝐲𝐜

) ⇒ (𝟐𝐭 − 𝟑)(𝐭 − 𝟏𝟓) ≥ 𝟎 ⇒ 𝐭 ≤
𝟑

𝟐
 

(∵ 𝒂, 𝐛, 𝐜 < 1 ⇒∑𝒂

𝐜𝐲𝐜

< 3 ⇒ 𝐭 ≱ 𝟏𝟓) ∴
𝟑

𝟒
≥
𝟏

𝟐
∑𝒂

𝐜𝐲𝐜

→① 

𝐀𝐠𝒂𝐢𝐧, 𝟏 = 𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 + 𝟐𝒂𝐛𝐜 ≥
𝐀−𝐆

𝟑𝐩𝟐 + 𝟐𝐩𝟑 (𝐩 = √𝒂𝐛𝐜
𝟑

) 

⇒ (𝟐𝐩 − 𝟏)(𝐩+ 𝟏)𝟐 ≤ 𝟎 ⇒ 𝐩 = √𝒂𝐛𝐜
𝟑

≤
𝟏

𝟐
⇒ 𝟏− 𝟐𝒂𝐛𝐜 ≥

𝟑

𝟒
 

⇒∑𝒂𝟐

𝐜𝐲𝐜

≥
𝟑

𝟒
≥

𝐯𝐢𝒂 ① 𝟏

𝟐
∑𝒂

𝐜𝐲𝐜

→② 

𝐖𝐞 𝐡𝒂𝐯𝐞 ∶ (
𝒂

𝐛𝐜
+
𝐛

𝐜𝒂
+
𝐜

𝒂𝐛
+ 𝟏)

𝟐

≥ 𝟒(
𝟏

𝒂𝟐
+
𝟏

𝐛𝟐
+
𝟏

𝐜𝟐
) + 𝟏 

⇔ (∑𝒂𝟐

𝐜𝐲𝐜

+ 𝒂𝐛𝐜)

𝟐

≥ 𝟒∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

+ 𝒂𝟐𝐛𝟐𝐜𝟐 ⇔
𝒂𝟐+𝐛𝟐+𝐜𝟐+𝟐𝒂𝐛𝐜 = 𝟏

 

(𝟏 − 𝒂𝐛𝐜)𝟐 ≥ 𝟒∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

+ 𝒂𝟐𝐛𝟐𝐜𝟐⇔ 𝟏− 𝟐𝒂𝐛𝐜 ≥ 𝟒∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

⇔
𝒂𝟐+𝐛𝟐+𝐜𝟐+𝟐𝒂𝐛𝐜 = 𝟏

 

∑𝒂𝟐

𝐜𝐲𝐜

≥ 𝟒∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

⇔
𝒂𝟐+𝐛𝟐+𝐜𝟐+𝟐𝒂𝐛𝐜 = 𝟏

(∑𝒂𝟐

𝐜𝐲𝐜

)(∑𝒂𝟐

𝐜𝐲𝐜

+ 𝟐𝒂𝐛𝐜) ≥ 𝟒∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

 

⇔∑𝒂𝟒

𝐜𝐲𝐜

+ 𝟐∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

+ 𝟐𝒂𝐛𝐜(∑𝒂𝟐

𝐜𝐲𝐜

) ≥ 𝟒∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜
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⇔∑𝒂𝟒

𝐜𝐲𝐜

+ 𝟐𝒂𝐛𝐜(∑𝒂𝟐

𝐜𝐲𝐜

) ≥
(∗)

𝟐∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

 

𝐍𝐨𝐰,𝐯𝐢𝒂 ②,∑𝒂𝟒

𝐜𝐲𝐜

+ 𝟐𝒂𝐛𝐜(∑𝒂𝟐

𝐜𝐲𝐜

) ≥∑𝒂𝟒

𝐜𝐲𝐜

+ 𝒂𝐛𝐜(∑𝒂

𝐜𝐲𝐜

) 

≥
𝐒𝐜𝐡𝐮𝐫

∑𝒂𝟑𝐛

𝐜𝐲𝐜

+∑𝒂𝐛𝟑

𝐜𝐲𝐜

≥
𝐀−𝐆

𝟐∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴ (
𝒂

𝐛𝐜
+
𝐛

𝐜𝒂
+
𝐜

𝒂𝐛
+ 𝟏)

𝟐

≥ 𝟒(
𝟏

𝒂𝟐
+
𝟏

𝐛𝟐
+
𝟏

𝐜𝟐
) + 𝟏 

∀ 𝒂,𝐛, 𝐜 > 0│𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 + 𝟐𝒂𝐛𝐜 = 𝟏,′′=′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 =
𝟏

𝟐
 (𝐐𝐄𝐃) 

1651. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0 𝒂𝐧𝐝 (𝒂 + 𝐛)(𝐛 + 𝐜)(𝐜 + 𝒂) = 𝟖, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

√𝒂𝟐 + 𝒂𝐛 + 𝐛𝟐

√𝒂𝐛 + 𝟐
+
√𝐛𝟐 + 𝐛𝐜 + 𝐜𝟐

√𝐛𝐜 + 𝟐
+
√𝐜𝟐 + 𝐜𝒂 + 𝒂𝟐

√𝐜𝒂
≥ √𝟑 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

𝐋𝐞𝐭 √𝒂 = 𝒙,√𝐛 = 𝐲,√𝐜 = 𝐳 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ ∑
√𝐛𝟐 + 𝐛𝐜 + 𝐜𝟐

√𝐛𝐜 + 𝟐
𝐜𝐲𝐜

≥∑

√𝟑
𝟐
(𝐲𝟐 + 𝐳𝟐)

𝐲𝐳 + 𝟐
𝐜𝐲𝐜

 

= √𝟑.∑
(𝐲𝟐 + 𝐳𝟐)𝟐

𝟐𝐲𝐳(𝐲𝟐 + 𝐳𝟐) + 𝟒(𝐲𝟐 + 𝐳𝟐)
𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

√𝟑.
(∑ (𝐲𝟐 + 𝐳𝟐)𝐜𝐲𝐜 )

𝟐

∑ (𝟐𝐲𝐳(∑ 𝒙𝟐𝐜𝐲𝐜 − 𝒙𝟐))𝐜𝐲𝐜 + 𝟖∑ 𝒙𝟐𝐜𝐲𝐜

 

=
∏ (𝒙𝟐+𝐲𝟐)𝐜𝐲𝐜  = 𝟖

√𝟑.
𝟐(∑ 𝒙𝟐𝐜𝐲𝐜 )

𝟐

(∑ 𝒙𝟐𝐜𝐲𝐜 )(∑ 𝒙𝐲𝐜𝐲𝐜 ) − 𝒙𝐲𝐳∑ 𝒙𝐜𝐲𝐜 + 𝟐(∑ 𝒙𝟐𝐜𝐲𝐜 ). √(∏ (𝒙𝟐 + 𝐲𝟐)𝐜𝐲𝐜 )
𝟑

≥
?

√𝟑 

⇔ 𝟐(∑𝒙𝟐

𝐜𝐲𝐜

)

𝟐

−(∑𝒙𝟐

𝐜𝐲𝐜

)(∑𝒙𝐲

𝐜𝐲𝐜

) + 𝒙𝐲𝐳∑𝒙

𝐜𝐲𝐜

≥
?
𝟐(∑𝒙𝟐

𝐜𝐲𝐜

) . √(∏(𝒙𝟐 + 𝐲𝟐)

𝐜𝐲𝐜

)
𝟑

 

⇔ (𝟐(∑𝒙𝟐

𝐜𝐲𝐜

)

𝟐

− (∑𝒙𝟐

𝐜𝐲𝐜

)(∑𝒙𝐲

𝐜𝐲𝐜

) + 𝒙𝐲𝐳∑𝒙

𝐜𝐲𝐜

)

𝟑
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≥
?
𝟖(∏(𝒙𝟐 + 𝐲𝟐)

𝐜𝐲𝐜

)(∑𝒙𝟐

𝐜𝐲𝐜

)

𝟑

 

⇔ (𝟐(∑𝒙𝟐

𝐜𝐲𝐜

)

𝟐

− (∑𝒙𝟐

𝐜𝐲𝐜

)(∑𝒙𝐲

𝐜𝐲𝐜

) + 𝒙𝐲𝐳∑𝒙

𝐜𝐲𝐜

)

𝟑

 

≥
?
⏟
(∗)

𝟖((∑𝒙𝟐

𝐜𝐲𝐜

)(∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

) − 𝒙𝟐𝐲𝟐𝐳𝟐)(∑𝒙𝟐

𝐜𝐲𝐜

)

𝟑

 

𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐲 + 𝐳 = 𝐗, 𝐳 + 𝒙 = 𝐘, 𝒙 + 𝐲 = 𝐙 ⇒ 𝐗 + 𝐘 − 𝐙 = 𝟐𝐳 > 0, 𝑌 + 𝑍 − 𝑋 = 2𝒙 
> 0 𝒂𝐧𝐝 𝐙 + 𝐗 − 𝐘 = 𝟐𝐲 > 0 ⇒ 𝑋 + 𝐘 > 𝑍, 𝐘 + 𝐙 > 𝑋, 𝑍 + 𝑋 > 𝑌 ⇒ 𝑋,𝑌, 𝑍 𝑓𝑜𝑟𝑚 

𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬
= 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲)  

𝐲𝐢𝐞𝐥𝐝𝐢𝐧𝐠 𝟐∑𝒙

𝐜𝐲𝐜

=∑𝐗

𝐜𝐲𝐜

= 𝟐𝐬 ⇒∑𝒙

𝐜𝐲𝐜

=
(⦁)
𝐬 ⇒ 𝒙 = 𝐬 − 𝐗, 𝐲 = 𝐬 − 𝐘, 𝐳 = 𝐬 − 𝐙 

∴ 𝒙𝐲𝐳 =
(⦁⦁)

𝐫𝟐𝐬 𝒂𝐧𝐝 𝐬𝐮𝐜𝐡 𝐬𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧𝐬 ⇒∑𝒙𝐲

𝐜𝐲𝐜

=∑(𝐬 − 𝐗)(𝐬 − 𝐘)

𝐜𝐲𝐜

 

⇒∑𝒙𝐲

𝐜𝐲𝐜

=
(⦁⦁⦁)

𝟒𝐑𝐫 + 𝐫𝟐 𝒂𝐧𝐝 ∑𝒙𝟐

𝐜𝐲𝐜

= (∑𝒙

𝐜𝐲𝐜

)

𝟐

− 𝟐∑𝒙𝐲

𝐜𝐲𝐜

=
𝐯𝐢𝒂 (⦁) 𝒂𝐧𝐝 (⦁⦁⦁)

 

𝐬𝟐 − 𝟐(𝟒𝐑𝐫 + 𝐫𝟐) ⇒∑𝒙𝟐

𝐜𝐲𝐜

=
(⦁⦁⦁⦁)

𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐 𝒂𝐧𝐝 𝒂𝒍𝐬𝐨, 

∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

= (∑𝒙𝐲

𝐜𝐲𝐜

)

𝟐

− 𝟐𝒙𝐲𝐳(∑𝒙

𝐜𝐲𝐜

) =
𝐯𝐢𝒂 (⦁),(⦁⦁) 𝒂𝐧𝐝 (⦁⦁⦁)

(𝟒𝐑𝐫 + 𝐫𝟐)𝟐 − 𝟐𝐫𝟐𝐬. 𝐬 

⇒∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

=
(⦁⦁⦁⦁⦁)

𝐫𝟐((𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐) ∴ (⦁), (⦁⦁), (⦁⦁⦁), (⦁⦁⦁⦁) 𝒂𝐧𝐝 (⦁⦁⦁⦁⦁) ⇒ (∗) ⇔ 

(𝟐(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)𝟐 − (𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)(𝟒𝐑𝐫 + 𝐫𝟐) + 𝐫𝟐𝐬𝟐)𝟑 ≥
?

 
𝟖(𝐫𝟐(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)((𝟒𝐑+ 𝐫)𝟐 − 𝟐𝐬𝟐) − 𝐫𝟒𝐬𝟐)(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)𝟑 
⇔ 𝐬𝟏𝟐 − (𝟓𝟒𝐑𝐫 + 𝟏𝟎𝐫𝟐)𝐬𝟏𝟎 + 𝐫𝟐(𝟏𝟏𝟗𝟔𝐑𝟐 + 𝟒𝟖𝟎𝐑𝐫 + 𝟒𝟕𝐫𝟐)𝐬𝟖 

−𝐫𝟑(𝟏𝟑𝟗𝟔𝟎𝐑𝟑 + 𝟖𝟗𝟕𝟔𝐑𝟐𝐫 + 𝟏𝟗𝟎𝟖𝐑𝐫𝟐 + 𝟏𝟑𝟒𝐫𝟑)𝐬𝟔 
+𝐫𝟒(𝟗𝟎𝟖𝟏𝟔𝐑𝟒 + 𝟖𝟐𝟒𝟎𝟎𝐑𝟑𝐫 + 𝟐𝟕𝟗𝟗𝟔𝐑𝟐𝐫𝟐 + 𝟒𝟐𝟐𝟒𝐑𝐫𝟑 + 𝟐𝟑𝟗𝐫𝟒)𝐬𝟒 

−𝐫𝟓(𝟑𝟏𝟐𝟖𝟑𝟐𝐑𝟓 + 𝟑𝟕𝟑𝟐𝟒𝟖𝐑𝟒𝐫 + 𝟏𝟕𝟖𝟐𝟒𝟎𝐑𝟑𝐫𝟐 + 𝟒𝟐𝟓𝟗𝟐𝐑𝟐𝐫𝟑 + 𝟓𝟎𝟗𝟒𝐑𝐫𝟒 + 𝟐𝟒𝟒𝐫𝟓)𝐬𝟐 

+𝐫𝟔 (𝟒𝟒𝟔𝟒𝟔𝟒𝐑
𝟔 + 𝟔𝟔𝟗𝟔𝟗𝟔𝐑𝟓𝐫 + 𝟒𝟏𝟖𝟓𝟔𝟎𝐑𝟒𝐫𝟐 + 𝟏𝟑𝟗𝟓𝟐𝟎𝐑𝟑𝐫𝟑 + 𝟐𝟔𝟏𝟔𝟎𝐑𝟐𝐫𝟒

+𝟐𝟔𝟏𝟔𝐑𝐫𝟓 + 𝟏𝟎𝟗𝐫𝟔
) ≥

?
⏟
(∗∗)

𝟎 

𝐍𝐨𝐰, 𝟑𝟏𝟑𝟐𝐭𝟑 − 𝟗𝟎𝟖𝟖𝐭𝟐 + 𝟗𝟎𝟎𝟎𝐭 − 𝟑𝟎𝟑𝟕 (𝐭 =
𝐑

𝐫
) 
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= (𝐭 − 𝟐)(𝟑𝟏𝟑𝟐𝐭𝟐 − 𝟐𝟖𝟐𝟒𝐭 + 𝟑𝟑𝟓𝟐) + 𝟑𝟔𝟔𝟕 ≥
𝐄𝐮𝐥𝐞𝐫

𝟑𝟔𝟔𝟕 > 0, 
𝟏𝟒𝟒𝟗𝟔𝐭𝟒 − 𝟓𝟕𝟑𝟔𝟒𝐭𝟑 + 𝟖𝟔𝟗𝟐𝟐𝐭𝟐 − 𝟓𝟗𝟔𝟎𝟒𝐭 + 𝟏𝟓𝟓𝟖𝟕 

= (𝐭 − 𝟐)(𝟏𝟒𝟒𝟗𝟔𝐭𝟑 − 𝟐𝟖𝟑𝟕𝟐𝐭𝟐 + 𝟑𝟎𝟏𝟕𝟖𝐭 + 𝟕𝟓𝟐 ) + 𝟏𝟕𝟎𝟗𝟏 ≥
𝐄𝐮𝐥𝐞𝐫

𝟏𝟕𝟎𝟗𝟏 > 0 𝑎𝐧𝐝 
𝟖𝟎𝟎𝟎𝐭𝟓 − 𝟒𝟏𝟓𝟓𝟐𝐭𝟒 + 𝟖𝟕𝟒𝟕𝟕𝐭𝟑 − 𝟗𝟐𝟗𝟒𝟕𝐭𝟐 + 𝟒𝟗𝟕𝟗𝟖𝐭 − 𝟏𝟎𝟕𝟕𝟑 

= (𝐭 − 𝟐)(𝐭𝟐(𝟖𝟎𝟎𝟎𝐭𝟐 − 𝟐𝟓𝟓𝟓𝟐𝐭 + 𝟐𝟔𝟐𝟕𝟐) + 𝟏𝟎𝟏𝟎𝟏𝐭(𝐭 − 𝟐) + 𝐭 + 𝟗𝟑𝟗𝟔) + 𝟖𝟎𝟏𝟗 

≥
𝐄𝐮𝐥𝐞𝐫

𝟖𝟎𝟏𝟗 (
∵ 𝐝𝐢𝐬𝐜𝐫𝐢𝐦𝐢𝐧𝒂𝐧𝐭 𝐨𝐟 (𝟖𝟎𝟎𝟎𝐭𝟐 − 𝟐𝟓𝟓𝟓𝟐𝐭 + 𝟐𝟔𝟐𝟕𝟐) =

−𝟏𝟖𝟕𝟕𝟗𝟗𝟐𝟗𝟔 < 0 ⇒ 𝐭𝟐(𝟖𝟎𝟎𝟎𝐭𝟐 − 𝟐𝟓𝟓𝟓𝟐𝐭 + 𝟐𝟔𝟐𝟕𝟐) > 0
) > 0 

∴ 𝐏 = (𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)𝟔 + 𝟏𝟔𝐫(𝟐𝟏𝐑− 𝟐𝟎𝐫)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)𝟓 
+𝟏𝟔𝐫𝟐(𝟑𝟓𝟖𝐑𝟐 − 𝟔𝟖𝟓𝐑𝐫 + 𝟑𝟑𝟔𝐫𝟐)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)𝟒 

+𝟏𝟔𝐫𝟑(𝟑𝟏𝟑𝟐𝐑𝟑 − 𝟗𝟎𝟖𝟖𝐑𝟐𝐫 + 𝟗𝟎𝟎𝟎𝐑𝐫𝟐 − 𝟑𝟎𝟑𝟕𝐫𝟑)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)𝟑 

+𝟏𝟔𝐫𝟒 (𝟏𝟒𝟒𝟗𝟔𝐑
𝟒 − 𝟓𝟕𝟑𝟔𝟒𝐑𝟑𝐫 + 𝟖𝟔𝟗𝟐𝟐𝐑𝟐𝐫𝟐

−𝟓𝟗𝟔𝟎𝟒𝐑𝐫𝟑 + 𝟏𝟓𝟓𝟖𝟕𝐫𝟒
) (𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)𝟐 

+𝟔𝟒𝐫𝟓 (𝟖𝟎𝟎𝟎𝐑
𝟓 − 𝟒𝟏𝟓𝟓𝟐𝐑𝟒𝐫 + 𝟖𝟕𝟒𝟕𝟕𝐑𝟑𝐫𝟐 − 𝟗𝟐𝟗𝟒𝟕𝐑𝟐𝐫𝟑

+𝟒𝟗𝟕𝟗𝟖𝐑𝐫𝟒 − 𝟏𝟎𝟕𝟕𝟑𝐫𝟓
) (𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐) 

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥
?
𝐏  

⇔ 𝟓𝟔𝟑𝟐𝐭𝟔 − 𝟒𝟎𝟐𝟓𝟔𝐭𝟓 + 𝟏𝟏𝟕𝟎𝟎𝟎𝐭𝟒 − 𝟏𝟕𝟕𝟗𝟏𝟗𝐭𝟑 

+𝟏𝟓𝟎𝟐𝟔𝟓𝐭𝟐 − 𝟔𝟕𝟐𝟓𝟏𝐭 + 𝟏𝟐𝟓𝟑𝟖 ≥
?
𝟎 ⇔ 

(𝐭 − 𝟐) ((𝐭 − 𝟐) ((𝐭 − 𝟐)(𝟓𝟔𝟑𝟐𝐭𝟑 − 𝟔𝟒𝟔𝟒𝐭𝟐 + 𝟏𝟎𝟔𝟑𝟐𝐭 + 𝟖𝟒𝟗𝟕) + 𝟐𝟏𝟗𝟓𝟏) + 𝟑𝟔𝟒𝟓) 

≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐 ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴
√𝒂𝟐 + 𝒂𝐛 + 𝐛𝟐

√𝒂𝐛 + 𝟐
+
√𝐛𝟐 + 𝐛𝐜 + 𝐜𝟐

√𝐛𝐜 + 𝟐
+
√𝐜𝟐 + 𝐜𝒂 + 𝒂𝟐

√𝐜𝒂
≥ √𝟑 

∀ 𝒂, 𝐛, 𝐜 > 0│(𝒂 + 𝐛)(𝐛 + 𝐜)(𝐜 + 𝒂) = 𝟖,′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 
 

1652. If 𝒂, 𝒃, 𝒄 > 0 then: 

∑
𝒂+ 𝐛

𝐛𝟐𝐜𝟐
∙
𝐜𝟐√𝐛 + 𝐜 + 𝐛𝟐√𝐜 + 𝒂

𝒂 + 𝐛 + 𝟐𝐜
𝒄𝒚𝒄

≥ 𝟑 ∙ √
𝟐

𝒂𝐛𝐜
 

  Proposed by Zaza Mzhavanadze-Georgia 

Solution by Soumava Chakraborty-Kolkata-India 

∀ 𝐀’, 𝐁’, 𝐂’ > 0, (𝐀’ + 𝐁’), (𝐁’ + 𝐂’), (𝐂’ + 𝐀’) 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 
 (∵ (𝐀’ + 𝐁’) + (𝐁’ + 𝐂’) > (𝐂’ + 𝐀’) 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬) 

 

⇒ √𝐀’ + 𝐁’, √𝐁’ + 𝐂’, √𝐂’ + 𝐀’ 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝒂𝐫𝐞𝒂 𝐅 (𝐬𝒂𝐲) 𝒂𝐧𝐝 
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 𝟏𝟔𝐅𝟐 = 𝟐∑(𝐀’ + 𝐁’)(𝐁’ + 𝐂’)

𝐜𝐲𝐜

−∑(𝐀’ + 𝐁’)𝟐

𝐜𝐲𝐜

 

= 𝟐∑(∑𝐀’𝐁’

𝐜𝐲𝐜

+ 𝐁’𝟐)

𝐜𝐲𝐜

− 𝟐∑𝐀’𝟐

𝐜𝐲𝐜

− 𝟐∑𝐀’𝐁’

𝐜𝐲𝐜

 

= 𝟔∑𝐀’𝐁’

𝐜𝐲𝐜

+ 𝟐∑𝐀’𝟐

𝐜𝐲𝐜

− 𝟐∑𝐀’𝟐

𝐜𝐲𝐜

− 𝟐∑𝐀’𝐁’

𝐜𝐲𝐜

⇒ 𝟒𝐅 = 𝟐√∑𝐀’𝐁’

𝐜𝐲𝐜

→ (𝟏) 

 

𝐍𝐨𝐰, ∀ 𝒙, 𝐲, 𝐳 > 0,√∑
𝒙𝐲

(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
? √𝟑

𝟐
⇔∑

𝒙𝟐𝐲𝟐

𝒙𝐲(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
?
⏟
(∗)

𝟑

𝟒
 

𝐕𝐢𝒂 𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦, 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
(∑ 𝒙𝐲𝐜𝐲𝐜 )

𝟐

∑ (𝒙𝐲(∑ 𝒙𝐲𝐜𝐲𝐜 + 𝐳𝟐))𝐜𝐲𝐜

=
(∑ 𝒙𝐲𝐜𝐲𝐜 )

𝟐

(∑ 𝒙𝐲𝐜𝐲𝐜 )
𝟐
+ 𝒙𝐲𝐳∑ 𝒙𝐜𝐲𝐜

 

≥
? 𝟑

𝟒
⇔ (∑𝒙𝐲

𝐜𝐲𝐜

)

𝟐

≥
?
𝟑𝒙𝐲𝐳∑𝒙

𝐜𝐲𝐜

→ 𝐭𝐫𝐮𝐞 ∴ √∑
𝒙𝐲

(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
? √𝟑

𝟐
→ (𝟐) 

𝐖𝐞 𝐡𝒂𝐯𝐞 ∶ 

𝒂 + 𝐛

𝐛𝟐𝐜𝟐
.
𝐜𝟐. √𝐛 + 𝐜 + 𝐛𝟐. √𝐜 + 𝒂

𝒂 + 𝐛 + 𝟐𝐜
+
𝐛 + 𝐜

𝐜𝟐𝒂𝟐
.
𝐜𝟐. √𝒂 + 𝐛 + 𝒂𝟐. √𝐜 + 𝒂

𝐛 + 𝐜 + 𝟐𝒂
 

+
𝐜 + 𝒂

𝒂𝟐𝐛𝟐
.
𝐛𝟐. √𝒂 + 𝐛 + 𝒂𝟐. √𝐛 + 𝐜

𝐜 + 𝒂 + 𝟐𝐛
= 

=
𝒂 + 𝐛

(𝐛 + 𝐜) + (𝐜 + 𝒂)
. (
√𝐛 + 𝐜

𝐛𝟐
+
√𝐜 + 𝒂

𝐜𝟐
) +

𝐛 + 𝐜

(𝐜 + 𝒂) + (𝒂 + 𝐛)
. (
√𝐜 + 𝒂

𝐜𝟐
+
√𝒂 + 𝐛

𝒂𝟐
) 

+
𝐜 + 𝒂

(𝒂 + 𝐛) + (𝐛 + 𝐜)
. (
√𝒂 + 𝐛

𝒂𝟐
+
√𝐛 + 𝐜

𝐛𝟐
) 

=
𝒙

𝐲 + 𝐳
(𝐁′ + 𝐂′) +

𝐲

𝐳 + 𝒙
(𝐂′ + 𝐀′) +

𝐳

𝒙 + 𝐲
(𝐀′ + 𝐁′)  

(𝒙 = 𝒂 + 𝐛, 𝐲 = 𝐛 + 𝐜, 𝐳 = 𝐜 + 𝒂, 𝐀′ =
√𝒂 + 𝐛

𝒂𝟐
, 𝐁′ =

√𝐛 + 𝐜

𝐛𝟐
, 𝐂′ =

√𝐜 + 𝒂

𝐜𝟐
) 

≥
𝐎𝐩𝐩𝐞𝐧𝐡𝐞𝐢𝐦

𝟒𝐅. √∑
𝒙𝐲

(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
𝐯𝐢𝒂 (𝟏) 𝒂𝐧𝐝 (𝟐)

𝟐√∑𝐀′𝐁′

𝐜𝐲𝐜

.
√𝟑

𝟐
 

= √𝟑.√∑(
√𝒂+ 𝐛

𝒂𝟐
.
√𝐛 + 𝐜

𝐛𝟐
)

𝐜𝐲𝐜

≥
𝐀−𝐆

𝟑. √
(𝒂 + 𝐛)(𝐛 + 𝐜)(𝐜 + 𝒂)

𝒂𝟒𝐛𝟒𝐜𝟒

𝟔

≥
𝐂𝐞𝐬𝒂𝐫𝐨

𝟑. √
𝟖𝒂𝐛𝐜

𝒂𝟒𝐛𝟒𝐜𝟒

𝟔

 

= 𝟑.√
𝟐

𝒂𝐛𝐜
 ∀ 𝒂, 𝐛, 𝐜 > 0,′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 (𝐐𝐄𝐃) 
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1653. 𝐈𝐟 𝒂, 𝒃, 𝒄 > 0 𝐚𝐧𝐝 𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒 = 𝟑 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭: 

𝟏

𝟒 − 𝒂
+

𝟏

𝟒 − 𝒃
+

𝟏

𝟒 − 𝒄
≤ 𝟏 

Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐖𝐞 𝐡𝐚𝐯𝐞 : 

𝟏

𝟒 − 𝒂
≤⏞
? 𝒂𝟒 + 𝟏𝟏

𝟑𝟔
 ⇔  𝟖 − 𝟏𝟏𝒂 + 𝟒𝒂𝟒 − 𝒂𝟓  ≥⏞

?

 𝟎 

⇔  (𝟏 − 𝟐𝒂 + 𝒂𝟐)(𝟖 + 𝟓𝒂 + 𝟐𝒂𝟐 − 𝒂𝟑) ≥⏞
?

 𝟎, 

𝐰𝐡𝐢𝐜𝐡 𝐢𝐬 𝐭𝐫𝐮𝐞 𝐟𝐨𝐫 𝐚𝐥𝐥 𝒂 ≤ 𝟐.  𝐓𝐡𝐞𝐫𝐞𝐟𝐨𝐫𝐞 : 

𝟏

𝟒 − 𝒂
+

𝟏

𝟒 − 𝒃
+

𝟏

𝟒 − 𝒄
≤
𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒 + 𝟑.𝟏𝟏

𝟑𝟔
= 𝟏. 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒂 = 𝒃 = 𝒄 = 𝟏. 

1654. 𝐈𝐟 𝒂, 𝒃, 𝒄 > 0 𝐚𝐧𝐝 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝟐𝒂𝒃𝒄 = 𝟏, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 : 

𝟏

𝒂𝟐
+
𝟏

𝒃𝟐
+
𝟏

𝒄𝟐
≥ 𝟐(

𝒂

𝒃𝒄
+
𝒃

𝒄𝒂
+
𝒄

𝒂𝒃
) 

Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Mohamed Amine Ben Ajiba-Tanger-Moroco 

𝐋𝐞𝐭 𝒙 ≔
𝒃𝒄

𝒂
, 𝒚 ∶=

𝒄𝒂

𝒃
, 𝒛 ≔

𝒂𝒃

𝒄
.  𝐓𝐡𝐞 𝐠𝐢𝐯𝐞𝐧 𝐜𝐨𝐧𝐝𝐢𝐭𝐢𝐨𝐧 𝐛𝐞𝐜𝐨𝐦𝐞𝐬 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙 + 𝟐𝒙𝒚𝒛

= 𝟏 𝐨𝐫 

𝟏

𝟏 + 𝒙
+

𝟏

𝟏 + 𝒚
+

𝟏

𝟏 + 𝒛
= 𝟐, 𝐚𝐧𝐝 𝐰𝐞 𝐧𝐞𝐞𝐝 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 𝒙 + 𝒚 + 𝒛 ≥ 𝟐(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙). 

𝐁𝐲 𝐂𝐁𝐒 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲,𝐰𝐞 𝐡𝐚𝐯𝐞 ∶ 

𝟏 =
𝒙

𝟏 + 𝒙
+

𝒚

𝟏 + 𝒚
+

𝒛

𝟏 + 𝒛
≥

(𝒙 + 𝒚 + 𝒛)𝟐

𝒙(𝟏 + 𝒙) + 𝒚(𝟏 + 𝒚) + 𝒛(𝟏 + 𝒛)
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𝐭𝐡𝐞𝐧 𝒙 + 𝒚 + 𝒛 ≥ 𝟐(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙). 𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒂 = 𝒃 = 𝒄 =
𝟏

𝟐
. 

1655. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0 𝑎𝐧𝐝 𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 + 𝟐𝒂𝐛𝐜 = 𝟏, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

(
𝒂

𝐛𝐜
)
𝟑

+ (
𝐛

𝐜𝒂
)

𝟑

+ (
𝐜

𝒂𝐛
)
𝟑

≥ 𝟐 (
𝟏

𝒂𝟐
+
𝟏

𝐛𝟐
+
𝟏

𝐜𝟐
) 

 
  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 
 

𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 + 𝟐𝒂𝐛𝐜 = 𝟏 ⇒ 𝒂𝟐 + 𝟐𝐛𝐜. 𝒂 + 𝐛𝟐 + 𝐜𝟐 − 𝟏 = 𝟎 

⇒ 𝒂 =
−𝟐𝐛𝐜 ± 𝟐√𝐛𝟐𝐜𝟐 − 𝐛𝟐 − 𝐜𝟐 + 𝟏

𝟐
= −𝐛𝐜 ± √(𝟏 − 𝐛𝟐)(𝟏 − 𝐜𝟐) 

(∵ 𝟏 − 𝐛𝟐 = 𝐜𝟐 + 𝒂𝟐 + 𝟐𝒂𝐛𝐜 > 0 𝑎𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐨𝐮𝐬𝒍𝐲, 𝟏 − 𝐜𝟐 > 𝟎) 

= −𝐛𝐜 + √(𝟏 − 𝐛𝟐)(𝟏 − 𝐜𝟐) (∵ 𝒂 > 0) 

= −𝐛𝐜 +
𝟏

𝟑
. √𝟗(𝟏 − 𝐛)(𝟏 − 𝐜) ∗ (𝟏 + 𝐛)(𝟏 + 𝐜) 

≤
𝐀−𝐆
− 𝐛𝐜 +

𝟗(𝟏 − 𝐛)(𝟏 − 𝐜) + (𝟏 + 𝐛)(𝟏 + 𝐜)

𝟔
= −𝐛𝐜 +

𝟏𝟎 − 𝟖(𝐛 + 𝐜) + 𝟏𝟎𝐛𝐜

𝟔
 

=
𝟓 − 𝟒(𝐛 + 𝐜) + 𝟐𝐛𝐜

𝟑
⇒ 𝟑𝒂 ≤ 𝟓 − 𝟒(𝐛 + 𝐜) + 𝟐𝐛𝐜 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 

∴ 𝟑∑𝒂

𝐜𝐲𝐜

≤ 𝟏𝟓 − 𝟖∑𝒂

𝐜𝐲𝐜

+ 𝟐∑𝒂𝐛

𝐜𝐲𝐜

⇒ 𝟏𝟏∑𝒂

𝐜𝐲𝐜

≤ 𝟏𝟓 + 𝟐∑𝒂𝐛

𝐜𝐲𝐜

≤ 𝟏𝟓 +
𝟐

𝟑
(∑𝒂

𝐜𝐲𝐜

)

𝟐

 

⇒ 𝟐𝐭𝟐 − 𝟑𝟑𝐭 + 𝟒𝟓 ≥ 𝟎 (𝐭 =∑𝒂

𝐜𝐲𝐜

) ⇒ (𝟐𝐭 − 𝟑)(𝐭 − 𝟏𝟓) ≥ 𝟎 ⇒ 𝐭 =∑𝒂

𝐜𝐲𝐜

≤
𝟑

𝟐
 

(∵ 𝒂, 𝐛, 𝐜 < 1 ⇒∑𝒂

𝐜𝐲𝐜

< 3 ⇒ 𝐭 ≱ 𝟏𝟓) ∴ 𝟏 ≥
𝟐

𝟑
∑𝒂

𝐜𝐲𝐜

→ (∎) 

𝐍𝐨𝐰, (
𝒂

𝐛𝐜
)
𝟑

+ (
𝐛

𝐜𝒂
)
𝟑

+ (
𝐜

𝒂𝐛
)
𝟑

≥
𝐯𝐢𝒂 (∎) 𝟐

𝟑𝒂𝟑𝐛𝟑𝐜𝟑
(∑𝒂

𝐜𝐲𝐜

)(∑𝒂𝟔

𝐜𝐲𝐜

) ≥
?
𝟐(

𝟏

𝒂𝟐
+
𝟏

𝐛𝟐
+
𝟏

𝐜𝟐
) 

=
𝟐

𝒂𝟐𝐛𝟐𝐜𝟐
(∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

) ⇔ (∑𝒂

𝐜𝐲𝐜

)(∑𝒂𝟔

𝐜𝐲𝐜

) ≥
?
⏟
(∗)

𝟑𝒂𝐛𝐜(∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

) 

𝐁𝐮𝐭, (∑𝒂

𝐜𝐲𝐜

)(∑𝒂𝟔

𝐜𝐲𝐜

) ≥
𝐂𝐡𝐞𝐛𝐲𝐬𝐡𝐞𝐯 𝟏

𝟑
(∑𝒂

𝐜𝐲𝐜

)(∑𝒂𝟐

𝐜𝐲𝐜

)(∑𝒂𝟒

𝐜𝐲𝐜

) ≥ 
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𝟏

𝟑
(∑𝒂

𝐜𝐲𝐜

)(∑𝒂𝐛

𝐜𝐲𝐜

)(∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

) ≥
𝐀−𝐆 𝟏

𝟑
. 𝟗𝒂𝐛𝐜. (∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴ (
𝒂

𝐛𝐜
)
𝟑

+ (
𝐛

𝐜𝒂
)
𝟑

+ (
𝐜

𝒂𝐛
)
𝟑

≥ 𝟐(
𝟏

𝒂𝟐
+
𝟏

𝐛𝟐
+
𝟏

𝐜𝟐
) 

∀ 𝒂, 𝐛, 𝐜 > 0│𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 + 𝟐𝒂𝐛𝐜 = 𝟏,′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 =
𝟏

𝟐
 (𝐐𝐄𝐃) 

1656. 𝐋𝐞𝐭 𝒂, 𝒃, 𝒄, 𝒅 ≥ 𝟎, 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 : 

𝟑(𝒂 + 𝒃 + 𝒄 + 𝒅)𝟑 + 𝟏𝟖(𝒂𝒃𝒄 + 𝒃𝒄𝒅 + 𝒄𝒅𝒂 + 𝒅𝒂𝒃) ≥ 𝟏𝟏(𝒂 + 𝒃 + 𝒄 + 𝒅)(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒅 + 𝒅𝒂 + 𝒂𝒄 + 𝒃𝒅) 

Proposed by Nguyen Van Hoa-Vietnam 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐖𝐋𝐎𝐆,𝐰𝐞 𝐚𝐬𝐬𝐮𝐦𝐞 𝐭𝐡𝐚𝐭 𝒅 = 𝒎𝒊𝒏(𝒂, 𝒃, 𝒄, 𝒅). 

𝐋𝐞𝐭 𝒑 ≔ 𝒂 + 𝒃 + 𝒄, 𝒒 ≔ 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂, 𝒓 ≔ 𝒂𝒃𝒄.  𝐓𝐡𝐞 𝐝𝐞𝐬𝐢𝐫𝐞𝐝 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐛𝐞𝐜𝐨𝐦𝐞𝐬 : 

𝟑(𝒑 + 𝒅)𝟑 + 𝟏𝟖(𝒓 + 𝒒𝒅) ≥ 𝟏𝟏(𝒑 + 𝒅)(𝒒 + 𝒑𝒅). 

𝐁𝐲 𝐒𝐜𝐡𝐮𝐫′𝐬 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲,𝐰𝐞 𝐡𝐚𝐯𝐞 𝟗𝒓 ≥ 𝟒𝒑𝒒 − 𝒑𝟑, 𝐬𝐨 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 : 

𝒑𝟑 − 𝟐𝒑𝟐𝒅 − 𝟐𝒑𝒅𝟐 + 𝟑𝒅𝟑 ≥ 𝒒(𝟑𝒑 − 𝟕𝒅). 

𝐒𝐢𝐧𝐜𝐞 𝒒 ≤
𝒑𝟐

𝟑
 𝐚𝐧𝐝 𝒑 ≥ 𝟑𝒅, 𝐬𝐨 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 : 

𝒑𝟑 − 𝟐𝒑𝟐𝒅 − 𝟐𝒑𝒅𝟐 + 𝟑𝒅𝟑 ≥
𝒑𝟐

𝟑
(𝟑𝒑 − 𝟕𝒅) 𝐨𝐫 

𝒅

𝟑
(𝒑 − 𝟑𝒅)𝟐 ≥ 𝟎, 

𝐰𝐡𝐢𝐜𝐡 𝐢𝐬 𝐭𝐫𝐮𝐞 𝐚𝐧𝐝 𝐭𝐡𝐞 𝐩𝐫𝐨𝐨𝐟 𝐢𝐬 𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞. 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 (𝒂 = 𝒃 = 𝒄 = 𝒅) 𝐚𝐧𝐝 (𝒂 = 𝒃 = 𝒄, 𝒅 = 𝟎) 𝐚𝐧𝐝 𝐢𝐭𝐬 𝐩𝐞𝐫𝐦𝐮𝐭𝐚𝐭𝐢𝐨𝐧𝐬. 

 

1657. 𝐋𝐞𝐭 𝒂, 𝒃, 𝒄 ≥ 𝟎, 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 > 0 𝐚𝐧𝐝 𝒂 + 𝒃 + 𝒄 = 𝟑.𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 : 

𝒂𝟐

𝒃𝟐 + 𝒄𝟐
+

𝒃𝟐

𝒄𝟐 + 𝒂𝟐
+

𝒄𝟐

𝒂𝟐 + 𝒃𝟐
+
𝟐𝟕

𝟐
≥ 𝟑(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝟐𝒂𝒃𝒄) 

Proposed by Phan Ngoc Chau-Vietnam 
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐁𝐲 𝐀𝐌 − 𝐆𝐌 𝐢𝐧𝐞𝐪𝐮𝐥𝐢𝐭𝐲, 𝐰𝐞 𝐡𝐚𝐯𝐞 : 

𝒂𝟐

𝒃𝟐 + 𝒄𝟐
+ 𝟐.

𝒂𝟐√𝒃𝟐 + 𝒄𝟐

𝟐√𝟐
≥ 𝟑√

𝒂𝟐

𝒃𝟐 + 𝒄𝟐
. (
𝒂𝟐√𝒃𝟐 + 𝒄𝟐

𝟐√𝟐
)

𝟐
𝟑

=
𝟑𝒂𝟐

𝟐
. 

𝐁𝐲 𝐂𝐁𝐒 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲, 𝐰𝐞 𝐡𝐚𝐯𝐞 

√
𝒃𝟐 + 𝒄𝟐

𝟐
+ √𝒃𝒄 ≤ √(

𝟏

𝟐
+
𝟏

𝟐
) (𝒃𝟐 + 𝒄𝟐 + 𝟐𝒃𝒄) = 𝒃 + 𝒄. 

𝐓𝐡𝐞𝐧 

𝒂𝟐

𝒃𝟐 + 𝒄𝟐
≥
𝟑𝒂𝟐

𝟐
− 𝒂𝟐√

𝒃𝟐 + 𝒄𝟐

𝟐
≥
𝟑𝒂𝟐

𝟐
− 𝒂𝟐(𝒃 + 𝒄 − √𝒃𝒄)  (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬) 

𝐓𝐡𝐞𝐫𝐞𝐟𝐨𝐫𝐞 

∑
𝒂𝟐

𝒃𝟐 + 𝒄𝟐
𝒄𝒚𝒄

+
𝟐𝟕

𝟐
≥∑(

𝟑𝒂𝟐

𝟐
+ 𝒂𝟐√𝒃𝒄 − 𝒂𝟐(𝒃 + 𝒄))

𝒄𝒚𝒄

+
𝟑

𝟐
(𝒂 + 𝒃 + 𝒄)𝟐 = 

= 𝟑(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) +∑𝒂𝟐√𝒃𝒄
𝒄𝒚𝒄

− (𝒂 + 𝒃+ 𝒄)(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) + 𝟑𝒂𝒃𝒄 + 𝟑(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) ≥ 

≥⏞
𝑨𝑴−𝑮𝑴

𝟑(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) + 𝟑𝒂𝒃𝒄 + 𝟑𝒂𝒃𝒄 = 𝟑(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝟐𝒂𝒃𝒄).                                

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒂 = 𝒃 = 𝒄 = 𝟏. 

1658. 𝐋𝐞𝐭 𝒂, 𝒃, 𝒄 ≥ 𝟎, 𝒂 + 𝒃 + 𝒄 + 𝒂𝒃𝒄 = 𝟒. 𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 : 

(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 − 𝟓)𝟐 ≥ 𝟑𝒂𝒃𝒄 + 𝟏 

Proposed by Phan Ngoc Chau-Vietnam 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐋𝐞𝐭 𝒑 ≔ 𝒂 + 𝒃 + 𝒄, 𝒒 ≔ 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂, 𝒓 ≔ 𝒂𝒃𝒄.𝐖𝐞 𝐡𝐚𝐯𝐞 𝟒

= 𝒑 + 𝒓 ≤⏞
𝑨𝑴−𝑮𝑴

𝒑 +
𝒑𝟑

𝟐𝟕
, 𝐭𝐡𝐞𝐧 𝟑 ≤ 𝒑 ≤ 𝟒 
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𝐚𝐧𝐝 𝒒 ≤⏞
𝑺𝒄𝒉𝒖𝒓𝒑𝟑 + 𝟗𝒓

𝟒𝒑
=
𝒑𝟑 + 𝟗(𝟒 − 𝒑)

𝟒𝒑
= 𝟒 −

(𝟒 − 𝒑)(𝒑𝟐 + 𝟒𝒑 − 𝟗)

𝟒𝒑
≤ 𝟒. 

𝐓𝐡𝐞 𝐝𝐞𝐬𝐢𝐫𝐞𝐝 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐜𝐚𝐧 𝐛𝐞 𝐫𝐞𝐰𝐫𝐢𝐭𝐭𝐞𝐧 𝐚𝐬 𝒒 ≤ 𝟓 − √𝟏𝟑 − 𝟑𝒑 = 𝟓 − 𝒙,  

𝐰𝐡𝐞𝐫𝐞 𝒙 = √𝟏𝟑 − 𝟑𝒑. 

𝐒𝐮𝐩𝐩𝐨𝐬𝐞, 𝐟𝐨𝐫 𝐭𝐡𝐞 𝐬𝐚𝐤𝐞 𝐨𝐟 𝐜𝐨𝐧𝐭𝐫𝐚𝐝𝐢𝐜𝐭𝐢𝐨𝐧, 𝐭𝐡𝐚𝐭  𝒒 > 5 − 𝑥. 

𝐁𝐲 𝐭𝐡𝐞 𝐟𝐨𝐮𝐫𝐭𝐡 𝐝𝐞𝐠𝐫𝐞𝐞 𝐒𝐜𝐡𝐮𝐫′𝐬 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲,𝐰𝐞 𝐡𝐚𝐯𝐞 

𝒑𝟒 + 𝟔𝒑𝒓 ≥ 𝟓𝒑𝟐𝒒 − 𝟒𝒒𝟐 = 𝒇(𝒒). 

𝐖𝐞 𝐡𝐚𝐯𝐞 𝒇′(𝒒) = 𝟓𝒑𝟐 − 𝟖𝒒 > 0, 𝑠𝑜 𝑓 𝐢𝐬 𝐬𝐭𝐫𝐢𝐜𝐭𝐥𝐲 𝐢𝐧𝐜𝐫𝐞𝐚𝐬𝐢𝐧𝐠, 𝐭𝐡𝐞𝐧 

𝒑𝟒 + 𝟔𝒑𝒓 ≥ 𝒇(𝒒) > 𝑓(𝟓 − 𝒙) = 𝟓𝒑𝟐(𝟓 − 𝒙) − 𝟒(𝟓 − 𝒙)𝟐 

⇔⏞

𝒑=
𝟏𝟑−𝒙𝟐

𝟑

(
𝟏𝟑 − 𝒙𝟐

𝟑
)

𝟒

+ 𝟐(𝟏𝟑 − 𝒙𝟐) (𝟒 −
𝟏𝟑− 𝒙𝟐

𝟑
) > 5(

𝟏𝟑 − 𝒙𝟐

𝟑
)

𝟐

(𝟓 − 𝒙) − 𝟒(𝟓 − 𝒙)𝟐 

⇔ −(𝒙 − 𝟏)𝟐(𝟐 − 𝒙)(𝟏𝟎𝟑𝟑 + 𝟒𝟎𝟎𝒙 − 𝟏𝟑𝟕𝒙𝟐 − 𝟒𝟏𝒙𝟑 + 𝟒𝒙𝟒 + 𝒙𝟓) > 0, 

𝐰𝐡𝐢𝐜𝐡 𝐢𝐬 𝐧𝐨𝐭 𝐭𝐫𝐮𝐞 𝐛𝐞𝐜𝐚𝐮𝐬𝐞 𝒙 = √𝟏𝟑 − 𝟑𝒑 ∈ [𝟏, 𝟐].  

𝐓𝐡𝐞𝐧 𝒒 ≤ 𝟓 −√𝟏𝟑 − 𝟑𝒑, 𝐚𝐧𝐝 𝐭𝐡𝐞 𝐩𝐫𝐨𝐨𝐟 𝐢𝐬 𝐝𝐨𝐧𝐞. 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 (𝒂 = 𝒃 = 𝒄 = 𝟏 )𝐚𝐧𝐝 (𝒂 = 𝒃 = 𝟐, 𝒄 = 𝟎) 𝐚𝐧𝐝 𝐢𝐭𝐬 𝐩𝐞𝐫𝐦𝐮𝐭𝐚𝐭𝐢𝐨𝐧𝐬. 

1659. 𝐋𝐞𝐭 𝒂, 𝒃, 𝒄 ≥ 𝟎, 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 + 𝒂𝒃𝒄 = 𝟒. 𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 : 

𝟏

𝟐𝒂 + 𝟐𝒃 + 𝒄
+

𝟏

𝟐𝒃 + 𝟐𝒄 + 𝒂
+

𝟏

𝟐𝒄 + 𝟐𝒂 + 𝒃
≤

𝟐𝟏

𝟏𝟎𝒂 + 𝟏𝟎𝒃 + 𝟏𝟎𝒄 + 𝟓
 

Proposed by Phan Ngoc Chau-Vietnam 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐋𝐞𝐭 𝒑 ≔ 𝒂 + 𝒃 + 𝒄, 𝒒 ≔ 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂, 𝒓 ≔ 𝒂𝒃𝒄.  𝐖𝐞 𝐡𝐚𝐯𝐞 𝒒 + 𝒓 = 𝟒, 𝐚𝐧𝐝 

∑
𝟏

𝟐𝒃 + 𝟐𝒄 + 𝒂
𝒄𝒚𝒄

=∑
𝟏

𝟐𝒑 − 𝒂
𝒄𝒚𝒄

=
∑ (𝟐𝒑 − 𝒃)(𝟐𝒑 − 𝒄)𝒄𝒚𝒄

(𝟐𝒑 − 𝒂)(𝟐𝒑 − 𝒃)(𝟐𝒑 − 𝒄)
=

𝟖𝒑𝟐 + 𝒒

𝟒𝒑𝟑 + 𝟐𝒑𝒒 − 𝒓
= 
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=⏞
𝒒=𝟒−𝒓 𝟖𝒑𝟐 + 𝟒 − 𝒓

𝟒𝒑𝟑 + 𝟖𝒑 − (𝟐𝒑 + 𝟏)𝒓
≤⏞
? 𝟐𝟏

𝟏𝟎𝒑 + 𝟓
 ⇔   𝒓 ≤⏞

?

 
𝒑𝟑 − 𝟏𝟎𝒑𝟐 + 𝟑𝟐𝒑 − 𝟓

𝟒(𝟐𝒑 + 𝟏)
= 𝒓𝟎.  (𝟏) 

𝐁𝐲 𝐀𝐌 − 𝐆𝐌 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲,𝐰𝐞 𝐡𝐚𝐯𝐞 

𝟒 = 𝒒 + 𝒓 ≥ 𝟑√𝒓𝟐
𝟑

+ 𝒓 ⇒  𝒓 ≤ 𝟏   &   𝑝 ≥ √𝟑𝒒 = √𝟑(𝟒 − 𝒓) ≥ 𝟑. 

𝐈𝐟 𝒑 ≥ 𝟕,𝐰𝐞 𝐡𝐚𝐯𝐞 ∶  
𝒑𝟑 − 𝟏𝟎𝒑𝟐 + 𝟑𝟐𝒑 − 𝟓

𝟒(𝟐𝒑 + 𝟏)
= 𝟏 +

(𝒑 − 𝟑)(𝒑𝟐 − 𝟕𝒑 + 𝟑)

𝟒(𝟐𝒑 + 𝟏)
≥ 𝟏 ≥ 𝒓. 

𝐈𝐟 𝟑 ≤ 𝒑 ≤ 𝟕 ∶  𝐒𝐮𝐩𝐩𝐨𝐬𝐞 𝐭𝐡𝐚𝐭  𝒓 > 𝒓𝟎. 

𝐔𝐬𝐢𝐧𝐠 𝐭𝐡𝐞 𝐟𝐨𝐥𝐥𝐨𝐰𝐢𝐧𝐠 𝐤𝐧𝐨𝐰𝐧 𝐢𝐝𝐞𝐧𝐭𝐢𝐭𝐲, 𝐰𝐞 𝐡𝐚𝐯𝐞 

𝟎 ≤ (𝒂 − 𝒃)𝟐(𝒃 − 𝒄)𝟐(𝒄 − 𝒂)𝟐 = 𝒑𝟐𝒒𝟐 − 𝟒𝒒𝟑 + 𝟏𝟖𝒑𝒒𝒓 − 𝟒𝒑𝟑𝒓 − 𝟐𝟕𝒓𝟐 = 

= 𝒑𝟐(𝟒 − 𝒓)𝟐 − 𝟒(𝟒 − 𝒓)𝟑 + 𝟏𝟖𝒑(𝟒 − 𝒓)𝒓 − 𝟒𝒑𝟑𝒓 − 𝟐𝟕𝒓𝟐 = 

= 𝟏𝟔𝒑𝟐 − 𝟐𝟓𝟔 − (𝟒𝒑𝟑 + 𝟖𝒑𝟐 − 𝟕𝟐𝒑 − 𝟏𝟗𝟐)𝒓 − (𝟕𝟓 + 𝟏𝟖𝒑 − 𝒑𝟐)𝒓𝟐 + 𝟒𝒓𝟑 = 𝒇(𝒓). 

𝐖𝐞 𝐡𝐚𝐯𝐞 

𝒇′′(𝒓) = −𝟐(𝟕𝟓 + 𝟏𝟖𝒑 − 𝒑𝟐) + 𝟐𝟒𝒓 = −𝟏𝟐𝟔 − 𝟐𝟒(𝟏 − 𝒓) − 𝟐𝒑(𝟏𝟖 − 𝒑) < 𝟎 ⇒ 𝒇′ ↓ 

⇒ 𝒇′(𝒓) < 𝒇′(𝒓𝟎) = −𝟒𝒑
𝟑 − 𝟖𝒑𝟐 + 𝟕𝟐𝒑 + 𝟏𝟗𝟐− 𝟐(𝟕𝟓 + 𝟏𝟖𝒑 − 𝒑𝟐)𝒓𝟎 + 𝟏𝟐𝒓𝟎

𝟐 = 

= −
(𝒑 − 𝟑)[(𝒑 − 𝟑)(𝟐𝟑𝟒𝟑 + 𝟖𝟎𝟐𝒑 + 𝟒𝟐𝟑𝒑𝟐 + 𝟏𝟗𝟐𝒑𝟑 − 𝟕𝒑𝟒) + 𝟕𝟓𝟔𝟎]

𝟒(𝟐𝒑 + 𝟏)𝟑
 ≤⏞
𝟑≤𝒑≤𝟕

𝟎 ⇒ 𝒇 ↓ 

⇒ 𝒇(𝒓) < 𝑓(𝒓𝟎) = 𝟏𝟔𝒑
𝟐 − 𝟐𝟓𝟔 − (𝟒𝒑𝟑 + 𝟖𝒑𝟐 − 𝟕𝟐𝒑 − 𝟏𝟗𝟐)𝒓𝟎 − (𝟕𝟓 + 𝟏𝟖𝒑 − 𝒑

𝟐)𝒓𝟎
𝟐 + 𝟒𝒓𝟎

𝟑 = 

= −(𝒑 − 𝟑)𝟐(𝒑 − 𝟒)𝟐(𝟔𝟗 + 𝟒𝟑𝒑 + 𝟏𝟑𝟕𝒑𝟐 + 𝟐𝟗𝟑𝒑𝟑 + 𝟏𝟐𝟕𝒑𝟒 − 𝟑𝒑𝟓) ≤⏞
𝟑≤𝒑≤𝟕

𝟎, 

𝐰𝐡𝐢𝐜𝐡 𝐜𝐨𝐧𝐭𝐫𝐚𝐝𝐢𝐜𝐭𝐬 𝒇(𝒓) ≥ 𝟎, 𝐬𝐨 (𝟏) 𝐢𝐬 𝐭𝐫𝐮𝐞, 𝐚𝐧𝐝 𝐭𝐡𝐞 𝐩𝐫𝐨𝐨𝐟 𝐢𝐬 𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞. 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 (𝒂 = 𝒃 = 𝒄 = 𝟏) 𝐚𝐧𝐝 (𝒂 = 𝒃 =
𝟏

𝟐
, 𝒄 = 𝟑)  𝐚𝐧𝐝 𝐢𝐭𝐬 𝐩𝐞𝐫𝐦𝐮𝐭𝐚𝐭𝐢𝐨𝐧𝐬. 

1660. If 𝒙, 𝒚, 𝒛 > 0 , 𝑥𝑦𝑧 = 1 then: 

𝒙

√𝒚𝟐 + 𝒛
+

𝒚

√𝒛𝟐 + 𝒙
+ 

𝒛

√𝒙𝟐 + 𝒚
≥
𝟑√𝟐

𝟐
 

Proposed by Shirvan Tahirov-Azerbaijan 
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Solution by Le Thu-Vietnam 

∴ 𝑳𝒆𝒎𝒎𝒂  (∑𝒙)
𝟑

≥
𝟐𝟕(𝒙𝒚𝒛 + ∑𝒙𝟐𝒚)

𝟒
  ∀ 𝒙, 𝒚, 𝒛 ≥ 𝟎 

𝑷𝒓𝒐𝒐𝒇 ∶ 𝑳𝒆𝒕 𝒚 > 0 =⏞
𝑾𝑳𝑶𝑮

𝒎𝒊𝒅(𝒙, 𝒚, 𝒛)  𝒕𝒉𝒆𝒏  𝒃𝒚  𝑹𝒆𝒂𝒓𝒂𝒏𝒈𝒆𝒎𝒆𝒏𝒕 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚:  

𝒙𝒚𝒛 +∑𝒙𝟐𝒚 = 𝒙𝒚𝒛 + 𝒙. 𝒙𝒚 + 𝒚. 𝒚𝒛 + 𝒛. 𝒛𝒙 ≤ 

≤ 𝒙𝒚𝒛 + 𝒙. 𝒙𝒚 + 𝒚. 𝒙𝒛 + 𝒛. 𝒚𝒛 = 𝒚(𝒙𝟐 + 𝟐𝒙𝒛 + 𝒛𝟐) = 

= 𝒚(𝒙 + 𝒛)𝟐 ≤⏞
𝑨𝑴−𝑮𝑴

𝟒.
(𝒚 +

𝒙 + 𝒛
𝟐 +

𝒙+ 𝒛
𝟐 )

𝟑

𝟐𝟕
=
𝟒 (∑𝒙)𝟑

𝟐𝟕
  

∴ 𝑾𝒆  𝒉𝒂𝒗𝒆  (∑
𝒙

√𝒚𝟐 + 𝒛
)

𝟐

≥⏞
𝑯𝒐𝒍𝒅𝒆𝒓 (∑𝒙)𝟑

∑𝒙(𝒚𝟐 + 𝒛)
≥⏞
?

(
𝟑

√𝟐
)
𝟐

 

↔  𝟐 (∑𝒙)
𝟑

≥⏞
?

𝟗(∑𝒙𝒚𝟐 +∑𝒙𝒚).   𝑼𝒔𝒊𝒏𝒈   𝒂𝒃𝒐𝒗𝒆  𝒍𝒆𝒎𝒎𝒂  

𝒊𝒕  𝒔𝒖𝒇𝒇𝒊𝒄𝒆𝒔  𝒕𝒐  𝒑𝒓𝒐𝒗𝒆  𝒕𝒉𝒂𝒕 ∶ 𝟐 (∑𝒙)
𝟑

≥⏞
?

 𝟐𝟕 (∑𝒙𝒚 − 𝒙𝒚𝒛) 

𝑩𝒚  𝑨𝑴 − 𝑮𝑴  , 𝟑∑𝒙𝒚 ≤(∑𝒙)
𝟐

  𝒔𝒊𝒏𝒄𝒆  𝒙𝒚𝒛 = 𝟏 

𝒘𝒆  𝒂𝒓𝒆  𝒕𝒉𝒖𝒔  𝒍𝒆𝒇𝒕  𝒘𝒊𝒕𝒉 ∶   𝟐 (∑𝒙)
𝟑

− 𝟗 (∑𝒙)
𝟐

+ 𝟐𝟕≥⏞
?

𝟎  

↔⏞
𝒖=∑𝒙

(𝒖 − 𝟑)𝟐(𝟐𝒖 + 𝟑) ≥ 𝟎   𝒘𝒉𝒊𝒄𝒉   𝒄𝒐𝒎𝒑𝒍𝒆𝒕𝒆𝒔  𝒕𝒉𝒆  𝒑𝒓𝒐𝒐𝒇 
𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚   𝒉𝒐𝒍𝒅𝒔  𝒊𝒇𝒇   𝒙 = 𝒚 = 𝒛 = 𝟏. 

 
1661. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0, 𝑡ℎ𝑒𝑛 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝐭 ∶ 

∑
𝒂𝐛𝟐𝐜𝟐 + 𝟐𝐛𝟐𝐜𝟑 + 𝐛𝟑𝐜𝟐

𝒂𝟐𝐜𝟐√
𝐛 + 𝐜
𝒂 + 𝐛

+ 𝒂𝟐𝐛𝟐√
𝐜 + 𝒂
𝒂 + 𝐛

𝒄𝒚𝒄

≥ 𝟔√𝒂𝐛𝐜
𝟑

 

  Proposed by Zaza Mzhavanadze-Georgia 

Solution by Soumava Chakraborty-Kolkata-India 

∀ 𝐀’, 𝐁’, 𝐂’ > 0, (𝐀’ + 𝐁’), (𝐁’ + 𝐂’), (𝐂’ + 𝐀’) 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 

 (∵ (𝐀’ + 𝐁’) + (𝐁’ + 𝐂’) > (𝐂’ + 𝐀’) 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬) ⇒ √𝐀’ + 𝐁’, √𝐁’ + 𝐂’, √𝐂’ + 𝐀’ 

𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 ∆ 𝐰𝐢𝐭𝐡 𝒂𝐫𝐞𝒂 𝐅 (𝐬𝒂𝐲) 𝒂𝐧𝐝 𝟏𝟔𝐅𝟐 = 

𝟐∑(𝐀’ + 𝐁’)(𝐁’ + 𝐂’)

𝐜𝐲𝐜

−∑(𝐀’ + 𝐁’)𝟐

𝐜𝐲𝐜
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= 𝟐∑(∑𝐀’𝐁’

𝐜𝐲𝐜

+ 𝐁’𝟐)

𝐜𝐲𝐜

− 𝟐∑𝐀’𝟐

𝐜𝐲𝐜

− 𝟐∑𝐀’𝐁’

𝐜𝐲𝐜

 

= 𝟔∑𝐀’𝐁’

𝐜𝐲𝐜

+ 𝟐∑𝐀’𝟐

𝐜𝐲𝐜

− 𝟐∑𝐀’𝟐

𝐜𝐲𝐜

− 𝟐∑𝐀’𝐁’

𝐜𝐲𝐜

⇒ 𝟒𝐅 = 𝟐√∑𝐀’𝐁’

𝐜𝐲𝐜

→ (𝟏) 

𝐍𝐨𝐰, ∀ 𝒙, 𝐲, 𝐳 > 0,√∑
𝒙𝐲

(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
? √𝟑

𝟐
⇔∑

𝒙𝟐𝐲𝟐

𝒙𝐲(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
?
⏟
(∗)

𝟑

𝟒
 

𝐕𝐢𝒂 𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦, 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
(∑ 𝒙𝐲𝐜𝐲𝐜 )

𝟐

∑ (𝒙𝐲(∑ 𝒙𝐲𝐜𝐲𝐜 + 𝐳𝟐))𝐜𝐲𝐜

= 

(∑ 𝒙𝐲𝐜𝐲𝐜 )
𝟐

(∑ 𝒙𝐲𝐜𝐲𝐜 )
𝟐
+ 𝒙𝐲𝐳∑ 𝒙𝐜𝐲𝐜

≥
? 𝟑

𝟒
⇔ (∑𝒙𝐲

𝐜𝐲𝐜

)

𝟐

≥
?
𝟑𝒙𝐲𝐳∑𝒙

𝐜𝐲𝐜

→ 𝐭𝐫𝐮𝐞 

∴ √∑
𝒙𝐲

(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
? √𝟑

𝟐
→ (𝟐) 

𝐖𝐞 𝐡𝒂𝐯𝐞 ∶
𝒂𝐛𝟐𝐜𝟐 + 𝟐𝐛𝟐𝐜𝟑 + 𝐛𝟑𝐜𝟐

𝒂𝟐𝐜𝟐. √
𝐛 + 𝐜
𝒂 + 𝐛 + 𝒂

𝟐𝐛𝟐. √
𝐜 + 𝒂
𝒂+ 𝐛

+
𝐛𝐜𝟐𝒂𝟐 + 𝟐𝐜𝟐𝒂𝟑 + 𝐜𝟑𝒂𝟐

𝐛𝟐𝐜𝟐. √
𝒂 + 𝐛
𝐛 + 𝐜 + 𝒂

𝟐𝐛𝟐 . √
𝐜 + 𝒂
𝐛 + 𝐜

 

+
𝐜𝐛𝟐𝒂𝟐 + 𝟐𝒂𝟐𝐛𝟑 + 𝒂𝟑𝐛𝟐

𝐛𝟐𝐜𝟐. √
𝒂 + 𝐛
𝒂+ 𝐜 + 𝒂

𝟐𝐜𝟐. √
𝐛 + 𝐜
𝒂 + 𝐜

 

=
𝒂 + 𝟐𝐜 + 𝐛

𝒂𝟐

𝐛𝟐
. √
𝐛 + 𝐜
𝒂 + 𝐛 +

𝒂𝟐

𝐜𝟐
. √
𝐜 + 𝒂
𝒂 + 𝐛

+
𝐛 + 𝟐𝒂 + 𝐜

𝐛𝟐

𝒂𝟐
. √
𝒂 + 𝐛
𝐛 + 𝐜 +

𝐛𝟐

𝐜𝟐
. √
𝐜 + 𝒂
𝐛 + 𝐜

+
𝐜 + 𝟐𝐛 + 𝒂

𝐜𝟐

𝒂𝟐
. √
𝒂 + 𝐛
𝒂 + 𝐜 +

𝐜𝟐

𝐛𝟐
. √
𝐛 + 𝐜
𝒂 + 𝐜

 

=

√𝒂 + 𝐛
𝒂𝟐

. (𝐛 + 𝐜 + 𝐜 + 𝒂)

√𝐛 + 𝐜
𝐛𝟐

+ √
𝐜 + 𝒂
𝐜𝟐

+

√𝐛 + 𝐜
𝐛𝟐

. (𝐜 + 𝒂 + 𝒂 + 𝐛)

√𝐜 + 𝒂
𝐜𝟐

+
√𝒂 + 𝐛
𝒂𝟐

+

√𝐜 + 𝒂
𝐜𝟐

. (𝒂 + 𝐛 + 𝐛 + 𝐜)

√𝒂 + 𝐛
𝒂𝟐

+
√𝐛 + 𝐜
𝐛𝟐

 

=
𝒙

𝐲 + 𝐳
(𝐁′ + 𝐂′) +

𝐲

𝐳 + 𝒙
(𝐂′ + 𝐀′) +

𝐳

𝒙 + 𝐲
(𝐀′ + 𝐁′) 

(𝒙 =
√𝒂 + 𝐛

𝒂𝟐
, 𝐲 =

√𝐛 + 𝐜

𝐛𝟐
, 𝐳 =

√𝐜 + 𝒂

𝐜𝟐
, 𝐀′ = 𝒂 + 𝐛, 𝐁′ = 𝐛 + 𝐜, 𝐂′ = 𝐜 + 𝒂) 
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≥
𝐎𝐩𝐩𝐞𝐧𝐡𝐞𝐢𝐦

𝟒𝐅. √∑
𝒙𝐲

(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
𝐯𝐢𝒂 (𝟏) 𝒂𝐧𝐝 (𝟐)

𝟐√∑𝐀′𝐁′

𝐜𝐲𝐜

.
√𝟑

𝟐
 

= √𝟑.√∑((𝒂 + 𝐛)(𝐛 + 𝐜))

𝐜𝐲𝐜

≥
𝐀−𝐆

𝟑. √(𝒂 + 𝐛)𝟐(𝐛 + 𝐜)𝟐(𝐜 + 𝒂)𝟐
𝟔

≥
𝐂𝐞𝐬𝒂𝐫𝐨

𝟑. √𝟔𝟒𝒂𝟐𝐛𝟐𝐜𝟐
𝟔

 

= 𝟔. √𝒂𝐛𝐜
𝟑

 ∀ 𝒂, 𝐛, 𝐜 > 0,′′=′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 (𝐐𝐄𝐃) 

1662. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0 𝑎𝐧𝐝 𝒂𝐛𝐜 = 𝟏, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

√𝐛. √
𝒂
𝐛

𝟑
+ √𝐜. √

𝐜
𝐛

𝟑

√𝐜
𝟑 . √

𝐜
𝒂

𝟓
+ √𝒂

𝟑 . √
𝐛
𝒂

𝟓

+
√𝐜. √

𝐛
𝐜

𝟑

+ √𝒂. √
𝒂
𝐜

𝟑

√𝒂
𝟑 . √

𝒂
𝐛

𝟓
+ √𝐛

𝟑
. √
𝐜
𝐛

𝟓

+
√𝒂. √

𝐜
𝒂

𝟑
+ √𝐛. √

𝐛
𝒂

𝟑

√𝐛
𝟑
. √
𝐛
𝐜

𝟓

+ √𝐜
𝟑 . √

𝒂
𝐜

𝟓

≥ 𝟑 

  Proposed by Zaza Mzhavanadze-Georgia 

Solution by Soumava Chakraborty-Kolkata-India 

∀ 𝐀’, 𝐁’, 𝐂’ > 0, (𝐀’ + 𝐁’), (𝐁’ + 𝐂’), (𝐂’ + 𝐀’) 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 

(∵ (𝐀’ + 𝐁’) + (𝐁’ + 𝐂’) > (𝐂’ + 𝐀’) 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬) ⇒ √𝐀’ + 𝐁’, √𝐁’ + 𝐂’, √𝐂’ + 𝐀’ 
𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 ∆ 𝐰𝐢𝐭𝐡 𝒂𝐫𝐞𝒂 𝐅 (𝐬𝒂𝐲) 𝒂𝐧𝐝 

 𝟏𝟔𝐅𝟐 = 𝟐∑(𝐀’ + 𝐁’)(𝐁’ + 𝐂’)

𝐜𝐲𝐜

−∑(𝐀’ + 𝐁’)𝟐

𝐜𝐲𝐜

 

= 𝟐∑(∑𝐀’𝐁’

𝐜𝐲𝐜

+ 𝐁’𝟐)

𝐜𝐲𝐜

− 𝟐∑𝐀’𝟐

𝐜𝐲𝐜

− 𝟐∑𝐀’𝐁’

𝐜𝐲𝐜

 

= 𝟔∑𝐀’𝐁’

𝐜𝐲𝐜

+ 𝟐∑𝐀’𝟐

𝐜𝐲𝐜

− 𝟐∑𝐀’𝟐

𝐜𝐲𝐜

− 𝟐∑𝐀’𝐁’

𝐜𝐲𝐜

⇒ 𝟒𝐅 = 𝟐√∑𝐀’𝐁’

𝐜𝐲𝐜

→ (𝟏) 

𝐍𝐨𝐰, ∀ 𝐗, 𝐘, 𝐙 > 0,√∑
𝐗𝐘

(𝐘 + 𝐙)(𝐙 + 𝐗)
𝐜𝐲𝐜

≥
? √𝟑

𝟐
⇔∑

𝐗𝟐𝐘𝟐

𝐗𝐘(𝐘 + 𝐙)(𝐙 + 𝐗)
𝐜𝐲𝐜

≥
?
⏟
(∗)

𝟑

𝟒
 

𝐕𝐢𝒂 𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦, 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
(∑ 𝐗𝐘𝐜𝐲𝐜 )

𝟐

∑ (𝐗𝐘(∑ 𝐗𝐘𝐜𝐲𝐜 + 𝐙𝟐))𝐜𝐲𝐜

=
(∑ 𝐗𝐘𝐜𝐲𝐜 )

𝟐

(∑ 𝐗𝐘𝐜𝐲𝐜 )
𝟐
+ 𝐗𝐘𝐙∑ 𝐗𝐜𝐲𝐜

 

≥
? 𝟑

𝟒
⇔ (∑𝐗𝐘

𝐜𝐲𝐜

)

𝟐

≥
?
𝟑𝐗𝐘𝐙∑𝐗

𝐜𝐲𝐜

→ 𝐭𝐫𝐮𝐞 ∴ √∑
𝐗𝐘

(𝐘 + 𝐙)(𝐙 + 𝐗)
𝐜𝐲𝐜

≥
√𝟑

𝟐
→ (𝟐) 
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𝐖𝐞 𝐡𝒂𝐯𝐞 ∶
√𝐛. √

𝒂
𝐛

𝟑
+ √𝐜. √

𝐜
𝐛

𝟑

√𝐜
𝟑 . √

𝐜
𝒂

𝟓
+ √𝒂

𝟑 . √
𝐛
𝒂

𝟓

+
√𝐜. √

𝐛
𝐜

𝟑

+ √𝒂. √
𝒂
𝐜

𝟑

√𝒂
𝟑 . √

𝒂
𝐛

𝟓
+ √𝐛

𝟑
. √
𝐜
𝐛

𝟓
+
√𝒂. √

𝐜
𝒂

𝟑
+ √𝐛. √

𝐛
𝒂

𝟑

√𝐛
𝟑
. √
𝐛
𝐜

𝟓

+ √𝐜
𝟑 . √

𝒂
𝐜

𝟓

 

=
𝐲𝟏𝟓 (

𝒙
𝐲)

𝟏𝟎

+ 𝐳𝟏𝟓 (
𝐳
𝐲)

𝟏𝟎

𝐳𝟏𝟎 (
𝐳
𝒙)

𝟔

+ 𝒙𝟏𝟎 (
𝐲
𝒙)

𝟔 +
𝐳𝟏𝟓 (

𝐲
𝐳)
𝟏𝟎

+ 𝒙𝟏𝟓 (
𝒙
𝐳)

𝟏𝟎

𝒙𝟏𝟎 (
𝒙
𝐲)

𝟔

+ 𝐲𝟏𝟎 (
𝐳
𝐲)

𝟔 +
𝒙𝟏𝟓 (

𝐳
𝒙)

𝟏𝟎

+ 𝐲𝟏𝟓 (
𝐲
𝒙)

𝟏𝟎

𝐲𝟏𝟎 (
𝐲
𝐳)
𝟔

+ 𝐳𝟏𝟎 (
𝒙
𝐳)

𝟔   

(𝒙 = √𝒂
𝟑𝟎 , 𝐲 = √𝐛

𝟑𝟎
, 𝐳 = √𝐜

𝟑𝟎 ) 

=
𝒙𝟏𝟔𝐲𝟏𝟓 + 𝒙𝟔𝐳𝟐𝟓

𝐳𝟏𝟔𝐲𝟏𝟎 + 𝒙𝟏𝟎𝐲𝟏𝟔
+
𝐲𝟏𝟔𝐳𝟏𝟓 + 𝐲𝟔𝒙𝟐𝟓

𝒙𝟏𝟔𝐳𝟏𝟎 + 𝐲𝟏𝟎𝐳𝟏𝟔
+
𝐳𝟏𝟔𝒙𝟏𝟓 + 𝐳𝟔𝐲𝟐𝟓

𝐲𝟏𝟔𝒙𝟏𝟎 + 𝐳𝟏𝟎𝒙𝟏𝟔
 

=
𝒙𝟏𝟔𝐲𝟏𝟓 + 𝒙𝟔𝐳𝟐𝟓

𝐳𝟔(𝐲𝐳)𝟏𝟎 + 𝐲𝟔(𝒙𝐲)𝟏𝟎
+

𝐲𝟏𝟔𝐳𝟏𝟓 + 𝐲𝟔𝒙𝟐𝟓

𝒙𝟔(𝐳𝒙)𝟏𝟎 + 𝐳𝟔(𝐲𝐳)𝟏𝟎
+

𝐳𝟏𝟔𝒙𝟏𝟓 + 𝐳𝟔𝐲𝟐𝟓

𝐲𝟔(𝒙𝐲)𝟏𝟎 + 𝒙𝟔(𝐳𝒙)𝟏𝟎
 

=
𝒙𝐲𝐳=𝟏 𝒙𝟏𝟔𝐲𝟏𝟓 + 𝒙𝟔𝐳𝟐𝟓

𝐳𝟔

𝒙𝟏𝟎
+
𝐲𝟔

𝐳𝟏𝟎

+
𝐲𝟏𝟔𝐳𝟏𝟓 + 𝐲𝟔𝒙𝟐𝟓

𝒙𝟔

𝐲𝟏𝟎
+
𝐳𝟔

𝒙𝟏𝟎

+
𝐳𝟏𝟔𝒙𝟏𝟓 + 𝐳𝟔𝐲𝟐𝟓

𝐲𝟔

𝐳𝟏𝟎
+
𝒙𝟔

𝐲𝟏𝟎

 

=

𝒙𝟔

𝐲𝟏𝟎
(𝒙𝟏𝟎𝐲𝟐𝟓 + 𝐲𝟏𝟎𝐳𝟐𝟓)

𝐲𝟔

𝐳𝟏𝟎
+
𝐳𝟔

𝒙𝟏𝟎

+

𝐲𝟔

𝐳𝟏𝟎
(𝐲𝟏𝟎𝐳𝟐𝟓 + 𝐳𝟏𝟎𝒙𝟐𝟓)

𝐳𝟔

𝒙𝟏𝟎
+
𝒙𝟔

𝐲𝟏𝟎

+

𝐳𝟔

𝒙𝟏𝟎
(𝐳𝟏𝟎𝒙𝟐𝟓 + 𝒙𝟏𝟎𝐲𝟐𝟓)

𝒙𝟔

𝐲𝟏𝟎
+
𝐲𝟔

𝐳𝟏𝟎

 

=
𝐗

𝐘 + 𝐙
(𝐁′ + 𝐂′) +

𝐘

𝐙 + 𝐗
(𝐂′ + 𝐀′) +

𝐙

𝐗 + 𝐘
(𝐀′ + 𝐁′)  

(𝐗 =
𝒙𝟔

𝐲𝟏𝟎
, 𝐘 =

𝐲𝟔

𝐳𝟏𝟎
, 𝐙 =

𝐳𝟔

𝒙𝟏𝟎
, 𝐀′ = 𝐳𝟏𝟎𝒙𝟐𝟓, 𝐁′ = 𝒙𝟏𝟎𝐲𝟐𝟓, 𝐂′ = 𝐲𝟏𝟎𝐳𝟐𝟓) ≥

𝐎𝐩𝐩𝐞𝐧𝐡𝐞𝐢𝐦

 

𝟒𝐅.√∑
𝐗𝐘

(𝐘 + 𝐙)(𝐙 + 𝐗)
𝐜𝐲𝐜

≥
𝐯𝐢𝒂 (𝟏) 𝒂𝐧𝐝 (𝟐)

𝟐√∑𝐀′𝐁′

𝐜𝐲𝐜

.
√𝟑

𝟐
= √𝟑.√∑(𝐳𝟏𝟎𝒙𝟐𝟓. 𝒙𝟏𝟎𝐲𝟐𝟓)

𝐜𝐲𝐜

 

=
𝒙𝐲𝐳=𝟏

√𝟑. √∑𝒙𝟐𝟓𝐲𝟏𝟓

𝐜𝐲𝐜

≥
𝐀−𝐆

𝟑. √(𝒙𝐲𝐳)𝟐𝟓. (𝒙𝐲𝐳)𝟏𝟓
𝟔

=
𝒙𝐲𝐳=𝟏

𝟑 

∴
√𝐛. √

𝒂
𝐛

𝟑
+ √𝐜. √

𝐜
𝐛

𝟑

√𝐜
𝟑 . √

𝐜
𝒂

𝟓
+ √𝒂

𝟑 . √
𝐛
𝒂

𝟓

+
√𝐜. √

𝐛
𝐜

𝟑

+ √𝒂. √
𝒂
𝐜

𝟑

√𝒂
𝟑 . √

𝒂
𝐛

𝟓
+ √𝐛

𝟑
. √
𝐜
𝐛

𝟓
+
√𝒂. √

𝐜
𝒂

𝟑
+ √𝐛. √

𝐛
𝒂

𝟑

√𝐛
𝟑
. √
𝐛
𝐜

𝟓

+ √𝐜
𝟑 . √

𝒂
𝐜

𝟓

≥ 𝟑 

∀ 𝒂, 𝐛, 𝐜 > 0│𝑎𝐛𝐜 = 𝟏,′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 

1663. 𝐋𝐞𝐭 𝒂, 𝒃, 𝒄 ≥ 𝟎, 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 = 𝟑. 𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭: 

𝒂𝟐

𝒃
+
𝒃𝟐

𝒄
+
𝒄𝟐

𝒂
+ 𝒂𝒃𝒄 ≥ 𝟒 

Proposed by Nguyen Van Hoa-Vietnam 
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐖𝐋𝐎𝐆,𝐰𝐞 𝐚𝐬𝐬𝐮𝐦𝐞 𝐭𝐡𝐚𝐭 𝒃 𝐢𝐬 𝐛𝐞𝐭𝐰𝐞𝐞𝐧 𝒂 𝐚𝐧𝐝 𝒄.  𝐁𝐲 𝐀𝐌 − 𝐆𝐌 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲, 𝐰𝐞 𝐡𝐚𝐯𝐞 

𝒂𝟐

𝒃
+
𝒃𝟐

𝒄
+
𝒄𝟐

𝒂
+ 𝒂𝒃𝒄

= (
𝒂𝟐

𝒃
+ 𝒂𝟐𝒃) + (

𝒃𝟐

𝒄
+ 𝒃𝟐𝒄) + (

𝒄𝟐

𝒂
+ 𝒄𝟐𝒂) + 𝒂𝒃𝒄 − (𝒂𝟐𝒃 + 𝒃𝟐𝒄 + 𝒄𝟐𝒂) ≥ 

≥ 𝟐𝒂𝟐 + 𝟐𝒃𝟐 + 𝟐𝒄𝟐 + 𝒂𝒃𝒄 − (𝒂𝟐𝒃 + 𝒃𝟐𝒄 + 𝒄𝟐𝒂) = 𝟔 + 𝒄(𝒂 − 𝒃)(𝒃 − 𝒄) − 𝒃(𝒂𝟐 + 𝒄𝟐) ≥ 

≥ 𝟔 − 𝒃(𝟑 − 𝒃𝟐) = 𝟒 + (𝒃 + 𝟐)(𝒃 − 𝟏)𝟐 ≥ 𝟒, 

𝐚𝐬 𝐝𝐞𝐬𝐢𝐫𝐞𝐝. 𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒂 = 𝒃 = 𝒄 = 𝟏. 

1664. 
𝐅𝐨𝐫 𝒂, 𝒃, 𝒄 ∈ ℝ 𝐬𝐮𝐜𝐡 𝐭𝐡𝐚𝐭 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 ≥ 𝟎, 𝒂 + 𝒃 + 𝒄 = 𝟑. 𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭: 

(𝟐𝒂 + 𝒃 − 𝟑𝒄)(𝟐𝒃 + 𝒄 − 𝟑𝒂)(𝟐𝒄 + 𝒂 − 𝟑𝒃) ≤ 𝟒𝟐√𝟐𝟏 

Proposed by Nguyen Minh Tho-Vietnam 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐒𝐢𝐧𝐜𝐞 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 ≥ 𝟎, 𝐭𝐡𝐞𝐧 𝐰𝐞 𝐡𝐚𝐯𝐞 𝟏𝟖 = 𝟐(𝒂 + 𝒃 + 𝒄)𝟐

≥ (𝒂 − 𝒃)𝟐 + (𝒃 − 𝒄)𝟐 + (𝒄 − 𝒂)𝟐 
𝐬𝐨 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭: 

(𝟐𝒂 + 𝒃 − 𝟑𝒄)(𝟐𝒃 + 𝒄 − 𝟑𝒂)(𝟐𝒄 + 𝒂 − 𝟑𝒃)

≤ 𝟐√𝟕.
(𝒂 − 𝒃)𝟐 + (𝒃 − 𝒄)𝟐 + (𝒄 − 𝒂)𝟐

𝟔

 𝟑

  (𝟏) 

𝐖𝐋𝐎𝐆,𝐰𝐞 𝐚𝐬𝐬𝐮𝐦𝐞 𝐭𝐡𝐚𝐭 𝒄 = 𝒎𝒊𝒏{𝒂, 𝒃, 𝒄}. 𝐋𝐞𝐭 𝒙 ≔ 𝒂 − 𝒄 ≥ 𝟎, 𝒚 ≔ 𝒃 − 𝒄 ≥ 𝟎. 
𝐓𝐡𝐞 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 (𝟏) 𝐛𝐞𝐜𝐨𝐦𝐞𝐬: 

(𝟐𝒙 + 𝒚)(𝟐𝒚 − 𝟑𝒙)(𝒙 − 𝟑𝒚) ≤ 𝟐√𝟕 ∙
𝒙𝟐 − 𝒙𝒚 + 𝒚𝟐

𝟑

 𝟑

 

𝐓𝐡𝐞 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐢𝐬 𝐭𝐫𝐮𝐞 𝐟𝐨𝐫 𝒚 = 𝟎.𝐍𝐨𝐰,𝐰𝐞 𝐚𝐬𝐬𝐮𝐦𝐞 𝐭𝐡𝐚𝐭 𝒚 > 0, 

 𝐥𝐞𝐭 𝒕 ≔
𝒙

𝒚
, 𝐭𝐡𝐞 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐛𝐞𝐜𝐨𝐦𝐞𝐬 

(𝟐𝒕 + 𝟏)(𝟐 − 𝟑𝒕)(𝒕 − 𝟑) ≤ 𝟐√𝟕 ∙
𝒕𝟐 − 𝒕 + 𝟏

𝟑

 𝟑

  (𝟐) 

𝐓𝐡𝐢𝐬 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐢𝐬 𝐭𝐫𝐮𝐞 𝐢𝐟 𝑳𝑯𝑺(𝟐) < 0.𝐖𝐞 𝐚𝐬𝐬𝐮𝐦𝐞 𝐧𝐨𝐰 𝐭𝐡𝐚𝐭 𝑳𝑯𝑺(𝟐) ≥ 𝟎. 
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𝐀𝐟𝐭𝐞𝐫 𝐬𝐪𝐮𝐚𝐫𝐢𝐧𝐠, 𝐭𝐡𝐞 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐢𝐬 𝐞𝐪𝐮𝐢𝐯𝐚𝐥𝐞𝐧𝐭 𝐭𝐨 
(𝒕 + 𝟒)𝟐(𝟓𝒕 − 𝟏)𝟐(𝟒𝒕 − 𝟓)𝟐 ≥ 𝟎, 

𝐰𝐡𝐢𝐜𝐡 𝐢𝐬 𝐭𝐫𝐮𝐞 𝐚𝐧𝐝 𝐭𝐡𝐞 𝐩𝐫𝐨𝐨𝐟 𝐢𝐬 𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞. 𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 

(𝒂, 𝒃, 𝒄) ∈ {(𝟏 +
𝟐√𝟐𝟏

𝟕
, 𝟏 +

√𝟐𝟏

𝟕
, 𝟏 −

𝟑√𝟐𝟏

𝟕
) , (𝟏 −

𝟑√𝟐𝟏

𝟕
, 𝟏 +

𝟐√𝟐𝟏

𝟕
, 𝟏 +

√𝟐𝟏

𝟕
), 

(𝟏 +
√𝟐𝟏

𝟕
, 𝟏 −

𝟑√𝟐𝟏

𝟕
, 𝟏 +

𝟐√𝟐𝟏

𝟕
)}. 

1665. 𝐋𝐞𝐭 𝒂, 𝒃, 𝒄 ≥ 𝟎, 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 > 0, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 : 

√𝒃 + 𝒄

𝒂 + √𝒃𝒄
+
√𝒄 + 𝒂

𝒃 + √𝒄𝒂
+
√𝒂 + 𝒃

𝒄 + √𝒂𝒃
≥ 𝟑√

𝒂 + 𝒃 + 𝒄

𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)
 

Proposed by Phan Ngoc Chau-Vietnam 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐁𝐲 𝐇ӧ𝐥𝐝𝐞𝐫′𝐬 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲, 𝐰𝐞 𝐡𝐚𝐯𝐞 

(∑
√𝒃+ 𝒄

𝒂 + √𝒃𝒄
𝒄𝒚𝒄

)

𝟐

∑(𝒃+ 𝒄)𝟐(𝒂 + √𝒃𝒄)
𝟐

𝒄𝒚𝒄

≥ 𝟖(𝒂 + 𝒃 + 𝒄)𝟑 , 

𝐬𝐨 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 

𝟗∑(𝒃 + 𝒄)𝟐(𝒂 + √𝒃𝒄)
𝟐

𝒄𝒚𝒄

≤ 𝟏𝟔(𝒂 + 𝒃 + 𝒄)𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂). 

𝐁𝐲 𝐀𝐌 − 𝐆𝐌 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲,𝐰𝐞 𝐡𝐚𝐯𝐞 

𝟏𝟖∑(𝒃 + 𝒄)𝟐(𝒂 + √𝒃𝒄)
𝟐

𝒄𝒚𝒄

= 𝟗∑(𝒃 + 𝒄)𝟐(𝟐𝒂𝟐 + 𝟐𝒃𝒄 + 𝟒𝒂√𝒃𝒄)

𝒄𝒚𝒄

≤ 𝟗∑(𝒃 + 𝒄)𝟐 [𝟐𝒂𝟐 + 𝟐𝒃𝒄 + 𝒂(𝒃 + 𝒄 +
𝟒𝒃𝒄

𝒃 + 𝒄
)]

𝒄𝒚𝒄

 

= 𝟗∑(𝒃 + 𝒄)[𝟐(𝒂𝟐 + 𝒃𝒄)(𝒃 + 𝒄) + 𝒂(𝒃𝟐 + 𝒄𝟐 + 𝟔𝒃𝒄)]

𝒄𝒚𝒄

= 

= 𝟐𝟕∑𝒂𝟑(𝒃 + 𝒄)

𝒄𝒚𝒄

+ 𝟕𝟐∑𝒃𝟐𝒄𝟐

𝒄𝒚𝒄

+ 𝟏𝟔𝟐𝒂𝒃𝒄∑𝒂

𝒄𝒚𝒄

≤⏞
?

𝟑𝟐(∑𝒂

𝒄𝒚𝒄

)

𝟐

∑𝒃𝒄

𝒄𝒚𝒄

 

 

⇔ 𝟖∑𝒃𝟐𝒄𝟐

𝒄𝒚𝒄

+ 𝟐𝒂𝒃𝒄∑𝒂

𝒄𝒚𝒄

≤ 𝟓∑𝒂𝟑(𝒃 + 𝒄)

𝒄𝒚𝒄

⇔ 𝟓∑𝒃𝒄(𝒃 − 𝒄)𝟐

𝒄𝒚𝒄

+∑𝒂𝟐(𝒃 − 𝒄)𝟐

𝒄𝒚𝒄

≥ 𝟎, 

𝐰𝐡𝐢𝐜𝐡 𝐢𝐬 𝐭𝐫𝐮𝐞 𝐚𝐧𝐝 𝐭𝐡𝐞 𝐩𝐫𝐨𝐨𝐟 𝐢𝐬 𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞. 𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟 𝒂 = 𝒃 = 𝒄. 
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1666. 𝐋𝐞𝐭 𝒂, 𝒃, 𝒄 ≥ 𝟎, 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 > 0. 𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭: 

𝒂(𝒃 + 𝒄)

𝒂𝒃 + 𝒂𝒄 + 𝟒𝒃𝒄
+

𝒃(𝒄 + 𝒂)

𝒃𝒄 + 𝒃𝒂 + 𝟒𝒄𝒂
+

𝒄(𝒂 + 𝒃)

𝒄𝒂 + 𝒄𝒃 + 𝟒𝒂𝒃
≤
𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂
 

Proposed by Phan Ngoc Chau-Vietnam 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)∑
𝒂(𝒃 + 𝒄)

𝒂𝒃 + 𝒂𝒄 + 𝟒𝒃𝒄
𝒄𝒚𝒄

=∑(𝒂(𝒃 + 𝒄) −
𝟑𝒂𝒃𝒄(𝒃 + 𝒄)

𝒂𝒃 + 𝒂𝒄 + 𝟒𝒃𝒄
)

𝒄𝒚𝒄

≤ 

≤⏞
𝑨𝑴−𝑮𝑴

𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) − 𝟑𝒂𝒃𝒄∑
𝒃+ 𝒄

𝒂𝒃 + 𝒂𝒄 + (𝒃 + 𝒄)𝟐
𝒄𝒚𝒄

= 

  = 𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) −
𝟗𝒂𝒃𝒄

𝒂 + 𝒃 + 𝒄
≤⏞

𝑺𝒄𝒉𝒖𝒓

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 

𝐰𝐡𝐢𝐜𝐡 𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞𝐬 𝐭𝐡𝐞 𝐩𝐫𝐨𝐨𝐟.   

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒂 = 𝒃 = 𝒄 = 𝟏 & 𝑎 = 𝑏, 𝑐 = 0 𝐚𝐧𝐝 𝐩𝐞𝐫𝐦𝐮𝐭𝐚𝐭𝐢𝐨𝐧𝐬. 

1667. 𝐋𝐞𝐭 𝒂, 𝒃, 𝒄 ≥ 𝟎, 𝒂 + 𝒃 + 𝒄 = 𝟒. 𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭: 

𝒂

𝒂 + 𝟒𝒃 + 𝟐
+

𝒃

𝒃 + 𝟒𝒄 + 𝟐
+

𝒄

𝒄 + 𝟒𝒂 + 𝟐
≤
𝟐

𝟑
          (∗) 

Proposed by Phan Ngoc Chau-Vietnam 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

(∗) ⇔
𝟑𝒂

𝒂 + 𝟒𝒃 + 𝟐
+

𝟑𝒃

𝒃 + 𝟒𝒄 + 𝟐
+

𝟑𝒄

𝒄 + 𝟒𝒂 + 𝟐
≤ 𝟐 =

𝒂

𝟔 − 𝒂
+
𝟑(𝒃 + 𝒄)

𝟔 − 𝒂
 

⇔ 𝒂(
𝟏

𝟔 − 𝒂
−

𝟑

𝒂 + 𝟒𝒃 + 𝟐
) + 𝟑𝒃(

𝟏

𝟔 − 𝒂
−

𝟏

𝒃 + 𝟒𝒄 + 𝟐
) + 𝟑𝒄 (

𝟏

𝟔 − 𝒂
−

𝟏

𝒄 + 𝟒𝒂 + 𝟐
) ≥ 𝟎 

⇔ −
𝟒𝒂𝒄

(𝟔 − 𝒂)(𝒂 + 𝟒𝒃 + 𝟐)
+

𝟗𝒃𝒄

(𝟔 − 𝒂)(𝒃 + 𝟒𝒄 + 𝟐)
+

𝟑𝒄(𝟒𝒂 − 𝒃)

(𝟔 − 𝒂)(𝒄 + 𝟒𝒂 + 𝟐)
≥ 𝟎 

⇔ 𝟒𝒄𝒂(
𝟑

𝒄 + 𝟒𝒂 + 𝟐
−

𝟏

𝒂 + 𝟒𝒃 + 𝟐
) + 𝟑𝒃𝒄 (

𝟑

𝒃 + 𝟒𝒄 + 𝟐
−

𝟏

𝒄 + 𝟒𝒂 + 𝟐
) ≥ 𝟎 
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⇔
𝟓𝟐𝒂𝒃𝒄

(𝒄 + 𝟒𝒂 + 𝟐)(𝒂 + 𝟒𝒃 + 𝟐)
+

𝟓𝟐𝒂𝒃𝒄

(𝒃 + 𝟒𝒄 + 𝟐)(𝒄 + 𝟒𝒂 + 𝟐)
≥ 𝟎, 

𝐰𝐡𝐢𝐜𝐡 𝐢𝐬 𝐭𝐫𝐮𝐞 𝐚𝐧𝐝 𝐭𝐡𝐞 𝐩𝐫𝐨𝐨𝐟 𝐢𝐬 𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞. 

 𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟 𝒂 = 𝒃 = 𝟐, 𝒄 = 𝟎 𝐚𝐧𝐝 𝐢𝐭𝐬 𝐩𝐞𝐫𝐦𝐮𝐭𝐚𝐭𝐢𝐨𝐧𝐬. 

1668. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0, 𝑎 + 𝐛 + 𝐜 = 𝟑 𝒂𝐧𝐝 𝛌 ≥
𝟑

𝟓
, 𝐭𝐡𝐞𝐧 ∶ 

∑
𝒂𝟑

𝒂𝟐 + 𝛌𝐛
𝐜𝐲𝐜

≥
𝟑

𝛌 + 𝟏
 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

∑
𝒂𝟑

𝒂𝟐 + 𝛌𝐛
𝐜𝐲𝐜

=∑
𝒂𝟒

𝒂𝟑 + 𝝀𝒂𝐛
𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 (∑ 𝒂𝟐𝐜𝐲𝐜 )

𝟐

∑ 𝒂𝟑𝐜𝐲𝐜 + 𝝀∑ 𝒂𝐛𝐜𝐲𝐜
=

𝒂+𝐛+𝐜 = 𝟑
 

(∑ 𝒂𝟐𝐜𝐲𝐜 )
𝟐

(∑ 𝒂𝟑𝐜𝐲𝐜 )(∑ 𝒂𝐜𝐲𝐜 )

𝟑 +
𝝀(∑ 𝒂𝒃𝐜𝐲𝐜 )(∑ 𝒂𝐜𝐲𝐜 )

𝟐

𝟗

=
𝟗(∑ 𝒂𝟐𝐜𝐲𝐜 )

𝟐

𝟑(∑ 𝒂𝟑𝐜𝐲𝐜 )(∑ 𝒂𝐜𝐲𝐜 ) + 𝝀(∑ 𝒂𝒃𝐜𝐲𝐜 )(∑ 𝒂𝐜𝐲𝐜 )
𝟐 

≥
? 𝟑

𝛌 + 𝟏
⇔ 𝟑𝛌(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

+ 𝟑(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

≥
?
𝟑(∑𝒂𝟑

𝐜𝐲𝐜

)(∑𝒂

𝐜𝐲𝐜

) 

+𝛌(∑𝒂𝐛

𝐜𝐲𝐜

)(∑𝒂

𝐜𝐲𝐜

)

𝟐

⇔ 

𝛌(𝟑(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

− (∑𝒂𝐛

𝐜𝐲𝐜

)(∑𝒂

𝐜𝐲𝐜

)

𝟐

) + 𝟑(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

≥
?
⏟
(∗)

𝟑(∑𝒂𝟑

𝐜𝐲𝐜

)(∑𝒂

𝐜𝐲𝐜

) 

𝐍𝐨𝐰,𝟑 (∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

−(∑𝒂𝐛

𝐜𝐲𝐜

)(∑𝒂

𝐜𝐲𝐜

)

𝟐

≥ 
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𝟑(∑𝒂𝟐

𝐜𝐲𝐜

)(∑𝒂𝐛

𝐜𝐲𝐜

) − (∑𝒂𝐛

𝐜𝐲𝐜

)(∑𝒂

𝐜𝐲𝐜

)

𝟐

= (∑𝒂𝐛

𝐜𝐲𝐜

)(𝟑∑𝒂𝟐

𝐜𝐲𝐜

− (∑𝒂

𝐜𝐲𝐜

)

𝟐

) 

≥ 𝟎 𝒂𝐧𝐝 ∵ 𝛌 ≥
𝟑

𝟓
∴ 𝐋𝐇𝐒 𝐨𝐟 ① ≥ 

𝟑

𝟓
. (𝟑(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

− (∑𝒂𝐛

𝐜𝐲𝐜

)(∑𝒂

𝐜𝐲𝐜

)

𝟐

) + 𝟑(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

≥
?
𝟑(∑𝒂𝟑

𝐜𝐲𝐜

)(∑𝒂

𝐜𝐲𝐜

) 

⇔ 𝟖(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

≥
?
⏟
(∗∗)

(∑𝒂𝐛

𝐜𝐲𝐜

)(∑𝒂

𝐜𝐲𝐜

)

𝟐

+ 𝟓(∑𝒂𝟑

𝐜𝐲𝐜

)(∑𝒂

𝐜𝐲𝐜

) 

𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐛 + 𝐜 = 𝒙, 𝐜 + 𝒂 = 𝐲, 𝒂 + 𝐛 = 𝐳 ⇒ 𝒙 + 𝐲 − 𝐳 = 𝟐𝐜 > 0, 𝑦 + 𝑧 − 𝑥 = 𝟐𝒂 

> 𝟎 𝒂𝐧𝐝 𝐳 + 𝒙 − 𝐲 = 𝟐𝐛 > 0 ⇒ 𝑥 + 𝐲 > 𝑧, 𝐲 + 𝐳 > 𝒙, 𝐳 + 𝒙 > 𝒚 ⇒ 𝒙, 𝐲, 𝐳 𝐟𝐨𝐫𝐦 

𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬

= 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲); 

𝐬𝐨 𝟐∑𝒂

𝐜𝐲𝐜

=∑𝒙

𝐜𝐲𝐜

= 𝟐𝐬 ⇒∑𝒂

𝐜𝐲𝐜

= 𝐬 → (𝟏) ⇒ 𝒂 = 𝐬 − 𝒙, 𝐛 = 𝐬 − 𝐲, 𝐜 = 𝐬 − 𝐳 𝒂𝐧𝐝  

𝐬𝐮𝐜𝐡 𝐬𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧𝐬 ⇒∑𝒂𝐛

𝐜𝐲𝐜

=∑(𝐬 − 𝒙)(𝐬 − 𝐲)

𝐜𝐲𝐜

⇒∑𝒂𝐛

𝐜𝐲𝐜

= 𝟒𝐑𝐫 + 𝐫𝟐 → (𝟐) 𝒂𝐧𝐝 

∑𝒂𝟐

𝐜𝐲𝐜

= (∑𝒂

𝐜𝐲𝐜

)

𝟐

− 𝟐∑𝒂𝐛

𝐜𝐲𝐜

=
𝐯𝐢𝒂 (𝟏) 𝒂𝐧𝐝 (𝟐)

𝐬𝟐 − 𝟐(𝟒𝐑𝐫 + 𝐫𝟐) 

⇒∑𝒂𝟐

𝐜𝐲𝐜

= 𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐 → (𝟑)𝒂𝐧𝐝 𝐟𝐢𝐧𝒂𝒍𝒍𝐲,∑𝒂𝟑

𝐜𝐲𝐜

= 

(∑𝒂

𝐜𝐲𝐜

)

𝟑

− 𝟑(𝒂 + 𝐛)(𝐛 + 𝐜)(𝐜 + 𝒂) =
𝐯𝐢𝒂 (𝟏)

𝐬𝟑 − 𝟏𝟐𝐑𝐫𝐬 ⇒ 

∑𝒂𝟑

𝐜𝐲𝐜

= 𝐬(𝐬𝟐 − 𝟏𝟐𝐑𝐫) → (𝟒) ∴ 𝐯𝐢𝒂 (𝟏), (𝟐), (𝟑) 𝒂𝐧𝐝 (𝟒), (∗∗) ⇔ 

𝟖(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)𝟐 ≥
?
(𝟒𝐑𝐫 + 𝐫𝟐)𝐬𝟐 + 𝟓𝐬𝟐(𝐬𝟐 − 𝟏𝟐𝐑𝐫) 



 
www.ssmrmh.ro 

61 RMM-CYCLIC INEQUALITIES MARATHON 1601-1700 

 

⇔ 𝟑𝐬𝟒 − (𝟕𝟐𝐑𝐫 + 𝟑𝟑𝐫𝟐)𝐬𝟐 + 𝟑𝟐𝐫𝟐(𝟒𝐑+ 𝐫)𝟐 ≥
?
⏟
(∗∗∗)

𝟎 𝒂𝐧𝐝 ∵ 𝟑(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)𝟐 

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝐋𝐇𝐒 𝐨𝐟 (∗∗∗) ≥
?
𝟑(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)𝟐 

⇔ (𝟐𝟒𝐑 − 𝟔𝟑𝐫)𝐬𝟐 ≥
?
⏟

(∗∗∗∗)

𝐫(𝟐𝟓𝟔𝐑𝟐 − 𝟕𝟑𝟔𝐑𝐫 + 𝟒𝟑𝐫𝟐) 

𝐂𝒂𝐬𝐞 𝟏  𝟐𝟒𝐑 − 𝟔𝟑𝐫 ≥ 𝟎 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

 

(𝟐𝟒𝐑− 𝟔𝟑𝐫)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) ≥
?
𝐫(𝟐𝟓𝟔𝐑𝟐 − 𝟕𝟑𝟔𝐑𝐫 + 𝟒𝟑𝐫𝟐) 

⇔ 𝟖𝐫𝟐(𝟏𝟔𝐑𝟐 − 𝟒𝟗𝐑𝐫 + 𝟑𝟒𝐫𝟐) ≥
?
𝟎 ⇔ 𝟖𝐫𝟐(𝐑 − 𝟐𝐫)(𝟏𝟔𝐑− 𝟏𝟕𝐫) ≥

?
𝟎 

→ 𝐭𝐫𝐮𝐞 ∵ 𝐑 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐𝐫 ⇒ (∗∗∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

𝐂𝒂𝐬𝐞 𝟐  𝟐𝟒𝐑 − 𝟔𝟑𝐫 < 0 𝑎𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

 

(𝟐𝟒𝐑 − 𝟔𝟑𝐫)(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) ≥
?
𝐫(𝟐𝟓𝟔𝐑𝟐 − 𝟕𝟑𝟔𝐑𝐫 + 𝟒𝟑𝐫𝟐) 

⇔ 𝟐𝟒𝐭𝟑 − 𝟏𝟎𝟑𝐭𝟐 + 𝟏𝟑𝟗𝐭 − 𝟓𝟖 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) ⇔ (𝐭 − 𝟐)((𝐭 − 𝟐)(𝟐𝟒𝐭 − 𝟕) + 𝟏𝟓) ≥

?
𝟎 

→ 𝐭𝐫𝐮𝐞 ∴ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 ⇒ (∗∗∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 𝒂𝐧𝐝 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐛𝐨𝐭𝐡 𝐜𝒂𝐬𝐞𝐬, (∗∗∗∗) ⇒ 

(∗∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∀ 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞𝐬,𝐑,𝐫 ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ ∑
𝒂𝟑

𝒂𝟐 + 𝛌𝐛
𝐜𝐲𝐜

≥
𝟑

𝛌 + 𝟏
 

∀ 𝒂, 𝐛, 𝐜 > 0│𝑎 + 𝐛 + 𝐜 = 𝟑 ∧  𝛌 ≥
𝟑

𝟓
,′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 

1669. 

𝐈𝐟 𝒂, 𝐛, 𝐜 > 0, 𝑡ℎ𝑒𝑛 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝐭 ∶ 

∑
(𝐛𝟑 + 𝐜𝟑)𝟑. √

𝐜𝟑 + 𝒂𝟑

𝒂𝟑 + 𝐛𝟑
𝟑

+ (𝐜𝟑 + 𝒂𝟑)𝟑. √
𝐛𝟑 + 𝐜𝟑

𝒂𝟑 + 𝐛𝟑
𝟑

√𝐛𝟑 + 𝐜𝟑
𝟑

+ √𝐜𝟑 + 𝒂𝟑
𝟑

𝒄𝒚𝒄

≥
𝟏𝟐. √𝟒𝟖

𝟔
. 𝒂𝟑𝐛𝟑𝐜𝟑

√𝒂𝟔 + 𝐛𝟔 + 𝐜𝟔
𝟔  

  Proposed by Zaza Mzhavanadze-Georgia 
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Solution by Soumava Chakraborty-Kolkata-India 

∀ 𝐀’, 𝐁’, 𝐂’ > 0, (𝐀’ + 𝐁’), (𝐁’ + 𝐂’), (𝐂’ + 𝐀’) 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 

(∵ (𝐀’ + 𝐁’) + (𝐁’ + 𝐂’) > (𝐂’ + 𝐀’) 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬) ⇒ √𝐀’ + 𝐁’, √𝐁’ + 𝐂’, √𝐂’ + 𝐀’ 
𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 ∆ 𝐰𝐢𝐭𝐡 𝒂𝐫𝐞𝒂 𝐅 (𝐬𝒂𝐲) 𝒂𝐧𝐝 𝟏𝟔𝐅𝟐 = 

𝟐∑(𝐀’ + 𝐁’)(𝐁’ + 𝐂’)

𝐜𝐲𝐜

−∑(𝐀’ + 𝐁’)𝟐

𝐜𝐲𝐜

 

= 𝟐∑(∑𝐀’𝐁’

𝐜𝐲𝐜

+ 𝐁’𝟐)

𝐜𝐲𝐜

− 𝟐∑𝐀’𝟐

𝐜𝐲𝐜

− 𝟐∑𝐀’𝐁’

𝐜𝐲𝐜

 

= 𝟔∑𝐀’𝐁’

𝐜𝐲𝐜

+ 𝟐∑𝐀’𝟐

𝐜𝐲𝐜

− 𝟐∑𝐀’𝟐

𝐜𝐲𝐜

− 𝟐∑𝐀’𝐁’

𝐜𝐲𝐜

⇒ 𝟒𝐅 = 𝟐√∑𝐀’𝐁’

𝐜𝐲𝐜

→ (𝟏) 

𝐍𝐨𝐰, ∀ 𝐗, 𝐘, 𝐙 > 0,√∑
𝐗𝐘

(𝐘 + 𝐙)(𝐙 + 𝐗)
𝐜𝐲𝐜

≥
? √𝟑

𝟐
⇔∑

𝐗𝟐𝐘𝟐

𝐗𝐘(𝐘 + 𝐙)(𝐙 + 𝐗)
𝐜𝐲𝐜

≥
?
⏟
(∗)

𝟑

𝟒
 

𝐕𝐢𝒂 𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦, 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
(∑ 𝐗𝐘𝐜𝐲𝐜 )

𝟐

∑ (𝐗𝐘(∑ 𝐗𝐘𝐜𝐲𝐜 + 𝐙𝟐))𝐜𝐲𝐜

=
(∑ 𝐗𝐘𝐜𝐲𝐜 )

𝟐

(∑ 𝐗𝐘𝐜𝐲𝐜 )
𝟐
+ 𝐗𝐘𝐙∑ 𝐗𝐜𝐲𝐜

 

≥
? 𝟑

𝟒
⇔ (∑𝐗𝐘

𝐜𝐲𝐜

)

𝟐

≥
?
𝟑𝐗𝐘𝐙∑𝐗

𝐜𝐲𝐜

→ 𝐭𝐫𝐮𝐞 ∴ √∑
𝐗𝐘

(𝐘 + 𝐙)(𝐙 + 𝐗)
𝐜𝐲𝐜

≥
√𝟑

𝟐
→ (𝟐) 

𝐖𝐞 𝐡𝒂𝐯𝐞 ∶
(𝐛𝟑 + 𝐜𝟑)𝟑. √

𝐜𝟑 + 𝒂𝟑

𝒂𝟑 + 𝐛𝟑
𝟑

+ (𝐜𝟑 + 𝒂𝟑)𝟑. √
𝐛𝟑 + 𝐜𝟑

𝒂𝟑 + 𝐛𝟑
𝟑

√𝐛𝟑 + 𝐜𝟑
𝟑

+ √𝐜𝟑 + 𝒂𝟑
𝟑 + 

(𝒂𝟑 + 𝐛𝟑)𝟑. √
𝐜𝟑 + 𝒂𝟑

𝐛𝟑 + 𝐜𝟑
𝟑

+ (𝐜𝟑 + 𝒂𝟑)𝟑. √
𝒂𝟑 + 𝐛𝟑

𝐛𝟑 + 𝐜𝟑
𝟑

√𝒂𝟑 + 𝐛𝟑
𝟑

+ √𝐜𝟑 + 𝒂𝟑
𝟑

+
(𝒂𝟑 + 𝐛𝟑)𝟑. √

𝐛𝟑 + 𝐜𝟑

𝐜𝟑 + 𝒂𝟑
𝟑

+ (𝐛𝟑 + 𝐜𝟑)𝟑. √
𝒂𝟑 + 𝐛𝟑

𝐜𝟑 + 𝒂𝟑
𝟑

√𝒂𝟑 + 𝐛𝟑
𝟑

+ √𝐛𝟑 + 𝐜𝟑
𝟑  

=
𝐲𝟗 (

𝐳
𝒙) + 𝐳

𝟗 (
𝐲
𝒙)

𝐲 + 𝐳
+
𝒙𝟗 (

𝐳
𝐲
) + 𝐳𝟗 (

𝒙
𝐲
)

𝐳 + 𝒙
+
𝒙𝟗 (

𝐲
𝐳) + 𝐲

𝟗 (
𝒙
𝐳)

𝒙 + 𝐲
  

(𝒙 = √𝒂𝟑 + 𝐛𝟑
𝟑

, 𝐲 = √𝐛𝟑 + 𝐜𝟑
𝟑

, 𝐳 = √𝐜𝟑 + 𝒂𝟑
𝟑

) 

=
𝐲𝟗 (

𝟏
𝒙𝐲) + 𝐳

𝟗 (
𝟏
𝐳𝒙)

𝟏
𝐳 +

𝟏
𝐲

+
𝒙𝟗 (

𝟏
𝒙𝐲) + 𝐳

𝟗 (
𝟏
𝐲𝐳)

𝟏
𝒙 +

𝟏
𝐳

+
𝒙𝟗 (

𝟏
𝐳𝒙) + 𝐲

𝟗 (
𝟏
𝐲𝐳)

𝟏
𝐲 +

𝟏
𝒙
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=

𝟏
𝒙 .
(𝐲𝟖 + 𝐳𝟖)

𝟏
𝐲 +

𝟏
𝐳

+

𝟏
𝐲 .
(𝐳𝟖 + 𝒙𝟖)

𝟏
𝐳 +

𝟏
𝒙

+

𝟏
𝐳 .
(𝒙𝟖 + 𝐲𝟖)

𝟏
𝒙 +

𝟏
𝐲

 

=
𝐗

𝐘 + 𝐙
(𝐁′ + 𝐂′) +

𝐘

𝐙 + 𝐗
(𝐂′ + 𝐀′) +

𝐙

𝐗 + 𝐘
(𝐀′ + 𝐁′) 

 (𝐗 =
𝟏

𝒙
, 𝐘 =

𝟏

𝐲
, 𝐙 =

𝟏

𝐳
, 𝐀′ = 𝒙𝟖, 𝐁′ = 𝐲𝟖, 𝐂′ = 𝐳𝟖) ≥

𝐎𝐩𝐩𝐞𝐧𝐡𝐞𝐢𝐦

 

𝟒𝐅.√∑
𝐗𝐘

(𝐘 + 𝐙)(𝐙 + 𝐗)
𝐜𝐲𝐜

≥
𝐯𝐢𝒂 (𝟏) 𝒂𝐧𝐝 (𝟐)

𝟐√∑𝐀′𝐁′

𝐜𝐲𝐜

.
√𝟑

𝟐
 

= √𝟑.√∑(𝒂𝟑 + 𝐛𝟑)
𝟖
𝟑(𝐛𝟑 + 𝐜𝟑)

𝟖
𝟑

𝐜𝐲𝐜

≥
𝐀𝐌−𝐆𝐌

𝟑. √(𝒂𝟑 + 𝐛𝟑)
𝟏𝟔
𝟑 (𝐛𝟑 + 𝐜𝟑)

𝟏𝟔
𝟑 (𝐜𝟑 + 𝒂𝟑)

𝟏𝟔
𝟑

𝟔

≥
𝐂𝐞𝐬𝒂𝐫𝐨

 

𝟑. √(𝟖𝒂𝟑𝐛𝟑𝐜𝟑)
𝟏𝟔
𝟑

𝟔

≥
? 𝟏𝟐. √𝟒𝟖

𝟔
. 𝒂𝟑𝐛𝟑𝐜𝟑

√𝒂𝟔 + 𝐛𝟔 + 𝐜𝟔
𝟔 ⇔ 𝟐𝟏𝟔(𝒂𝐛𝐜)𝟏𝟔 (∑𝒂𝟔

𝐜𝐲𝐜

) ≥
?
𝟐𝟏𝟐. 𝟐𝟒. 𝟑(𝒂𝐛𝐜)𝟏𝟖 

⇔∑𝒂𝟔

𝐜𝐲𝐜

≥
?
𝟑𝒂𝟐𝐛𝟐𝐜𝟐 → 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 𝐀𝐌 − 𝐆𝐌 ∴ 

(𝐛𝟑 + 𝐜𝟑)𝟑. √
𝐜𝟑 + 𝒂𝟑

𝒂𝟑 + 𝐛𝟑
𝟑

+ (𝐜𝟑 + 𝒂𝟑)𝟑. √
𝐛𝟑 + 𝐜𝟑

𝒂𝟑 + 𝐛𝟑
𝟑

√𝐛𝟑 + 𝐜𝟑
𝟑

+ √𝐜𝟑 + 𝒂𝟑
𝟑

+
(𝒂𝟑 + 𝐛𝟑)𝟑. √

𝐜𝟑 + 𝒂𝟑

𝐛𝟑 + 𝐜𝟑
𝟑

+ (𝐜𝟑 + 𝒂𝟑)𝟑. √
𝒂𝟑 + 𝐛𝟑

𝐛𝟑 + 𝐜𝟑
𝟑

√𝒂𝟑 + 𝐛𝟑
𝟑

+ √𝐜𝟑 + 𝒂𝟑
𝟑  

+
(𝒂𝟑 + 𝐛𝟑)𝟑. √

𝐛𝟑 + 𝐜𝟑

𝐜𝟑 + 𝒂𝟑
𝟑

+ (𝐛𝟑 + 𝐜𝟑)𝟑. √
𝒂𝟑 + 𝐛𝟑

𝐜𝟑 + 𝒂𝟑
𝟑

√𝒂𝟑 + 𝐛𝟑
𝟑

+ √𝐛𝟑 + 𝐜𝟑
𝟑 ≥

𝟏𝟐. √𝟒𝟖
𝟔

. 𝒂𝟑𝐛𝟑𝐜𝟑

√𝒂𝟔 + 𝐛𝟔 + 𝐜𝟔
𝟔 ∀ 𝒂, 𝐛, 𝐜 > 0, 

′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 (𝐐𝐄𝐃) 

 
1670. If  𝒂, 𝒃, 𝒄 > 0 , 𝑎 + 𝑏 + 𝑐 = 3 , 𝜆 ≥ 0 then: 

∑
𝒂𝒃

√(𝝀 + 𝟏)𝒂𝟐 − 𝝀𝒂𝒃 + (𝝀 + 𝟏)𝒃𝟐
≤

𝟑

√𝝀 + 𝟐
 

Proposed by Marin Chirciu-Romania 
Solution by Tapas Das-India 

(𝝀 + 𝟏)𝒂𝟐 − 𝝀𝒂𝒃 + (𝝀 + 𝟏)𝒃𝟐 ≥
𝑨𝑴−Ģ𝑴

 𝟐(𝝀 + 𝟏)𝒂𝒃 − 𝝀𝒂𝒃 = (𝝀 + 𝟐)𝒂𝒃 (𝟏)   

∑√𝒂𝒃 ≤
𝑪𝑩𝑺

√𝟑(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) ≤ √
𝟑(𝒂 + 𝒃 + 𝒄)𝟐

𝟑
= 𝒂 + 𝒃 + 𝒄 = 𝟑 (𝟐) 
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∑
𝒂𝒃

√(𝝀 + 𝟏)𝒂𝟐 − 𝝀𝒂𝒃 + (𝝀 + 𝟏)𝒃𝟐
≤
(𝟏)

∑
𝒂𝒃

√𝒂𝒃(𝝀 + 𝟐)
=

𝟏

√𝝀 + 𝟐
∑√𝒂𝒃 ≤

(𝟐) 𝟑

√𝝀 + 𝟐
 

Equality  holds for a=b=c=1. 
 

1671. If 𝒙, 𝒚, 𝒛 > 0 then: 

𝟒∑𝒙+∑
𝟗

𝟏 + 𝒙
≥ 𝟐𝟒 

Proposed by Marin Chirciu-Romania 
Solution by Tapas Das-India 
 

𝟒∑𝒙+∑
𝟗

𝟏 + 𝒙
= 𝟒∑(𝒙+ 𝟏) +∑

𝟗

𝟏 + 𝒙
− 𝟏𝟐 ≥ 

≥
𝑪𝑩𝑺

𝟒∑(𝒙 + 𝟏) + 𝟗
(𝟏 + 𝟏 + 𝟏)𝟐

∑(𝒙 + 𝟏)
− 𝟏𝟐 ≥

𝑨𝑴−𝑮𝑴
 

 ≥ 𝟐√𝟒∑(𝒙+ 𝟏) . 𝟗
(𝟑)𝟐

∑(𝒙 + 𝟏)
− 𝟏𝟐 = 𝟐 ∙ 𝟏𝟖 − 𝟏𝟐 = 𝟐𝟒  

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒇𝒐𝒓 𝒙 = 𝒚 = 𝒛 =
𝟏

𝟐
. 

 

1672.  𝐈𝐟 𝒂, 𝐛, 𝐜 > 0, 𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂 + 𝟐𝒂𝐛𝐜 = 𝟏, 𝐭𝐡𝐞𝐧 ∶ 

∑
𝟏

𝒂𝟓
𝐜𝐲𝐜

≥ 𝟐∑
𝟏

𝐛𝟐𝐜𝟐
𝐜𝐲𝐜

 

  Proposed by Marin Chirciu-Romania 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝐖𝐞 𝐬𝐡𝒂𝒍𝒍 𝐟𝐢𝐫𝐬𝐭 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 ∶ ∑
𝟏

𝒂𝟐𝐧+𝟏
𝐜𝐲𝐜

≥ 𝟐∑
𝟏

𝐛𝐧𝐜𝐧
𝐜𝐲𝐜

 

∀ 𝒂, 𝐛, 𝐜 > 0│𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂 + 𝟐𝒂𝐛𝐜 = 𝟏 𝒂𝐧𝐝 𝐧 ∈ ℕ 

𝐖𝐞 𝐡𝒂𝐯𝐞 ∶ ∑((𝟏 + 𝐛)(𝟏 + 𝐜))

𝐜𝐲𝐜

= 𝟐(𝟏 + 𝒂)(𝟏 + 𝐛)(𝟏 + 𝐜) ⇒∑
𝟏

𝟏 + 𝒂
𝐜𝐲𝐜

= 𝟐 

⇒∑
𝟏

𝟏 +
𝟏
𝒙𝐜𝐲𝐜

= 𝟐 (𝒙 =
𝟏

𝒂
, 𝐲 =

𝟏

𝐛
, 𝐳 =

𝟏

𝐜
) ⇒∑

𝒙+ 𝟏 − 𝟏

𝒙+ 𝟏
𝐜𝐲𝐜

= 𝟐 

⇒ 𝟑 − 𝟐 = 𝟏 =∑
𝟏

𝟏 + 𝒙
𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 𝟗

∑ 𝒙𝐜𝐲𝐜 + 𝟑
⇒∑𝒙

𝐜𝐲𝐜

≥ 𝟔 → (𝐦) 𝒂𝐧𝐝 

∑
𝟏

𝒂𝟐𝐧+𝟏
𝐜𝐲𝐜

≥ 𝟐∑
𝟏

𝐛𝐧𝐜𝐧
𝐜𝐲𝐜

 𝐛𝐞𝐜𝐨𝐦𝐞𝐬 ∶ ∑𝒙𝟐𝐧+𝟏

𝐜𝐲𝐜

≥ 𝟐∑𝐲𝐧𝐳𝐧

𝐜𝐲𝐜

→ (∗) 
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𝐂𝒂𝐬𝐞 𝟏  𝐧 = 𝟎 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ (∗) 𝐢𝐬 𝐞𝐪𝐮𝐢𝐯𝒂𝒍𝐞𝐧𝐭 𝐭𝐨 ∶ ∑𝒙

𝐜𝐲𝐜

≥ 𝟔,𝐰𝐡𝐢𝐜𝐡 𝐢𝐬 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 (𝐦) 

⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

𝐂𝒂𝐬𝐞 𝟐  𝐧 ∈ ℕ∗ 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ ∑𝒙𝟐𝐧+𝟏

𝐜𝐲𝐜

≥
𝐂𝐡𝐞𝐛𝐲𝐬𝐡𝐞𝐯 𝟏

𝟑
(∑𝒙

𝐜𝐲𝐜

)(∑𝒙𝟐𝐧

𝐜𝐲𝐜

) ≥
𝐯𝐢𝒂 (𝐦)

 

𝟐(∑(𝒙𝐧)𝟐

𝐜𝐲𝐜

) ≥ 𝟐∑𝐲𝐧𝐳𝐧

𝐜𝐲𝐜

⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 𝒂𝐧𝐝 𝐡𝐞𝐧𝐜𝐞, 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐛𝐨𝐭𝐡 𝐜𝒂𝐬𝐞𝐬, 

(∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∀ 𝒙, 𝐲, 𝐳 > 0│∑
𝟏

𝟏 + 𝒙
𝐜𝐲𝐜

= 𝟏 𝒂𝐧𝐝 𝐧 ∈ ℕ,′′ =′′  𝐢𝐟𝐟 𝒙 = 𝐲 = 𝐳 = 𝟐 

∴∑
𝟏

𝒂𝟐𝐧+𝟏
𝐜𝐲𝐜

≥ 𝟐∑
𝟏

𝐛𝐧𝐜𝐧
𝐜𝐲𝐜

 ∀ 𝒂, 𝐛, 𝐜 > 0│𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂 + 𝟐𝒂𝐛𝐜 = 𝟏 𝒂𝐧𝐝 𝐧 ∈ ℕ, 

′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 =
𝟏

𝟐
 𝒂𝐧𝐝 𝐩𝐮𝐭𝐭𝐢𝐧𝐠 𝐧 = 𝟐,𝐰𝐞 𝐠𝐞𝐭 ∶ 

∑
𝟏

𝒂𝟓
𝐜𝐲𝐜

≥ 𝟐∑
𝟏

𝐛𝟐𝐜𝟐
𝐜𝐲𝐜

 ∀ 𝒂, 𝐛, 𝐜 > 0│𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂 + 𝟐𝒂𝐛𝐜 = 𝟏, 

′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 =
𝟏

𝟐
 (𝐐𝐄𝐃) 

1673.  𝐈𝐟 𝒂, 𝐛, 𝐜 > 0, 𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂 + 𝟐𝒂𝐛𝐜 = 𝟏 𝒂𝐧𝐝 𝐧 ∈ ℕ 𝐭𝐡𝐞𝐧 ∶ 

∑
𝟏

𝒂𝟐𝐧+𝟏
𝐜𝐲𝐜

≥ 𝟐∑
𝟏

𝐛𝐧𝐜𝐧
𝐜𝐲𝐜

 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

𝐖𝐞 𝐡𝒂𝐯𝐞 ∶ ∑((𝟏 + 𝐛)(𝟏 + 𝐜))

𝐜𝐲𝐜

= 𝟐(𝟏 + 𝒂)(𝟏 + 𝐛)(𝟏 + 𝐜) ⇒∑
𝟏

𝟏 + 𝒂
𝐜𝐲𝐜

= 𝟐 

⇒∑
𝟏

𝟏 +
𝟏
𝒙𝐜𝐲𝐜

= 𝟐 (𝒙 =
𝟏

𝒂
, 𝐲 =

𝟏

𝐛
, 𝐳 =

𝟏

𝐜
) ⇒∑

𝒙+ 𝟏− 𝟏

𝒙 + 𝟏
𝐜𝐲𝐜

= 𝟐 

⇒ 𝟑 − 𝟐 = 𝟏 =∑
𝟏

𝟏+ 𝒙
𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 𝟗

∑ 𝒙𝐜𝐲𝐜 + 𝟑
⇒∑𝒙

𝐜𝐲𝐜

≥ 𝟔 → (𝐦) 𝒂𝐧𝐝 

∑
𝟏

𝒂𝟐𝐧+𝟏
𝐜𝐲𝐜

≥ 𝟐∑
𝟏

𝐛𝐧𝐜𝐧
𝐜𝐲𝐜

 𝐛𝐞𝐜𝐨𝐦𝐞𝐬 ∶ ∑𝒙𝟐𝐧+𝟏

𝐜𝐲𝐜

≥ 𝟐∑𝐲𝐧𝐳𝐧

𝐜𝐲𝐜

→ (∗) 
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𝐂𝒂𝐬𝐞 𝟏  𝐧 = 𝟎 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ (∗) 𝐢𝐬 𝐞𝐪𝐮𝐢𝐯𝒂𝒍𝐞𝐧𝐭 𝐭𝐨 ∶ ∑𝒙

𝐜𝐲𝐜

≥ 𝟔,𝐰𝐡𝐢𝐜𝐡 𝐢𝐬 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 (𝐦) 

⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

𝐂𝒂𝐬𝐞 𝟐  𝐧 ∈ ℕ∗  𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ ∑𝒙𝟐𝐧+𝟏

𝐜𝐲𝐜

≥
𝐂𝐡𝐞𝐛𝐲𝐬𝐡𝐞𝐯 𝟏

𝟑
(∑𝒙

𝐜𝐲𝐜

)(∑𝒙𝟐𝐧

𝐜𝐲𝐜

) ≥
𝐯𝐢𝒂 (𝐦)

 

𝟐(∑(𝒙𝐧)𝟐

𝐜𝐲𝐜

) ≥ 𝟐∑𝐲𝐧𝐳𝐧

𝐜𝐲𝐜

⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 𝒂𝐧𝐝 𝐡𝐞𝐧𝐜𝐞, 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐛𝐨𝐭𝐡 𝐜𝒂𝐬𝐞𝐬, 

(∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∀ 𝒙, 𝐲, 𝐳 > 0│∑
𝟏

𝟏+ 𝒙
𝐜𝐲𝐜

= 𝟏 𝒂𝐧𝐝 𝐧 ∈ ℕ,′′=′′  𝐢𝐟𝐟 𝒙 = 𝐲 = 𝐳 = 𝟐 

∴∑
𝟏

𝒂𝟐𝐧+𝟏
𝐜𝐲𝐜

≥ 𝟐∑
𝟏

𝐛𝐧𝐜𝐧
𝐜𝐲𝐜

 ∀ 𝒂, 𝐛, 𝐜 > 0│𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂 + 𝟐𝒂𝐛𝐜 = 𝟏 𝒂𝐧𝐝 𝐧 ∈ ℕ, 

′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 =
𝟏

𝟐
 (𝐐𝐄𝐃) 

1674.  𝐈𝐟 𝒙, 𝐲, 𝐳 > 0, 𝒙𝟑 + 𝐲𝟑 + 𝐳𝟑 + 𝟑𝒙𝐲𝐳 = 𝟔 𝒂𝐧𝐝 𝛌 ≥ 𝟎, 𝐭𝐡𝐞𝐧 ∶ 

(𝒙𝐲 + 𝐲𝐳 + 𝐳𝒙)𝟑 + 𝛌𝒙𝐲𝐳 ≤ 𝟐𝟕 + 𝛌 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

𝟔 =∑𝒙𝟑

𝐜𝐲𝐜

+ 𝟑𝒙𝐲𝐳 ≥
𝐀−𝐆

𝟔𝒙𝐲𝐳 ⇒ 𝟏 − 𝒙𝐲𝐳 ≥ 𝟎 𝒂𝐧𝐝 ∵ 𝛌 ≥ 𝟎 ∴ 𝛌(𝟏 − 𝒙𝐲𝐳) ≥ 𝟎 

⇒ 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝟐𝟕 ≥ (∑𝒙𝐲

𝐜𝐲𝐜

)

𝟑

⇔
𝟐𝟕

𝟑𝟔
(∑𝒙𝟑

𝐜𝐲𝐜

+ 𝟑𝒙𝐲𝐳)

𝟐

≥ (∑𝒙𝐲

𝐜𝐲𝐜

)

𝟑

 

(∵ 𝟔 =∑𝒙𝟑

𝐜𝐲𝐜

+ 𝟑𝒙𝐲𝐳) ⇔ 𝟑(∑𝒙𝟑

𝐜𝐲𝐜

+ 𝟑𝒙𝐲𝐳)

𝟐

≥
(∗)

𝟒(∑𝒙𝐲

𝐜𝐲𝐜

)

𝟑

 

𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐲 + 𝐳 = 𝒂, 𝐳 + 𝒙 = 𝐛, 𝒙 + 𝐲 = 𝐜 ⇒ 𝒂 + 𝐛 − 𝐜 = 𝟐𝐳 > 0, 𝑏 + 𝑐 − 𝒂 = 𝟐𝒙 
> 0 𝒂𝐧𝐝 𝐜 + 𝒂 − 𝐛 = 𝟐𝐲 > 0 ⇒ 𝒂 + 𝐛 > 𝑐, 𝐛 + 𝐜 > 𝒂, 𝐜 + 𝒂 > 𝑏 ⇒ 𝒂, 𝐛, 𝐜 𝐟𝐨𝐫𝐦 
𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬

= 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲)  

𝐲𝐢𝐞𝐥𝐝𝐢𝐧𝐠 𝟐∑𝒙

𝐜𝐲𝐜

=∑𝒂

𝐜𝐲𝐜

= 𝟐𝐬 ⇒∑𝒙

𝐜𝐲𝐜

=
(⦁)
𝐬 ⇒ 𝒙 = 𝐬 − 𝒂, 𝐲 = 𝐬 − 𝐛, 𝐳 = 𝐬 − 𝐜 
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∴ 𝒙𝐲𝐳 =
(⦁⦁)

𝐫𝟐𝐬 𝒂𝐧𝐝,∑𝒙𝐲

𝐜𝐲𝐜

=∑(𝐬 − 𝒂)(𝐬 − 𝐛)

𝐜𝐲𝐜

= 𝟒𝐑𝐫 + 𝐫𝟐 ⇒∑𝒙𝐲

𝐜𝐲𝐜

=
(⦁⦁⦁)

𝟒𝐑𝐫 + 𝐫𝟐  

𝒂𝐧𝐝 𝒂𝒍𝐬𝐨,∑𝒙𝟑

𝐜𝐲𝐜

= (∑𝒙

𝐜𝐲𝐜

)

𝟑

− 𝟑(𝒙 + 𝐲)(𝐲 + 𝐳)(𝐳 + 𝒙) =
𝐯𝐢𝒂 (⦁)

𝐬𝟑 − 𝟑.𝟒𝐑𝐫𝐬 

⇒∑𝒙𝟑

𝐜𝐲𝐜

=
(⦁⦁⦁⦁)

𝐬𝟑 − 𝟏𝟐𝐑𝐫𝐬 

𝐕𝐢𝒂 (⦁⦁), (⦁⦁⦁) 𝒂𝐧𝐝 (⦁⦁⦁⦁), (∗) 𝐛𝐞𝐜𝐨𝐦𝐞𝐬 ∶ 𝟑(𝐬𝟑 − 𝟏𝟐𝐑𝐫𝐬 + 𝟑𝐫𝟐𝐬)𝟐 ≥ 𝟒(𝟒𝐑𝐫 + 𝐫𝟐)𝟑 

⇔ 𝟑𝐬𝟐(𝐬𝟐 − 𝟏𝟐𝐑𝐫 + 𝟑𝐫𝟐)𝟐 ≥
(∗∗)

𝟒𝐫𝟑(𝟒𝐑 + 𝐫)𝟑 

𝐍𝐨𝐰, 𝐬𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟏𝟐𝐑𝐫 + 𝟑𝐫𝟐 + 𝟒𝐫(𝐑− 𝟐𝐫) ≥
𝐄𝐮𝐥𝐞𝐫

𝟑𝐫(𝟒𝐑 + 𝐫) 𝒂𝐧𝐝 𝐬𝐨, 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫  
𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝟗(𝐬𝟐 − 𝟏𝟐𝐑𝐫 + 𝟑𝐫𝟐)𝟐 ≥ 𝟒𝐫𝟐(𝟒𝐑+ 𝐫)𝟐 

⇔ 𝟑(𝐬𝟐 − 𝟏𝟐𝐑𝐫 + 𝟑𝐫𝟐) ≥ 𝟐𝐫(𝟒𝐑+ 𝐫) ⇔ 𝟑𝐬𝟐 ≥ 𝟒𝟒𝐑𝐫 − 𝟕𝐫𝟐 → 𝐭𝐫𝐮𝐞 

∵ 𝟑𝐬𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟒𝟒𝐑𝐫 − 𝟕𝐫𝟐 + 𝟒𝐫(𝐑 − 𝟐𝐫) ≥
𝐄𝐮𝐥𝐞𝐫

𝟒𝟒𝐑𝐫 − 𝟕𝐫𝟐 ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴ (𝒙𝐲 + 𝐲𝐳 + 𝐳𝒙)𝟑 + 𝛌𝒙𝐲𝐳 ≤ 𝟐𝟕 + 𝛌 ∀ 𝒙, 𝐲, 𝐳 > 0│𝒙𝟑 + 𝐲𝟑 + 𝐳𝟑 + 𝟑𝒙𝐲𝐳 = 𝟔 𝒂𝐧𝐝 
𝛌 ≥ 𝟎,′′ =′′  𝐢𝐟𝐟 𝒙 = 𝐲 = 𝐳 = 𝟏 (𝐐𝐄𝐃) 

 

1675.  𝐈𝐟 𝒂, 𝐛, 𝐜 > 0, 𝒂 + 𝐛 + 𝐜 = 𝟑 𝒂𝐧𝐝 𝛌 ≥
𝟏

𝟐
, 𝐭𝐡𝐞𝐧 ∶ 

𝛌∑𝒂𝟑

𝐜𝐲𝐜

≥∑𝒂𝟐

𝐜𝐲𝐜

+ 𝟑(𝛌 − 𝟏) 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

𝛌∑𝒂𝟑

𝐜𝐲𝐜

≥∑𝒂𝟐

𝐜𝐲𝐜

+ 𝟑(𝛌 − 𝟏) ⇔ 𝛌(∑𝒂𝟑

𝐜𝐲𝐜

−
𝟑

𝟐𝟕
(∑𝒂

𝐜𝐲𝐜

)

𝟑

) ≥ 

𝟏

𝟑
(∑𝒂

𝐜𝐲𝐜

)(∑𝒂𝟐

𝐜𝐲𝐜

) −
𝟑

𝟐𝟕
(∑𝒂

𝐜𝐲𝐜

)

𝟑

 (∵∑𝒂

𝐜𝐲𝐜

= 𝟑) 

⇔ 𝛌(𝟗∑𝒂𝟑

𝐜𝐲𝐜

− (∑𝒂

𝐜𝐲𝐜

)

𝟑

) ≥ 𝟑(∑𝒂

𝐜𝐲𝐜

)(∑𝒂𝟐

𝐜𝐲𝐜

) − (∑𝒂

𝐜𝐲𝐜

)

𝟑

 𝒂𝐧𝐝 ∵ 𝛌 ≥
𝟏

𝟐
 

∴ 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝟗∑𝒂𝟑

𝐜𝐲𝐜

− (∑𝒂

𝐜𝐲𝐜

)

𝟑

≥ 𝟔(∑𝒂

𝐜𝐲𝐜

)(∑𝒂𝟐

𝐜𝐲𝐜

) − 𝟐(∑𝒂

𝐜𝐲𝐜

)

𝟑

 



 
www.ssmrmh.ro 

68 RMM-CYCLIC INEQUALITIES MARATHON 1601-1700 

 

⇔ 𝟒∑𝒂𝟑

𝐜𝐲𝐜

+ 𝟔𝒂𝐛𝐜 ≥
(∗)

𝟑∑𝒂𝟐𝐛

𝐜𝐲𝐜

+ 𝟑∑𝒂𝐛𝟐

𝐜𝐲𝐜

 

𝐍𝐨𝐰,𝟒∑𝒂𝟑

𝐜𝐲𝐜

+ 𝟏𝟐𝒂𝐛𝐜 ≥
𝐒𝐜𝐡𝐮𝐫
⏟
①

𝟒∑𝒂𝟐𝐛

𝐜𝐲𝐜

+ 𝟒∑𝒂𝐛𝟐

𝐜𝐲𝐜

 𝒂𝐧𝐝 

∑𝒂𝟐𝐛

𝐜𝐲𝐜

+∑𝒂𝐛𝟐

𝐜𝐲𝐜

≥
𝐀−𝐆
⏟
②

𝟔𝒂𝐛𝐜 𝒂𝐧𝐝 𝐯𝐢𝒂 ①+②, (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴ 𝛌∑𝒂𝟑

𝐜𝐲𝐜

≥∑𝒂𝟐

𝐜𝐲𝐜

+ 𝟑(𝛌 − 𝟏) ∀ 𝒂, 𝐛, 𝐜 > 0│𝒂 + 𝐛 + 𝐜 = 𝟑 𝒂𝐧𝐝 𝛌 ≥
𝟏

𝟐
, 

′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 
 

1676.  𝐈𝐟 𝒙, 𝐲, 𝐳 > 0, 𝑥 + 𝐲 + 𝐳 = 𝟏 𝒂𝐧𝐝 𝛌 ≥
𝟐𝟕

𝟐
, 𝐭𝐡𝐞𝐧 ∶ 

∑
𝒙𝟐

𝟏 − 𝐳
𝐜𝐲𝐜

+ 𝛌𝒙𝐲𝐳 ≤
𝟏

𝟐
+
𝛌

𝟐𝟕
 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

∑
𝒙𝟐

𝟏 − 𝐳
𝐜𝐲𝐜

+ 𝛌𝒙𝐲𝐳 ≤
𝟏

𝟐
+
𝛌

𝟐𝟕
⇔

𝒙+𝐲+𝐳 = 𝟏 𝟏

∑ 𝒙𝐜𝐲𝐜
.∑

𝒙𝟐

𝒙 + 𝐲
𝐜𝐲𝐜

−
𝟏

𝟐
≤
𝛌

𝟐𝟕
−

𝛌𝒙𝐲𝐳

(∑ 𝒙𝐜𝐲𝐜 )
𝟑 

⇔
𝟏

(∑ 𝒙𝐜𝐲𝐜 ).∏ (𝒙 + 𝐲)𝐜𝐲𝐜

. ((∑𝒙𝟐

𝐜𝐲𝐜

)(∑𝒙𝐲

𝐜𝐲𝐜

) +∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

) −
𝟏

𝟐
 

≤
𝛌

𝟐𝟕(∑ 𝒙𝐜𝐲𝐜 )
𝟑 . ((∑𝒙

𝐜𝐲𝐜

)

𝟑

− 𝟐𝟕𝒙𝐲𝐳) 

⇔
𝛌

𝟐𝟕(∑ 𝒙𝐜𝐲𝐜 )
𝟐 . ((∑𝒙

𝐜𝐲𝐜

)

𝟑

− 𝟐𝟕𝒙𝐲𝐳) ≥
(∗)

 

𝟏

𝟐∏ (𝒙 + 𝐲)𝐜𝐲𝐜
. (𝟐(∑𝒙𝟐

𝐜𝐲𝐜

)(∑𝒙𝐲

𝐜𝐲𝐜

) + 𝟐∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

−(∑𝒙

𝐜𝐲𝐜

) .∏(𝒙 + 𝐲)

𝐜𝐲𝐜

) 

𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐲 + 𝐳 = 𝒂, 𝐳 + 𝒙 = 𝐛, 𝒙 + 𝐲 = 𝐜 ⇒ 𝒂 + 𝐛 − 𝐜 = 𝟐𝐳 > 0, 
𝐛 + 𝐜 − 𝒂 = 𝟐𝒙 > 𝟎 𝒂𝐧𝐝 𝐜 + 𝒂 − 𝐛 = 𝟐𝐲 > 0 ⇒ 𝑎 + 𝐛 > 𝑐, 𝐛 + 𝐜 > 𝒂, 
𝐜 + 𝒂 > 𝒃 ⇒ 𝒂,𝐛, 𝐜 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 
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𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 = 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲) 𝐲𝐢𝐞𝐥𝐝𝐢𝐧𝐠 𝟐∑𝒙

𝐜𝐲𝐜

=∑𝒂

𝐜𝐲𝐜

= 𝟐𝐬 

⇒∑𝒙

𝐜𝐲𝐜

=
(⦁)
𝐬 ⇒ 𝒙 = 𝐬 − 𝒂, 𝐲 = 𝐬 − 𝐛, 𝐳 = 𝐬 − 𝐜 ∴ 𝒙𝐲𝐳 =

(⦁⦁)
𝐫𝟐𝐬 𝒂𝐧𝐝, 

∑𝒙𝐲

𝐜𝐲𝐜

=∑(𝐬 − 𝒂)(𝐬 − 𝐛)

𝐜𝐲𝐜

= 𝟒𝐑𝐫 + 𝐫𝟐 ⇒∑𝒙𝐲

𝐜𝐲𝐜

=
(⦁⦁⦁)

𝟒𝐑𝐫 + 𝐫𝟐 𝒂𝐧𝐝, 

∑𝒙𝟐

𝐜𝐲𝐜

= (∑𝒙

𝐜𝐲𝐜

)

𝟐

− 𝟐∑𝒙𝐲

𝐜𝐲𝐜

=
𝐯𝐢𝒂 (⦁) 𝒂𝐧𝐝 (⦁⦁⦁)

𝐬𝟐 − (𝟒𝐑𝐫 + 𝐫𝟐) 

⇒∑𝒙𝟐

𝐜𝐲𝐜

=
(⦁⦁⦁⦁)

𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐 𝒂𝐧𝐝,∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

= (∑𝒙𝐲

𝐜𝐲𝐜

)

𝟐

− 𝟐𝒙𝐲𝐳∑𝒙

𝐜𝐲𝐜

 

=
𝐯𝐢𝒂 (⦁),(⦁⦁) 𝒂𝐧𝐝 (⦁⦁⦁)

 (𝟒𝐑𝐫 + 𝐫𝟐)𝟐 − 𝟐𝐫𝟐𝐬. 𝐬 ⇒∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

=
(⦁⦁⦁⦁⦁)

𝐫𝟐((𝟒𝐑+ 𝐫)𝟐 − 𝟐𝐬𝟐) 

∵ 𝛌 ≥
𝟐𝟕

𝟐
∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝐬𝟑 − 𝟐𝟕𝐫𝟐𝐬

𝟐𝐬𝟐
≥
𝟐(𝟒𝐑𝐫 + 𝐫𝟐)(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐) + 𝟐𝐫𝟐((𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐) − 𝟒𝐑𝐫𝐬𝟐

𝟖𝐑𝐫𝐬
  

(𝐯𝐢𝒂 (⦁), (⦁⦁), (⦁⦁⦁), (⦁⦁⦁⦁), (⦁⦁⦁⦁⦁)) ⇔ 𝐬𝟐 + 𝟏𝟔𝐑𝟐 − 𝟒𝟔𝐑𝐫 + 𝐫𝟐 ≥ 𝟎 → 𝐭𝐫𝐮𝐞 

∵ 𝐬𝟐 + 𝟏𝟔𝐑𝟐 − 𝟒𝟔𝐑𝐫 + 𝐫𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟏𝟔𝐑𝟐 − 𝟑𝟎𝐑𝐫 − 𝟒𝐫𝟐 = 𝟐(𝟖𝐑 + 𝐫)(𝐑 − 𝟐𝐫) ≥
𝐄𝐮𝐥𝐞𝐫

𝟎 

⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ ∑
𝒙𝟐

𝟏 − 𝐳
𝐜𝐲𝐜

+ 𝛌𝒙𝐲𝐳 ≤
𝟏

𝟐
+
𝛌

𝟐𝟕
 

∀ 𝒙, 𝐲, 𝐳 > 0│𝑥 + 𝐲 + 𝐳 = 𝟏 𝒂𝐧𝐝 𝛌 ≥
𝟐𝟕

𝟐
,′′ =′′  𝐢𝐟𝐟 𝒙 = 𝐲 = 𝐳 =

𝟏

𝟑
 (𝐐𝐄𝐃) 

 

1677.  𝐈𝐟 𝒂, 𝒃, 𝒄 > 0 𝐚𝐧𝐝 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 = 𝟏𝟐, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭: 

(𝒂𝟑 + 𝟒𝒂 + 𝟖)(𝒃𝟑 + 𝟒𝒃 + 𝟖)(𝒄𝟑 + 𝟒𝒄 + 𝟖) ≤ 𝟐𝟒𝟑 

Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐖𝐞 𝐡𝐚𝐯𝐞 𝒂𝟑 + 𝟒𝒂 + 𝟖 =
(𝒂𝟐 + 𝟖)𝟐 − (𝒂 − 𝟐)𝟐(𝒂𝟐 − 𝟐𝒂 + 𝟒)

𝟔
≤
(𝒂𝟐 + 𝟖)𝟐

𝟔
,   ∀𝒂

> 0, 𝐭𝐡𝐞𝐧 

(𝒂𝟑 + 𝟒𝒂 + 𝟖)(𝒃𝟑 + 𝟒𝒃 + 𝟖)(𝒄𝟑 + 𝟒𝒄 + 𝟖) ≤
𝟏

𝟔𝟑
[(𝒂𝟐 + 𝟖)(𝒃𝟐 + 𝟖)(𝒄𝟐 + 𝟖)]𝟐 



 
www.ssmrmh.ro 

70 RMM-CYCLIC INEQUALITIES MARATHON 1601-1700 

 

≤⏞
𝑨𝑴−𝑮𝑴 𝟏

𝟔𝟑
[(
𝒂𝟐 + 𝟖 + 𝒃𝟐 + 𝟖 + 𝒄𝟐 + 𝟖

𝟑
)

𝟑

]

𝟐

= 𝟐𝟒𝟑 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒂 = 𝒃 = 𝒄 = 𝟐. 

1678. If 𝒂, 𝒃, 𝒄 > 0, 𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎 + 2𝒂𝒃𝒄 = 𝟏 then: 
𝟏

𝒂𝟑
+
𝟏

𝒃𝟑
+
𝟏

𝒄𝟑
≥ 𝟐(

𝟏

𝒂𝒃
+
𝟏

𝒃𝒄
+
𝟏

𝒄𝒂
) 

 
Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Tapas Das-India 
 

𝑳𝒆𝒕 𝒂 =
𝒙

𝒚 + 𝒛
, 𝒃 =

𝒚

𝒛 + 𝒙
, 𝒄 =

𝒛

𝒙 + 𝒚
 𝒕𝒉𝒆𝒏  𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 + 𝟐𝒂𝒃𝒄 = 𝟏 

 
𝟏

𝒂𝟑
+
𝟏

𝒃𝟑
+
𝟏

𝒄𝟑
= (

𝟏

𝒂
)
𝟑

+ (
𝟏

𝒃
)
𝟑

+ (
𝟏

𝒄
)
𝟑

≥
𝑪𝒉𝒆𝒃𝒚𝒄𝒗 𝟏

𝟑
(
𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
) ((

𝟏

𝒂
)
𝟐

+ (
𝟏

𝒃
)
𝟐

+ (
𝟏

𝒄
)
𝟐

) ≥ 

≥ 
𝟏

𝟑
(
𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
) (
𝟏

𝒂𝒃
+
𝟏

𝒃𝒄
+
𝟏

𝒄𝒂
)  

𝑾𝒆 𝒏𝒆𝒆𝒅 𝒕𝒐 𝒔𝒉𝒐𝒘: 

 
𝟏

𝒂𝟑
+
𝟏

𝒃𝟑
+
𝟏

𝒄𝟑
≥ 𝟐(

𝟏

𝒂𝒃
+
𝟏

𝒃𝒄
+
𝟏

𝒄𝒂
)  

𝒐𝒓 
𝟏

𝟑
(
𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
) (
𝟏

𝒂𝒃
+
𝟏

𝒃𝒄
+
𝟏

𝒄𝒂
) ≥ 𝟐(

𝟏

𝒂𝒃
+
𝟏

𝒃𝒄
+
𝟏

𝒄𝒂
)  

𝒐𝒓 
𝟏

𝟑
(
𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
) ≥ 𝟐 𝒐𝒓 (

𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
) ≥ 𝟔 𝒐𝒓

𝒚 + 𝒛

𝒙
+
𝒛 + 𝒙

𝒚
+
𝒙 + 𝒚

𝒛
≥ 𝟔 𝒕𝒓𝒖𝒆 

 𝒔𝒊𝒏𝒄𝒆,
𝒚 + 𝒛

𝒙
+
𝒛 + 𝒙

𝒚
+
𝒙 + 𝒚

𝒛
= (

𝒚

𝒙
+
𝒛

𝒙
+
𝒛

𝒚
+
𝒙

𝒚
+
𝒙

𝒛
+
𝒚

𝒛
) ≥
𝑨𝑴−𝑮𝑴

 

≥  𝟔 (
𝒚

𝒙
.
𝒛

𝒙
.
𝒛

𝒚
.
𝒙

𝒚
.
𝒙

𝒛
.
𝒚

𝒛
)

𝟏
𝟔
= 𝟔 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒇𝒐𝒓 𝒙 = 𝒚 = 𝒛 𝒐𝒓 𝒂 = 𝒃 = 𝒄 =
𝟏

𝟐
. 

 

1679. If 𝒂, 𝒃, 𝒄 > 0, 𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎 + 2𝒂𝒃𝒄 = 𝟏 then: 
𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
≥ 𝟒(𝒂 + 𝒃 + 𝒄) 

Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Tapas Das-India 

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 + 𝟐𝒂𝒃𝒄 = 𝟏. 𝑳𝒆𝒕 𝒂 =
𝒙

𝒚 + 𝒛
, 𝒃 =

𝒚

𝒛 + 𝒙
, 𝒄 =

𝒛

𝒙 + 𝒚
  

𝑾𝒆 𝒏𝒆𝒆𝒅 𝒕𝒐 𝒔𝒉𝒐𝒘: 
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𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
≥ 𝟒(𝒂 + 𝒃 + 𝒄) 𝒐𝒓 

𝒚 + 𝒛

𝒙
+
𝒛 + 𝒙

𝒚
+
𝒙 + 𝒚

𝒛
≥ 𝟒(

𝒙

𝒚 + 𝒛
+

𝒚

𝒛 + 𝒙
+

𝒛

𝒙 + 𝒚
 ) 

𝟒(
𝒙

𝒚 + 𝒛
+

𝒚

𝒛 + 𝒙
+

𝒛

𝒙 + 𝒚
 ) ≤
𝑨𝑴−𝑯𝑴

 𝟒 (
𝟏

𝟒
(
𝒙

𝒚
+
𝒙

𝒛
) +

𝟏

𝟒
(
𝒚

𝒛
+
𝒚

𝒙
) +

𝟏

𝟒
(
𝒛

𝒙
+
𝒛

𝒚
)) = 

=
𝒚 + 𝒛

𝒙
+
𝒛 + 𝒙

𝒚
+
𝒙 + 𝒚

𝒛
 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒇𝒐𝒓 𝒙 = 𝒚 = 𝒛 𝒐𝒓, 𝒂 = 𝒃 = 𝒄 =
𝟏

𝟐
. 

1680.  𝐈𝐟 𝒂, 𝐛, 𝐜 > 0 𝒂𝐧𝐝 𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 + 𝒂𝐛𝐜 = 𝟒, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝟏

𝒂𝟐
+
𝟏

𝐛𝟐
+
𝟏

𝐜𝟐
≥
𝒂

𝐛𝐜
+
𝐛

𝐜𝒂
+
𝐜

𝒂𝐛
 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

𝟏

𝒂𝟐
+
𝟏

𝐛𝟐
+
𝟏

𝐜𝟐
≥
𝒂

𝐛𝐜
+
𝐛

𝐜𝒂
+
𝐜

𝒂𝐛
⇔∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

≥ 𝒂𝐛𝐜∑𝒂𝟐

𝐜𝐲𝐜

 

⇔
𝒂𝟐+𝐛𝟐+𝐜𝟐+𝒂𝐛𝐜 = 𝟒

𝒂𝟐(𝐛𝟐 + 𝐜𝟐) + 𝐛𝟐𝐜𝟐 ≥ 𝒂𝐛𝐜(𝟒 − 𝒂𝐛𝐜) 

⇔
𝒂𝟐+𝐛𝟐+𝐜𝟐+𝒂𝐛𝐜 = 𝟒

𝒂𝟐(𝟒 − 𝒂𝟐 − 𝒂𝐛𝐜) + 𝐛𝟐𝐜𝟐 ≥ 𝟒𝒂𝐛𝐜 − 𝒂𝟐𝐛𝟐𝐜𝟐 

⇔ (𝟏 + 𝒂𝟐)𝐛𝟐𝐜𝟐 − (𝒂𝟑 + 𝟒𝒂)𝐛𝐜 + 𝟒𝒂𝟐 − 𝒂𝟒 ≥
(∗)

𝟎 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (∗) 𝐢𝐬 𝒂 𝐪𝐮𝒂𝐝𝐫𝒂𝐭𝐢𝐜 𝐩𝐨𝒍𝐲𝐧𝐨𝐦𝐢𝒂𝒍 𝐢𝐧 𝐛𝐜 𝐰𝐢𝐭𝐡 𝐝𝐢𝐬𝐜𝐫𝐢𝐦𝐢𝐧𝒂𝐧𝐭, 𝛅 = 

(𝒂𝟑 + 𝟒𝒂)𝟐 − 𝟒(𝟏 + 𝒂𝟐)(𝟒𝒂𝟐 − 𝒂𝟒) = 𝒂𝟒(𝟓𝒂𝟐 − 𝟒) 𝒂𝐧𝐝 𝐢𝐟 𝒂𝟐 ≤
𝟒

𝟓
, (∗) 𝐢𝐬 

𝐭𝐫𝐢𝐯𝐢𝒂𝒍𝒍𝐲 𝐭𝐫𝐮𝐞 𝒂𝐧𝐝 𝐬𝐨,𝐰𝐞 𝐧𝐨𝐰 𝐟𝐨𝐜𝐮𝐬 𝐨𝐧 𝐭𝐡𝐞 𝐬𝐜𝐞𝐧𝒂𝐫𝐢𝐨 𝐰𝐡𝐞𝐧 ∶ 𝒂𝟐 >
𝟒

𝟓
 

𝒂𝐧𝐝 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐛𝐜 ≤
(∗∗) 𝒂𝟑 + 𝟒𝒂 − 𝒂𝟐. √𝟓𝒂𝟐 − 𝟒

𝟐(𝟏 + 𝒂𝟐)
 

𝐍𝐨𝐰,𝟒 − 𝒂𝟐 = 𝐛𝟐 + 𝐜𝟐 + 𝒂𝐛𝐜 ≥
𝐀−𝐆

𝐛𝐜(𝟐 + 𝒂) ⇒ 𝐛𝐜 ≤ 𝟐 − 𝒂 ≤
?

 

𝒂𝟑 + 𝟒𝒂 − 𝒂𝟐. √𝟓𝒂𝟐 − 𝟒

𝟐(𝟏 + 𝒂𝟐)
⇔ 𝟑𝒂𝟑 − 𝟒𝒂𝟐 + 𝟔𝒂 − 𝟒 ≥

?
⏟
(∗∗∗)

𝒂𝟐. √𝟓𝒂𝟐 − 𝟒 

𝐖𝐞 𝐡𝒂𝐯𝐞 ∶ 𝟑𝒂𝟑 − 𝟒𝒂𝟐 + 𝟔𝒂 − 𝟒 =
𝟏

𝟖𝟏
(
(𝟗𝒂 − 𝟒)𝟑

𝟑
+ 𝟑𝟒𝟐(𝒂 −

𝟒𝟓𝟒

𝟓𝟏𝟑
)) > 0 
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∵ 𝒂 >
𝟐

√𝟓
>
𝟒𝟓𝟒

𝟓𝟏𝟑
>
𝟒

𝟗
∴ (∗∗∗) ⇔ (𝟑𝒂𝟑 − 𝟒𝒂𝟐 + 𝟔𝒂 − 𝟒)𝟐 ≥

?
𝒂𝟒(𝟓𝒂𝟐 − 𝟒) 

⇔ 𝒂𝟔 − 𝟔𝒂𝟓 + 𝟏𝟒𝒂𝟒 − 𝟏𝟖𝒂𝟑 + 𝟏𝟕𝒂𝟐 − 𝟏𝟐𝒂 + 𝟒 ≥
?
𝟎 

⇔ (𝒂 − 𝟏)𝟐(𝒂 − 𝟐)𝟐(𝒂𝟐 + 𝟏) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∴ (∗∗∗) ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴
𝟏

𝒂𝟐
+
𝟏

𝐛𝟐
+
𝟏

𝐜𝟐
≥
𝒂

𝐛𝐜
+
𝐛

𝐜𝒂
+
𝐜

𝒂𝐛
 ∀ 𝒂, 𝐛, 𝐜 > 0│𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 + 𝒂𝐛𝐜 = 𝟒, 

′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 

1681. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0 𝒂𝐧𝐝 𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 + 𝒂𝐛𝐜 = 𝟒, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

(
𝟐𝒂

𝐛𝐜
+
𝟐𝐛

𝐜𝒂
+
𝟐𝐜

𝒂𝐛
+ 𝟏)

𝟐

≥ 𝟏𝟔(
𝟏

𝒂𝟐
+
𝟏

𝐛𝟐
+
𝟏

𝐜𝟐
) + 𝟏 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

(
𝟐𝒂

𝐛𝐜
+
𝟐𝐛

𝐜𝒂
+
𝟐𝐜

𝒂𝐛
+ 𝟏)

𝟐

≥ 𝟏𝟔(
𝟏

𝒂𝟐
+
𝟏

𝐛𝟐
+
𝟏

𝐜𝟐
) + 𝟏 ⇔

𝒂𝟐+𝐛𝟐+𝐜𝟐+𝒂𝐛𝐜 = 𝟒
 

𝟏

𝒂𝟐𝐛𝟐𝐜𝟐
(𝟐∑𝒂𝟐

𝐜𝐲𝐜

+ 𝟒 −∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

≥
𝟏

𝒂𝟐𝐛𝟐𝐜𝟐
(𝟏𝟔∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

+(𝟒 −∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

) 

⇔ 𝟏𝟔 + (∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

+ 𝟖∑𝒂𝟐

𝐜𝐲𝐜

≥ 𝟏𝟔∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

+ 𝟏𝟔 + (∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

− 𝟖∑𝒂𝟐

𝐜𝐲𝐜

 

⇔ 𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 ≥ 𝒂𝟐(𝐛𝟐 + 𝐜𝟐) + 𝐛𝟐𝐜𝟐 ⇔
𝒂𝟐+𝐛𝟐+𝐜𝟐+𝒂𝐛𝐜 = 𝟒

 
𝒂𝟐 − 𝐛𝟐𝐜𝟐 + (𝟏 − 𝒂𝟐)(𝟒 − 𝒂𝟐 − 𝒂𝐛𝐜) ≥ 𝟎 

⇔ 𝒂𝟐 + (𝟏 − 𝒂𝟐)(𝟒 − 𝒂𝟐) ≥
(∗)

𝐛𝟐𝐜𝟐 + 𝒂(𝟏 − 𝒂𝟐)𝐛𝐜 

𝐍𝐨𝐰,𝟒 − 𝒂𝟐 = 𝐛𝟐 + 𝐜𝟐 + 𝒂𝐛𝐜 ≥
𝐀−𝐆

𝐛𝐜(𝟐 + 𝒂) ⇒ 𝐛𝐜 ≤ 𝟐 − 𝒂 ⇒ 𝐋𝐇𝐒 𝐨𝐟 (∗) ≤ 

(𝟐 − 𝒂)𝟐 + 𝒂(𝟏 − 𝒂𝟐)(𝟐 − 𝒂) ≤
?
𝒂𝟐 + (𝟏 − 𝒂𝟐)(𝟒 − 𝒂𝟐) ⇔ 𝟐𝒂(𝒂𝟐 − 𝟐𝒂 + 𝟏) ≥

?
𝟎 

⇔ 𝟐𝒂(𝒂 − 𝟏)𝟐 ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∴ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ⇒ 

(
𝟐𝒂

𝐛𝐜
+
𝟐𝐛

𝐜𝒂
+
𝟐𝐜

𝒂𝐛
+ 𝟏)

𝟐

≥ 𝟏𝟔(
𝟏

𝒂𝟐
+
𝟏

𝐛𝟐
+
𝟏

𝐜𝟐
) + 𝟏 

∀ 𝒂, 𝐛, 𝐜 > 0│𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 + 𝒂𝐛𝐜 = 𝟒,′′=′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 
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1682.  𝐈𝐟 𝒂, 𝐛, 𝐜 > 𝟎 𝒂𝐧𝐝 𝒂 + 𝐛 + 𝐜 =
𝟏

𝒂
+
𝟏

𝐛
+
𝟏

𝐜
 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝒂 + 𝐛 + 𝐜 ≥
𝟑

𝒂 + 𝐛 + 𝐜
+

𝟐

𝒂𝐛𝐜
 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

𝒂 + 𝐛 + 𝐜 ≥
𝟑

𝒂 + 𝐛 + 𝐜
+

𝟐

𝒂𝐛𝐜
⇔
(∑ 𝒂𝐜𝐲𝐜 )(∑ 𝒂𝐛𝐜𝐲𝐜 )

𝒂𝐛𝐜∑ 𝒂𝐜𝐲𝐜
≥ 

𝟑

∑ 𝒂𝐜𝐲𝐜
+

𝟐

𝒂𝐛𝐜
.
𝒂𝐛𝐜∑ 𝒂𝐜𝐲𝐜

∑ 𝒂𝐛𝐜𝐲𝐜
 (∵ 𝟏 =

∑ 𝒂𝐛𝐜𝐲𝐜

𝒂𝐛𝐜∑ 𝒂𝐜𝐲𝐜
) 

⇔ (∑𝒂

𝐜𝐲𝐜

)(∑𝒂𝐛

𝐜𝐲𝐜

)

𝟐

≥
(∗)

𝟑𝒂𝐛𝐜∑𝒂𝐛

𝐜𝐲𝐜

+ 𝟐𝒂𝐛𝐜(∑𝒂

𝐜𝐲𝐜

)

𝟐

 

𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐛 + 𝐜 = 𝒙, 𝐜 + 𝒂 = 𝐲, 𝒂 + 𝐛 = 𝐳 ⇒ 𝒙 + 𝐲 − 𝐳 = 𝟐𝐜 > 0, 𝑦 + 𝑧 − 𝒙 = 𝟐𝒂 

> 0 𝒂𝐧𝐝 𝐳 + 𝒙 − 𝐲 = 𝟐𝐛 > 0 ⇒ 𝒙 + 𝐲 > 𝑧, 𝐲 + 𝐳 > 𝒙, 𝐳 + 𝒙 > 𝑦 ⇒ 𝒙, 𝐲, 𝐳 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 

𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 = 𝐬,𝐑, 𝐫 (𝐬𝒂𝐲); 

𝐬𝐨 𝟐∑𝒂

𝐜𝐲𝐜

=∑𝒙

𝐜𝐲𝐜

= 𝟐𝐬 ⇒∑𝒂

𝐜𝐲𝐜

= 𝐬 → (𝟏) ⇒ 𝒂 = 𝐬 − 𝒙, 𝐛 = 𝐬 − 𝐲, 𝐜 = 𝐬 − 𝐳 

∴ 𝒂𝐛𝐜 = 𝐫𝟐𝐬 → (𝟐)𝒂𝐧𝐝 𝐬𝐮𝐜𝐡 𝐬𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧𝐬 ⇒∑𝒂𝐛

𝐜𝐲𝐜

=∑(𝐬 − 𝒙)(𝐬 − 𝐲)

𝐜𝐲𝐜

 

⇒∑𝒂𝐛

𝐜𝐲𝐜

= 𝟒𝐑𝐫 + 𝐫𝟐 → (𝟑) 𝒂𝐧𝐝 𝐯𝐢𝒂 (𝟏), (𝟐) 𝒂𝐧𝐝 (𝟑), (∗) ⇔ 

𝐬(𝟒𝐑𝐫 + 𝐫𝟐)𝟐 ≥ 𝟑𝐫𝟐𝐬(𝟒𝐑𝐫 + 𝐫𝟐) + 𝟐𝐫𝟐𝐬𝟑 ⇔ 𝐬𝟐 ≤ 𝟖𝐑𝟐 − 𝟐𝐑𝐫 − 𝐫𝟐 → 𝐭𝐫𝐮𝐞 

∵ 𝐬𝟐 ≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐 = 𝟖𝐑𝟐 − 𝟐𝐑𝐫 − 𝐫𝟐 − 𝟐(𝐑 − 𝟐𝐫)(𝟐𝐑 + 𝐫) ≤
𝐄𝐮𝐥𝐞𝐫

 

𝟖𝐑𝟐 − 𝟐𝐑𝐫 − 𝐫𝟐 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ 𝒂 + 𝐛 + 𝐜 ≥
𝟑

𝒂 + 𝐛 + 𝐜
+

𝟐

𝒂𝐛𝐜
 

∀ 𝒂, 𝐛, 𝐜 > 𝟎│𝒂 + 𝐛 + 𝐜 =
𝟏

𝒂
+
𝟏

𝐛
+
𝟏

𝐜
,′′=′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 
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1683. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 𝟎 𝒂𝐧𝐝 𝒂 + 𝐛 + 𝐜 =
𝟏

𝒂
+
𝟏

𝐛
+
𝟏

𝐜
 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝟏

𝒂𝟐 + 𝟐
+

𝟏

𝐛𝟐 + 𝟐
+

𝟏

𝐜𝟐 + 𝟐
≤ 𝟏 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

𝟏

𝒂𝟐 + 𝟐
+

𝟏

𝐛𝟐 + 𝟐
+

𝟏

𝐜𝟐 + 𝟐
≤ 𝟏 ⇔∑((𝐛𝟐 + 𝟐)(𝐜𝟐 + 𝟐))

𝐜𝐲𝐜

 

≤ (𝒂𝟐 + 𝟐)(𝐛𝟐 + 𝟐)(𝐜𝟐 + 𝟐) ⇔ 𝒂𝟐𝐛𝟐𝐜𝟐 +∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

≥ 𝟒 

⇔
∑ 𝒂𝐛𝐜𝐲𝐜

𝒂𝐛𝐜∑ 𝒂𝐜𝐲𝐜
. 𝒂𝟐𝐛𝟐𝐜𝟐 +∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

≥ 𝟒(
𝒂𝐛𝐜∑ 𝒂𝐜𝐲𝐜

∑ 𝒂𝐛𝐜𝐲𝐜
)

𝟐

 (∵ 𝟏 =
∑ 𝒂𝐛𝐜𝐲𝐜

𝒂𝐛𝐜∑ 𝒂𝐜𝐲𝐜
) 

⇔(𝒂𝐛𝐜∑𝒂𝐛

𝐜𝐲𝐜

+ (∑𝒂

𝐜𝐲𝐜

)(∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

))(∑𝒂𝐛

𝐜𝐲𝐜

)

𝟐

≥
(∗)

𝟒𝒂𝟐𝐛𝟐𝐜𝟐 (∑𝒂

𝐜𝐲𝐜

)

𝟑

 

𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐛 + 𝐜 = 𝒙, 𝐜 + 𝒂 = 𝐲, 𝒂 + 𝐛 = 𝐳 ⇒ 𝒙 + 𝐲 − 𝐳 = 𝟐𝐜 > 0, 𝑦 + 𝑧 − 𝒙 = 𝟐𝒂 
> 0 𝒂𝐧𝐝 𝐳 + 𝒙 − 𝐲 = 𝟐𝐛 > 0 ⇒ 𝒙 + 𝐲 > 𝑧, 𝐲 + 𝐳 > 𝒙, 𝐳 + 𝒙 > 𝑦 ⇒ 

𝒙, 𝐲, 𝐳 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 
 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 = 𝐬,𝐑, 𝐫 (𝐬𝒂𝐲);  

𝐬𝐨 𝟐∑𝒂

𝐜𝐲𝐜

=∑𝒙

𝐜𝐲𝐜

= 𝟐𝐬 ⇒∑𝒂

𝐜𝐲𝐜

= 𝐬 → (𝟏) ⇒ 𝒂 = 𝐬 − 𝒙, 𝐛 = 𝐬 − 𝐲, 𝐜 = 𝐬 − 𝐳 

∴ 𝒂𝐛𝐜 = 𝐫𝟐𝐬 → (𝟐)𝒂𝐧𝐝 𝐬𝐮𝐜𝐡 𝐬𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧𝐬 ⇒∑𝒂𝐛

𝐜𝐲𝐜

=∑(𝐬 − 𝒙)(𝐬 − 𝐲)

𝐜𝐲𝐜

 

⇒∑𝒂𝐛

𝐜𝐲𝐜

= 𝟒𝐑𝐫 + 𝐫𝟐 → (𝟑) 𝒂𝐧𝐝 ∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

= (∑𝒂𝐛

𝐜𝐲𝐜

)

𝟐

− 𝟐𝒂𝐛𝐜(∑𝒂

𝐜𝐲𝐜

) 

=
𝐯𝐢𝒂 (𝟏),(𝟐) 𝒂𝐧𝐝 (𝟑)

(𝟒𝐑𝐫 + 𝐫𝟐)𝟐 − 𝟐𝐫𝟐𝐬. 𝐬 ⇒∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

= 𝐫𝟐((𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐) → (𝟒) 

𝒂𝐧𝐝 𝐯𝐢𝒂 (𝟏), (𝟐), (𝟑) 𝒂𝐧𝐝 (𝟒), (∗) ⇔ 

(𝐫𝟐𝐬(𝟒𝐑𝐫 + 𝐫𝟐) + 𝐬𝐫𝟐((𝟒𝐑+ 𝐫)𝟐 − 𝟐𝐬𝟐)) ((𝟒𝐑𝐫 + 𝐫𝟐))
𝟐

≥ 𝟒𝐫𝟒𝐬𝟓 

⇔ ((𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐)(𝟒𝐑+ 𝐫)𝟐 + 𝐫(𝟒𝐑 + 𝐫)𝟑 ≥
(∗∗)

𝟒𝐬𝟒 
𝐍𝐨𝐰, 𝐯𝐢𝒂 𝐃𝐨𝐮𝐜𝐞𝐭 (𝐨𝐫 𝐓𝐫𝐮𝐜𝐡𝐭) 𝒂𝐧𝐝 𝐯𝐢𝒂 𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧, 𝐋𝐇𝐒 𝐨𝐟 (∗∗) − 𝐑𝐇𝐒 𝐨𝐟 (∗∗) ≥ 
𝐬𝟐(𝟏𝟔𝐑𝟐 + 𝟖𝐑𝐫 + 𝐫𝟐) + 𝐫(𝟒𝐑 + 𝐫)𝟑 − 𝟒𝐬𝟐(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) 

= 𝐫(𝟒𝐑+ 𝐫)𝟑 − 𝐬𝟐(𝟖𝐑𝐫 + 𝟏𝟏𝐫𝟐) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧
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𝐫(𝟒𝐑 + 𝐫)𝟑 − (𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐)(𝟖𝐑𝐫 + 𝟏𝟏𝐫𝟐) = 𝟒𝐫(𝐑 − 𝟐𝐫)(𝟖𝐑𝟐 + 𝟗𝐑𝐫 + 𝟒𝐫𝟐) 

≥
𝐄𝐮𝐥𝐞𝐫

𝟎 ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴
𝟏

𝒂𝟐 + 𝟐
+

𝟏

𝐛𝟐 + 𝟐
+

𝟏

𝐜𝟐 + 𝟐
≤ 𝟏 

∀ 𝒂, 𝐛, 𝐜 > 𝟎│𝒂+ 𝐛 + 𝐜 =
𝟏

𝒂
+
𝟏

𝐛
+
𝟏

𝐜
,′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 

 
1684. If 𝒙, 𝒚 > 0 , 𝑥 + 𝑦 = 8 then: 

√𝒙 + √𝒚

𝟖 + √𝒙𝒚
≥
𝟏

𝟑
 

Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Tapas Das-India 

𝒙 + 𝒚 = 𝟖 𝒐𝒓 , 𝟐√𝒙𝒚 ≤
𝑨𝑴−𝑮𝑴

 𝟖 𝒐𝒓,√𝒙𝒚 ≤ 𝟒 (𝟏) 

𝑾𝒆 𝒏𝒆𝒆𝒅 𝒕𝒐 𝒔𝒉𝒐𝒘: 

√𝒙 + √𝒚

𝟖 +√𝒙𝒚
≥
𝟏

𝟑
 𝒐𝒓 𝟑(√𝒙 + √𝒚) ≥ 𝟖 + √𝒙𝒚 𝒐𝒓, 

 𝟗(𝒙 + 𝒚 + 𝟐√𝒙𝒚) ≥
𝑺𝒒𝒖𝒂𝒓𝒊𝒏𝒈

 𝟔𝟒 + 𝒙𝒚 + 𝟏𝟔√𝒙𝒚 

𝒐𝒓 𝟕𝟐 + 𝟏𝟖√𝒙𝒚 ≥
𝒙+𝒚=𝟖

 𝟔𝟒 + 𝒙𝒚 + 𝟏𝟔√𝒙𝒚  

 𝒙𝒚 − 𝟐√𝒙𝒚 − 𝟖 ≤ 𝟎 𝒐𝒓 (√𝒙𝒚 − 𝟒)(√𝒙𝒚 + 𝟐) ≤ 𝟎 

𝑻𝒓𝒖𝒆 𝒂𝒔 √𝒙𝒚 ≤ 𝟒 (𝒇𝒓𝒐𝒎 (𝟏)) 

Equality  holds  for  x=y=4. 
 

1685.  𝐈𝐟 𝒂, 𝐛, 𝐜 > 0 𝒂𝐧𝐝 𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂 + 𝟐𝒂𝐛𝐜 = 𝟏, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝒂 + 𝐛 + 𝐜 ≥ 𝟐(𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂) 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂 + 𝟐𝒂𝐛𝐜 = 𝟏 ⇒ 𝒂(𝐛 + 𝐜 + 𝟐𝐛𝐜) = 𝟏 − 𝐛𝐜 ⇒ 𝐛 + 𝐜 

=
𝟏 − 𝐛𝐜

𝒂
− 𝟐𝐛𝐜 𝒂𝐧𝐝 𝐬𝐨, 𝒂 + 𝐛 + 𝐜 ≥ 𝟐(𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂) 𝐛𝐞𝐜𝐨𝐦𝐞𝐬 ∶ 

𝒂 +
𝟏 − 𝐛𝐜

𝒂
− 𝟐𝐛𝐜 ≥ 𝟐(𝟏 − 𝟐𝒂𝐛𝐜) (∵∑𝒂𝐛

𝐜𝐲𝐜

= 𝟏 − 𝟐𝒂𝐛𝐜) 

⇔ 𝒂𝟐 + 𝟏 − 𝐛𝐜 − 𝟐𝒂𝐛𝐜 ≥ 𝟐𝒂 − 𝟒𝒂𝟐𝐛𝐜 ⇔ (𝟏 + 𝟒𝐛𝐜)𝒂𝟐 − 𝟐(𝟏 + 𝐛𝐜)𝒂 + 𝟏 − 𝐛𝐜 ≥
(∗)

𝟎 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (∗) 𝐢𝐬 𝒂 𝐪𝐮𝒂𝐝𝐫𝒂𝐭𝐢𝐜 𝐩𝐨𝒍𝐲𝐧𝐨𝐦𝐢𝒂𝒍 𝐢𝐧 𝒂 𝐰𝐢𝐭𝐡 𝐝𝐢𝐬𝐜𝐫𝐢𝐦𝐢𝐧𝒂𝐧𝐭, 𝛅 = 
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𝟒(𝟏 + 𝐛𝐜)𝟐 − 𝟒(𝟏 + 𝟒𝐛𝐜)(𝟏 − 𝐛𝐜) = 𝟒(𝟓𝐛𝟐𝐜𝟐 − 𝐛𝐜) 𝒂𝐧𝐝 𝐢𝐟 𝐛𝐜 ≤
𝟏

𝟓
, 

(∗) 𝐢𝐬 𝐭𝐫𝐢𝐯𝐢𝒂𝒍𝒍𝐲 𝐭𝐫𝐮𝐞 𝒂𝐧𝐝 𝐬𝐨,𝐰𝐞 𝐧𝐨𝐰 𝐟𝐨𝐜𝐮𝐬 𝐨𝐧 𝐭𝐡𝐞 𝐬𝐜𝐞𝐧𝒂𝐫𝐢𝐨 𝐰𝐡𝐞𝐧 ∶ 𝐛𝐜 >
𝟏

𝟓
 

𝒂𝐧𝐝 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝒂 ≤
(∗∗) 𝟏 + 𝐛𝐜 − √𝟓𝐛𝟐𝐜𝟐 − 𝐛𝐜

𝟏 + 𝟒𝐛𝐜
 

𝐍𝐨𝐰,𝟏 − 𝐛𝐜 = 𝒂(𝐛 + 𝐜) + 𝟐𝒂𝐛𝐜 ≥
𝐀−𝐆

𝟐𝒂.√𝐛𝐜 + 𝟐𝒂𝐛𝐜 = 𝟐𝒂.√𝐛𝐜(𝟏 + √𝐛𝐜) 

⇒ (𝟏 + √𝐛𝐜)(𝟏 − √𝐛𝐜) ≥ 𝟐𝒂. √𝐛𝐜(𝟏 + √𝐛𝐜) ⇒ 𝟏 − √𝐛𝐜 ≥ 𝟐𝒂.√𝐛𝐜 

⇒ 𝒂 ≤
𝟏 − √𝐛𝐜

𝟐√𝐛𝐜
≤
? 𝟏 + 𝐛𝐜 − √𝟓𝐛𝟐𝐜𝟐 − 𝐛𝐜

𝟏 + 𝟒𝐛𝐜
⇔
𝟏 −𝐦

𝟐𝐦
≤
? 𝟏 +𝐦𝟐 − √𝟓𝐦𝟒 −𝐦𝟐

𝟏 + 𝟒𝐦𝟐
  

(𝐦 = √𝐛𝐜) ⇔ 𝟔𝐦𝟑 − 𝟒𝐦𝟐 + 𝟑𝐦− 𝟏 ≥
?
⏟
(∗∗∗)

𝟐𝐦.√𝟓𝐦𝟒 −𝐦𝟐 

𝐖𝐞 𝐡𝒂𝐯𝐞 ∶ 𝟔𝐦𝟑 − 𝟒𝐦𝟐 + 𝟑𝐦− 𝟏 =
𝟏

𝟖𝟏
(
𝟐(𝟗𝐦− 𝟐)𝟑

𝟑
+ 𝟏𝟕𝟏(𝐦−

𝟐𝟐𝟕

𝟓𝟏𝟑
)) > 0 

∵ 𝐛𝐜 >
𝟏

𝟓
⇒ 𝐦 >

𝟏

√𝟓
>
𝟐𝟐𝟕

𝟓𝟏𝟑
>
𝟐

𝟗
∴ (∗∗∗) ⇔ 

(𝟔𝐦𝟑 − 𝟒𝐦𝟐 + 𝟑𝐦− 𝟏)𝟐 ≥
?
𝟒𝐦𝟐(𝟓𝐦𝟒 −𝐦𝟐) 

⇔ 𝟏𝟔𝐦𝟔 − 𝟒𝟖𝐦𝟓 + 𝟓𝟔𝐦𝟒 − 𝟑𝟔𝐦𝟑 + 𝟏𝟕𝐦𝟐 − 𝟔𝐦+ 𝟏 ≥
?
𝟎 

⇔ (𝐦− 𝟏)𝟐(𝟐𝐦− 𝟏)𝟐(𝟒𝐦𝟐 + 𝟏) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∴ (∗∗∗) ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴ 𝒂 + 𝐛 + 𝐜 ≥ 𝟐(𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂) ∀ 𝒂, 𝐛, 𝐜 > 0│𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂 + 𝟐𝒂𝐛𝐜 = 𝟏, 

′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 =
𝟏

𝟐
 (𝐐𝐄𝐃) 

1686.  𝐋𝐞𝐭 𝒂, 𝒃, 𝒄 ≥ 𝟎, 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 > 0. 𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 

𝟏𝟓

𝟐
.
𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

(𝒂 + 𝒃 + 𝒄)𝟐
+

𝒂𝒃

𝒂𝟐 + 𝒃𝟐
+

𝒃𝒄

𝒃𝟐 + 𝒄𝟐
+

𝒄𝒂

𝒄𝟐 + 𝒂𝟐
≥ 𝟒 

Proposed by Phan Ngoc Chau-Vietnam 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐓𝐡𝐞 𝐝𝐞𝐬𝐢𝐫𝐞𝐝 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐜𝐚𝐧 𝐛𝐞 𝐫𝐞𝐰𝐫𝐢𝐭𝐭𝐞𝐧 𝐚𝐬 𝐟𝐨𝐥𝐥𝐨𝐰𝐬 
𝟏𝟓(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)

(𝒂 + 𝒃 + 𝒄)𝟐
+
(𝒂 + 𝒃)𝟐

𝒂𝟐 + 𝒃𝟐
+
(𝒃 + 𝒄)𝟐

𝒃𝟐 + 𝒄𝟐
+
(𝒄 + 𝒂)𝟐

𝒄𝟐 + 𝒂𝟐
≥ 𝟏𝟏. 

𝐖𝐋𝐎𝐆, 𝐚𝐬𝐬𝐮𝐦𝐞 𝐭𝐡𝐚𝐭 𝒂 + 𝒃 + 𝒄 = 𝟏. 𝐋𝐞𝐭 𝒑 ≔ 𝒂 + 𝒃 + 𝒄 = 𝟏, 𝒒 ≔ 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 ≤
𝒑𝟐

𝟑

=
𝟏

𝟑
, 𝒓 ≔ 𝒂𝒃𝒄. 

𝐁𝐲 𝐂𝐁𝐒 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲, 𝐰𝐞 𝐡𝐚𝐯𝐞 
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∑
(𝒃+ 𝒄)𝟐

𝒃𝟐 + 𝒄𝟐
𝒄𝒚𝒄

≥
(∑ (𝒃 + 𝒄)(𝟓𝒂 + 𝟒)𝒄𝒚𝒄 )

𝟐

∑ (𝒃𝟐 + 𝒄𝟐)(𝟓𝒂 + 𝟒)𝟐𝒄𝒚𝒄

=
(𝟏𝟎𝒒 + 𝟖𝒑)𝟐

𝟓𝟎(𝒒𝟐 − 𝟐𝒑𝒓) + 𝟒𝟎(𝒑𝒒 − 𝟑𝒓) + 𝟑𝟐(𝒑𝟐 − 𝟐𝒒)
         

=
𝟐(𝟓𝒒 + 𝟒)𝟐

𝟏𝟔 − 𝟏𝟐𝒒 + 𝟐𝟓𝒒𝟐 − 𝟏𝟏𝟎𝒓
. 

𝐒𝐨 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 

𝟏𝟓(𝟏 − 𝟐𝒒) +
𝟐(𝟓𝒒 + 𝟒)𝟐

𝟏𝟔 − 𝟏𝟐𝒒 + 𝟐𝟓𝒒𝟐 − 𝟏𝟏𝟎𝒓
≥ 𝟏𝟏 ⇔  

(𝟓𝒒 + 𝟒)𝟐

𝟏𝟔 − 𝟏𝟐𝒒 + 𝟐𝟓𝒒𝟐 − 𝟏𝟏𝟎𝒓
≥ 𝟏𝟓𝒒 − 𝟐  (𝟏) 

𝐈𝐟 𝟏𝟓𝒒 − 𝟐 ≤ 𝟎, 𝐭𝐡𝐞 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 (𝟏) 𝐢𝐬 𝐭𝐫𝐮𝐞.𝐀𝐬𝐬𝐮𝐦𝐞 𝐧𝐨𝐰 𝐭𝐡𝐚𝐭 𝟏𝟓𝒒 − 𝟐 > 0. 

(𝟏) ⇔ 𝒓 ≥
𝟑𝟕𝟓𝒒𝟑 − 𝟐𝟓𝟓𝒒𝟐 + 𝟐𝟐𝟒𝒒 − 𝟒𝟖

𝟏𝟏𝟎(𝟏𝟓𝒒 − 𝟐)
. 

𝐅𝐫𝐨𝐦 𝐭𝐡𝐞 𝐤𝐧𝐨𝐰𝐧 𝐢𝐝𝐞𝐧𝐭𝐢𝐭𝐲 

𝟎 ≤ (𝒂 − 𝒃)𝟐(𝒃 − 𝒄)𝟐(𝒄 − 𝒂)𝟐 = −𝟐𝟕𝒓𝟐 + 𝟐(𝟗𝒑𝒒 − 𝟐𝒑𝟑)𝒓 + 𝒑𝟐𝒒𝟐 − 𝟒𝒒𝟑 

𝐈𝐭 𝐟𝐨𝐥𝐥𝐨𝐰𝐬 

𝒓 ≥
−𝟐𝒑𝟑 + 𝟗𝒑𝒒 − 𝟐√(𝒑𝟐 − 𝟑𝒒)𝟑

𝟐𝟕
=
−𝟐 + 𝟗𝒒 − 𝟐√(𝟏 − 𝟑𝒒)𝟑

𝟐𝟕
. 

𝐒𝐨 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 

−𝟐 + 𝟗𝒒 − 𝟐√(𝟏 − 𝟑𝒒)𝟑

𝟐𝟕
≥
𝟑𝟕𝟓𝒒𝟑 − 𝟐𝟓𝟓𝒒𝟐 + 𝟐𝟐𝟒𝒒 − 𝟒𝟖

𝟏𝟏𝟎(𝟏𝟓𝒒− 𝟐)
 

⇔ (𝟏 − 𝟑𝒒)(𝟏𝟕𝟑𝟔 − 𝟔𝟏𝟐𝟎𝒒 + 𝟑𝟑𝟕𝟓𝒒𝟐) ≥ 𝟐𝟐𝟎(𝟏𝟓𝒒− 𝟐)√(𝟏 − 𝟑𝒒)𝟑 

⇔⏞
𝒔𝒒𝒖𝒂𝒓𝒊𝒏𝒈

𝟐𝟕(𝟏 − 𝟑𝒒)𝟐(𝟐𝟓𝒒− 𝟖)𝟐(𝟔𝟕𝟓𝒒𝟐 − 𝟖𝟎𝒒 + 𝟏𝟔𝟑𝟐) ≥ 𝟎, 
𝐰𝐡𝐢𝐜𝐡 𝐢𝐬 𝐭𝐫𝐮𝐞 𝐚𝐧𝐝 𝐭𝐡𝐞 𝐩𝐫𝐨𝐨𝐟 𝐢𝐬 𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞. 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒂 = 𝒃 = 𝒄 𝐚𝐧𝐝 𝒂 = 𝒃 = 𝟐𝒄 𝐚𝐧𝐝 𝐢𝐭𝐬 𝐩𝐞𝐫𝐦𝐮𝐭𝐚𝐭𝐢𝐨𝐧. 

1687. 𝐋𝐞𝐭 𝒂, 𝒃, 𝒄 𝐛𝐞 𝐧𝐨𝐧 − 𝐧𝐞𝐠𝐚𝐭𝐢𝐯𝐞 𝐫𝐞𝐚𝐥 𝐧𝐮𝐦𝐛𝐞𝐫𝐬 𝐬𝐮𝐜𝐡 𝐭𝐡𝐚𝐭 

 𝒂 + 𝒃 + 𝒄 = 𝒂𝒃 + 𝒃𝒄 + 𝒂𝒄. 𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 ∶ 

𝒂

√𝟕𝒂 + 𝟐
+

𝒃

√𝟕𝒃 + 𝟐
+

𝒄

√𝟕𝒄 + 𝟐
≥ 𝟏 

Proposed by Phan Ngoc Chau-Vietnam 

Solution by Yusuf Wasef-Egypt 

𝐋𝐞𝐭 𝒂 =
𝟏

𝒙
, 𝒃 =

𝟏

𝒚
, 𝒄 =

𝟏

𝒛
,𝐖𝐋𝐎𝐆 𝐰𝐞 𝐜𝐚𝐧 𝐚𝐬𝐬𝐮𝐦𝐞 𝐭𝐡𝐚𝐭 𝒙 & 𝑧 𝐚𝐫𝐞 𝐨𝐧 𝐭𝐡𝐞 𝐬𝐚𝐦𝐞 𝐬𝐢𝐝𝐞 𝐨𝐟 𝐮𝐧𝐢𝐭𝐲.  
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⟹ 𝒙+𝒚 + 𝒛 = 𝒙𝒚 + 𝒙𝒛 + 𝒚𝒛.  𝐓𝐡𝐮𝐬 𝐢𝐭′𝐬 𝐬𝐮𝐟𝐟𝐢𝐜𝐢𝐞𝐧𝐭 𝐭𝐨 𝐬𝐡𝐨𝐰 𝐭𝐡𝐚𝐭 ∶ 

𝟏

√𝟐𝒙𝟐 + 𝟕𝒙
+

𝟏

√𝟐𝒚𝟐 + 𝟕𝒚
+

𝟏

√𝟐𝒛𝟐 + 𝟕𝒛
≥ 𝟏. 

𝐒𝐢𝐧𝐜𝐞 𝐰𝐞 𝐡𝐚𝐯𝐞 𝐭𝐡𝐚𝐭 𝒇(𝒖) =
𝟏

√𝟐𝒖𝟐 + 𝟕𝒖
 𝐢𝐬 𝐚 𝐜𝐨𝐧𝐯𝐞𝐱 𝐟𝐮𝐧𝐜𝐭𝐢𝐨𝐧 𝐭𝐡𝐮𝐬 𝐰𝐞 𝐜𝐚𝐧 𝐜𝐨𝐧𝐜𝐥𝐮𝐝𝐞 𝐭𝐡𝐚𝐭   

𝟏

√𝟐𝒙𝟐 + 𝟕𝒙
+

𝟏

√𝟐𝒛𝟐 + 𝟕𝒛
≥⏞

𝐉𝐞𝐧𝐬𝐞𝐧′𝐬
𝟐

√𝟐(
𝒙 + 𝒛
𝟐
)
𝟐

+ 𝟕(
𝒙 + 𝒛
𝟐
)

 . 

 

𝐋𝐞𝐭 𝐚𝐬𝐬𝐮𝐦𝐞 𝐭𝐡𝐚𝐭  𝒙 + 𝒛 = 𝟐𝒕 𝐚𝐧𝐝 𝐈𝐭′𝐬 𝐠𝐢𝐯𝐞𝐧 𝐭𝐡𝐚𝐭 

{
𝒙 + 𝒚 + 𝒛 = 𝒙𝒚 + 𝒙𝒛 + 𝒚𝒛

(𝒙 − 𝟏)(𝒛 − 𝟏) ≥ 𝟎 ⟹ 𝒙𝒛 ≥ 𝟐𝒕− 𝟏
   ⟹  

{
 

 𝒚 =
𝟐𝒕− 𝒙𝒛

𝟐𝒕 − 𝟏
≤

𝟏

𝟐𝒕 − 𝟏
      𝐟𝐨𝐫  

𝟏

𝟐
< 𝑡.

𝒚 =
𝒙𝒛 − 𝟐𝒕

𝟏 − 𝟐𝒕
≤⏞

𝑨𝑴−𝑮𝑴 𝒕𝟐 − 𝟐𝒕

𝟏 − 𝟐𝒕
      𝐟𝐨𝐫  𝟎 ≤ 𝒕 <

𝟏

𝟐
.

 

𝐀𝐧𝐝 𝐬𝐢𝐧𝐜𝐞 𝐭𝐡𝐚𝐭 𝐭𝐡𝐞 𝐟𝐮𝐧𝐜𝐭𝐢𝐨𝐧 

 𝒇(𝒖) =
𝟏

√𝟐𝒖𝟐 + 𝟕𝒖
 𝐢𝐬 𝐚 𝐝𝐞𝐜𝐫𝐞𝐚𝐬𝐢𝐧𝐠 𝐟𝐮𝐧𝐜𝐭𝐢𝐨𝐧 𝐰𝐞 𝐜𝐨𝐧𝐜𝐥𝐮𝐝𝐞 𝐭𝐡𝐚𝐭  

𝐂𝐚𝐬𝐞 (𝐈): 

𝟐

√𝟐𝒕𝟐 + 𝟕𝒕
+

𝟏

√𝟐𝒚𝟐 + 𝟕𝒚
≥

𝟐

√𝟐𝒕𝟐 + 𝟕𝒕
+

𝟏

√𝟐(
𝟏

𝟐𝒕 − 𝟏
)
𝟐

+ 𝟕(
𝟏

𝟐𝒕 − 𝟏
)

≥ 𝟏. 

𝐂𝐚𝐬𝐞 (𝐈𝐈): 

𝟐

√𝟐𝒕𝟐 + 𝟕𝒕
+

𝟏

√𝟐𝒚𝟐 + 𝟕𝒚
≥

𝟐

√𝟐𝒕𝟐 + 𝟕𝒕
+

𝟏

√𝟐(
𝒕𝟐 − 𝟐𝒕
𝟏 − 𝟐𝒕)

𝟐

+ 𝟕(
𝒕𝟐 − 𝟐𝒕
𝟏 − 𝟐𝒕)

≥ 𝟏. 

𝐖𝐢𝐭𝐡 𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐚𝐭 𝒕 = 𝟏 𝒐𝒓 𝒕 → 𝟎.𝟓 ⟹ (𝒂, 𝒃, 𝒄) = (𝟏,𝟏, 𝟏) 𝒐𝒓 (𝒂,𝒃, 𝒄)

= (𝟐, 𝟐, 𝟎) 𝐚𝐧𝐝 𝐭𝐡𝐞𝐢𝐫 𝐩𝐞𝐫𝐦𝐮𝐭𝐚𝐭𝐢𝐨𝐧𝐬. 

 

1688. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0, 𝑡ℎ𝑒𝑛 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝐭 ∶ 

∑

√𝐜
𝟐(𝐛𝟑 + 𝐜𝟑)

𝐛
+ √

𝐛𝟐(𝐜𝟑 + 𝒂𝟑)
𝐜

𝒂𝐜 ∙
𝐛 + 𝐜
𝒂 + 𝐛

+ 𝒂𝐛 ∙
𝐜 + 𝒂
𝒂 + 𝐛𝒄𝒚𝒄

≥ 𝟑√𝟐 

  Proposed by Zaza Mzhavanadze-Georgia 
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Solution by Soumava Chakraborty-Kolkata-India 

∀ 𝐀’, 𝐁’, 𝐂’ > 0, (𝐀’ + 𝐁’), (𝐁’ + 𝐂’), (𝐂’ + 𝐀’) 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 

 (∵ (𝐀’ + 𝐁’) + (𝐁’ + 𝐂’) > (𝐂’ + 𝐀’) 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬) ⇒ √𝐀’ + 𝐁’, √𝐁’ + 𝐂’, √𝐂’ + 𝐀’ 
𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 ∆ 𝐰𝐢𝐭𝐡 𝒂𝐫𝐞𝒂 𝐅 (𝐬𝒂𝐲) 𝒂𝐧𝐝 𝟏𝟔𝐅𝟐 = 

𝟐∑(𝐀’ + 𝐁’)(𝐁’ + 𝐂’)

𝐜𝐲𝐜

−∑(𝐀’ + 𝐁’)𝟐

𝐜𝐲𝐜

 

= 𝟐∑(∑𝐀’𝐁’

𝐜𝐲𝐜

+ 𝐁’𝟐)

𝐜𝐲𝐜

− 𝟐∑𝐀’𝟐

𝐜𝐲𝐜

− 𝟐∑𝐀’𝐁’

𝐜𝐲𝐜

 

= 𝟔∑𝐀’𝐁’

𝐜𝐲𝐜

+ 𝟐∑𝐀’𝟐

𝐜𝐲𝐜

− 𝟐∑𝐀’𝟐

𝐜𝐲𝐜

− 𝟐∑𝐀’𝐁’

𝐜𝐲𝐜

⇒ 𝟒𝐅 = 𝟐√∑𝐀’𝐁’

𝐜𝐲𝐜

→ (𝟏) 

𝐍𝐨𝐰, ∀ 𝒙, 𝐲, 𝐳 > 0,√∑
𝒙𝐲

(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
? √𝟑

𝟐
⇔∑

𝒙𝟐𝐲𝟐

𝒙𝐲(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
?
⏟
(∗)

𝟑

𝟒
 

𝐕𝐢𝒂 𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦, 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
(∑ 𝒙𝐲𝐜𝐲𝐜 )

𝟐

∑ (𝒙𝐲(∑ 𝒙𝐲𝐜𝐲𝐜 + 𝐳𝟐))𝐜𝐲𝐜

= 

(∑ 𝒙𝐲𝐜𝐲𝐜 )
𝟐

(∑ 𝒙𝐲𝐜𝐲𝐜 )
𝟐
+ 𝒙𝐲𝐳∑ 𝒙𝐜𝐲𝐜

≥
? 𝟑

𝟒
⇔ (∑𝒙𝐲

𝐜𝐲𝐜

)

𝟐

≥
?
𝟑𝒙𝐲𝐳∑𝒙

𝐜𝐲𝐜

→ 𝐭𝐫𝐮𝐞 

∴ √∑
𝒙𝐲

(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
? √𝟑

𝟐
→ (𝟐) 

𝐖𝐞 𝐡𝒂𝐯𝐞 ∶
√𝐜

𝟐(𝐛𝟑 + 𝐜𝟑)
𝐛

+ √
𝐛𝟐(𝐜𝟑 + 𝒂𝟑)

𝐜

𝒂𝐜.
𝐛 + 𝐜
𝒂 + 𝐛 + 𝒂𝐛.

𝐜 + 𝒂
𝒂 + 𝐛

+
√𝐜

𝟐(𝒂𝟑 + 𝐛𝟑)
𝒂

+ √
𝒂𝟐(𝐜𝟑 + 𝒂𝟑)

𝐜

𝐛𝐜.
𝒂 + 𝐛
𝐛 + 𝐜 + 𝒂𝐛.

𝐜 + 𝒂
𝐛 + 𝐜

 

+
√𝐛

𝟐(𝒂𝟑 + 𝐛𝟑)
𝒂 + √

𝒂𝟐(𝐛𝟑 + 𝐜𝟑)
𝐛

𝐛𝐜.
𝒂 + 𝐛
𝒂 + 𝐜

+ 𝒂𝐜.
𝐛 + 𝐜
𝒂 + 𝐜

 

=

𝒂 + 𝐛
𝒂𝐛 .√

𝐛𝟑 + 𝐜𝟑

𝐛 +
𝒂 + 𝐛
𝐜𝒂 . √

𝐜𝟑 + 𝒂𝟑

𝐜
𝐛 + 𝐜
𝐛 +

𝐜 + 𝒂
𝐜

+

𝐛 + 𝐜
𝒂𝐛 .√

𝒂𝟑 + 𝐛𝟑

𝒂 +
𝐛 + 𝐜
𝐛𝐜 . √

𝐜𝟑 + 𝒂𝟑

𝐜
𝒂 + 𝐛
𝒂 +

𝐜 + 𝒂
𝐜

 

+

𝐜 + 𝒂
𝐜𝒂 . √

𝒂𝟑 + 𝐛𝟑

𝒂 +
𝐜 + 𝒂
𝐛𝐜 .√

𝐛𝟑 + 𝐜𝟑

𝐛
𝒂 + 𝐛
𝒂 +

𝐛 + 𝐜
𝐛
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=

𝒂 + 𝐛
𝒂

𝐛 + 𝐜
𝐛 +

𝐜 + 𝒂
𝐜

.(√
𝐛𝟑 + 𝐜𝟑

𝐛𝟑
+ √

𝐜𝟑 + 𝒂𝟑

𝐜𝟑
) +

𝐛 + 𝐜
𝐛

𝐜 + 𝒂
𝐜 +

𝒂 + 𝐛
𝒂

.(√
𝐜𝟑 + 𝒂𝟑

𝐜𝟑
+√

𝒂𝟑 + 𝐛𝟑

𝒂𝟑
) 

+

𝐜 + 𝒂
𝐜

𝒂 + 𝐛
𝒂 +

𝐛 + 𝐜
𝐛

. (√
𝒂𝟑 + 𝐛𝟑

𝒂𝟑
+√

𝐛𝟑 + 𝐜𝟑

𝐛𝟑
) 

=
𝒙

𝐲 + 𝐳
(𝐁′ + 𝐂′) +

𝐲

𝐳 + 𝒙
(𝐂′ + 𝐀′) +

𝐳

𝒙 + 𝐲
(𝐀′ + 𝐁′)  

(𝒙 =
𝒂 + 𝐛

𝒂
, 𝐲 =

𝐛 + 𝐜

𝐛
, 𝐳 =

𝐜 + 𝒂

𝐜
,𝐀′ = √

𝒂𝟑 + 𝐛𝟑

𝒂𝟑
, 𝐁′ = √

𝐛𝟑 + 𝐜𝟑

𝐛𝟑
, 𝐂′ = √

𝐜𝟑 + 𝒂𝟑

𝐜𝟑
) 

≥
𝐎𝐩𝐩𝐞𝐧𝐡𝐞𝐢𝐦

𝟒𝐅. √∑
𝒙𝐲

(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
𝐯𝐢𝒂 (𝟏) 𝒂𝐧𝐝 (𝟐)

𝟐√∑𝐀′𝐁′

𝐜𝐲𝐜

.
√𝟑

𝟐
 

= √𝟑.√∑((√
𝒂𝟑 + 𝐛𝟑

𝒂𝟑
)(√

𝐛𝟑 + 𝐜𝟑

𝐛𝟑
))

𝐜𝐲𝐜

≥
𝐀−𝐆

𝟑. √
(𝒂𝟑 + 𝐛𝟑)(𝐛𝟑 + 𝐜𝟑)(𝐜𝟑 + 𝒂𝟑)

𝒂𝟑𝐛𝟑𝐜𝟑

𝟔

≥
𝐂𝐞𝐬𝒂𝐫𝐨

 

𝟑. √𝟖
𝟔

= 𝟑√𝟐 ∀ 𝒂, 𝐛, 𝐜 > 0,′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 (𝐐𝐄𝐃) 
 

1689. If 𝒂, 𝒃, 𝒄 > 0 then: 

∑
(𝐛 + 𝐜)𝟑.

𝐜𝟑 + 𝒂𝟑

𝒂𝟑 + 𝐛𝟑
+ (𝐜 + 𝒂)𝟑.

𝐛𝟑 + 𝐜𝟑

𝒂𝟑 + 𝐛𝟑

(
𝐛 + 𝐜
𝒂 + 𝐛

)
𝟐

. (𝐜𝟑 + 𝒂𝟑) + (
𝐜 + 𝒂
𝒂 + 𝐛

)
𝟐

. (𝐛𝟑 + 𝐜𝟑)𝒄𝒚𝒄

≥
𝟑𝟔𝒂𝐛𝐜

𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑
 

  Proposed by Zaza Mzhavanadze-Georgia 

Solution by Soumava Chakraborty-Kolkata-India 

∀ 𝐀’, 𝐁’, 𝐂’ > 0, (𝐀’ + 𝐁’), (𝐁’ + 𝐂’), (𝐂’ + 𝐀’) 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 

 (∵ (𝐀’ + 𝐁’) + (𝐁’ + 𝐂’) > (𝐂’ + 𝐀’) 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬) ⇒ √𝐀’ + 𝐁’,√𝐁’ + 𝐂’, √𝐂’ + 𝐀’ 

𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 ∆ 𝐰𝐢𝐭𝐡 𝒂𝐫𝐞𝒂 𝐅 (𝐬𝒂𝐲) 𝒂𝐧𝐝 𝟏𝟔𝐅𝟐 = 

𝟐∑(𝐀’ + 𝐁’)(𝐁’ + 𝐂’)

𝐜𝐲𝐜

−∑(𝐀’ + 𝐁’)𝟐

𝐜𝐲𝐜

 

= 𝟐∑(∑𝐀’𝐁’

𝐜𝐲𝐜

+𝐁’𝟐)

𝐜𝐲𝐜

− 𝟐∑𝐀’𝟐

𝐜𝐲𝐜

− 𝟐∑𝐀’𝐁’

𝐜𝐲𝐜

 



 
www.ssmrmh.ro 

81 RMM-CYCLIC INEQUALITIES MARATHON 1601-1700 

 

= 𝟔∑𝐀’𝐁’

𝐜𝐲𝐜

+ 𝟐∑𝐀’𝟐

𝐜𝐲𝐜

− 𝟐∑𝐀’𝟐

𝐜𝐲𝐜

− 𝟐∑𝐀’𝐁’

𝐜𝐲𝐜

⇒ 𝟒𝐅 = 𝟐√∑𝐀’𝐁’

𝐜𝐲𝐜

→ (𝟏) 

𝐍𝐨𝐰, ∀ 𝒙, 𝐲, 𝐳 > 0,√∑
𝒙𝐲

(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
? √𝟑

𝟐
⇔∑

𝒙𝟐𝐲𝟐

𝒙𝐲(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
?
⏟
(∗)

𝟑

𝟒
 

𝐕𝐢𝒂 𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦,𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
(∑ 𝒙𝐲𝐜𝐲𝐜 )

𝟐

∑ (𝒙𝐲(∑ 𝒙𝐲𝐜𝐲𝐜 + 𝐳𝟐))𝐜𝐲𝐜

= 

(∑ 𝒙𝐲𝐜𝐲𝐜 )
𝟐

(∑ 𝒙𝐲𝐜𝐲𝐜 )
𝟐
+ 𝒙𝐲𝐳∑ 𝒙𝐜𝐲𝐜

≥
? 𝟑

𝟒
⇔ (∑𝒙𝐲

𝐜𝐲𝐜

)

𝟐

≥
?
𝟑𝒙𝐲𝐳∑𝒙

𝐜𝐲𝐜

→ 𝐭𝐫𝐮𝐞 

∴ √∑
𝒙𝐲

(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
? √𝟑

𝟐
→ (𝟐) 

𝐖𝐞 𝐡𝒂𝐯𝐞 ∶
(𝐛 + 𝐜)𝟑.

𝐜𝟑 + 𝒂𝟑

𝒂𝟑 + 𝐛𝟑
+ (𝐜 + 𝒂)𝟑.

𝐛𝟑 + 𝐜𝟑

𝒂𝟑 + 𝐛𝟑

(
𝐛 + 𝐜
𝒂 + 𝐛

)
𝟐

. (𝐜𝟑 + 𝒂𝟑) + (
𝐜 + 𝒂
𝒂+ 𝐛

)
𝟐

. (𝐛𝟑 + 𝐜𝟑)

+ 

(𝒂 + 𝐛)𝟑.
𝐜𝟑 + 𝒂𝟑

𝐛𝟑 + 𝐜𝟑
+ (𝐜 + 𝒂)𝟑.

𝒂𝟑 + 𝐛𝟑

𝐛𝟑 + 𝐜𝟑

(
𝒂 + 𝐛
𝐛+ 𝐜

)
𝟐

. (𝐜𝟑 + 𝒂𝟑) + (
𝐜 + 𝒂
𝐛 + 𝐜

)
𝟐

. (𝒂𝟑 + 𝐛𝟑)

+
(𝒂 + 𝐛)𝟑.

𝐛𝟑 + 𝐜𝟑

𝐜𝟑 + 𝒂𝟑
+ (𝐛 + 𝐜)𝟑.

𝒂𝟑 + 𝐛𝟑

𝐜𝟑 + 𝒂𝟑

(
𝒂 + 𝐛
𝐜 + 𝒂

)
𝟐

. (𝐛𝟑 + 𝐜𝟑) + (
𝐛 + 𝐜
𝐜 + 𝒂

)
𝟐

. (𝒂𝟑 + 𝐛𝟑)

  

=

(𝒂 + 𝐛)𝟐

𝒂𝟑 + 𝐛𝟑
. (
(𝐛 + 𝐜)𝟑

𝐛𝟑 + 𝐜𝟑
+
(𝐜 + 𝒂)𝟑

𝐜𝟑 + 𝒂𝟑
)

(𝐛 + 𝐜)𝟐

𝐛𝟑 + 𝐜𝟑
+
(𝐜 + 𝒂)𝟐

𝐜𝟑 + 𝒂𝟑

+

(𝐛 + 𝐜)𝟐

𝐛𝟑 + 𝐜𝟑
. (
(𝒂 + 𝐛)𝟑

𝒂𝟑 + 𝐛𝟑
+
(𝐜 + 𝒂)𝟑

𝐜𝟑 + 𝒂𝟑
)

(𝒂 + 𝐛)𝟐

𝒂𝟑 + 𝐛𝟑
+
(𝐜 + 𝒂)𝟐

𝐜𝟑 + 𝒂𝟑

+

(𝐜 + 𝒂)𝟐

𝐜𝟑 + 𝒂𝟑
. (
(𝒂 + 𝐛)𝟑

𝒂𝟑 + 𝐛𝟑
+
(𝐛 + 𝐜)𝟑

𝐛𝟑 + 𝐜𝟑
)

(𝒂 + 𝐛)𝟐

𝒂𝟑 + 𝐛𝟑
+
(𝐛 + 𝐜)𝟐

𝐛𝟑 + 𝐜𝟑

 

=
𝒙

𝐲 + 𝐳
(𝐁′ + 𝐂′) +

𝐲

𝐳 + 𝒙
(𝐂′ + 𝐀′) +

𝐳

𝒙 + 𝐲
(𝐀′ + 𝐁′) 

(

 
𝒙 =

(𝒂 + 𝐛)𝟐

𝒂𝟑 + 𝐛𝟑
, 𝐲 =

(𝐛 + 𝐜)𝟐

𝐛𝟑 + 𝐜𝟑
, 𝐳 =

(𝐜 + 𝒂)𝟐

𝐜𝟑 + 𝒂𝟑
,

𝐀′ =
(𝒂 + 𝐛)𝟑

𝒂𝟑 + 𝐛𝟑
, 𝐁′ =

(𝐛 + 𝐜)𝟑

𝐛𝟑 + 𝐜𝟑
, 𝐂′ =

(𝐜 + 𝒂)𝟑

𝐜𝟑 + 𝒂𝟑)

  

≥
𝐎𝐩𝐩𝐞𝐧𝐡𝐞𝐢𝐦

𝟒𝐅.√∑
𝒙𝐲

(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
𝐯𝐢𝒂 (𝟏) 𝒂𝐧𝐝 (𝟐)

𝟐√∑𝐀′𝐁′

𝐜𝐲𝐜

.
√𝟑

𝟐
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= √𝟑.√∑(
(𝒂 + 𝐛)𝟑

𝒂𝟑 + 𝐛𝟑
,
(𝐛 + 𝐜)𝟑

𝐛𝟑 + 𝐜𝟑
)

𝐜𝐲𝐜

≥
𝐀−𝐆

𝟑. √
(𝒂 + 𝐛)𝟔(𝐛 + 𝐜)𝟔(𝐜 + 𝒂)𝟔

(𝒂𝟑 + 𝐛𝟑)𝟐(𝐛𝟑 + 𝐜𝟑)𝟐(𝐜𝟑 + 𝒂𝟑)𝟐

𝟔

≥
𝐂𝐞𝐬𝒂𝐫𝐨

 

𝟑. 𝟖𝒂𝐛𝐜.
𝟏

√(𝒂𝟑 + 𝐛𝟑)(𝐛𝟑 + 𝐜𝟑)(𝐜𝟑 + 𝒂𝟑)
𝟑

≥
𝐀−𝐆

𝟐𝟒𝒂𝐛𝐜.
𝟑

𝟐(𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑)
=

𝟑𝟔𝒂𝐛𝐜

𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑
 

∀ 𝒂, 𝐛, 𝐜 > 0,′′=′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 (𝐐𝐄𝐃) 

1690. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0, 𝑡ℎ𝑒𝑛 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝐭 ∶ 

∑
𝒂𝟐𝟎𝟐𝟒(𝒂𝐛𝟐𝟎𝟐𝟓 + 𝐜𝟐𝟎𝟐𝟔)

𝒂𝐛𝟐𝟎𝟐𝟓 + 𝐛𝐜𝟐𝟎𝟐𝟓
𝒄𝒚𝒄

≥ 𝟑(𝒂𝐛𝐜)
𝟐𝟎𝟐𝟒
𝟑  

  Proposed by Zaza Mzhavanadze-Georgia 

Solution by Soumava Chakraborty-Kolkata-India 

∀ 𝐀’, 𝐁’, 𝐂’ > 0, (𝐀’ + 𝐁’), (𝐁’ + 𝐂’), (𝐂’ + 𝐀’) 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 

 (∵ (𝐀’ + 𝐁’) + (𝐁’ + 𝐂’) > (𝐂’ + 𝐀’) 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬) ⇒ √𝐀’ + 𝐁’, √𝐁’ + 𝐂’, √𝐂’ + 𝐀’ 
𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 ∆ 𝐰𝐢𝐭𝐡 𝒂𝐫𝐞𝒂 𝐅 (𝐬𝒂𝐲) 𝒂𝐧𝐝 

 𝟏𝟔𝐅𝟐 = 𝟐∑(𝐀’ + 𝐁’)(𝐁’ + 𝐂’)

𝐜𝐲𝐜

−∑(𝐀’ + 𝐁’)𝟐

𝐜𝐲𝐜

 

= 𝟐∑(∑𝐀’𝐁’

𝐜𝐲𝐜

+ 𝐁’𝟐)

𝐜𝐲𝐜

− 𝟐∑𝐀’𝟐

𝐜𝐲𝐜

− 𝟐∑𝐀’𝐁’

𝐜𝐲𝐜

 

= 𝟔∑𝐀’𝐁’

𝐜𝐲𝐜

+ 𝟐∑𝐀’𝟐

𝐜𝐲𝐜

− 𝟐∑𝐀’𝟐

𝐜𝐲𝐜

− 𝟐∑𝐀’𝐁’

𝐜𝐲𝐜

⇒ 𝟒𝐅 = 𝟐√∑𝐀’𝐁’

𝐜𝐲𝐜

→ (𝟏) 

𝐍𝐨𝐰, ∀ 𝒙, 𝐲, 𝐳 > 0,√∑
𝒙𝐲

(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
? √𝟑

𝟐
⇔∑

𝒙𝟐𝐲𝟐

𝒙𝐲(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
?
⏟
(∗)

𝟑

𝟒
 

𝐕𝐢𝒂 𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦, 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
(∑ 𝒙𝐲𝐜𝐲𝐜 )

𝟐

∑ (𝒙𝐲(∑ 𝒙𝐲𝐜𝐲𝐜 + 𝐳𝟐))𝐜𝐲𝐜

= 

(∑ 𝒙𝐲𝐜𝐲𝐜 )
𝟐

(∑ 𝒙𝐲𝐜𝐲𝐜 )
𝟐
+ 𝒙𝐲𝐳∑ 𝒙𝐜𝐲𝐜

≥
? 𝟑

𝟒
⇔ (∑𝒙𝐲

𝐜𝐲𝐜

)

𝟐

≥
?
𝟑𝒙𝐲𝐳∑𝒙

𝐜𝐲𝐜

→ 𝐭𝐫𝐮𝐞 

∴ √∑
𝒙𝐲

(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
? √𝟑

𝟐
→ (𝟐) 

𝐖𝐞 𝐡𝒂𝐯𝐞 ∶
𝒂𝟐𝟎𝟐𝟒(𝒂𝐛𝟐𝟎𝟐𝟓 + 𝐜𝟐𝟎𝟐𝟔)

𝒂𝐛𝟐𝟎𝟐𝟓 + 𝐛𝐜𝟐𝟎𝟐𝟓
+
𝐛𝟐𝟎𝟐𝟒(𝐛𝐜𝟐𝟎𝟐𝟓 + 𝒂𝟐𝟎𝟐𝟔)

𝐛𝐜𝟐𝟎𝟐𝟓 + 𝐜𝒂𝟐𝟎𝟐𝟓
+
𝐜𝟐𝟎𝟐𝟒(𝐜𝒂𝟐𝟎𝟐𝟓 + 𝐛𝟐𝟎𝟐𝟔)

𝐜𝒂𝟐𝟎𝟐𝟓 + 𝒂𝐛𝟐𝟎𝟐𝟓
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=

𝒂𝟐𝟎𝟐𝟒

𝐛 (
𝐛𝟐𝟎𝟐𝟓

𝐜 +
𝐜𝟐𝟎𝟐𝟓

𝒂 )

𝐛𝟐𝟎𝟐𝟒

𝐜 +
𝐜𝟐𝟎𝟐𝟒

𝒂

+

𝐛𝟐𝟎𝟐𝟒

𝐜 (
𝐜𝟐𝟎𝟐𝟓

𝒂 +
𝒂𝟐𝟎𝟐𝟓

𝐛 )

𝐜𝟐𝟎𝟐𝟒

𝒂 +
𝒂𝟐𝟎𝟐𝟒

𝐛

+

𝐜𝟐𝟎𝟐𝟒

𝒂 (
𝒂𝟐𝟎𝟐𝟓

𝐛 +
𝐛𝟐𝟎𝟐𝟓

𝐜 )

𝒂𝟐𝟎𝟐𝟒

𝐛 +
𝐛𝟐𝟎𝟐𝟒

𝐜

 

=
𝒙

𝐲 + 𝐳
(𝐁′ + 𝐂′) +

𝐲

𝐳 + 𝒙
(𝐂′ + 𝐀′) +

𝐳

𝒙 + 𝐲
(𝐀′ + 𝐁′) 

(𝒙 =
𝒂𝟐𝟎𝟐𝟒

𝐛
, 𝐲 =

𝐛𝟐𝟎𝟐𝟒

𝐜
, 𝐳 =

𝐜𝟐𝟎𝟐𝟒

𝒂
,𝐀′ =

𝒂𝟐𝟎𝟐𝟓

𝐛
, 𝐁′ =

𝐛𝟐𝟎𝟐𝟓

𝐜
, 𝐂′ =

𝐜𝟐𝟎𝟐𝟓

𝒂
) ≥
𝐎𝐩𝐩𝐞𝐧𝐡𝐞𝐢𝐦

 

𝟒𝐅.√∑
𝒙𝐲

(𝐲 + 𝐳)(𝐳 + 𝒙)
𝐜𝐲𝐜

≥
𝐯𝐢𝒂 (𝟏) 𝒂𝐧𝐝 (𝟐)

𝟐√∑𝐀′𝐁′

𝐜𝐲𝐜

.
√𝟑

𝟐
= √𝟑.√∑(

𝒂𝟐𝟎𝟐𝟓

𝐛
.
𝐛𝟐𝟎𝟐𝟓

𝐜
)

𝐜𝐲𝐜

 

≥
𝐀−𝐆

𝟑. √
(𝒂𝐛𝐜)𝟒𝟎𝟓𝟎

(𝒂𝐛𝐜)𝟐

𝟔

∴
𝒂𝟐𝟎𝟐𝟒(𝒂𝐛𝟐𝟎𝟐𝟓 + 𝐜𝟐𝟎𝟐𝟔)

𝒂𝐛𝟐𝟎𝟐𝟓 + 𝐛𝐜𝟐𝟎𝟐𝟓
+
𝐛𝟐𝟎𝟐𝟒(𝐛𝐜𝟐𝟎𝟐𝟓 + 𝒂𝟐𝟎𝟐𝟔)

𝐛𝐜𝟐𝟎𝟐𝟓 + 𝐜𝒂𝟐𝟎𝟐𝟓
+ 

𝐜𝟐𝟎𝟐𝟒(𝐜𝒂𝟐𝟎𝟐𝟓 + 𝐛𝟐𝟎𝟐𝟔)

𝐜𝒂𝟐𝟎𝟐𝟓 + 𝒂𝐛𝟐𝟎𝟐𝟓
≥ 𝟑. (𝒂𝐛𝐜)

𝟐𝟎𝟐𝟒
𝟑  ∀ 𝒂, 𝐛, 𝐜 > 0, ′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 (𝐐𝐄𝐃) 

 
1691. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0, 𝑎𝐛 + 𝐛𝐜 + 𝐜𝒂 = 𝒂 + 𝐛 + 𝐜 𝒂𝐧𝐝 𝐧 ∈ ℕ, 𝛌 ≥ 𝟎, 𝐭𝐡𝐞𝐧 ∶ 

𝐧(𝒂 + 𝐛 + 𝐜) + 𝛌∑
𝟏

𝒂𝐧+𝟏
𝐜𝐲𝐜

≥ 𝟑(𝐧 + 𝛌) 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

𝐧 ∈ ℕ ⇒ 𝐧 + 𝟏 ≥ 𝟏 ∴ 𝐧(𝒂 + 𝐛 + 𝐜) + 𝛌∑
𝟏

𝒂𝐧+𝟏
𝐜𝐲𝐜

= 

𝐧(𝒂 + 𝐛 + 𝐜) + 𝛌∑(𝟏 +
𝟏

𝒂
− 𝟏)

𝐧+𝟏

𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐧𝐨𝐮𝒍𝒍𝐢

𝐧∑𝒂

𝐜𝐲𝐜

+ 𝛌∑(𝟏+ (𝐧 + 𝟏) (
𝟏

𝒂
− 𝟏))

𝐜𝐲𝐜

 

= 𝐧∑𝒂

𝐜𝐲𝐜

+ 𝟑𝛌 + 𝛌(𝐧 + 𝟏)(∑
𝟏

𝒂
𝐜𝐲𝐜

− 𝟑) ≥
?
𝟑(𝐧 + 𝛌) 

⇔ 𝐧(∑𝒂

𝐜𝐲𝐜

− 𝟑) +
𝛌(𝐧 + 𝟏)

𝒂𝐛𝐜
(∑𝒂𝐛

𝐜𝐲𝐜

− 𝟑𝒂𝐛𝐜) ≥
?
𝟎 

⇔
𝒂𝐛+𝐛𝐜+𝐜𝒂 = 𝒂+𝐛+𝐜

𝐧(∑𝒂

𝐜𝐲𝐜

−
𝟑∑ 𝒂𝐛𝐜𝐲𝐜

∑ 𝒂𝐜𝐲𝐜

) +
𝛌(𝐧 + 𝟏)

𝒂𝐛𝐜
(
∑ 𝒂𝐛𝐜𝐲𝐜

∑ 𝒂𝐜𝐲𝐜
.∑𝒂𝐛

𝐜𝐲𝐜

− 𝟑𝒂𝐛𝐜) ≥
?
𝟎 
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⇔
𝐧

∑ 𝒂𝐜𝐲𝐜
((∑𝒂

𝐜𝐲𝐜

)

𝟐

− 𝟑∑𝒂𝐛

𝐜𝐲𝐜

) +
𝛌(𝐧 + 𝟏)

𝒂𝐛𝐜∑ 𝒂𝐜𝐲𝐜
((∑𝒂𝐛

𝐜𝐲𝐜

)

𝟐

− 𝟑𝒂𝐛𝐜∑𝒂

𝐜𝐲𝐜

) ≥
?
𝟎 

→ 𝐭𝐫𝐮𝐞 ∵ 𝐧, 𝛌, (∑𝒂

𝐜𝐲𝐜

)

𝟐

− 𝟑∑𝒂𝐛

𝐜𝐲𝐜

, (∑𝒂𝐛

𝐜𝐲𝐜

)

𝟐

− 𝟑𝒂𝐛𝐜∑𝒂

𝐜𝐲𝐜

≥ 𝟎 

∴ 𝐧(𝒂 + 𝐛 + 𝐜) + 𝛌∑
𝟏

𝒂𝐧+𝟏
𝐜𝐲𝐜

≥ 𝟑(𝐧 + 𝛌) ∀ 𝒂, 𝐛, 𝐜 > 0│𝑎𝐛 + 𝐛𝐜 + 𝐜𝒂 = 𝒂 + 𝐛 + 𝐜 

𝒂𝐧𝐝 𝐧 ∈ ℕ, 𝛌 ≥ 𝟎,′′ =′′  𝐢𝐟𝐟 𝐧 = 𝟎 ∧ 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 
 

1692. 𝐈𝐧 ∆ 𝐀𝐁𝐂, 𝐢𝐟 𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 = 𝟑, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝟏

𝟑𝒂 + 𝐛𝐜
+

𝟏

𝟑𝐛 + 𝐜𝒂
+

𝟏

𝟑𝐜 + 𝒂𝐛
+
𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂

𝟐
≤
𝟗

𝟒
 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

𝟏

𝟑𝒂 + 𝐛𝐜
=

𝒂𝟐+𝐛𝟐+𝐜𝟐  = 𝟑 𝟏

√𝟑∑ 𝒂𝟐𝐜𝐲𝐜 . 𝒂 + 𝐛𝐜

≤
𝟏

𝒂(𝒂 + 𝐛 + 𝐜) + 𝐛𝐜
 

=
𝟏

𝒂(𝒂 + 𝐛) + 𝐜(𝒂 + 𝐛)
=

𝟏

(𝒂 + 𝐛)(𝐜 + 𝒂)
 

⇒
𝟏

𝟑𝒂 + 𝐛𝐜
≤

𝐛 + 𝐜

𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 

⇒
𝟏

𝟑𝒂 + 𝐛𝐜
+

𝟏

𝟑𝐛 + 𝐜𝒂
+

𝟏

𝟑𝐜 + 𝒂𝐛
+
𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂

𝟐
≤

𝒂𝟐+𝐛𝟐+𝐜𝟐  = 𝟑
 

(∑𝒂𝟐

𝐜𝐲𝐜

) .∑
𝐛+ 𝐜

𝟔𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
𝐜𝐲𝐜

+
𝟑∑ 𝒂𝐛𝐜𝐲𝐜

𝟐∑ 𝒂𝟐𝐜𝐲𝐜
 

=
𝟒𝐬(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)

𝟑𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
+
𝟑(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

𝟒(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)
 

 

=
𝟏𝟔(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)𝟐 + 𝟗(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)

𝟏𝟐(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)
≤
? 𝟗

𝟒
 

⇔ 𝐬𝟒 + (𝟏𝟎𝐑𝐫 + 𝟕𝐫𝟐)𝐬𝟐 − 𝐫𝟐(𝟐𝟕𝟐𝐑𝟐 + 𝟏𝟕𝟐𝐑𝐫 + 𝟐𝟔𝐫𝟐) ≥
?
⏟
(∗)

𝟎 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟐𝟔𝐑𝐫 + 𝟐𝐫𝟐)𝐬𝟐 − 𝐫𝟐(𝟐𝟕𝟐𝐑𝟐 + 𝟏𝟕𝟐𝐑𝐫 + 𝟐𝟔𝐫𝟐) 

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟐𝟔𝐑𝐫 + 𝟐𝐫𝟐)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) − 𝐫𝟐(𝟐𝟕𝟐𝐑𝟐 + 𝟏𝟕𝟐𝐑𝐫 + 𝟐𝟔𝐫𝟐) 
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= 𝟏𝟖𝐫𝟐(𝟖𝐑𝟐 − 𝟏𝟓𝐑𝐫 − 𝟐𝐫𝟐) = 𝟏𝟖𝐫𝟐(𝟖𝐑 + 𝟓𝐫)(𝐑 − 𝟐𝐫) ≥
𝐄𝐮𝐥𝐞𝐫

𝟎 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 
 

∴
𝟏

𝟑𝒂 + 𝐛𝐜
+

𝟏

𝟑𝐛 + 𝐜𝒂
+

𝟏

𝟑𝐜 + 𝒂𝐛
+
𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂

𝟐
≤
𝟗

𝟒
 

 

∀ ∆ 𝐀𝐁𝐂│𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 = 𝟑,′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 
 

1693. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0 𝑡ℎ𝑒𝑛 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝐭 ∶ 

𝟐 +
√𝒂𝐛 + √𝐛𝐜 + √𝐜𝒂

𝒂 + 𝐛 + 𝐜
≤ 𝟒 (

𝒂 + 𝐛

𝟑𝒂 + 𝟑𝐛 + 𝟐𝐜
+

𝐛 + 𝐜

𝟑𝐛 + 𝟑𝐜 + 𝟐𝒂
+

𝐜 + 𝒂

𝟑𝐜 + 𝟑𝒂 + 𝟐𝐛
) 

  Proposed by Pavlos Trifon-Greece 

Solution by Soumava Chakraborty-Kokata-India 

𝟐 +
√𝒂𝐛 + √𝐛𝐜 + √𝐜𝒂

𝒂 + 𝐛 + 𝐜
− 𝟒 (

𝒂 + 𝐛

𝟑𝒂+ 𝟑𝐛 + 𝟐𝐜
+

𝐛 + 𝐜

𝟑𝐛 + 𝟑𝐜 + 𝟐𝒂
+

𝐜 + 𝒂

𝟑𝐜 + 𝟑𝒂 + 𝟐𝐛
) 

 

≤
𝐂𝐁𝐒

𝟐 +
√𝟑∑ 𝒂𝐛𝐜𝐲𝐜

∑ 𝒂𝐜𝐲𝐜
− 𝟒∑

(𝐛 + 𝐜)𝟐

𝟑(𝐛 + 𝐜)𝟐 + 𝟐𝒂(𝐛 + 𝐜)
𝐜𝐲𝐜

≤
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

 

 

𝟐 +
√𝟑∑ 𝒂𝐛𝐜𝐲𝐜

∑ 𝒂𝐜𝐲𝐜
−

𝟏𝟔(∑ 𝒂𝐜𝐲𝐜 )
𝟐

𝟔∑ 𝒂𝟐𝐜𝐲𝐜 + 𝟏𝟎∑ 𝒂𝐛𝐜𝐲𝐜
≤
?
𝟎 

 

⇔
𝟖(𝐦+ 𝟐𝐧) − 𝟔𝐦 − 𝟏𝟎𝐧

𝟑𝐦+ 𝟓𝐧
≥
?
√

𝟑𝐧

𝐦 + 𝟐𝐧
 (𝐦 =∑𝒂𝟐

𝐜𝐲𝐜

, 𝐧 = ∑𝒂𝐛

𝐜𝐲𝐜

) 

 

⇔ (𝐦+ 𝟐𝐧)(𝟐𝐦+ 𝟔𝐧)𝟐 ≥
?
𝟑𝐧(𝟑𝐦+ 𝟓𝐧)𝟐 ⇔ 𝟒𝐦𝟑 + 𝟓𝐦𝟐𝐧 − 𝟔𝐦𝐧𝟐 − 𝟑𝐧𝟑 ≥

?
𝟎 

⇔ (𝐦− 𝐧)(𝟒𝐦𝟐 + 𝟗𝐦𝐧 + 𝟑𝐧𝟐) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐦 ≥ 𝐧 

 

∴ 𝟐 +
√𝒂𝐛 + √𝐛𝐜 + √𝐜𝒂

𝒂 + 𝐛 + 𝐜
≤ 𝟒 (

𝒂 + 𝐛

𝟑𝒂+ 𝟑𝐛 + 𝟐𝐜
+

𝐛 + 𝐜

𝟑𝐛 + 𝟑𝐜 + 𝟐𝒂
+

𝐜 + 𝒂

𝟑𝐜 + 𝟑𝒂 + 𝟐𝐛
) 

 
∀ 𝒂, 𝐛, 𝐜 > 0, ′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 (𝐐𝐄𝐃) 

 

 

 



 
www.ssmrmh.ro 

86 RMM-CYCLIC INEQUALITIES MARATHON 1601-1700 

 

1694. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0, 𝒂 + 𝐛 + 𝐜 = 𝟑𝒂𝐛𝐜 𝒂𝐧𝐝 𝐧 ∈ ℕ, 𝛌 ≥ 𝟎, 𝐭𝐡𝐞𝐧 ∶ 

𝐧(𝒂 + 𝐛 + 𝐜) + 𝛌∑
𝟏

𝒂𝐧+𝟏
𝐜𝐲𝐜

≥ 𝟑(𝐧 + 𝛌) 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

𝐧 ∈ ℕ ⇒ 𝐧 + 𝟏 ≥ 𝟏 ∴ 𝐧(𝒂 + 𝐛 + 𝐜) + 𝛌∑
𝟏

𝒂𝐧+𝟏
𝐜𝐲𝐜

 

= 𝐧(𝒂 + 𝐛 + 𝐜) + 𝛌∑(𝟏 +
𝟏

𝒂
− 𝟏)

𝐧+𝟏

𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐧𝐨𝐮𝒍𝒍𝐢

 

𝐧∑𝒂

𝐜𝐲𝐜

+ 𝛌∑(𝟏+ (𝐧 + 𝟏) (
𝟏

𝒂
− 𝟏))

𝐜𝐲𝐜

 

= 𝐧∑𝒂

𝐜𝐲𝐜

+ 𝟑𝛌 + 𝛌(𝐧 + 𝟏)(∑
𝟏

𝒂
𝐜𝐲𝐜

− 𝟑) ≥
?
𝟑(𝐧 + 𝛌) 

⇔ 𝐧(∑𝒂

𝐜𝐲𝐜

− 𝟑) +
𝛌(𝐧 + 𝟏)

𝒂𝐛𝐜
(∑𝒂𝐛

𝐜𝐲𝐜

− 𝟑𝒂𝐛𝐜) ≥
?
𝟎 

⇔
𝒂+𝐛+𝐜 = 𝟑𝒂𝐛𝐜

𝐧(∑𝒂

𝐜𝐲𝐜

−
∑ 𝒂𝐜𝐲𝐜

𝒂𝐛𝐜
) +

𝛌(𝐧 + 𝟏)

𝒂𝐛𝐜
(∑𝒂𝐛

𝐜𝐲𝐜

− 𝟑𝒂𝐛𝐜) ≥
?
𝟎 

⇔
𝐧

𝒂𝐛𝐜
(∑𝒂

𝐜𝐲𝐜

)(𝒂𝐛𝐜 − 𝟏) +
𝛌(𝐧 + 𝟏)

𝒂𝐛𝐜
(∑𝒂𝐛

𝐜𝐲𝐜

− 𝟑𝒂𝐛𝐜) ≥
?
⏟
(∗)

𝟎 

𝐍𝐨𝐰,𝟑𝒂𝐛𝐜 =∑𝒂

𝐜𝐲𝐜

≥
𝐀−𝐆

𝟑√𝒂𝐛𝐜
𝟑

⇒ 𝒂𝐛𝐜 ≥ 𝟏 → (𝟏) 𝒂𝐧𝐝 ∑𝒂𝐛

𝐜𝐲𝐜

≥ √𝟑𝒂𝐛𝐜∑𝒂

𝐜𝐲𝐜

 

=
𝒂+𝐛+𝐜 = 𝟑𝒂𝐛𝐜

√𝟑𝒂𝐛𝐜. 𝟑𝒂𝐛𝐜 ⇒∑𝒂𝐛

𝐜𝐲𝐜

≥ 𝟑𝒂𝐛𝐜 → (𝟐) ∴ (𝟏) 𝒂𝐧𝐝 (𝟐) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴ 𝐧(𝒂 + 𝐛 + 𝐜) + 𝛌∑
𝟏

𝒂𝐧+𝟏
𝐜𝐲𝐜

≥ 𝟑(𝐧 + 𝛌) ∀ 𝒂, 𝐛, 𝐜 > 0│𝒂 + 𝐛 + 𝐜 = 𝟑𝒂𝐛𝐜 𝒂𝐧𝐝 

𝐧 ∈ ℕ, 𝛌 ≥ 𝟎,′′ =′′  𝐢𝐟𝐟 𝐧 = 𝟎 ∧ 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 
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1695. If 𝒂, 𝒃, 𝒄 > 0, 𝜆 ≥ 0 then: 
 

∑
𝒂𝟒 + 𝝀𝒃𝟒

𝒂𝒃
+ (𝝀 + 𝟏)∑𝒂𝒃 ≥ 𝟐(𝝀 + 𝟏)∑𝒂𝟐 

 
Proposed by Marin Chirciu-Romania 

Solution by Tapas Das-India 
 

 ∑
𝒂𝟒 + 𝝀𝒃𝟒

𝒂𝒃
=∑

𝒂𝟒

𝒂𝒃
+ 𝝀∑

𝒃𝟒

𝒂𝒃
=∑

(𝒂𝟐)𝟐

𝒂𝒃
+ 𝝀∑

(𝒃𝟐)𝟐

𝒂𝒃
 

 

≥
𝑪𝑩𝑺 (∑𝒂𝟐)𝟐

∑𝒂𝒃
+ 𝝀 

(∑𝒂𝟐)𝟐

∑𝒂𝒃
= (𝝀 + 𝟏)

(∑𝒂𝟐)𝟐

∑𝒂𝒃
 

 
𝑾𝒆 𝒏𝒆𝒆𝒅 𝒕𝒐 𝒔𝒉𝒐𝒘: 

∑
𝒂𝟒 + 𝝀𝒃𝟒

𝒂𝒃
+ (𝝀 + 𝟏)∑𝒂𝒃 ≥ 𝟐(𝝀 + 𝟏)∑𝒂𝟐   

 

(𝝀 + 𝟏)
(∑𝒂𝟐)𝟐

∑𝒂𝒃
+ (𝝀 + 𝟏)∑𝒂𝒃 ≥ 𝟐(𝝀 + 𝟏)∑𝒂𝟐   

 

 
(∑ 𝒂𝟐)𝟐

∑𝒂𝒃
+∑𝒂𝒃 ≥ 𝟐∑𝒂𝟐   

 

 𝒙 +
𝟏

𝒙
≥

∑𝒂𝟐

∑𝒂𝒃
=𝒙≥𝟏

𝟐 𝒐𝒓 (𝒙 − 𝟏)𝟐 ≥ 𝟎 𝒕𝒓𝒖𝒆 

Equality case for 𝒂 = 𝒃 = 𝒄. 
 

1696. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 𝟎 𝒂𝐧𝐝 𝒂𝐛𝐜 = 𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝟐(𝒂 + 𝐛 + 𝐜) − 𝒂𝐛𝐜 +
(𝒂 − 𝐛)𝟐 + (𝐛 − 𝐜)𝟐 + (𝐜 − 𝒂)𝟐

𝟐
≥ −𝟗 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐛 + 𝐜 = 𝒙, 𝐜 + 𝒂 = 𝐲, 𝒂 + 𝐛 = 𝐳 ⇒ 𝒙 + 𝐲 − 𝐳 = 𝟐𝐜 > 0, 
𝐲 + 𝐳 − 𝒙 = 𝟐𝒂 > 0 𝒂𝐧𝐝 𝐳 + 𝒙 − 𝐲 = 𝟐𝐛 > 0 ⇒ 𝒙 + 𝐲 > 𝑧, 𝐲 + 𝐳 > 𝒙, 𝐳 + 𝒙 > 𝑦 

⇒ 𝒙, 𝐲, 𝐳 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 
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= 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲);  𝐬𝐨 𝟐∑𝒂

𝐜𝐲𝐜

=∑𝒙

𝐜𝐲𝐜

= 𝟐𝐬 ⇒∑𝒂

𝐜𝐲𝐜

= 𝐬 → (𝟏) 

⇒ 𝒂 = 𝐬 − 𝒙, 𝐛 = 𝐬 − 𝐲, 𝐜 = 𝐬 − 𝐳 ∴ 𝒂𝐛𝐜 = 𝐫𝟐𝐬 → (𝟐) 𝒂𝐧𝐝 𝐬𝐮𝐜𝐡 𝐬𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧𝐬 ⇒ 

∑𝒂𝐛

𝐜𝐲𝐜

=∑(𝐬 − 𝒙)(𝐬 − 𝐲)

𝐜𝐲𝐜

⇒∑𝒂𝐛

𝐜𝐲𝐜

= 𝟒𝐑𝐫 + 𝐫𝟐 → (𝟑) 𝒂𝐧𝐝 

∑𝒂𝟐

𝐜𝐲𝐜

= (∑𝒂

𝐜𝐲𝐜

)

𝟐

− 𝟐∑𝒂𝐛

𝐜𝐲𝐜

=
𝐯𝐢𝒂 (𝟏) 𝒂𝐧𝐝 (𝟑)

𝐬𝟐 − 𝟐(𝟒𝐑𝐫 + 𝐫𝟐) 

⇒∑𝒂𝟐

𝐜𝐲𝐜

= 𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐 → (𝟒) 

𝐍𝐨𝐰, 𝟐(𝒂 + 𝐛 + 𝐜) − 𝒂𝐛𝐜 +
(𝒂 − 𝐛)𝟐 + (𝐛 − 𝐜)𝟐 + (𝐜 − 𝒂)𝟐

𝟐
+ 𝟗 =

𝒂𝐛𝐜 = 𝒂𝐛+𝐛𝐜+𝐜𝒂
 

𝟐𝒂𝐛𝐜(∑ 𝒂𝐜𝐲𝐜 )

∑ 𝒂𝐛𝐜𝐲𝐜
−∑𝒂𝐛

𝐜𝐲𝐜

+
𝟏

𝟐
(𝟐∑𝒂𝟐

𝐜𝐲𝐜

− 𝟐∑𝒂𝐛

𝐜𝐲𝐜

) +
𝟗𝒂𝟐𝐛𝟐𝐜𝟐

(∑ 𝒂𝐛𝐜𝐲𝐜 )
𝟐 

=
𝐯𝐢𝒂 (𝟏),(𝟐),(𝟑),(𝟒) 𝟐𝐫𝟐𝐬𝟐

𝟒𝐑𝐫 + 𝐫𝟐
− (𝟒𝐑𝐫 + 𝐫𝟐) + 𝐬𝟐 − 𝟏𝟐𝐑𝐫 − 𝟑𝐫𝟐 +

𝟗𝐫𝟒𝐬𝟐

(𝟒𝐑𝐫 + 𝐫𝟐)𝟐
 

=
𝟐𝐫(𝟒𝐑+ 𝐫)𝐬𝟐 − 𝐫(𝟒𝐑+ 𝐫)𝟑 + (𝐬𝟐 − 𝟏𝟐𝐑𝐫 − 𝟑𝐫𝟐)(𝟒𝐑 + 𝐫)𝟐 + 𝟗𝐫𝟐𝐬𝟐

(𝟒𝐑 + 𝐫)𝟐
≥
?
𝟎 

⇔ (𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐)𝐬𝟐 ≥
?
⏟
①

𝐫(𝟒𝐑 + 𝐫)𝟑 

𝐍𝐨𝐰, (𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐)𝐬𝟐 ≥
𝐑𝐨𝐮𝐜𝐡𝐞

 

(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) (𝟐𝐑𝟐 + 𝟏𝟎𝐑𝐫 − 𝐫𝟐 − 𝟐(𝐑 − 𝟐𝐫).√𝐑𝟐 − 𝟐𝐑𝐫) ≥
?
𝐫(𝟒𝐑+ 𝐫)𝟑 

⇔ (𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐)(𝟐𝐑𝟐 + 𝟏𝟎𝐑𝐫 − 𝐫𝟐) − 𝐫(𝟒𝐑+ 𝐫)𝟑 

≥
?
𝟐(𝐑 − 𝟐𝐫).√𝐑𝟐 − 𝟐𝐑𝐫. (𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) 

⇔ 𝟐(𝐑− 𝟐𝐫)(𝟒𝐑𝟑 − 𝟑𝐑𝟐𝐫 + 𝐫𝟑) ≥
?
⏟
②

𝟐(𝐑− 𝟐𝐫).√𝐑𝟐 − 𝟐𝐑𝐫. (𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) 

𝒂𝐧𝐝 ∵ 𝐑 − 𝟐𝐫 ≥
𝐄𝐮𝐥𝐞𝐫

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ②, 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

(𝟒𝐑𝟑 − 𝟑𝐑𝟐𝐫 + 𝐫𝟑)𝟐 >
?
(𝐑𝟐 − 𝟐𝐑𝐫)(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐)𝟐⇔ 𝐫𝟑(𝟒𝐑 + 𝐫)𝟑 >

?
𝟎 → 𝐭𝐫𝐮𝐞 

⇒②⇒① 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ 𝟐(𝒂 + 𝐛 + 𝐜) − 𝒂𝐛𝐜 +
(𝒂 − 𝐛)𝟐 + (𝐛 − 𝐜)𝟐 + (𝐜 − 𝒂)𝟐

𝟐
≥ −𝟗  

∀ 𝒂, 𝐛, 𝐜 > 𝟎│𝒂𝐛𝐜 = 𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂,′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 
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1697. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝒂𝟑(𝒂 + 𝐛)

𝒂𝟐 + 𝐛𝟐
+
𝐛𝟑(𝐛 + 𝐜)

𝐛𝟐 + 𝐜𝟐
+
𝐜𝟑(𝐜 + 𝒂)

𝐜𝟐 + 𝒂𝟐
≥ 𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

𝒂𝟑(𝒂 + 𝐛)

𝒂𝟐 + 𝐛𝟐
+
𝐛𝟑(𝐛 + 𝐜)

𝐛𝟐 + 𝐜𝟐
+
𝐜𝟑(𝐜 + 𝒂)

𝐜𝟐 + 𝒂𝟐
− (𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐) = 

 

=∑(
𝐛𝟑(𝐛 + 𝐜)

𝐛𝟐 + 𝐜𝟐
−
𝐛𝟐 + 𝐜𝟐

𝟐
)

𝐜𝐲𝐜

=∑
𝟐𝐛𝟒 + 𝟐𝐛𝟑𝐜 − 𝐛𝟒 − 𝐜𝟒 − 𝟐𝐛𝟐𝐜𝟐

𝟐(𝐛𝟐 + 𝐜𝟐)
𝐜𝐲𝐜

 

=∑
(𝐛𝟐 + 𝐜𝟐)(𝐛𝟐 − 𝐜𝟐)

𝟐(𝐛𝟐 + 𝐜𝟐)
𝐜𝐲𝐜

+
𝟏

(𝒂𝟐 + 𝐛𝟐)(𝐛𝟐 + 𝐜𝟐)(𝐜𝟐 + 𝒂𝟐)
.∑(𝐛𝟐𝐜(𝐛 − 𝐜)(∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

+ 𝒂𝟒))

𝐜𝐲𝐜

 

=
𝟏

𝟐
∑(𝐛𝟐 − 𝐜𝟐)

𝐜𝐲𝐜

+
𝟏

(𝒂𝟐 + 𝐛𝟐)(𝐛𝟐 + 𝐜𝟐)(𝐜𝟐 + 𝒂𝟐)
.

(

 
 
 
 (∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

)(∑𝐛𝟑𝐜
𝐜𝐲𝐜

−∑𝐛𝟐𝐜𝟐

𝐜𝐲𝐜

)

+𝒂𝐛𝐜(∑𝒂𝟑𝐛𝟐

𝐜𝐲𝐜

− 𝒂𝐛𝐜∑𝒂𝟐

𝐜𝐲𝐜

)

)

 
 
 
 

≥
?
𝟎 

⇔ (∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

)(∑𝐛𝟑𝐜

𝐜𝐲𝐜

−∑𝐛𝟐𝐜𝟐

𝐜𝐲𝐜

) + 𝒂𝐛𝐜(∑𝒂𝟑𝐛𝟐

𝐜𝐲𝐜

− 𝒂𝐛𝐜∑𝒂𝟐

𝐜𝐲𝐜

) ≥
?
⏟
(∗)

𝟎 

(∵∑(𝐛𝟐 − 𝐜𝟐)

𝐜𝐲𝐜

= 𝟎) 

𝐋𝐞𝐭 𝐬 − 𝒂 = 𝒙, 𝐬 − 𝐛 = 𝐲, 𝐬 − 𝐜 = 𝐳 & 𝐭𝐡𝐞𝐧 ∶ 𝒂 = 𝐲 + 𝐳, 𝐛 = 𝐳 + 𝒙, 𝐜 = 𝒙 + 𝐲 → (𝐦) 

𝐍𝐨𝐰, (𝐦) ⇒∑𝐛𝟑𝐜

𝐜𝐲𝐜

−∑𝐛𝟐𝐜𝟐

𝐜𝐲𝐜

=∑(𝐳 + 𝒙)𝟑(𝒙 + 𝐲)

𝐜𝐲𝐜

−∑(𝐳 + 𝒙)𝟐(𝒙 + 𝐲)𝟐

𝐜𝐲𝐜

 

=∑𝒙𝐲𝟑

𝐜𝐲𝐜

− 𝒙𝐲𝐳∑𝒙

𝐜𝐲𝐜

= 𝒙𝐲𝐳∑
𝐲𝟐

𝐳
𝐜𝐲𝐜

− 𝒙𝐲𝐳∑𝒙

𝐜𝐲𝐜

 

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

𝒙𝐲𝐳
(∑ 𝒙𝐜𝐲𝐜 )

𝟐

∑ 𝒙𝐜𝐲𝐜
− 𝒙𝐲𝐳∑𝒙

𝐜𝐲𝐜

= 𝟎 ∴∑𝐛𝟑𝐜

𝐜𝐲𝐜

−∑𝐛𝟐𝐜𝟐

𝐜𝐲𝐜

≥ 𝟎 →① 

𝐀𝐠𝒂𝐢𝐧, (𝐦) ⇒∑𝒂𝟑𝐛𝟐

𝐜𝐲𝐜

− 𝒂𝐛𝐜∑𝒂𝟐

𝐜𝐲𝐜

= 

∑(𝐲 + 𝐳)𝟑(𝐳 + 𝒙)𝟐

𝐜𝐲𝐜

− (𝒙 + 𝐲)(𝐲 + 𝐳)(𝐳 + 𝒙)∑(𝐲 + 𝐳)𝟐

𝐜𝐲𝐜

=∑(𝒙𝟓 + 𝒙𝐲𝟒 − 𝟐𝒙𝟑𝐲𝟐)

𝐜𝐲𝐜
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=∑𝒙(𝒙𝟐 − 𝐲𝟐)𝟐

𝐜𝐲𝐜

≥ 𝟎 ∴∑𝒂𝟑𝐛𝟐

𝐜𝐲𝐜

− 𝒂𝐛𝐜∑𝒂𝟐

𝐜𝐲𝐜

≥ 𝟎 →② ∴① 𝒂𝐧𝐝 ② ⇒ 

(∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴
𝒂𝟑(𝒂 + 𝐛)

𝒂𝟐 + 𝐛𝟐
+
𝐛𝟑(𝐛 + 𝐜)

𝐛𝟐 + 𝐜𝟐
+
𝐜𝟑(𝐜 + 𝒂)

𝐜𝟐 + 𝒂𝟐
≥ 𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 

∀ 𝐀𝐁𝐂,𝐰𝐢𝐭𝐡 𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

1698. If 𝒂, 𝒃, 𝒄 > 0 then: 

∑

𝒄
𝒂

√𝒃𝟐𝟎𝟐𝟓 + 𝒄𝟐𝟎𝟐𝟓
𝟐𝟎𝟐𝟓

+
𝒃
𝒂

√𝒄𝟐𝟎𝟐𝟓 + 𝒂𝟐𝟎𝟐𝟓
𝟐𝟎𝟐𝟓

𝒄 √𝒃
𝟐𝟎𝟐𝟒 + 𝒄𝟐𝟎𝟐𝟒

𝒂𝟐𝟎𝟐𝟒 + 𝒃𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟒

+ 𝒃 √𝒄
𝟐𝟎𝟐𝟒 + 𝒂𝟐𝟎𝟐𝟒

𝒂𝟐𝟎𝟐𝟒 + 𝒃𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟒

≥ 𝟑 √𝟐
𝟐𝟎𝟐𝟓

 

 
Proposed by Zaza Mzhavanadze-Georgia 
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𝑾𝒂𝒍𝒕𝒆𝒓 𝑱𝒂𝒏𝒐𝒖𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚: 𝒂′, 𝒃′, 𝒄′𝒂𝒏𝒅 𝒙′, 𝒚′, 𝒛′𝒃𝒆 𝒑𝒐𝒔𝒊𝒕𝒊𝒗𝒆 𝒓𝒆𝒂𝒍 𝒏𝒖𝒎𝒃𝒆𝒓𝒔 
𝒕𝒉𝒆𝒏: 

𝒙′

𝒚′ + 𝒛′
(𝒃′ + 𝒄′) +

𝒚′

𝒛′ + 𝒙′
(𝒄′ + 𝒂′) +

𝒛′

𝒙′ + 𝒚′
(𝒃′ + 𝒂′) ≥ √𝟑(𝒂′𝒃′ + 𝒃′𝒄′ + 𝒄′𝒂′)  (𝟏) 

𝑳𝒆𝒕 𝒙′ =
√(𝒂𝟐𝟎𝟐𝟒 + 𝒃𝟐𝟎𝟐𝟒)

𝟐𝟎𝟐𝟒

𝒂
, 𝒚′ =

√(𝒄𝟐𝟎𝟐𝟒 + 𝒃𝟐𝟎𝟐𝟒)
𝟐𝟎𝟐𝟒

𝒃
, 𝒛′ =

√(𝒂𝟐𝟎𝟐𝟒 + 𝒄𝟐𝟎𝟐𝟒)
𝟐𝟎𝟐𝟒

𝒄
 

 𝒂𝒏𝒅 𝒂′ =
√(𝒃𝟐𝟎𝟐𝟓 + 𝒂𝟐𝟎𝟐𝟓)

𝟐𝟎𝟐𝟓

𝒂
, 𝒃′ =

√(𝒃𝟐𝟎𝟐𝟓 + 𝒄𝟐𝟎𝟐𝟓)
𝟐𝟎𝟐𝟓

𝒃
, 𝒄′ =

√(𝒄𝟐𝟎𝟐𝟓 + 𝒂𝟐𝟎𝟐𝟓)
𝟐𝟎𝟐𝟓

𝒄
  

∑𝒂′𝒃′ =∑(
√(𝒃𝟐𝟎𝟐𝟓 + 𝒂𝟐𝟎𝟐𝟓)

𝟐𝟎𝟐𝟓

𝒂
.

√(𝒃𝟐𝟎𝟐𝟓 + 𝒄𝟐𝟎𝟐𝟓)
𝟐𝟎𝟐𝟓

𝒃
) ≥
𝑨𝑴−𝑮𝑴

 

≥∑
√𝟐(𝒂𝒃)

𝟐𝟎𝟐𝟓
𝟐 . 𝟐(𝒃𝒄)

𝟐𝟎𝟐𝟓
𝟐

𝟐𝟎𝟐𝟓

𝒃𝒄
= 𝟐

𝟐
𝟐𝟎𝟐𝟓∑

√𝒂𝒃𝒃𝒄

𝒃𝒄
= 𝟐

𝟐
𝟐𝟎𝟐𝟓∑√

𝒂

𝒄
 (𝟐) 

 

∑

𝒄
𝒂

√𝒃𝟐𝟎𝟐𝟓 + 𝒄𝟐𝟎𝟐𝟓
𝟐𝟎𝟐𝟓

+
𝒃
𝒂

√𝒄𝟐𝟎𝟐𝟓 + 𝒂𝟐𝟎𝟐𝟓
𝟐𝟎𝟐𝟓

𝒄 √𝒃
𝟐𝟎𝟐𝟒 + 𝒄𝟐𝟎𝟐𝟒

𝒂𝟐𝟎𝟐𝟒 + 𝒃𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟒

+ 𝒃 √𝒄
𝟐𝟎𝟐𝟒 + 𝒂𝟐𝟎𝟐𝟒

𝒂𝟐𝟎𝟐𝟒 + 𝒃𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟒

= 

 

=∑
√(𝒂𝟐𝟎𝟐𝟒 + 𝒃𝟐𝟎𝟐𝟒)

𝟐𝟎𝟐𝟒

𝒂
. (
 
√(𝒃𝟐𝟎𝟐𝟓 + 𝒄𝟐𝟎𝟐𝟓)

𝟐𝟎𝟐𝟓

𝒃 +
√(𝒄𝟐𝟎𝟐𝟓 + 𝒂𝟐𝟎𝟐𝟓)

𝟐𝟎𝟐𝟓

𝒄  

√(𝒄𝟐𝟎𝟐𝟒 + 𝒃𝟐𝟎𝟐𝟒)
𝟐𝟎𝟐𝟒

𝒃
+

√(𝒂𝟐𝟎𝟐𝟒 + 𝒄𝟐𝟎𝟐𝟒)
𝟐𝟎𝟐𝟒

𝒄

) = 
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=∑
𝒙′(𝒃′ + 𝒄′)

𝒚′ + 𝒛′
≥
(𝟏)

√𝟑(𝒂′𝒃′ + 𝒃′𝒄′ + 𝒄′𝒂′) ≥
(𝟐)

√𝟑. 𝟐
𝟐

𝟐𝟎𝟐𝟓∑√
𝒂

𝒄
≥

𝑨𝑴−𝑮𝑴
 

≥ √𝟑. 𝟐
𝟐

𝟐𝟎𝟐𝟓. 𝟑 = 𝟑 √𝟐
𝟐𝟎𝟐𝟓

   

 
Equality  holds  for 𝒂 = 𝒃 = 𝒄. 

 

1699. If 𝒂, 𝒃, 𝒄 > 0 then: 
 

𝒂𝟐𝟎𝟐𝟓

𝒃
+
𝒃𝟐𝟎𝟐𝟓

𝒄
+
𝒄𝟐𝟎𝟐𝟓

𝒂
≥
(𝒂𝒃𝟐𝟎𝟐𝟑 + 𝒃𝒄𝟐𝟎𝟐𝟑 + 𝒄𝒂𝟐𝟎𝟐𝟑)𝟐𝟎𝟐𝟓

(𝒂𝟐𝟎𝟐𝟒 + 𝒃𝟐𝟎𝟐𝟒 + 𝒄𝟐𝟎𝟐𝟒)𝟐𝟎𝟐𝟒
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(
𝒂𝟐𝟎𝟐𝟓

𝒃
+
𝒃𝟐𝟎𝟐𝟓

𝒄
+
𝒄𝟐𝟎𝟐𝟓

𝒂
) (𝒃𝟐𝟎𝟐𝟒 + 𝒄𝟐𝟎𝟐𝟒 + 𝒂𝟐𝟎𝟐𝟒)𝟐𝟎𝟐𝟒 ≥ 

≥
𝑯𝒐𝒍𝒅𝒆𝒓

 (∑ √
𝒂𝟐𝟎𝟐𝟓

𝒃
. 𝒃(𝟐𝟎𝟐𝟒×𝟐𝟎𝟐𝟒)

𝟐𝟎𝟐𝟓

)

𝟐𝟎𝟐𝟓

= (∑ √
𝒂𝟐𝟎𝟐𝟓

𝒃
. 𝒃(𝟒𝟎𝟗𝟔𝟓𝟕𝟔)

𝟐𝟎𝟐𝟓

)

𝟐𝟎𝟐𝟓

= 

= (∑ √
𝒂𝟐𝟎𝟐𝟓

𝒃
. 𝒃(𝟒𝟎𝟗𝟔𝟓𝟕𝟓)

𝟐𝟎𝟐𝟓

. 𝒃)

𝟐𝟎𝟐𝟓

=  (∑ √𝒂𝟐𝟎𝟐𝟓 . 𝒃𝟒𝟎𝟗𝟔𝟓𝟕𝟓
𝟐𝟎𝟐𝟓

)
𝟐𝟎𝟐𝟓

= 

= (∑ √(𝒂𝒃𝟐𝟎𝟐𝟑)𝟐𝟎𝟐𝟓
𝟐𝟎𝟐𝟓

)
𝟐𝟎𝟐𝟓

= (𝒂𝒃𝟐𝟎𝟐𝟑 + 𝒃𝒄𝟐𝟎𝟐𝟑 + 𝒄𝒂𝟐𝟎𝟐𝟑)𝟐𝟎𝟐𝟓 

 

 
𝒂𝟐𝟎𝟐𝟓

𝒃
+
𝒃𝟐𝟎𝟐𝟓

𝒄
+
𝒄𝟐𝟎𝟐𝟓

𝒂
≥
(𝒂𝒃𝟐𝟎𝟐𝟑 + 𝒃𝒄𝟐𝟎𝟐𝟑 + 𝒄𝒂𝟐𝟎𝟐𝟑)𝟐𝟎𝟐𝟓

(𝒂𝟐𝟎𝟐𝟒 + 𝒃𝟐𝟎𝟐𝟒 + 𝒄𝟐𝟎𝟐𝟒)𝟐𝟎𝟐𝟒
 

 
Equality  holds  for 𝒂 = 𝒃 = 𝒄. 

1700. 

𝐈𝐟 𝒂, 𝐛, 𝐜 ∈ [𝟎;
𝟏

𝟐
]  𝒂𝐧𝐝 𝒂 + 𝐛 + 𝐜 = 𝟏, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑 + 𝟒𝒂𝐛𝐜 ≤
𝟗

𝟑𝟐
 

  Proposed by Nguyen Hung Cuong-Vietnam 
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Solution by Soumava Chakraborty-Kolkata-India 

𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑 + 𝟒𝒂𝐛𝐜 −
𝟗

𝟑𝟐
= 

= 𝟑𝒂𝐛𝐜 + (∑𝒂

𝐜𝐲𝐜

)((∑𝒂

𝐜𝐲𝐜

)

𝟐

− 𝟑∑𝒂𝐛

𝐜𝐲𝐜

) + 𝟒𝒂𝐛𝐜 −
𝟗

𝟑𝟐
 

=
𝒂+𝐛+𝐜 = 𝟏

𝟕𝒂𝐛𝐜 + 𝟏 − 𝟑(𝐛𝐜 + 𝒂(𝟏 − 𝒂)) −
𝟗

𝟑𝟐
= 𝟑𝒂𝟐 − 𝟑𝒂 + 𝟏 + 𝐛𝐜(𝟕𝒂 − 𝟑) −

𝟗

𝟑𝟐
 

∴ 𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑 + 𝟒𝒂𝐛𝐜 −
𝟗

𝟑𝟐
=
𝟑𝟐(𝟑𝒂𝟐 − 𝟑𝒂) + 𝟑𝟐𝐛𝐜(𝟕𝒂 − 𝟑) + 𝟐𝟑

𝟑𝟐
→ (𝐦) 

𝐂𝒂𝐬𝐞 𝟏  𝟕𝒂 − 𝟑 ≥ 𝟎 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑 + 𝟒𝒂𝐛𝐜 −
𝟗

𝟑𝟐
=

𝐯𝐢𝒂 (𝐦)
 

𝟑𝟐(𝟑𝒂𝟐 − 𝟑𝒂) + 𝟑𝟐𝐛𝐜(𝟕𝒂 − 𝟑) + 𝟐𝟑

𝟑𝟐
≤
𝐀−𝐆 𝟑𝟐(𝟑𝒂𝟐 − 𝟑𝒂) + 𝟖(𝐛 + 𝐜)𝟐(𝟕𝒂 − 𝟑) + 𝟐𝟑

𝟑𝟐
 

=
𝒂+𝐛+𝐜 = 𝟏 𝟑𝟐(𝟑𝒂𝟐 − 𝟑𝒂) + 𝟖(𝟏 − 𝒂)𝟐(𝟕𝒂 − 𝟑) + 𝟐𝟑

𝟑𝟐
=
𝟓𝟔𝒂𝟑 − 𝟒𝟎𝒂𝟐 + 𝟖𝒂 − 𝟏

𝟑𝟐
 

=
(𝟐𝒂− 𝟏)(𝟏𝟗𝒂𝟐 + (𝟑𝒂 − 𝟏)𝟐)

𝟑𝟐
≤ 𝟎 (∵ 𝒂 ∈ [𝟎;

𝟏

𝟐
]) ∴ 𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑 + 𝟒𝒂𝐛𝐜 ≤

𝟗

𝟑𝟐
 

𝐂𝒂𝐬𝐞 𝟐  𝟕𝒂 − 𝟑 < 0 𝑎𝐧𝐝 ∵ (𝐛 −
𝟏

𝟐
) , (𝐜 −

𝟏

𝟐
) ≤ 𝟎 ∴ (𝐛 −

𝟏

𝟐
) (𝐜 −

𝟏

𝟐
) ≥ 𝟎 

⇒ 𝐛𝐜 −
𝐛 + 𝐜

𝟐
+
𝟏

𝟒
≥ 𝟎 ⇒

𝒂+𝐛+𝐜 = 𝟏
𝐛𝐜 −

𝟏 − 𝒂

𝟐
+
𝟏

𝟒
≥ 𝟎 ⇒ 𝐛𝐜 −

𝟏 − 𝟐𝒂

𝟒
≥ 𝟎 

⇒ (𝟕𝒂 − 𝟑) (𝐛𝐜 −
𝟏 − 𝟐𝒂

𝟒
) ≤ 𝟎 ⇒ 𝐛𝐜(𝟕𝒂 − 𝟑) ≤

(𝟕𝒂 − 𝟑)(𝟏 − 𝟐𝒂)

𝟒
 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 

𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑 + 𝟒𝒂𝐛𝐜 −
𝟗

𝟑𝟐
=

𝐯𝐢𝒂 (𝐦) 𝟑𝟐(𝟑𝒂𝟐 − 𝟑𝒂) + 𝟑𝟐𝐛𝐜(𝟕𝒂 − 𝟑) + 𝟐𝟑

𝟑𝟐
 

≤
𝟑𝟐(𝟑𝒂𝟐 − 𝟑𝒂) + 𝟖(𝟕𝒂 − 𝟑)(𝟏 − 𝟐𝒂) + 𝟐𝟑

𝟑𝟐
=
−(𝟒𝒂− 𝟏)𝟐

𝟑𝟐
≤ 𝟎 

∴ 𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑 + 𝟒𝒂𝐛𝐜 ≤
𝟗

𝟑𝟐
∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐛𝐨𝐭𝐡 𝐜𝒂𝐬𝐞𝐬, 

𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑 + 𝟒𝒂𝐛𝐜 ≤
𝟗

𝟑𝟐
 ∀ 𝒂, 𝐛, 𝐜 ∈ [𝟎;

𝟏

𝟐
] ∧ 𝒂 + 𝐛 + 𝐜 = 𝟏, 

′′ =′′  𝐢𝐟𝐟 (𝒂 =
𝟏

𝟐
, 𝐛 = 𝐜 =

𝟏

𝟒
)  𝐨𝐫 (𝐛 =

𝟏

𝟐
, 𝐜 = 𝒂 =

𝟏

𝟒
) (𝐜 =

𝟏

𝟐
, 𝒂 = 𝐛 =

𝟏

𝟒
) (𝐐𝐄𝐃) 
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It’s nice to be important but more important it’s to be nice. 

At this paper works a TEAM. 

This is RMM TEAM. 

To be continued! 

Daniel Sitaru 

 

 

 


