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3001. In any A ABC, the following relationship holds :

A B C 2
\/r—asini%— \/r_bsin§+\/7csinz

Proposed by Nguyen Minh Tho-Vietnam

S
2\/R(4R+r+s)(4R+r—s)

Solution by Soumava Chakraborty-Kolkata-India

X X
Let f(x) = ftani.sini V x € (0,m) and then :

(4 sec? ; - 4) (sin %) (tan2 %) + 4 (sec2 %) (sin%) — (sin %) (sec4 %)

['(x) = 5
16 (tan%)2
. X
= sinz §_(4-(Sec4;—28e(:2;_|_1)_|_4_5ec2;_sec4;)
16 (tan%)2
. X
-2 §.(35ec4;—45ec2;+4)
16 (tan%)2
. X
— in <2 sec4; + (Seczg— 2)2> >0=f(x) = /tan;.sin;
16 (tan%)2

V x € (0, ) is convex

\/r_asin§+\/r_bsing+\/r—csing=

/ A A \ Jensen T m 3vVs |1 2
= . t —.sin— > 34/s. |t —.sin—-=—— |[—>
\/§Z< an - sm2> > 34/s /an6 sin - > 72
cyc
s? 9R ? s3

< = 2 2
JRAR+T+s)4R+r—5s) 437 (UR+1)*—s%)
Mitrinovic 9.2s

) 3
Now,LHSof D > @ ——=> __33 >
(4v3)(3v3) 2~ ((4R+1)?—s?)

? ?
& (4R +1)?2 — 5?2 > 252 & (4R +1r)? > 3s% > true via Doucet = (1) is true
A B C s2
&y Tgsin—+ /1y sin—+ ,/r.sin- > v A ABC,
2 7 *resing JRAR+r+s)(A4R+r1—5s)
" =" iff A ABC is equilateral (QED)
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3002. In AABC the following relationship holds:

gi—hi |gp—hy |gi—hi_
wi-hZ ' (wi-h2 ' |wi-hZ

Proposed by Dang Ngoc Minh-Vietnam

Solution by Tapas Das-India

_sGs-a)(b- 0?

(s —a)(b—c)?
a

ga=s(s—a)— hi=s(s—a) p Wi
s(s—a)
:S(S_a)_(b+c)2 (b — ¢)?

(Reference: Bogdan Fustei & Mohamed Amine Ben Ajiba- ABOUT NAGEL AND
GERGONNE’S CEVIANS-www.ssmrmh.ro)

_ — )2 _ _ 2
g,zl—h,zl=s(s—a)—(s a)ib c) _S(S_a)+s(s ac)lgb o) _
(s —a)(b—c)? (s — a)*(b — ¢)*

- a? (s-a)= a?

— _ _ 2
Wﬁ—hﬁ=S(S—a)——zl()s_l_c‘g(b—c)z—s(s—a)+s(s ac)lgb ) _
_s(s—a)(b—c)? X a? B
B a? < _(b+c)2>_

s(s—a)(b—c)*(@a+b+c)(b+c—a) 2s5’(s—a)(b—c)?2(s—a)
a? (b + c)? a a? (b + c)?

Using above result we get:

gi—h: (b+c)? |[gi—hi b+c
w2 —h2  4s2 ' |w2—hZ 2s
gi—hi |gy—hy  |9¢-
wZ — h2 w2 — h2 w2 —

b+c 2(a+b+c) 4s
2s 2s 25

2
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3003. If m > 0 then in AABC the following relationship holds:

am+2 bm+2 Cm+2

1-m
>2m+2 3 F
hy ' hp | hm (v3)

Proposed by D.M.Bdtinetu-Giurgiu-Romania
Solution by Tapas Das-India

am+2 bm+2 cm+2 am+2 1
+ + - — Z am+2. a™ =
hm * h* ' hm hm ~ 2mfm

1 ) 1 CBS 1 (a2 + b% + CZ)m+1 Ionescu—Weitzenbock

>
2mfpm 2mfpm 3m o

1 (4\/§F)m+1 1 22m+2Fm+1(\/§)m+1
— 2mEm 3m = 2mpEm (ﬁ)Zm

1_
=2m2(y3) ' F
Equality holds for an equilateral triangle.

3004. In acute AABC the following relationship holds:
1 1 1 1 1 1
4B _B_C _C. A4
sin 2 sin 2 sin 2 sin 2 sin 2 sin 2

+ + >
cosAcosB cosBcosC cosCcosA

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

Z 2 B_s2+r2—4R2 Gerretsen 4R” + 4Rr+3r® + 1% — 4R* Rr+1? )
COSACOSD = 4ARZ = 4R2 - R2
1 1 1 cBs (1+1+1)2 W) 9R?
+ + = =
cosAcosB cosBcosC cosCcosA Y. cosAcosB ~— Rr +r?
1 1 1 1 . A Jensen
.é.§+.§.g+.g.4‘.é.g._Zsmi =
sin; sin5  singsiny  singsiny  singsinsing
4R A+B+C 4R 3
S—.3sin(—)=—.—
r 6 r 2

We need to show:
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9R? 4R 3

Rr+r2~ r 2 R+r

=2 or,R =2r EULER

Equality holds for an equilateral triangle.

3005. In any A ABC, the following relationship holds :

1 1
Zsz.\/sz —16Rr + 21r2 < mymym, < Zsz.\/sz — 11Rr + 11r2

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-KoIkata-India

m2Zm{m? = (2b2 + 2c¢2 — a?)(2c? + 2a%? — b?)(2a? + 2b? — c?)
a —42 °+6 Z a*b? + Z a’b* | + 3a?b%c? | - (1)
cyc cyc cyc

z ab = (Z a2> — 3(a2+b?)(b? + c2)(c? + a?)

cyc cyc

3
= Zaz + 3a’b%c? - 3 Zaz b? Zaz
cyc cyc cyc

() s o)) -

cyc cyc cyc cyc

a*b? + ) a’b* = a’b? a? | —3a?b?c? - (3)
g g Zew) 3]

cyc cyc cyc cyc

~(1),(2),(3) > m2mim? =

A e )

cyc cyc cyc

64
+6 <Z a? b2> <Z a2> — 18a%b?c? + 3a?b?c?

cyc cyc

6 RMM-TRIANGLE MARATHON 3001-3100
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3

1
=gzl 4 Z a’*| +18 Z a’ b? z a? | — 27a*b*c?
cyc cyc cyc
—32(s? —4Rr — r?)3 + 36(s? — 4Rr — r?)(s? + 4Rr + r?)?
—576Rrs?(s? — 4Rr — r?) — 432R?r?%s?

64
2.2

= mimym? =
s® — s*(12Rr — 33r?) — s?(60R?*r? + 120Rr3 + 33r*) —r3(4R +r)3
16 X
.~ (m) > mymym, > Zsz.\/sz — 16Rr + 21r?

& s® — s*(12Rr — 33r?) — s?(60R?*r? + 120Rr3 + 33r*) — r3(4R +r)3
> s*(s? — 16Rr + 21r?)

- (m)

(*)
& (4R + 12r)s* — r(60R? + 120Rr + 33r%)s? —r?(4R +r)3 E 0
Gerretsen

Now,LHSof (*) > (4R + 12r)(16Rr — 5r?)s? — r(60R? + 120Rr + 33r?)s?

—r2(4R +1)3 >0 (4R?% + 52Rr — 93r%)s? — r(4R + r)3 '> 0

(**)
Gerretsen

?
Again, LHS of (*x) >  (4R%? + 52Rr — 93r?)(16Rr — 5r?>) —r(4R+1r)3 >0
? ?

& 4r(191R? — 440Rr + 116r2) > 0 & (R — 2r)(191R — 58r) > 0 > true
Euler 1
R = 2r = (xx) > (x) is true . mymym, > Zsz.\/sz — 16Rr + 21r?

& —(11Rr — 11r?)s* >
—s*(12Rr — 33r?) — s?(60R?*r? + 120Rr? + 33r*) - r3(4R +r)3

. 1
and also, via (m), m;mym, < ZSZ' Js2 — 11Rr + 11r2

©)
& (R—22r)s* + r(60R? + 120Rr + 33r?)s? +r2(4R+r)3[>|0

and () is trivially true if R — 22r > 0 and so, we now focus on the case when :
Gerretsen

R—22r < 0andthen:LHSof (¢) > (R—22r)(4R? + 4Rr + 3r?)s?
?
+1r(60R? + 120Rr + 33r?)s? + r?(4R+1r)* >0

{av -~
(=)

< (4R3 — 24R%r + 35Rr? — 33r3)s? + r?(4R +r)3

D)

and («¢) is trivially true if 4R3 — 24R?r + 35Rr? — 33r3 > 0 and so,

we now focus on the case when : 4R3 — 24R?r + 35Rr? — 33r3 < 0 and then :

Gerretsen

LHS of (s¢) >
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(4R3 — 24R%r + 35Rr2 — 33r3)(4R% + 4Rr + 3r2) + r2(4R+1)3 > 0
? R
& 16t5 — 80t* + 120t3 — 16t> — 15t — 98 > 0 (t = ;>

e (t—-2) ((t —2)(6t3 +2t(t> —4) + 8t%(t—2) + 16) + 81) é 0 - true

Euler 1
vt = 2= (e0) = (o) istrue ~- mymym, < Zsz.\/s2 — 11Rr + 11r2 and so,

1 1
Zsz.\/sz — 16Rr + 21r2 < m,mym, < Zsz.\/sz —11Rr + 11r2 V A ABC,
" =" iff A ABC is equilateral (QED)

3006. In any A ABC, the following relationship holds :
n, N n, 4B nC 13R 1

W, W wc — 8r 4
Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Stewart’s theorem = b?(s — ¢) + c2(s —b) = an? + a(s —b)(s — ¢)
= s(b? + ¢?) — bc(2s — a) = an? + a(s? — s(2s — a) + bc) = s(b? + c¢?) — 2sbc
= an? + a(as — s?) = s(b? + ¢? — a? — 2bc) = an? — as? = an? = as? +
4sbc(s —b)(s—c)(s—a)

s(2bc cos A — 2bc) = as? — 4sbc sin? 5= as? —

bc(s — a)

, as(cta-b)(a+b-c) 5 a? —(b—-c)?

= as? — =as’—as|————
a a

a? — (b — c)? b —¢)?

:>nﬁ=s<s—%>:>n§=s<s—a+( a)>

s
=>n:=s(s—a)+ Pt (b — ¢)? and analogs

_&+&+Ezz<\/as(s—a)+s(b—c)2 (b+c)./(s—=b)(s—c) )

W W, W a "2vbe./s(s —a)(s— b)(s — ©)

1
= —z\/m rs.z (VasG—a +sb-0)b+0./b+IG-bDGE-0) <

D ((as(s - ) +5(b — 9)(b + ©)).. jZ((b + O -b)(s—0) > ()

cyc

cyc

2\/4Rrs rs \/

8 | RMM-TRIANGLE MARATHON 3001-3100
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Now,z ((as(s —a)+s(b-c)®)(b+ c))

cyc

= sZ(a(s —a)(2s—a)) + 52 ((ZS —a)(b— C)Z)

cyc cyc

zzsz<s<25>_czycaz _s<sza2_za3>+4sz<zaz_zab>

cyc cyc cyc cyc

= 2s? (Zs2 —2(s? —4Rr — rz)) — 2s? ((s2 — 4Rr —r?) — (s> — 6Rr — 3r2))
+4s%(s? — 12Rr — 3r?) — 2s%(s? — 14Rr +r?)
> z ((as(s —a)+s(b-c)*)(b+ c)) = 2s5%(s? — 4Rr — 7r?) - (m) and

cyc
D(B+0G-D)-0) =) ((s-b)(s - O@s - )

cyc cyc

= 2s(4Rr + r?) — Z (a(—s2 + sa + bc))

cyc

= 2s(4Rr + r?) + s?(2s) — 2s(s?> — 4Rr — r?) — 12Rrs
= Z((b +¢)(s—b)(s—¢)) =4rs(R+r) - (n) ~ (a),(m),(n) =

cyc

(na LM nc)z - 2s2(s2 — 4Rr — 7r%).4rs(R + 1) 2 (13R 1)2
w, w, w,/ 16Rrs.r?s? “\8r 14
_ (13R—2r)?

?
=—z © 32(R+r)(s? —4Rr — 7r2)R(13R —2r)?
®

Rouche
Now,LHSof @) < 32(R+r) (ZR2 + 6Rr — 8r2 + 2(R — 2r)./R2 — 2Rr)
? ?
< R(13R - 2r)? & 105R3 — 308R?r + 68Rr? + 256r3 >
64(R+r)(R—2r).vR% — 2Rr

?
< (R —2r)(105R? — 98Rr — 128r?) >|64(R+T1)(R— 2r).+/R% — 2Rr
®

Euler
Now, 105R? — 98Rr — 128r? = (R — 2r)(105R + 112r) + 96r> > 96r? > 0 and
Euler

v R—2r > 0. inorder to prove (2),it suffices to prove :
(105R? — 98Rr — 128r?%)? > 4096(R? — 2Rr)(R +r)?

R
 6929t* — 20580t3 — 4988t% + 33280t + 16384 > 0 (t = ;)

g RMM-TRIANGLE MARATHON 3001-3100
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1
= E((20787t2 + 35266t + 36437)(3t—7)% +700880(t — 2) + 58715) >0

Euler n, n, 2 13R 1 2
t vt =2 2=>Q2)=>Q)ist - (_ . _) S( __) dso,
- true @ = @istrue W, + we W, 8r 4 and so
Ba Db, De ISR 2\ A ABC with equality iff A ABC is equilateral (QED)
w, w, w. 8r 4 with equality 1 is equilateral (Q

3007. If t > 0 then in AABC the following relationship holds:

mfl+2 mi+2

m£+2 3\/5
+ +
(Rmy, + rm,)t (Rm,+ rm,)t

(Rm, + rmb)t (R+r1)t

- F

Proposed by D.M.Bdtinetu-Giurgiu, Claudia Ndanuti-Romania
Solution by Tapas Das-India

mfl+2 N m2+2 N m£+2
(Rmy +1rm.)t  (Rm,+rm,)t

(Rmg + rmy)t -

mfl+2

(Rmy + rm,)t -

mit?m},

(Rmym, + rm,m,)t

(mz) t+1 Radon

t+1
(m2 + m} + m?)
(Rmym, + rm,m,)t

((R + r)(moymy + mym, + mcma))t

=

(mﬁ + m,z, + m%)tﬂ Y m? 3 Y a? Ionescu-Weitzenbock
> = = - >
= t t t =
((R+r)(m§+m,2, +m2)) (R+7)" 4(R+7)
3 4 3F 3v3

1 ®Rio Rint F

Equality holds for an equilateral triangle.

3008.
In any A ABC, the following relationship holds :
r, + %ha > /3s
Proposed by Dang Ngoc Minh-Vietnam
10
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Solution 1 by Soumava Chakraborty-Kolkata-India

R rs(s—b)(s—c) R 2rs 4(s—b)(s—c) 2bc
r, +—h, = +—. .bc = +
r (s—a)(s—b)(s—c) r 4Rrs 4r 4r
a’? — (b —c)? + 2bc ? ?
= ( ) >+/3s @ (a2 — (b —c)2 + 2bc)? > 3.16F?

4r

& (a2 - (b—c)%+2bc)2 >3 ZZaZbZ—Za‘*

cyc cyc
?

& a* — 2a?b? — 2a%c? + b* + ¢* + 3b%c? — 2b3c — 2bc3 + 2a’bc > 0
?

e ((b2 +¢2)? + a* - 2a%(b? + cz)) + b%c? — 2bc(b? +c?2—-a?) >0

& (b%2 +c2 —a?)? +b%c2 —2bc(b®2+c2—a?) >0
Z,

=0

? ?
& (b2+c2—a?—-bc)2 >0 < (2bccosA —bc)? > 0 & 4b%c? (cosA _E)

R ~
- true - r, + Fh“ > /3sV AABC,” =" iff A = 60° (QED)

Solution 2 by Tapas Das-India
r A 2R 1 1+ tanzg
= tan—, (as a=2Rsin4A) =——*=
2 A
2 tani

> /3s

We know that

s—a sinA

a
R r.s R 2rs
We need to show,r, + Fh“ > /3s or

+—.

—-a r a

2R A 1 + tan? 4

r a

+—2\/§ortan—+—22\/§or
s—a a 2 2t A
ani

or

A A A A
3tan22+1 22\/§tan§or3tanzi—2\/§tani+12 0

A
or (\/gtani — 1) > 0true

Equality holds for an equilateral triangle.

3009. In AABC the following relationship holds:

. . . 33
sin(A4) cos(B) + sin(B) cos(C) + sin(C) cos(4) < 3

Proposed by Nguyen Hung Cuong-Vietnam

11 RMM-TRIANGLE MARATHON 3001-3100
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Solution by Mirsadix Muzefferov-Azerbaijan

sin(4) cos(B) + sin(B) cos(C) + sin(C) cos(4) = %(sin(A + B) + sin(4 — B)) +
%(sin(B + C) +sin(B - C)) + %(sin(A +C) +sin(4-0)) = %(sin(A +B) +sin(B+ C) +
sin(4 + C)) +%(sin(A — B) +sin(B — C) + sin(C — A)) =%(sinA + sinB + sinC) +

1 . . _ 1
5 (sin(4— B) +sin(B — €) +sin(C — A) =E(ZI+ZZ)
(A-B)+(B-C) (A-B)-(B-C)

* Z — sin(4 — B) + sin(B — C) + sin(C — 4) = 2sin
2

2 2
. . A-C (A+0C)-2B . L A-C (m—b)—-2B
sin(C — A) = 2sin > .cos —sin(4 — C) = 2sin > .Ccos > —
2si A-C A-C 2si A-C _ 3B 2si A-C A-C 2si A-C . 3B
sin > .cos > = sin > .sin > sin > .cos > = sin 2 (sin >
A_C—Z' A—C(_ 3B . (n A—C))_
cos ) = 2sin 2 sin ) sin ) 2 =
¢ 3B m,A-C 3B m A-c
2sin > .2sin z 2 2 .COS 2 22 z__
.A-C  3B—m+A-C 3B+m—A+C
4sin 2 .sin 2 .cos =

4
A-C _2B+(A+B)-m—-C 2B+(C+B)+m—A4
.COS =

4sin .sin
2

4 4
. A-C _2B+(mr-C)—-m—-C 2B+ (m—A)+m—A
4sin > .sin .cos =

4 4
asinA=C 2B-2C 2B+2m-24 . A-C B-C (11' B—A)_
sin 2 .sln ) .COS ) = 4Ssln 2 .sln 2 .COS 2 2 =
asin A= B—C( _ B—A)_ asinA =€  B-C . B-A_
sin 2 .sln 2 . sin = sin 2 .sln 2 .sln 2 =

[}

asinA~B . B-C _C-4
sin 2 .Stn 2 .sln 2

Z_ reinA~B B-C _C-4
2— sin 2 .Sln 2 .sln 2

3V3 ' ,
* Z = sinA + sinB + sinC ST\/_ Let s prove it.
1

Let f(x) =sin(x) x €[0;180°] f"(x) =sin(x) <0
According to Jensen's theorem.
_/A+B+C\ | ) ) o om 3J3
< sin (T) sinA + sinB + sinC < 3 sin (5) =5 1
In triangle AABC wlog: A<B<C
A-B B-C C-A

= _4si . si .si <
Zz 4sin > sin > sin > <0 (2)

So,
1
sin(A4) cos(B) + sin(B) cos(C) + sin(C) cos(4) = 2 (sinA + sinB + sinC) +

sinA + sinB + sinC
3

_A-B _B-C _C-A\21 ) . .~3Y3
(—4sm 5 - Sin——.sin— )Si(smA+smB+smC)ST (Proved)

Equality holds if a=b =c

12 | RMM-TRIANGLE MARATHON 3001-3100
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3010. In any A ABC, the following relationship holds :

Pa Pb  Pe 4\/5(R 1)

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco
Solution by Soumava Chakraborty-Kolkata-India

A

Let AS produced meet BC at X and m(5BAX) = a and m(5CAX) = B (say)
and inradius of A DEF = r’'(say)

Now, 16[DEF]? = 2 Z <<az2> (b;)) — Z :—Z = 1—16 (2 Z a’b? — Z a4>
cyc

cyc cyc cyc
_16r's’ . DEF] =E:r’<%+g+%> = or=2o0)
16 4 2 4 2
2B+C B+m-—-A
- Spieker center is incenter of A DEF, . m(5AFS) = B + 2= "5 = >
m A—-B m A-C
=33 andm(AAES)=C+E=E—T—>(2)

Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :

AS? = rt +f— 2r (E)sinA_B
B ,C 4 . CJ\2 2

4sin 2 Zsmi
r? N b? 2r (b) _A-C
= ——| —— |(=]sin
4sinzg 4 Zsing 2 2

13 RMM-TRIANGLE MARATHON 3001-3100



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

: 2 2
r C
= 2AS? D +7

2r (c) ~A-B N r? N b?
—| ——=|(=)sin —
4sin2% 2sin% 2 2 4sinzg 4

2r (b) . A-C
——= ||l sin

ZsinE 2 2

2

2
2r ¢y, . A-B 2r by . A-C
Now, ( ()sm

—sin +
. Cl\2 2 . B 2
Zsmi Zsmi

_r(4R C. A-B AR B . A—C)
= E cosEsm > + cosEsm >
—R(Z' A+B A—B+2_ A+C A—C)
= Rr|{ 2sin 2 sin 2 sin 2 sin 2

= Rr(l — 2sin? g +1-— Zsinzg— 2 (1 — 2sin? %))
_ JRr (Za(s —b)(s—c)—b(s—c)(s—a) —c(s—a)(s — b)>

abc

_ Rr
" 8Rrs

A A
— sn2 it _ .24
4(b + ¢)bcsin? % — 24 2bccosA P€ <(2$ a)sin’5 —a (1 2sin 2)>

8s 2s
. 2 A
bc| (2s + a)sin 7—a

(2a® + (b + ¢)a? — 2a(b? + ¢%) — (b + ¢)(b — ©)?)

_ 2s+a)(s—b)(s—c¢)

B 2s

2r (c) . A—-B 2r (b) . A-C
—)sin — — ] sin

2sin% z 2 Zsing 2 2

Ol—2s+a)(s—b)(s—c

( )( )( )+2

2s

r2 r2 r2 ( ca ab )

Again, + = — +
® 4sinzg 4sin2% 4 \(s—c)(s—a) (s—a)(s—Db)
2

2Rr

ﬁ_

Rr

2

r 2
= aZs (ca(s—b)+ab(s—c)) =

ab + ca () r r

— 2Rr

+
. »B C
2 in2 &
4sin 2 4sin 2

] _b?+cZ+ab+ca (2s+a)(s—b)(s—c)
(i), (), (x) = 2A8% = - s

4
_(a+b+o)(b*+c?+ab+ca)—(2a+b+c)(c+a—-b)la+b-c)

8s
_ b%+c® —abc+ a(2b? + 2¢% - a?) - 2AS2 b3 + ¢3 — abc + a(4m3)

4s 4s
AS cAS

r
Via sine law on A AFS, —c = A"E = —C
Zsmisma cos— (a+ b)smi
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= csina (*;*) M and via sine law on A AES, bsinf8 (*2*) riatc
2AS 2AS
Now, [BAX] + [BAX] = [ABC] = %pacsina + %pabsinﬁ =rs
via (+*x) and (xx*x) pa(a +b+a+ C) 4s

= 4AS =SZPa= oA
, via@ 165> b3+ ¢ —abc + a(4m3)

Pa = (2s + a)?’ 8s

p2 (252%)2 (b3 +c3 —abc+ a(4mﬁ))

Now, b3 + ¢ — abc + a(4m2) = b + ¢3 + a3 — abc + a(2b? + 2¢% — a?) — a3
= Z a® — abc + 2a.2bccos A = 2s(s? — 6Rr — 3r?) — 4Rrs + 16Rrs cos A

cyc

= b3 + ¢ — abc + a(4m3) ) 2s(s? — 8Rr — 3r? + 8RrcosA)

A
=2s (sz — 8Rr — 3r? + 8Rr (1 — 2 sin? E)) a2 (0),(s0) =

(eoe 2s A
Pal = |5 a.\]sz —3r2 — 16Rrsin25

—

Wehave:&+&+&
Wq Wp W¢

B 2s A a(b+c).Vbc

—Z ZS_i_a.\/sz—3r2—16Rrsm2§.2abc.\/m
(2s+b)(2s + c)a(b + c).\/bc(s —b)(s—¢)

_ 2s VsGs—a)(s —b)(s —©) '

"~ 2s(9s2 + 6Rr + r2). 8Rrs'z

cyc

A
e \]sz —3r2 — 16Rr sinzi

\/(Zs +b)(2s + c)a(b + c)bc(s — b)(s — ¢).

cyc

. Z
= . A
(9s% + 6Rr + r2). 8Rr2s? \/(Zs +b)(2s + c)a(b + ¢) (sz — 3r2 — 16Rrsin? E)

CBS 1
< VX
~ (9s2 + 6Rr + r2).8Rr?s? Vxy

/where X = 4Rrs.Z((Zs +b)(2s+c)(b+c)(s—b)(s — ) and\

cyc
k y= Z ((Zs +b)(2s + c)a(b +¢) (Sz — 312 — 16Rr sin2 g)) )

cyc

Pa  Pb  Pc 1
a2y 242t < Nx../
W, + Wy * W, — (9s% + 6Rr + r2). 8Rr2s? Vx.y
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Now, (2s+b)(2s+c)(s—b)(s—c)) = 8s% —2sa + bc)(s —b)(s —¢)
2. )= 2. ) )

cyc cyc

2s(s — a) + 6s% + bc 6s2(4Rr + r? sZ + (4R + r)?
=rzs.z< ( ) )=r2s<6s+ ( )+s. ( ))

s—a ris s2
cyc

= Z((Zs +b)(2s+c)(s—b)(s —¢)) @ 6s(4Rr + 2r?) + r?s? + r(4R + r)?

cyc
and also,

_ 2
Z(G(ZS +b)(2s+c)(s—b)(s—0)) = rzs_z a(2s(s — a) + 6s* + bc)

s—a
cyc

cyc

—a ris
cyc

s(4Rr +r?
=r?s. (482 + 652, <—3 + (TS)> + 4R(4R + r))

2
= (a2s +b)2s + s - b)(s - 0) | = r2s (_852 N 2453

cyc

a—s+s 4Rrs(4Rr + r?
= r?s. (25(25) + 632.2 S + ( )>

+ 16R?% + 4Rr>

and moreover, 4Rrs.Z((Zs +b)2s+)(b+c)(s—b)(s—0))

cyc

_ ARrs. 125, 2s+b)2s+c)(s+s—a)

s—a
cyc
4Rrs.r?s?

g .Z((Zs +b)(2s+c)(s—b)(s—¢)) +

cyc

4Rrs. rzs.z:(Ss2 — 2sa + bc) vietm 4Rrs?(6s%(4Rr + 2r?) + r?s? + r2(4R + r)?)

cyc

+4Rr3s%(21s? + 4Rr + r?) = 4Rrs.Z((Zs +b)(2s+c)(b+c)(s —b)(s — ©))

cyc

(mmm)

=x| = ||8Rr?s? ((12R +17r)s% + r(8R? + 6Rr + rz))
Now,y = Z ((s2 —3r?)(2s +b)(2s + )a(b + c))

cyc

16Rr

~ARrs Z (a(Zs +b)2s+c)(s—b)(s—c) (Z ab — bc>>

cyc cyc

= (s% - 3r2)z ((Z ab — bc) (8s% — 2sa + bc)) -
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/(s + 4Rr +r?). Z(a(Zs +b)(2s +c)(s — b)(s — c))\

cyc

| |
S \ —4Rrs.Z((2s +b)(2s +c)(s —b)(s — ©)) /

cyc
via (=) and (mm) (s? —3r?)(s® + 4Rr + r?)(21s%? + 4Rr + r?) —

(s? —3r2) (8s2(s + 4Rr + r?) — 24Rrs? + (s? + 4Rr + rz)2 — 16Rrsz)
2

24Rs
(s +4Rr +r?).r%s <—8s2 + + 16R* + 4Rr>

—4Rrs. (6s%(4Rr + 2r?) + r?s? + r2(4R + r)?)

(mmmm)

>y|L_=_||4s?(3s* - (2Rr — 2r?)s? — r2(16R? + 10Rr +1?))

2@, (mmm), (llll)=>(w—a+w—b+wc i

3s* — (2Rr — 2r?)s?
2.2 2 2 2 2
8Rr“s ((12R + 17r)s* + r(8R +6Rr+r )).4s ( 2(16R2 + 10Rr + r2)>

(92 + 6Rr + r2)Z. 64R%r4s* - @
2
42 /R 32 (R—2r)? R-2r
Now, [ 3+ ——(——1)| =9+22. " 27 4442
ow| 3t 3 <2r ) T T V2

8(R—2r)? 28(R-2r 42 /R
+ ( > ) + ( ).-. 3+—(——1)
9r 5r 3 \2

40(R 2r)? + 252r(R — 2r) + 405r?

45r2
~ (a), (b) = it suffices to prove :

3s* — (2Rr — 2r?)s?

—r?(16R? + 10Rr + r?)
(9s2 + 6Rr + r2)2, 64R2r4s*

40(R 2r)? 4+ 252r(R — 2r) + 405r?

45r?
& —(1620R + 2295r)s® + (6480R> + 14904R?r + 9522Rr? — 1665r3)s*

+r(8640R* + 30672R3r + 33948R?r? + 9936Rr? + 675r*)s?

- (b)

8Rr2s? ((12R +17r)s? + r(8R? + 6Rr + rz)) 452 (

?
+r?(2880R® + 13344R*r + 14600R3r? + 5428R?r® + 842Rr* + 4r°)| > |0

Now, Rouche = s? — (m —n) > 0 and s> — (m + n) < 0, wherem =
2R%Z + 10Rr —r?andn = 2(R — Zr).\/RZ — 2Rr
o (s2 —(m+ n)) (s2 —(m— n))
= s*—s?(2m) + m? —n? < 0 = s* — s?(4R* + 20Rr — 2r?) + r4R+ 1) <0
= P = —(1620R + 2295r)s?(s* — s?2(4R? + 20Rr — 2r?) + r(4R + r)3)
—r(26676R* + 33138Rr — 2925r%)(s* — s?(4R? + 20Rr — 2r?) + r(4R + r)3)
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> 0 - in order to prove (2), it suffices to prove : LHS of 2) > P &
(702R* — 51345R3r — 54270R?r? + 20484Rr3 — 360r*)s? +

®
r(213768R> + 426828R*r + 217267R3r? + 36170R*r3 — 140Rr* — 360r°) > | 0

and it’s trivially true if : 702R* — 51345R3r — 54270R?r? + 20484Rr3 — 360r*
> 0 and so, we now focus on the case when :
702R* — 51345R3r — 54270R?r? + 20484Rr3 — 360r* < 0 and then :
4 _ 3. 2.2
702R* — 51345R3r — 54270R?r +> (4R? + 4Rr + 3r2)

LHS of @ Gerretsen
o 2 (
20484Rr? - 360r* ;
+r(213768R5 + 426828R*r + 217267R%r? + 36170R?*r® — 140Rr* — 360r°) > 0
?

& 14045 + 5598t5 + 3237t* — 3595613 — 23072t2 + 29936t — 720 > 0

-3

?
& (t—2)(1404t> + 8406t* + 16352t + 3697t(t? — 4) + 4142t + 360) > 0
2

Euler . Pa Pb Pc 2 4-\/2 R
t “t = 2= = t :>(— — _> <[3 _<__1>
- true @ @ls rue a+wb+wc + 3 \2r
42 (R
2P By Pe 34 - (E - 1) v AABC,” =" iff A ABC is equilateral (QED)

W, Wy W

3011.If m = 0,x,y,z > 0 then in AABC the following relationship holds:

2m 2m—1(\/§)m+1Fm—1
>

yb?m zc
x+y+2z)m

2m

xa
+ + >
(¥ +2)™1hZ  (z+x)m+*1hZ  (x + y)™*1hZ

Proposed by D.M.Bdtinetu-Giurgiu, Daniel Sitaru-Romania

Solution by Tapas Das-India

2m

Z xa _
(y + z)™*+1h}

bem ZCZm

vam
+ + =
(y + Z)m+1h¢21 (Z + x)m+1h12’ (x + y)m+1h§

m+1_,2m+2

1 xa®? 1 Z x™tlq B
CAF2 L (y+ )™t 4F2 Lix™(y + z)ml
2 \m+1 m+1
X 2 Y 32 Z_ 2
1 Z<y+z> Radon 1 (y+za trrxb +x+yc)
" 4F? xm ~ 4F? (x+y+z)m
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Tsintsifas 1 (2\/§F)m+1 2m—1(\/§)m+1Fm—1
-~ 22F2(x+y+z)™ @ (x+y+z)m

Equality holds for an equilateral triangle.

3012. In AABC the following relationship holds:

4 b4 4

a c

16
+ + >— \3F
mym, mm, m,m, 3

Proposed by D.M.Bdtinetu-Giurgiu, Claudia Ndanuti-Romania
Solution by Tapas Das-India

a* b* ct Z a* Cgs

+ + =
mpym, mem, m,m, mym,

- (a? + b? + c?)? - (a? + b? + c¢?)? B (a? + b? + ¢?)? B

— 2 -
Ymgmy, xmg %(az + b? + ¢?)
4 Ionescu—Weitzenbock 16
=§(a2+b2+c2) > ?@F

Equality holds for an equilateral triangle.
3013.

In any A ABC, the following relationship holds :

Iy Iy e )
r+r, r+r, r+r;

JWalg + Wyl + /W = 23/8Rr3 (

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

B . C _B+Cy A ,A
siny  siny ssin (—2 ) COs5  sCOS” 7 ,A
T 0B sl ) T cosBeosBeosS () vz
Cos» COS3 COS 5 COS 5 COS 5 IR
@ ,A
s Iy, + r. = 4Rcos 7
? A via () 1 1
Now, (b + ¢)? > 32Rrcos? 5 = 8r(r, + r.) = 8r%s (s T c)
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=8(s—a)(s—b)(s— ) b)(s )

& (b + ¢)? + 4a? —4a(b+c)>0<:>(b+c—2a)2>0—>true

=4a(b+c—a)

A
~ b+ c>+V32Rr. cosE and analogs — (m)

T, — s T, S r+r,
We have : —— = rss i‘ls = > = 5 Wely. z
r+r, + s+s—-a r+r, b+c

a

1 |2bc A A 1 A
=;.J .cos—.stani.(b+c)2=;.\/Zsbc.smi.(b+c)

b+c 2
via (m) 1 A A 2 4Rrs?
> 2 —.2. Rr = Rr. —. Rr.
z 3 j sbc. smzcos2 V8Rr = \/sbc 8 4R S V8Rr IR
= V8Rr. W,I, V8Rr3 = /w,r, > 2.1/8Rr3.

+l‘a

T, I T,
a + b + [« )
r+r, r+rn r+r,

and analogs o Walg + \/wbrb + \/Wele = 2/8Rr3 (

v A ABC," =" iff A ABC is equilateral (QED)
3014. In AABC the following relationship holds:

1+2<\/h_a
AN

Proposed by Dang Ngoc Minh-Vietnam

Solution by Tapas Das-India

We need to show:
1 2 Jh , a fs —a 1 |2F
+ < Cor [—+2 <—-|—
/ha /ra r 2F F r.a

or\/—_(\/—+2\/2(s— )<—\/E or(a+2 2(s—a)a)S2F

or, (a+ 2./2(s — a)a) < ? or (a +22(s — a)a) < 2sTrue

, AM-GM 2(s—a)+a
smce:(a+2 Z(S—a)a) < a+f=a+(b+c)=25

Equality holds for an equilateral triangle.
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3015. In AABC the following relationship holds:

+ <
w, h,+r,

1 4 1
r

Proposed by Dang Ngoc Minh-Vietnam
Solution by Tapas Das-India

Equality holds for an equilateral triangle.

3016. In AABC the following relationship holds:

Z w,(hy + h.) < 6v3F

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

ac+ab a(b+ c) 2bc A e+ h abc A
2R ' 2R oR " Wa T p 1 o053 Walhy +he) = —p-cos3

A CBS 3 A 2 Euler 2
Zcosi— cos— Zcos f +ﬁ +

abc A 3
Zwa(hb+hc)= Tcos——4FZcos—<4F%_—6\/_F

Equality holds for an equilateral triangle.
3017. In AABC the following relationship holds:

h, + h, =

2
2o 27Rr. (a+ b)
-2 4ab

S

Proposed by Dang Ngoc Minh-Vietnam
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Solution by Tapas Das-India

_a+b+cabc_

ST s T
W dto sh _2>27Rr (a + b)? 2>27 abc (a+ b)?
eneed toshow:s* > ——.———ors’ = —.——.— —

a+b+c\’
or32s3>27c(a+ b)?or 32 (T) > 27 c(a + b)?

a+b+c)d
orBZ%z 27 c(a+ b)? or4(a+b+c)® >27c(a+ b)?

3
3 AM-GM 2
true since:4(a+ b +¢)3 = 4(c+ﬂ+ib) > 4(37@) = 27c(a + b)?

Equality holds for an equilateral triangle.
3018. In AABC the following relationship holds:

r r r 2r
e L
m, m, m, R

Proposed by Kostantinos Geronikolas-Greece
Solution by Tapas Das-India

z a Ya(s—b)(s—c) Za(s —s(b+c)+bc)

s—a (s—a)(s—b)(s—c) sr2

_ 2s5%—2s(ab + bc + ca) + 3abc
B sr? -

_ 25°—2s(s? + 1>+ 4Rr) + 12Rrs _ 2(2R—71)

sr? r
r r r, Panaitopol o r r 2r (T r r
e A A AL . =—(—“+—b+—c>=
m, m, m, Rh, Rh, Rh. R \h, h, h,

2r 2r 2r

r22R—r 2r
2(2R-1) 4

R s — r "R
Equality holds for an equilateral triangle.
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3019. In AABC the following relationship holds:

w,+h,+1,
R+r+r,

< fa
2r

Proposed by Dang Ngoc Minh-Vietnam
Solution by Tapas Das-India

Wo _2ybcs(s—a)2R _4RYs(s—a) _ 4RJs(s—a) AM;GM
he  b+c  bc \be(2s—a) Vbc(2(s—a)+a)

4R{s(s—a) _ 2RVs _2RVs _ |R )
= Vbc2J2(s—a).a V2abc +V8Rrs 2T

We need to show:

w,+h,+r h w,+h,+r R+r+r w,+r R 1 r

a a as_a or a a aS a 0r1+ a as_ _+_a

R+r+r, 2r h, 2 h, 2 2 2r
w r R r 1 w r R rs 1

R+ F a<R+ a R+ a <R+ a
or |— — < — or |— <— or
2r s—a2F  2r 2(s—a) 2r 2(s—a)” 2r 2(s—a)

R R R R?

— < — — < — R > 2r Eul
21*_21‘0r2r_4r2 or it = ar buter

Equality holds for an equilateral triangle.
3020. In AABC the following relationship holds:

(a+b—c)R

A B
4F tan 2 tan 7

Proposed by Elsen Kerimov-Azerbaijan
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Solution by Tapas Das-India

(a+b—-cR _ 2(s—c)R B
A B (s—b)(s—0) (s—a)(s—c)_
4F tan tan 4F\/ G- e

2(s — )R svs—avs—b 2Rs R
= _ = = — > 1(Euler)
4AF Vs—bJVs—a(s—c) 4rs 2r

Equality holds for an equilateral triangle.

3021. Prove that:

DB FH qR? ) 3
——— an =7rTr
a0 fa 7 ¢

Proposed by Jafar Nikpour-lran

Solution by Mirsadix Muzefferov-Azerbaijan

A B
L

e 11
e
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Let AD =c,AB = b,DH = a.ThenBC =c,EC = a,HE = b.
Also ,2a+2b=2c=a+b=c
In ACBD (B = 90°) BE? = AH? = DE - EC = (a + b)a (1)
InABEC (E = 90°) AH? = BE? = BC* — CE? = ¢* — a® = (a + b)? — a?
= b% + 2ab (2)
From (1) and (2) we have (a + b)a = b* + 2ab = a* —ab — b?> = 0

:(5)2—3—1=0
=1+\/§ a

b b
Lta—tt2 t—1=0=1t == —=
“pT" - 2 Y7Tb”

AFHC = AFCB (FC common side, HC = CB and FHC = FBC = 90°)

Th FB = FH ADBE~AFAB — 22 _FB_ DB _TFH
= ~ aS —_— e — = —
erefore ’ BE AF _AH AF

ADFH~AABF FH _a
~ - — ===
AF " b ¢
R 2a+b
(2)=4r2=(2a+b)zﬁﬁ= : =2¢+1

Asaknownfactp’ —p-1=0=¢’=@p+1,¢3=¢@?> - 9o=(p+1p=¢*+¢

=@+1+¢=2¢+1 proved

3022. Ifin AABC,A = 108°,B = C = 36° then:
wy = 2m,

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

Using the known results:

1 1
sin108°=cos18°=Z /10+2\/§,sin36°=Z /10—2x/§
R R
a=2RsinA=2Rsin108°=E /10+2\/§,b=c=2R sin36°=E /10—2x/§

2

2
R? R?
2b% + 2¢? — a? = 4b? — a? :4'T< /10—2\/3) _T< /10+2\/§> =

R? R? 2 R
= (30— 10V5) =—-(5 - 5) ,2m, = \/2b? + 2¢% — a2 =5 (5-V5) (@)
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B 1 R R
cos = cos 18° =1 /10 + 25, 2ac = 2.5\/10+2\/§.E\/10—2x/—=

R? R?
=—+/100 — 20 = —4V5 = 2V5R?

2 2
_ _ _A+C A-C
a+ c =2R(sinA + sin C) = 4R sin > cos > =
1 \/—+1 R
= 4Rsin72°cos 36° = 4R.[10 + 2V5 =Z(\/§+ 1),/10 + 2V5

Using above result we get:

2ac B 2J5R R
Wy = —— oS = \/_+1——(5 V5) (B)

from (A)& (B)we get wy, = 2m,

3023. Ifin AABC, A = 3B then:
(a — b)*(a + b) = bc?

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

A+B+C=mor,C=nt—(A+B)=n— (3B+B)=mn—4B
sin C = sin(w — 4B) = sin4B

bc? = 2R sin B.4R? sin? C = 8R3 sin B ..sin? 4B (i)

(a—b)%*(a+ b) = (a? — b*)(a — b) = 4R?*(sin? A — sin? B)2R(sin A — sin B)
=P gR3 sin(4 + B) sin(4 — B) (sin 3B — sin B) = 8R3sin4Bsin 2B - 2 cos 2B sin B

= 8R3(2 sin 2B cos 2B) sin B sin 4B = 8R3 sin B .sin%? 4B (ii)
From (i)& (ii) we get (a — b)?*(a + b) = bc?

3024. In any A ABC the following relationship holds :

B sinC C sinB
3 3 b 3
Z(b +c”) cot smA+( +a’)co oty SmA>288\/§r3
sinB + sin C o

cyc

26 | RMM-TRIANGLE MARATHON 3001-3100



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

C a

B — —

LHS = 2R(b3 + ¢3 -2 ¢
S (b +C)COt2<b+c+a+b +

b a C

C o H A I
+2R(c3 + a®) cot=| 22—+ b + 2R(a® + b?) cot= b_,
2\b+c a+c at+c a

+ [nlT

2
3, .3 B 3 3 C 3 3 A
A-G 4R(b° + ¢ )cotf 4R(c* + a )coti 4R(a’ +b )COtEA G
> + +
Jb+co(a+b) /(b+c)(c+a)

>2
b
J@+b)(c+a)

>12R3 Hb3+c3 tA tB tc—12R3 l_I(b2 bc + c2) SA;G
= b+ c CcOo 2(:0 2C0 2— C C 'l‘ =
cyc

cyc

Euler

and
Mitrinovic
12R. /(aZchZ)——lzk f16R21'Zs2 12Rs 641'3 >

> 48r.2r.3V/3r

= LHS > 288V3r3 v A ABC,” =" iff A ABC is equilateral (QED)

3025. If in AABC,R = 77 then:

4
9 (abc)3
41+ >
Thtle= 14 max (a2, b2, c?)

Proposed by Radu Diaconu-Romania
Solution by Tapas Das-India

4
b?%c? + a?c? + a?b? am-6m 3(abc)3
2+02+12>h%+hi+h?= > (abe)

4R? = Tarz

4 4
r=7r 3(abc)3 3 (abc)3
" 4R.7r 14 2Rr

We need to show:
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4 4
3 (abc)3 _ 9 (abc)3
JR— > , 2’ b2’ 2 > 6R
14 2Rr ~— 14 max(a?, b?, c?) max(a c?) > r

a? + b? + ¢? _
———————— >6Rr, 2(s“—1r“—4Rr) > 18Rr

s2 > 13Rr +r%, 16Rr — 5r* > 13Rr + r?
3Rr > 61%, R >2r Euler
Equality holds for:a = b = c.

3026. Ifin AABC,s = 11r then:

2 2 p2 2
r“ < —max(a“, b*,c

Proposed by Radu Diaconu-Romania
Solution by Tapas Das-India

a’ + b2 + c? \/§ Ionescu—Weitzenbock 4\/§F \/§ r.s s=11r 11r
—_— > —_—— — — > —

3 44 = 3 :1/1 \1/1 = T TT
a’+b*+c* V3 V3
- e < 2 B2 L2

3 44_44max(a,b,c)
3027. For any triangle ABC prove that:

2

Hence we can say r* <

A B C
6 (tan2 > + tan? E) + tan? > >3

Proposed by Nguyen Minh Tho-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

By AM — GM inequality, we have

A B C

247 22 2~

6<tan 2+tan 2>+tan >

—3(t 2A+t ZB)+1(9t 2B+t 2C)+1(9t 2A+t ZC>
—zan2 anzzan2 anzzan2 an2

>3t t B+3t Bt C+3t Ct A—3
= an2 an2 an2 an2 an2 anz—
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1 1
Equality holds iff A = B = 2tan™! (—) ,C=m—4tan"! (—)
auatty 77 V7

3028. M, N — are midpoints. Prove :

b-cotB+c-cotA—b-cscA

b+c
c—b cotB-1

c+b:cotB+1

cotO =

i A—n h 0 = = B d
f _Et encot 0 = —cot( +Z)

)
B M Cc
Proposed by Thanasis Gakopoulos-Greece, Istvan Biro-Romania

Solution by Mirsadix Muzefferov-Azerbaijan

By construction PL || NM || QT. According to the given conditions.
BP =QC; PN=NQ; BM =MC
Then ,according to Thales’ theorem LM = MT.
Therefore BL=TC
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sin(6 — B) _sin 0\

In ABPL rule sine

BL BP . .
In ACOT rule sine SO+ C) _ sin ef = sin(6 — B) =sin(6 +C) (+
n ACQT rule sine TC = ac

(¥) = sin(@ — B) - sinA =sin(0 + C) -sinA
= %(cos(e —(A+B))—cos(6+A—-B)) =

= %(cos(e +C—A)—cos(6+(4+0))

cos(6 —(A+B)) —cos(0 +A—B) =cos(6+C—A) — cos(6 + (= — B))
cos(A+B—0) —cos(0+ (A—B)) =cos(6 + (C — A)) — cos(m + (6 — B))
cos(A+ B —0) —cos(0 + (A—B)) =cos(8 + (C— A)) — cos(6 — B)
Let's add (— cos(B + 0)) to both sides
cos(A+B—0)—cos(6+(A—B))—cos(B+6)—cos(0+(C—A)) =
=cos(@ —B) —cos(B+0);

Here: —cos(B+0)=—cos(m— (A+C)+0)cos(A+C—0)
(cos(A+ B —86) —cos(0+ (A—B))) + (cos(A+C—6) —cos(8 + (C—A))) =
= cos(B —0) —cos(B + 0)

. (A+B-0)-(6+(A-B)) . (A+B-6)+(0+A—-B)
—-2sin -sin > -

2
(A+C—e)—(e+(C—A))_Sin(A+c—e)+(0+C—A)_

—2sin > 2
B—-6)—-(B+6) . (B—06)+(B+0)
> - sin >
sin(B—0)-sinA+sin(A—0)-sinC =—sin@-sinB
Multiply both sides by (2R sin B)
2RsinB -sin(@ — B) - sinA+2RsinB -sin(@ — A) sinC = 2RsinBsin@sinB =
= bsin(@ —B)-sinA+csinB-sin(6 —A) = bsinBsin0
bsin A(sin@ cos B — sinB cos 0) + csin B(sin@ cos A — sin A cos 0)
= bsinBsin@
—bsinAsinBcos0 — csinAsinBcos0 + bsinAcosBsin0
+ csinBcosAsins0 = bsinB sin0
(b+c)sinAsinBcos0 =bcosBsinAsin0 + ccosAsinBsin0 — bsinBsin0
Let's divide both sides by : (sin0 sin A sin B)
b

= —2sin

(b+ C)cotO =bcotB + ccotA —

sinA
te_bcotB+ccotA—bcscA ( 2
coto = P prove
. ] ] T c bcotB+ ccotA—bcscA
mspeczalcaselfA:E:> COtB=E=>cot0: o _
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_b-%+c-cotg—bcsc%_c—b_%—1_cotB—l
- b+c _c+b_%+1_cotB+1

= cot (B +§)

3029. If x,y,z > 0 then in AABC the following relationship holds:

MMM o WaWpWe JXy +yz+zx
Shahbhc - PaPpPc B xha + yhb + th

Proposed by Bogdan Fustei-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have the following known formula (see [1, pp.1]),

s(3s + a)(b — c)?
(2s + a)?

paz =S(S_a)+

And by the formulas for median and angle bisector of triangle ABC, m,?

1
=2 (2b% + 2¢%* — a?)

2./ bcs(s — a)

b+c

andw, = ,we can easily get

(b — ¢)? s(s—a)(b —c)?
2 _ _ 2 _ —a) —
m,“=s(s—a)+ 1 and w,* =s(s—a) (b + c)?
Using these identities, we have
2 2
Po” + W, 1/s(3s+a) s(s—a) )
<=2 2 - — — — _
PaWa = 2 sts—a)+ 2 ((Zs +a)? (25— a)? (b=c)
s(4s® — 4s*a + sa® + a®)(b — ¢)?
=s(s—a)+
(452 — a?)?
1 4sa(s—a)(4s+a) + a* 5 5
= - —— — <
s(s a)+<4 1(as% — a?)? (b—c)* <m,~.

Then
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Panaitopol H S(S - a)
4 WqWpWe 4 | | "Va2 S 4 | | Wa2 W l_[cyc mgw, ~ cye
= _— 5 = >
PaPbPc PaWa cye m, m,mpym, mympym,

cyc

s*r
B mambmc’
2,2
and since h,hyh,. = R then we get

mompym, i|W,Wpw, - R 9 R
. > ST = —.
shohyh, ™ | papppc ~ 25312 2F

So it suffices to prove that

R(xh, + yhy, + zh,) > 2F,/xy + yz + zx or xbc + yca + zab > 4F./xy + yz + zx.

Letu := xbc,v := yca,w = zab. The last inequality is equivalent to

uv N W N wu
abc?  a’bc ab?c

sauarmg 8F? 8F? 8F?
> — — —
S ur+vitw _2<abc2 1>uv+2<a2bc 1>vw+2<ab2c 1>wu

u+v+w24F\/

e u? +v? +w?
> 2(2sinAsinB — 1)uv + 2(2sinBsin C — 1)vw
+ 2(2sinCsinA — 1)wu,

and since 2 sin Bsin C = cos A + cos(B — C)
< cos A + 1, so it suffices to prove that

u?+v2+w?>2cosC.uv+2cosA.vw+ 2cosB.wu
e u?+v?2+w? >2cosC.uv + 2(sin B sin C — cos B cos C).vw + 2 cos B.wu
o (u—vcosC—wecosB)? + (vsinC —wsinB)? > 0,
which is true and the proof is complete. Equality holds iff AABC is equilateral.
[1] Bogdan Fustei, Mohamed Amine Ben Ajiba,

SPIEKER’S CEVIANS IN THE GEOMETRY OF TRIANGLE — www. ssmrmbh. ro
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3030. Given triangle ABC such that A = 2B, prove that:

109
ES 5c0s’2A+5sin’?B —cosC < 6

Proposed by Nguyen Minh Tho-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

(4 1
WehaveC=mw—A—-B=mn—3B>0,thenB <§. Letx:=cosB € (2,1),wehave

5cos? A+ 5sin? B —cos C = 5 cos? 2B + 5sin? B + cos 3B
=52x*-1)?+5(1 —x%) +4x3 - 3x = 10 — 3x — 25x% + 4x3 + 20x*
=6—(1—x)2x+1)(10x*> + 7x — 4) < 6.

5cos?A+5sin?B —cosC = 10 — 3x — 25x% + 4x3 + 20x*

109 531 s . , 109 3\ 59
=——+———3x—25x" + 4x° + 20x =—+<x——) (ZOx +34-x+—>

64 64 64 4 4
109
= —,
64
ith equality when x = > or B = -1(3),4—2 -1(3)6— 3 -1<3)
with equality w enx—4or = COS 2) A= cos 1) =T coSs 1)
Therefore
109 ) .
6—4§5cos A+5sin“B—cosC<6

3031. For a non — obtuse AABC, prove that

1
2(tanA + tanB) + tan € = 7[5 + V17(V17 + 7)

Proposed by Nguyen Minh Tho-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

V(4
Since x —» tan x is convex on (0, E) ,then by Jensen's inequality, we have
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C
B 4 2tan7 C
)+tanC= + C=f(tan§>,

A+
2(tanA+tanB)+tanCZ4tan( C
tanz 1-— tanzi

where f(x) = p + x € (0,1). We have

x
1—x%’

(2 _3=V17\(5+V17 _,
) 4 2(1+x* 2(-2+5x*-x%) 2 2
f(X)=—-=+ = =

x2 (1 _ xZ)z - (1 _ x2)2x2 - (1 _ x2)2x2 ’

then xg&g)f(x)zf( S_Q/ﬁ>=% /5+\/ﬁ(\/ﬁ+7).

Therefore

1
2(tanA + tanB) + tan C 2 |5 + V17(V17 + 7).

5-+v17 m—C
Equality holds iff € = 2 tan™! 5 ,A=B = —

3032. In any A ABC, the following relationship holds :

2w,
> o —2
Z\/(Zra+ha)ga _z Pa \/rb + 1, — 4r

cyc cyc

Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India

A

B
Let AS produced meet BC at X and m(4BAX) = a and m(5CAX) = B (say)
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and inradius of A DEF = r'(say)

Now, 16[DEF]? = 2 Z ((%2) (b{)) — z :—Z = 1—16 ZZ a’b? — Z a*
Ve

cyc C cyc cyc
a b c
16r%s? (DEF] = o 2t3+t3\ rs , r L
= = =—>= == " l=—> =— >
16 i 2 s "=z~ @
_ N C 2B+C B+m—A
- Spieker center is incenter of A DEF, . m(4AFS) =B+E= e 2
T AP ndmsaEs) —c+o-F_A-C
= — — = —_—_———,—_—
2 Tz ondmid 2-2 2 ~®
Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :
2 2
r C 2r C A—-B
AS? = +—- =) sin
4sin2£ 4 ZsinE (2) 2
2 2
o r? +b2 2r )b A-C
B 4 B (E)Sm 2
2B 2
4sin > 2 n;
®] r? c? 2r > c A-B r? b?
= 2AS? |= —— (—)sm + +—
. »C 4 . C 2 2 . ,B 4
2% e 22
4sin ) 2 iny 4sin 2
2r (b) A-C
- =] sin
. 2 2
Zsmi
N 2r (c) . A—B+ 2r (b) . A-C
ow, —)sin —)sin
2sin% 2 2 ZSing 2 2
_r(4R C . A_B+4R B . A—C)
=3 cos sin— cos - sin—
_r (2_ A+B_A-B  _ A+C_ A—C)
= Rr{2sin——sin— sin——sin—

B C A
_ _ s 02 _ fn2 _ inZ
—Rr<1 2sin 2+1 2sin > 2(1 2sin 2))

<2a(s —b)(s—c)—b(s—c)(s—a)—c(s—a)(s— b))
= 2Rr
abc

Rr
= grrs (20° + (b + 9a? —2a(b? +¢) — (b + O)(b — ©)?)
— : Zé _ _ . Zé
4(b + c)bcsin? % — 2a.2bccosA bc <(25 a)sin 57— a (1 2sin 2))
8s B 2s

. 2 A
) bc <(Zs + a)sin? 7= a) @s+a)s-b)(s—0o)
- 2s - 2s B

2Rr
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N 2r (C) . A—-B 2r (b) A-C
- —)sin — — | sin
2sing | 2 2 25in2 ) \2 2
®»|—2s+a)(s—b)(s—c
( X it ) + 2Rr
2s
gain, = _( )
4sin2g 4sin2% 4\(s—-o(s—a) (s—a)(s—b)

2 2

ab + ca (=) r r

— 2Rr

+
. »B C
2 in2 &
4sin 2 4sin )

: _ b +c2+ab+ca (2s+a)(s—b)(s—c)
(i), (+), (x+) = 2AS8% = _ Zs

4
_(a+b+c)(b®*+c?+ab+ca)—(2a+b+c)(c+a—-b)la+b-c)

2
= arZs (ca(s—b) +ab(s —¢)) =

8s
_ b3 +c® —abc+ a(2b? + 2¢% — a?) - 2AS? b3 + ¢3 — abc + a(4m2)

4s 4s
i sine | r _ AS _ cAS
Via sine law on A AFS, —C = A_B- —C
Zsmisma CoOS—5— (a+ b)smi
= csing () T+ b) dvid sine | A AES bsing = r(a+c)
csina = 5AS and via sine law on ,bsinf = 2AS

Now, [BAX] + [BAX] = [ABC] = %pacsina + %pabsinﬁ =TS
via (+++) and (+++) p,(a@+b + a + €) 4s
=z 4AS =SIPa= 5 A
, via@ 165> b3+ c3 —abc + a(4m3?)
Pa = (2s + a)?’ 8s
“ Pa g (252%)2 (b3 +c3—abc+ a(4m§))
Now, b3 + ¢ — abc + a(4m3) = b? + ¢3 — abc + a(2b? + 2¢% — a?)
= (b + ¢)(b? — bc + ¢2) + a(b? — bc + ¢2) + a(b? + ¢ — a?)
= 2s(b% — bc + ¢2) + a(b? — bc + ¢ + bc — a?)
(b+¢c)?—(b—-1c)?
n _
a(b+c+2a)b+c—2a) a(b-c)?

4 4
= (2s+a)(b®?—bc+c?)+ as—a+2a)btc—2a) alb- c)?
4

4
4b?% + 4c? —4bc+a(b+c—2a) a(b—c)?
= (2s+ a). 1 ( )— ( 3 ) =

4z+x)? +4(x+y)? -4+ x)(x+y) +

y+2)(z+x)+x+y)—2(y+12) _ab— c)?

4 4
(a=y+zb=z+x,c=x+Yy)

=(Zs+a)(b2—bc+c2)+a< a?

=(2s+a)(b?—bc+c?)+

(2s + a).
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4x(x+y+z)+2x(y+z)+3(y—2)?2 a(b-c)?

= (25 +a) -
=(2s+a) (s(s— @+ p-op -2 0o 0)?
= (2s+a) (s(s_ a) +%(b_ o+ a(sz— @)\ (a+2s —Zs)(b_ 02
=(2s+a) (S(s —a)+ (® _ZC)Z + “(SZ_ @) sb ; c)?
= b3+ ¢3 — abc + a(4m3) O 25 + @) <(s - a);Zs tao) O —Zc)z L5 ; )2
o (o), (s9) = p2 = (ZSZ:a)Z <(s - a)(ZZS + a)? N (2s + a)z(b —¢)? . s(b ; 0)?

_ b 2 s 2 s 1 1
=sts—a)+b-o0 (Zs+a) T2sta 42

(b —c)? s 1\2
4 +(b_c)2'<25+a+f)

=s(s—a)—

_ (b—0)* ((4s + a)? e s(3s + a)(b — ¢)?
SSem O T \@s a1 TP ST O TG
? ” (b — c)z via (eee)
Now,m,n, = p; + 18 =

2

— )2 M2\ N2
<S(S_a)+(b 4C) )(s(s—a)+s(bac) >é<s(s_a)+s(3s+a)(b 9] >

(2s + a)?
(b—0c)* (b-c)? s(3s +a)(b —c)?
T 322 T o \SCTOr G
B _2(S 1) s(b—c)“;sz(35+a)2(b—c)4
ess-ab-o (a + 4 * 4a (2s + a)*
s(3s+a)(b—c)? (b—c)* s ) (b—c)? sBs+a)b-o)*
(2s + a)? 324 0T T 9(2s + a)?
s 1 2s(3s+a)(b—-c)? 1
‘:’S(S_“)<E+Z_ (2s + a)? ~9)*
s s?’Bs+a)? 1 s(3s+a) ) 2
S _ _ _ 250 (e (h— )2 >
<4a 2s+a)* 324 9(2s+ a)2> b-0*20(:(b-0*20)
s(s — a)(144s3 — 52s%a — 16sa® + 5a3)
&
36a(2s + a)?
1296s> — 772s*a — 608s%a? + 48s%a® + 37sa* — a®
324a(2s + a)*

s(s—a) ((s — a)(144s% + 92sa + 76a?) + 81a3)
g +
36a(2s + a)?

(s — a) ((s — a)(1296s® + 1820s%a + 1736sa® + 1700a3) + 1701a4)
324a(2s + a)*

2s(s — a).

?
(b-0c)?%=>0

.(b—1c)?
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(b - c)?
18
Also, Stewart’s theorem = b%(s — ¢) + ¢c2(s —b) = an? + a(s —b)(s — ¢)

and b?(s — b) + c?(s — ¢) = ag? + a(s — b)(s — ¢) and via summation, we get :

(b%? + c®)(2s—b —c) = an? + ag? + 2a(s — b)(s — ¢) = 2a(b? + c?) =
2a(ni+g3)+a(@a+b—c)(c+a—-b)=20Mb*+c%) =2(ni+g3)+
a’?—(b—-c)?=2(b%>+c?)—a’+(b—c)?=2(n5+g%)=4mi + (b—c)?
=2(n%+g%) = 2(b—c)? +4s(s — a) = 2(nZ + g3)

=>n,21+g,21(b—c)2+2s(s—a)
Again, Stewart’s theorem = b%(s — c¢) + c?(s —b) = an? + a(s —b)(s — ¢)
= s(b? + ¢2) — bc(2s — a) = anZ + a(s* — s(2s — a) + bc) = s(b? + ¢2) — 2sbc
= an? + a(as — s?) = s(b%? + ¢ — a® — 2bc) = an? — as? = an? = as? +

A 4sbc(s—b)(s—c
s(2bccos A — 2bc) = as? — 4sbc sinzi = as? — ( bc)( )

) <a2—(b—c)2> ) < az—(b—c)z)
=as’—as[———|=>ni=s|s————

a a

2 2
= pg > Mg, = pg > ®

?
> 0 - true (strict inequality) - m,n, > p2 +

. S
= n2 © s(s—a)+E(b—c)2

4s(s—b)(s—c¢)
a

Via (+) and (¢),we get: g2 = (b — ¢)? + 2s(s —a) — s* +

+%@—M@—Q
a
4s(s—b)(s—c¢)

=s?—-2sa+a?+ (b—c)?—a?

=(s—a)>—4(s—b)(s—c) +

(s—a)s—b)(s—¢)

a

2 _ (h_ 2 2
:(s—a)<s—a+#>=>g,€(=)(s—a)<s—(b ac))

— )2 _ M2
o (09),(s00) @ n%g% =s(s—a) <s —a+ ® ac) )(s _b-9 )

=(s—a)2+4(s—b)(s—c)(2—1)=(s—a)2+4

a

(s—a)—

a a?

— )2 2 N4
=s(S—a)<s(s—a)+s(b aC) _(b c) (b c)>

N4
> n2g2 |2 s(s - a) (s(s—a)+(b—c)2 _® azc) )

(b—c)? +4s(s —a) 4bcs(s — a)
4 " (b+c)?

Again, m2w? =

(mm)
> miw2| = |s(s — a)

((b — )% +4s(s — a))

bc
(b + ¢)?
2.2

~(m),(mm) = nig2 — miw}
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_ 4
T (S(s SRR aZC) HC :)-cc)z

((b — )2 +4s(s— a)))

2 _(ph—c)2
s(s—a) + (b — ¢)? (%)
=s(s—a) be a
~(b+c)? ((b-0)?+(b+0)* —a?)
o2
e <s(s TOber(@ =00 <(b o ® 2cc)2>>

_s(s

—a) 4(b - ) 4b
2 a (((b +¢)%2 —a? —4bc) + (a® — (b — ©)?) < p (b ~ Z)2>>

= s(s; ) <(b —0?—a’+(a® - (b-0)?) (4(b z o <b4+b z)z)>
_ 8(8; D (4 — (b o) (4(b : o)’ (b“:’z)z - 1)
=329 b - )(4(b oL - 32) =100 (= Gy o)
=0 (o 5 Coprg ) 2

22 2
> Nggg = mawa > Nggq = MW, > ®®

2rs 2rs ) ) rs 4rs
We have : (2r, + hy) (1, + 1. — 4r) = ( ) ( )

+
s—a a s—b s-—c s

_ 2r%s%(s(s — ¢) + s(s —b) —4(s — b)(s — ©))
B a(s—a)(s—b)(s—c)

Zrzs2 ia (os)
=75 (s(2s—2s+a) —a*+ (b —c)?) —Z(S(s—a)+ (b—o¢) )vm: 2n2
n via®® n.m,w, vVia®®
= (2r, + hy)(r, + r. — 4r). Z'ga = ;'ga > % > 1
P2.2W, Piw, PaWa

= \/(Zra + ha)(rb + I'e — 4-1') 9a = Pa- \/

=.2r,+hy)g4 = Pa ’r T — 4 and analogs
= Z V(2rg +hg)ge 2 Z <pa /m) v A ABC,
cyc cyc
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" =""iff A ABCis equilateral (QED)

3033. In any A ABC, the following relationship holds :
(ng, +n, +n.)? < (8R+ 2r + h, + hy, + h.)(4R — 5r)
Proposed by Bogdan Fustei-Romania
Solution by Soumava Chakraborty-Kolkata-India

Stewart’s theorem = b?(s — ¢) + c2(s —b) = an? + a(s — b)(s — ¢)
= s(b? + ¢2) — bc(2s — a) = an? + a(s? — s(2s — a) + bc) = s(b? + c¢?) — 2sbc
= an? + a(as — s?) = s(b? + ¢? — a? — 2bc) = an? — as? = an? = as? +
4sbc(s —b)(s—c)(s—a)
bc(s — a)

s(2bc cos A — 2bc) = as? — 4sbc sin? 5= as? —

4r2s? 2rs rs
. =as? —2a.—
a(s—a) a ' s—a

=as’—a

= as? — 2ah,r, = n2 = s? — 2h,r,

4rs.s tan% rs?

2
=8° — = n2 = s> — — .sec? = and analogs
4R cos? gtang R 2

rs? s + (4R +r)?
:Z = 3s? “R (sz ) =>(na+nb+nc)2332n§

cyc cyc
3R—r)s? —r(4R+r)? »
( ) ( ) < (8R+2r+h, + hy, + h.)(4R — 5r)

=6 ((3R ~1r)s2 —r(4R +71) ) — (4R — 5r)(s? + 4Rr + 12)
é 2R(8R + 2r)(4R—-5r) &
(14R —r)s? é 2R(8R + 2r)(4R — 5r) + 6r(4R + r)? + (4R — 5r) (4Rr + r?)

()
Gerretsen

?
Now,(14R—-r1)s? < (14R—r)(4R? + 4Rr + 3r?) < RHS of (*)
? R ?
43 -2t2-13t+2>0 (t=;> e (t—2)(4t2 +6t—1) > 0 - true

Euler

vt = 2= (x¥)istrue ~ (n; +ny, + n.)? < (8R + 2r + h, + hy, + h)(4R — 5r)
v AABC," =" iff A ABC is equilateral (QED)

3034. In AABC the following relationship holds:

1 b? + ¢2 1 cz + a? 1 a2 + b2 1 R

a? |b?2+bc+c? b2 |c:2+ca+a? c?. |a?+ab+b%2™ 4r2 3r
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Proposed by Kostantinos Geronikolas-Greece

Solution by Tapas Das-India

1 b? + c2 1 b? + c2 AMGM1 b2+c2_
b2+ bc+c2 b2+c2+bc ~ a?. 3bc

1 c) Bandlla 1

(1)
1 b?% + c2 c? + a? 1 a? + b2
b2+bc+c2 c2+ca+a2 a2+ab+b2
bZ + CZ (1) R Stemmg 1
Zaz b2+bc+c2 a2 3r 3r m

Equality holds for an equilateral triangle.

3035. In AABC the following relationship holds:

2 (G+a)eostz=7(1+5)

Proposed by Marian Ursarescu-Romania
Solution by Tapas Das-India

> (G+2)eosrs =50 (5 +2) +50 (5 +2)cose
g cos?— = > > g cos
Z (a b) C= Z (smA sin B) C= Z (smA cos C cos A sin C) _
cos sinB ' sina)®® sin B sin B N
_ Z sin(4 + C) A+B+C=m Z sin B _
N sin B N sinB

I e SR IY.
5t a)0s’ =3 2 cos 2 T "2 2 T

Equality holds for an equilateral triangle.

3036. In acute AABC the following relationship holds:
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A
+ 128 ﬂsini > 24

Proposed by Marin Chirciu-Romania

1
[[cosA

Solution by Tapas Das-India

128 A 4-R2 128 T Gerretsen
- R - >
]'[cosA+ ns'“z sz—(2R+r)2+ 4R
- 4R? 128" _4R? L 2R? L3
~ 4R%2 + 4Rr +3r2 — (2R +1)? 4R~ 2r2 R 12 R
We need to show:
R

2R%> 32r 16 72

—t—-2 24 or 2x? +— > 12o0r

r R

x3—12x+16 > 0o0r (x — 2)? (x+4) > 0 true
Equality holds for an equilateral triangle.

3037. In AABC the following relationship holds:

bc bc
h T,

Proposed by Marin Chirciu-Romania

Solution by Mirsadix Muzefferov-Azerbaijan

1 1 1

—<—<— (1)
In AABC wlog a<b<c > hy,=2hy,>h, - {h,  hy,  h,

bc > ac > ab (2)

Let us consider conditions (1) and (2) in the Chebyshev's inequality as well.
—_— _ = — — = —_—_ *
B, Szbetractab) Gt et ) =3 “I'r73 ¢ T
cyc cyc cyc cyc
1 1 1
: —>—>—(3)
Again wlog a<b<c-> r,<rp,<r.—> {r, 1, T,

bc > ac = ab (4)
According to Chebyshev's inequality :

Zbc Zr_la SSZi—: (%)

cyc cyc

1 bc bc - bc ( )
3 Z T, h, Z T, rove

Let's use (xx) in (x):
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Equality holds if triangle is an equilateral one.

3038. In AABC the following relationship holds:
(1—cosA)(1—cosB)(1—cosC) =>cosAcosBcosC

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

(1—-cosA)(1—cosB)(1—cosC) = cosAcosBcosC

1—2c05A+ZcosAcosB—HcosA > ncosA
1—ZcosA+zcosAcosB—2ncosA20
1—ZcosA+ZcosAcosB—2ncosA=

4 (14_r)+sz+r2—4R2 2sz—(2R+r)2_
B X R 4R? ' 4R? B
= m(2(2R+r)2 —4R?> +r> —4Rr — s%) =

GERRETSEN
-

1
=m(4R2+4Rr+3r2—sz) > m(sz—sz) =0

Equality holds for an equilateral triangle.
3039. In AABC the following relationship holds:

1 1 1 3

+ + 2
(sin %)

4
COSZ

B
(sin g)cosz (sin g)

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India
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A Jensen A+B+C m  3V3
ZCOSE < 3cos(—)=3cosg=—(1)

S Mltrmomc 3\/—
Z sind = — — (2)

A AM-GM 3 3,3
zcos— = 3 cos——3

COS COS

A y3 B 2 C C"Sz AM—-GM
. A (sin2 (sinZ 2
(sm 2) (sm 2) (sm 2) <

<

A A . B B .C X cosy

<sm 7 COSE + sin 7 COSf 4+ sin i COS i)
A B C
C057+C057+COSE

3V3
=z

Zcosg
_[1sinA+sinB +sinC (1)'(2'(3) 1s1 3 <4R) 3
1\ 2 A = 2R3 [\s a

Zc057
33
: B 2 2 3V3
_(1/5\3 2 <2)13\/§32§ (N7
-1s® = sl=7 -5 @
1 1 1 AM~-GM
COS% + COSg + C COSE 2
(sm 2) (sm 2) (sm 7) 1
3
3 1 @) 3 1 \‘ 3
> 33 > =
= A cos; B cosg C cosg h 1 32_\/§ / 1 @
(sm 7) . (sm 7) . (sm 7) (7) (7)
Equality holds for an equilateral triangle.
3040. In AABC the following relationship holds:
1+cosA 1+cosB 1+ cosC
>3V3

+ +
sinA sinB sinC

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Daniel Sitaru-Romania
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1+cosA 1+ cosB 1+cosC_zl+cosA_

+ =+
sinA sinB sinC sinA
cyc

Zl+cos(2-%) Zl-l_ZCOSZ%_l

cyc Sin (2 . '%) cyc Zsing cosg
JENSEN

A A A+B+C 4
= Z cotE > 3cot (T) = 3COtg =3V3

Equality holds for A = B = C.

cyc

3041. In AABC the following relationship holds:
6sin® B

P (az(b +c¢) +b*(c+a)+ c*(a+ b)) >

C
COS 5 COS 5 COS >

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

(az(b +¢) + b*(c+a) + c*(a+ b)) = (Z az) (Z a) —Za3 =

= 25(2s* —2r* —8Rr — s> + 3r> + 6Rr) =
Gerretsen
=2s(s?+1r*—=2Rr) >  2s(16Rr —5r% + 1% — 2Rr) = 2s(14Rr — 4r?)

6sin’B  6b°> 4R _3b°
~8R3"s  R’s

4 B _.C
C0S 5 COS 5 COS 5
We need to show:

b . . 3b°  2s°R? 5
m2s(14Rr —4r?) > RZs O mipicz (14Rr — 41r*) > 3
25°R” (14Rr — 41%) > 3 or (14Rr — 41?) > 24717
16R2T252 r T = or r T = T~ or

14Rr > 28r% or R > 2r true.
Equality holds for an equilateral triangle.

3042. If G —centroid in AABC the following relationship holds:

GA*? GB?* GC?
+ + >1
bc ca ab

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Tapas Das-India
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o ssmrh o
Y amt =13 a@nt 26 - aty =12 Y a2+ e - ¥ at) @
2 vt v -Yat=2Y oY a2y aes-a-Y a -
Y 2Y Y e

= 8s(s? —r? —4Rr) — 65(s* —3r? — 6Rr) =
= 853 — 85(4Rr + 1?) — 652 + 65(6RT + 31%) =

= 253 — 2s(16Rr + 4r* —9r? — 18Rr) =

Gerretsen

=2s(s? +2Rr +5r%) >  2s(16Rr — 5r% + 2Rr + 51%) = 36Rrs (2)

2 _ 1 2 2 2y _ 1 2, .2 3\ 2@
Za.ma=ZZa(2b + 2¢ —a)=Z(ZZa(b +c)—Za)2
1

21-36Rrs=9Rrs
2 2 2 2
m; m; mg mg 1 Z ) 1 9Rrs 9
Ta T Be N e > 9Rrs = =
bc ca ab be  abcZ" = abe " T 4Rrs %
2 2 2 22 N\?
GA2+GBZ+GCZ_(§ma) +(§mb) +(§mc) 4 m§+m§+m§ 49
bc ca ab  bc ca ab ~ 9\bc ca ab)T 94

Equality holds for an equilateral triangle.

3043. In any A ABC the following relationship holds :

cosBcosC cosCcosA cosAcosB B 3
B—c ' c-A " A-B =3
cos— COS—H— CoS—H—

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

cosBcosC cosCcosA cosAcosB

B—C ' C-A " _A-B
COS 2 COS_Z COS_Z
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1 C—-A A—B

= B CZ(cosBcochos 2 cos 2 )S
Hcyc COS —— 2 cyc

(b+1c .A).EcosBcosC

Hcyc -SI5 ) cyc
( 0 < cos—— < 1and analogs and cos B cos C and analogs > 0)

B 4Rrs ((R + r)z 34 s? — 4Rr — r2>

4s(s? + 2Rr + rz).ﬁ. R 2R?
4R? s?—4R%*+r? 2(s?—4R?>+r?) 3
s + 2Rr + r? 2R? s72 + 2Rr + r2 4

& 32R? + 6Rr — 5r? 5 5s?
@

Gerretsen
Now,5s2 <  20R? + 20Rr + 15r2 < 32R2 + 6Rr — 5r?

Euler

< 6R? — 7Rr — 10r? >O<:>(6R+5r)(R 2r)>0—>true R > 2r

@i _cosBcosC cosCcosA cosAcosB<3
= () istrue - B—C+ C—A+ A-B —1%
cos—, cos— CoOs—5—

v A ABC,' =" iff A ABCis equilateral (QED)

3044. In any A ABC, the following relationship holds :

>3

a N b N C
h,+r, hy+nr, h.+r

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

a N b N B _Z 2(s—a)
h,+r, hy+r, h.+r, E+i_ rs(b + ¢)
e g s—a oc

rscb+c¢)  rs’ r b+c 2s—a 2s—a

cyc cyc cyc cyc cyc
2(s? —4Rr —r?) 1 /4s%(5s® +4Rr +r?)
- rs B _< 2s(s% + 2Rr +r?) 4 125)
2(s? —4Rr —r?) 2s(s? —4Rr — 3r?)
- rs ~ r(s?+2Rr +r?)

_ZaZ(ZS—a—s)_ 1 Z“Z 1 4s? N (Zs—a)z_ 4s(2s — a)
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2 ((ZR +3r)s? — r(8R? + 6Rr + rz))
s(s? + 2Rr + r?)
4 ((ZR +3r)s? — r(8R? + 6Rr + r2))2 :,
s2(s%? + 2Rr + r?)2 -
& —3s® + (16R? + 36Rr + 30r?)s* — r(128R3 + 300R?r + 172Rr? + 27r3)s?
+r?(256R* + 384R3r + 208R?*r? + 48Rr3 + 4r4)0
O

Now, Rouche = s —(m—n) > 0and s*> — (m + n) < 0,where m =
2R? + 10Rr —r?and n = 2(R — 2r).V/R2 — 2Rr
(s2 —(m+ n)) (s2 —(m - n)) <0
=st—s22m)+m? —-n?> <0=s*—s?(4R* +20Rr—-2r®) +r(4R+r)3 <0
= —3s?%(s* — s2(4R? + 20Rr — 2r?) + r(4R + r)3) > 0 and so,
in order to prove (1), it suffices to prove :

?
LHS of (1) >— 3s%(s* — s2(4R? + 20Rr — 2r?) + r(4R +r)3)
& (R —3r)%s* + r(16R3 — 39R?*r — 34Rr? — 6r3)s?

?

+r?(64R* + 96R3r + 52R?r? + 12Rr? + r%) >(0 and

@
Gerretsen
v (R=3r)%(s? —16Rr +5r?)2 > 0 . inorder to prove (2),

?
it suffices to prove : LHS of (2) > (R — 3r)2(s? — 16Rr + 5r?)2

?
& (48R3 — 241R?%r + 314Rr? — 96r3)s2
®

r(192R* — 1792R3r + 3237R?r? — 1602Rr3 + 224r%)
Gerretsen
48R3 — 241R?r + 314Rr? — 96r3 > 0 and then : LHSof 3) >
?
(48R3 — 241R?r + 314Rr? — 96r3)(16Rr — 5r2) > RHS of (3)

& 36t* — 14413 + 187t — 94t + 16 é 0 (t = %)
& (t—2)(36t%2(t—2) +43t—8) z 0 - true - t Eger 2 = (3)is true
48R3 — 241R?r + 314Rr? — 96r% < 0 and then : LHS of (3) sengen
(48R3 — 241R?r + 314Rr? — 96r3)(4R? + 4Rr + 3r?) é RHS of (3)
© 48t° — 241t* + 5573 — 772t% + 540t — 128 é 0
e (t—-2) ((t — 2)(48t3 — 49t% + 169t + 100) + 264) é 0 - true - t Eger 2
= (3) is true .. combining both cases, 3) = (2) = (1) is true vV A ABC

a b
+ + >+V3VAABC" =" iff AABCi ilat 1 (OED
ha +r, hb + 1y hc + r, \/_ 1 1S equiiatera (Q )

>3

=4
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3045. In AABC the following relationship holds:

cos——
S Z ooy

- 2_

12 sin >

Proposed by Neculai Stanciu-Romania
Solution by Tapas Das-India

cos a+b

c

Mollweide's:
sin

N [N

A-—B
cos 2 1 a+b 1 AM;GM 2vab 1 _ vab 1
= "~ 6¢C

125in2% 12 ¢ sin% 12c sin%

A—B 1
Z COST - vab 1 AM;GM 33 cC 1 (4R>3 Elier 1 (8)§ 1
_— —_— = —_ CSC—=—— = —_ =
12 sinzg 6¢ sing 6 \J 2 2\r 2

Equality holds for an equilateral triangle.

nC
Sll'l2

3046. In any A ABC, the following relationship holds :
4hph, — rpr. < 9rr,
Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

16r2s? 9ris
—s(s—a) <

4hyh, — <9 =
btic I = 91T, bc s—a

o 16s(s—a)(s—b)(s—c) —bes(s—a) < 9bc(s —b)(s —¢)
< 16s(s —a)(—s(s—a) + bc) — bes(s — a) < 9bc(—s(s — a) + be)

© 16s%(s — a)? — 24bcs(s — a) + 9b%c? > 0 & (4s(s—a) —3bc)> >0
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e ((b+c)2—-a*-3bc)2>0< (b2+c2—a*—-bc)2>0

12
& (2bccos A — bc)? > 0 & 4b%c? (cosA _E> >0

- true - 4hyh, — nrpr. < 9rr,
Vv AABC,” =" iff A = 60° (QED)

3047. In any A ABC, the following relationship holds :
2m,(n, + w, + g,) = 3r,r. + n2 + w? + g2
Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

?
an.ag? > a*s’(s—a)?

- bz(s—b)+c2(s—c)> 4
2(g _ 20 _ 1) — _ _ > a2¢2(s — )2
(b (s—c)+c“(s—b)—a(s—Db)(s c))( —a(s—b)(s — ©) (?)as(s a)
Lets—a=x,s—b=yands—c=z~.s=x+y+z=>a=y+zb=z+xand
¢ = x + y and via such substitutions, (x)

(z(z +x)?% +y(x+y)?—yz(y + z)) (y(z +x)?% +z(x +y)? —yz(y + z))
>x2(y+z)(x+y+2)? o xy?+xz2 +y3+2z3 > 2xyz+yz(y + 2)
ox(y-2)?*+(y+2)(y—2?%=0-true = (x) istrue = n,g, > s(s—a) - (1)

(m)
Again, Stewart’s theorem = b%(s — ¢) + c*(s — b) 2 an? + a(s—b)(s —c)
(n)
and b?(s —b) + c%(s — ¢) 2 ag?+ a(s—b)(s—c)and (m) + (n) >
(b%2+c®*)(2s—b—c) = an? + ag? + 2a(s —b)(s — ¢)
= 2a(b? +c®) =2a(m + g3 +a(a+b-c)(c+a—Db)
= 2(b% +c?) =22 + g2) + a®> — (b — ¢)?
=2Mb%2+c®)—-a?+(b-c)?=21n2+g2)=4m2 + (b—c)? =2(n2+ g2

=2(b—-c)?+4s(s—a) =2(n§,+g§):>n3+g§(=)(b—c)2+25(s—a)
via
= n%+ g%+ 2n,9, 2@ (b—c)?+4s(s—a)= (n, +g,)?* > 4m?
:na-{_gazzma_)@
Also, Stewart’s theorem = b?(s — ¢) + ¢2(s —b) = an? + a(s — b)(s — ¢)
= s(b? + ¢2) — bc(2s — a) = an? + a(s? — s(2s — a) + bc) = s(b? + c¢?) — 2sbc
= an? + a(as — s?) = s(b? + ¢? — a? — 2bc) = an? — as? = an? = as? +
4sbc(s—b)(s—c)(s—a)
be(s — a)

s(2bccos A — 2bc) = as? — 4sbc sin? 5= as?
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, as(cta-b)(a+b-c) 5 (az—(b—c)2>
- =as?—as|———
a a
a? — (b — ¢)? s(b — ¢)?

a

= as

>:>n¢21(;) s(s—a) +
4s(s—b)(s—c¢)

:>nﬁ=s<s—

Via (¢) and (¢¢),g%2 = (b—c)? + 2s(s —a) — s% +
4s(s—b)(s — c)

=s?—-2sa+a*+(b-c)®—-a*+

4s(s — b)(s —-c)

=G-a)?+Mb-c+a)b—c—a)+

a
— (s—ay—4(s—b)(s— o) + 2 DE=O

a
=(s—a)’+4(s—b)(s—c) (2_ 1) —(s—a)? + 4(s — a)(sa— b)(s —¢)

- Z_(b—-c)? _ N2
=(S—a)2+(s a)(aa(b C))=>g§(=)s(s—a)—(s a)c(lb ;

. via (2),(+*) and (s++), we have : 2m,(n, + w, + g,) — (3rprc + n2 + w2 + g2)
s(b —¢)?

>2m,w, +4m2 —3s(s—a) —s(s—a) — —s(s—a)

s(s—a)(b —c)? (s —a)(b —c)?
25— a)? —s(s—a)+ "

ascu + A— _ 2
" ZAGZs(s—a)+4s(s—a)+(b—c)z—BS(s—a)—s(s—a)—s(b ©)

s(s—a)(b— c)2 s(b —¢)?
s(s—a) +

(2s — a)?

>0-2my,(n, + w, + g,) = 3n,r. + n2 + w? + g2

vV AABC, =" iff b = c (QED)

-s(s—a)+ — (b —¢)?
_s(s—a)(b—c)?

(2s — a)?

3048. In any A ABC the following relationship holds :
s2 + 12Rr + 30r? < (w, + wp, + w)? < s? + 21Rr + 12r?
Proposed by Dang Ngoc Minh-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

B+C B-C
A 2 sin 57— C0S—
Z(asm ) 4RZ(sm — COS ) Rz 2 sin? — B—C

cyc cyc cyc cos—

0< cosBT_c <1 and analogs

B+C B-C
> R.Z (1—cosA).(Zsin > cos > )

cyc
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= R.Z((l — cosA).(sinB +sin C))

cyc
=R.Z(sinB+sinC)—Rz cosA ZSinA—sinA
cyc .cyc cyc
s . R .
:ZR'E_R' ZcosA ZsmA +E.Zsm2A
cyc cyc cyc
2 R<R+r)(s)+2R4Rrs 2 rs_l_rs:> ( . A>> (m)
— —_ —_ . = _ —_—— —_— —_ d
S R R TE Ss—s R TR asin 5) 2 S m
cyc
(@a—28)+2s _ Ygclc+a)’(a+b)? Z 1
B [Teye(b + )2 b+c
cyc

a
cZyc(b Yoz L (b+o?
_ (Bgele+@)(a+ b))’ —2.25(s2 + 2Rr +12)(4s)  Tepelc+a)(@+b)
B 2s(s2 + 2Rr + r2)? ~ 2s(s2+2Rr+r?2)

((chc a*+2Yycab) + Yy ab)2 —16s%(s% + 2Rr + r?) — (s? + 2Rr + r?)(5s% + 4Rr + r?)
2s(s2 + 2Rr + r2)2
(5s% + 4Rr + rZ)2 —16s%(s? + 2Rr +r?) —
(s® + 2Rr + r?)(5s% + 4Rr + r?)

a ()
ﬁZ:(b+c)Z 2s(s? + 2Rr + r?)2
a’bc )

cyc
_\(4bes(s—a)  Obe((b+0)?—a?)
N°W'Z“’5‘ CW‘Z (b + ) _czyc<bc_(b+®2

cyc cy
ia (e

)
VY s L 4Rr + 12 +
IR (s? + 2Rr + r?)(5s% + 4Rr + r?) + 16s%(s? + 2Rr + r?) — (5s2 + 4Rr + rz)Z
r (s + 2Rr + r2)2
s + 3r2s* + r?s?(32R% + 40Rr + 3r?) + r*(4R + r)? )
= = (Wg + W + W) =

(s + 2Rr + r2)2
s® + 3r?s* + r?s%(32R? + 40Rr + 3r?) + r*(4R + r)?

(s + 2Rr + r2)2
b+c

N 2.16Rr?s? Z
2 2
s“+2Rr+r & 2bc cos%

554 3r%s* + r?s%(32R? + 40Rr + 3r%) + r*(4R + r)?
B (s2 + 2Rr + r2)2
. A A

4rs 4R sinz cos 3. 2(s—a)+a)
+ .
s2 + 2Rr + r2 Z
cyc

554 3r%s* + r?s%(32R? + 40Rr + 3r%) + r*(4R + r)?

B (s2 + 2Rr + r2)2

A
CosS 2
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A A
16Rrs 2r tanicosi A
+sz+2Rr+r2' Z A +Z<asmi>

cyc tani cyc
via>(m) s® + 3r2s* + r?s?(32R% + 40Rr + 3r2) + r*(4R + r)?
- (s? + 2Rr + r2)2

. B+C B—-C
16Rrs 2 sin cos
+—. E 2 Z 45
sZ + 2Rr + r? B—-C
cyc cos—,

B-C
0 <cos=5~ 5>1“"“ analogs o6 + 3r2s* + r2s2(32R? + 40Rr + 3r%) + r* (4R + r)?
- (s + 2Rr + r2)2
16Rrs

.
s2 + 2Rr +r?

Z(sin B+sinC) +s
cyc
554 3r%s* + r?s%(32R? + 40Rr + 3r?) + r*(4R + r)?
B (s2 + 2Rr + r2)2
16Rrs (Zs ) ?

+——— (= +s)>s%2+12Rr + 30r2
s2+2Rr+r2'\R

(16R + 29r)s* + r(20R? + 108Rr + 58r?)s? +
16(R + 2r)s? 2 r2(48R3 + 152R%r + 124Rr? + 29r3)
[—4
sZ + 2Rr +r2 — (s + 2Rr + r2)2

?
& 3s* + (12R? — 28Rr — 26r%)s? — r(48R3 + 152R’r + 124Rr? + 29r3)0
@

and = P = 3(s? — 16Rr + 5r%)” + 4(3R% + 17Rr — 14r2)(s% — 16Rr + 5r2)
Gerretsen

?
> 0 - inorder to prove (1), it suffices to prove : LHS of (1) > P
? R ?
& 36t% +27t* — 220t +44 >0 (t = ;) & (t—2)(36t% + 99t — 22) > 0 - true

Euler
vt = 2= istrue . (Wg + wy, + wo)? > s% + 12Rr + 30r?
We shall luat 4s(s — a) dit’ (b +¢)? — a?
n : Y —————~ andit's= ) ————————
e shall now evaluate Droz ° s CEE
cyc cyc
_ 3 Z (2s — (2s — a)?)
- (2s — a)?
cyc
2
=4 Z L 4e2 Z ! 2 Z(b +¢)
¥ lb+c P b+c 2s(s? + 2Rr +r2)’ ¢
cyc cyc cyc
_ 4s(5s% + 4Rr +12)  (5s% + 4Rr + r2)’ 1652

"~ 2s(s2+2Rr+r2)  (sZ+2Rr+r2)? ST 2Rr + 12
4s(s — a) [-)]s* + (20Rr + 18r?)s? + r3(4R + 1)
(b+¢)2 — (s + 2Rr + r2)2
cyc
Now, Rouche = s? — (m —n) > 0 and s> — (m + n) < 0, where m =
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2R% + 10Rr —r? and n = 2(R — 2r).v/R? — 2Rr
(sZ —(m+ n)) (s2 — (m - n)) <0

(*)
= s* —s?2(2m) + m?> — n? < 0 = s* — s?(4R% + 20Rr — 2r?) + r(4R + )3 ! 0
vbc CB 4s(s — a)
Now,wa+wb+wC=b—+c.,/45(s—a) < Zbc 1o
cyc cyc

s*+ (20Rr + 18r2)s2 + r3(4R+r) ?
(s + 2Rr + r2)2
& (R—5r)s* + r(8R? — 2Rr + 6r?)s? +

10
" ](s2 +4Rr + r2). </s? + 21Rr + 12r2

?
r?(84R3 + 116R’r + 61Rr? + 11r3)0 and it’s trivially trueif : R— 5r > 0

and so,we now focus on the case when : R — 5r < 0 and then, via (*),
(R—5r)(s* — s?(4R* + 20Rr — 2r?) + r(4R +1)3) > 0
- in order to prove (2), it suffices to prove : LHS of (2) >
(R—5r)(s* — s?(4R? + 20Rr — 2r?) + r(4R + r)3) &

?
(R3 + 2R%r — 26Rr? + 4r3)s? r(16R4 — 89R3r — 86R?r? — 30Rr3 — 4r*)
®

Gerretsen

R3 + 2R?r — 26Rr? + 4r3 > 0 and then : LHS of 3
(R3 + 2R%r — 26Rr? + 4r®)(16Rr — 5r?) > RHS of (3)
Euler

?
& 29t3 — 85t2 + 56t — 4 > 0 & (t— 2)(29t% — 27t + 2) > 0O-true~t > 2
= (3)is true
Gerretsen
[Case 2] R3 + 2R?r — 26Rr? + 4r3 < 0 and then : LHS of (3)

(R3 + 2R%r — 26Rr? + 4r3)(4R? + 4Rr + 3r2) > RHS of @
est®-tt-t3+t2 - 8t+4>0<:>(t—2)(t4+t3+t2+3t—2)>0—>true

Euler

t > 2> @ is true . combining both cases, 3) = (2) is true vV A ABC
~ (Wg +wp + w)? < s? + 21Rr + 12r? and so,
s? + 12Rr +30r? < (w, + wy, + wo)? < s? + 21Rr + 12r2 v ABC,
with equality iff A ABC is equilateral (QED)

3049. In any A ABC, the following relationship holds :

+— 4=

1 1 1 4<1 1 1)2
a b

+ + >
W,W, Wp,w, ww, 9
Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India
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1 1 1 sZ + 2Rr + r? sZ + 2Rr + r?
T S we> 3 b=

W Wy WpW. W.W, 16Rr2s? 16Rr2s?
cyc cyc
s? + 2Rr + r? sz+4Rr+r2;4(sz+4Rr+r2)2 2;14R 2 ¢
= : > —, o st > r —r? - true
16Rr?s? 2R 9 16R2r2s2

Gerretsen

Euler
vs? > 14Rr—-r?+2r(R—2r) > 14Rr —r?

1 1 1 41112
<++)VABC,
a b

WoW, WpW,  WW, Z9
with equality iff A ABC is equilateral (QED)

3050. In AABC the following relationships holds:

1
R > T

2 sin% (1 - siné)
cot% (1 + sin é)

"r<s< 2cosﬂ<1+siné>-R
1- sing - 2 2

Proposed by Dang Ngoc Minh-Vietnam
Solution by Tapas Das-India

We need to show:

1
R > T
- . A . A
Zsmf(l—smf)
4R 4
r =, . A . A
Zsmf(l—smf)
1 1 . A>2 . B _C
or1l—sin— > 2sin—sin—
sinésinBsm Zsm ( — sin ) 2 2 2
2 2
B-C B+C
1—sm§>cos — COS 2 or
A A+B+C=m B—-C A B—-C
<1True

1-—sin— > coS
2 - 2
We need to show:

cot% (1 + sin g)

— sin or cos
2

‘r<s
. A -
1—sm7
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s cotg(1+sin%) A cotg(1+sing)
-2 or,l_[cot—z
r 1-sin5 2 1—siné
2 2
B C (1+sing)
cotzcoti —
1—sin7
Zcosgcosg (1+sing) (cosB-zl_C+cosBzc) (1+sing)
> or >
2.B.C—l.A B-C B+C—1.A
sin- sin- —siny (cosT—cos > ) —siny

(sin% + cos B ; C) A+B+C=m (1 + sin g)
(

B—C__ A -~ ___ A
cos— sinz sinz
x_l_ysm7=x,cos¥—y1+x
=
y—X 1-—x
x+y—x>—xy>y—x+xy—x*or2x>2xyory<1lor
cos—— < 1True (4)
We need to show:
<2 A(1+'A)R - A(1+' A)
s 2cos3 sinZ )R or, oo < cos sin
s <1 A<1+ A>
2R = 7085 sin
[ eos <gcos5(1+5in3)
cos2 5 0S5 sin
B C A B+C B — A
ZCOSECOSES (1 +smE> or CcOoS + cos < 1+sm§
A B — C A+B+C=n A B-C
or,sinE+cos < 1+sin§ or Ccos < 1True (B)

From (A)&(B):
A . A
cotf (1 + sin 7)

A A
-rSSSZCos—<1+sin—)-R
1 . 2 2

—smi

3051. In any A ABC, the following relationship holds :

1 11(2 R
—g+1)(2r+3)
Slnf

m, +w, +h, <

Proposed by Dang Ngoc Minh-Vietnam
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Solution by Soumava Chakraborty-Kolkata-India

2bc A 4R?%*(cos(B—C) + cosA). cos
.COS— = A

W, =

b+c z 4Rcos%cos¥
B-C A
2 _ — in2 .=
:R(Zcos 2 1+1-—2sin 2)
cos—
2R(c? —s?) B-C A
:wazf(c=cos ands=smE>—>(m)

T A 2R(c%—s?
[Case 1]A < - and then, via (m),m, + w, + h, < 2Rc0525+¥

c
2 _ g2 c+c?+c—-s%(2c+1)
c

C
+2R(c% —s%) = 2R<1 —s?+

?< (ﬂ) <4Rs(c —s)+ E)
“\ s 2
2 (c +c2+c3—s2(2c+ 1)) ? (1 +5)(1 + 8sc — 8s2)
C = 2s ,
© —4c3s + 8c¢%s? + 4¢?*s — 8cs? +4s3 —3cs +c > 0?

& (4c%s — 8cs? + 4s3) — (4c3s — 8c%s2 + 4cs) +cs+¢c=> 0
?
& 4s(c? —2cs + s?) —4sc((c2 — 2cs + s%) — s? +1)+cs+c2 0

+ ¢? —sz> = 2R.

=14

& 4s(c—s)? —4sc(c—s)? —4sc(1+s)(1—s) +c(1+5s) é 0
& (4s—4sc)(c—s)?+c(1+s)(1-4s(1—-5)) =0

? B-C
e4s(1-c)(c—s)?+c(1+s)(2s—1)?>0->true~1—c=1-cos

2
B-C A 1
=1lands = sini =3 = equality iff

> 0, with equality iff cos
p
B=Cand A = 3 = equality iff A ABC is equilateral

T ? ?
AZEandthen:élmﬁ:2b2+2c2—a2SaZ@b2+c2—a2SO
?

. a A A
& 2bc.cosA < 0 - true = m, SE = 2RcosEsinE= 2Rs.\/1 —s?

and then,via (m), m, + w, + h, <
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2R(c?% — s? ?
2Rs.\/1 —s2 + ¥+ 2R(c? —s?) <

(1 +5)(1 + 8sc — 8s?)

1 1 (2 R
) A+ < I'+E)
smi

2s
1+s 1+85c—852 2(c%—s ?
@( )( a )_ ( - )—2(c2— §2) = 25.J1—s?
c1+s 1 + 8sc — 8s%) — 4s(c? — s?) — 4sc(c? —s?) ?
( )( )zsc( ) — 4sc( )>Zs\/1——sz
—4c3s + 8c?s? — 4cs3 + 4c%?s — 8cs? + 4s2 + c(1 +5) 72 <2
2sc S
—4sc(c? —2cs + %) +4s(c? —2cs +s2) +c(1+5) 72 -
ZscZ S
4s(1—c)(c—s)“+c(1+s
R ca ) P er
2sc (*)

Now,1—c=1— cos

B—-C 1+s?
> >0 .- LHSOf(*)ZYZZS.\/l—SZ

? ?
& (1+s5)?2-16s*(1-52) >0 16s® —16s* +s?2+2s+1>0

1 11 ?
=>—<(4s—3)2(16s +24s> + 11s? +35—E>+—(355 184s)> >0
(++)
NowA> o2l 1o sosinT =1 and-3s——is1 [ 1)
— — —_ —_= — —_——_— f—
ow, =3 2 ) S sm4 \/_an S 16 is Ton \/E'
3-Moge- 3l Mooy e[l 1) and - e[l 1)
T T167 07 160 S Y TS [

1
~ 355 —184s > 0 - LHS of (**) > Te (4s — 3)%2(16s* + 24s3 + 11s?) > 0

= (xx) is true (strict inequality) = (*) is true = m, + w, + h, <

R
+1 (Zr + E) and combining both cases, m, + w, + h, <
sin+
2

R
+1 <2r + E) Vv ABC, with equality iff A ABC is equilateral (QED)
smi
3052. In any AABC the following relationship holds :
2R
z(‘q“+—+ >< 5+—
ha Wa pa r

cyc
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Proposed by Dang Ngoc Minh-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Since h, < g, <w, <m, <p, <n,(see[l,pp.2]),then we have

9a  Ma  Ta_Ta K Ga Mo _ (l_i) Ma, 9a Ma_ (l_l)
Pt Tt T, M ha+ +Wa Pa

ha Wq Pa ha ha ha Pa ha ha Pa
n, Ya a Pa da a My n, m, Ya
=—+1+—+———_—+1+—+———=—+2—(——1)(——1)
ha ha nwa h h ha da ha ha da ha
<242
*h. + 2,
then
CBS
ga m, na) z<na ) ~ Z 1
—+—+—)< —+2)< 6+ —.
CZ (ha Wq Pa ha ha
yc cyc cyc cyc

1 a (b —c)?
:6+\/F'ZE'S<S_‘1+ p >

cyc

=6+—. \/Z[a(s—a) + (b—c)?] = 6+L.\/2r(4R+r) + 2(s? — 3r2 — 12Rr)

cyc \/ET
VsZ — 8Rr — 272 GerTetsen  \JARZ " ARr + 12 2R
= 6 + r S 6 + r = 5 + T

as desired. Equality holds iff AABC is equilateral.
[1] Bogdan Fustei, Mohamed Amine Ben Ajiba,
"SPIEKER’S CEVIANS IN THE GEOMETRY OF TRIANGLE" — www. ssmrmh. ro
3053. In any AABC the following relationship holds :
m w h 3 3R
wZ * h: * m(:, = 2 4r

Proposed by Dang Ngoc Minh-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
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Since h, < w, < m,, then we have

m, w, h m W h, m, h,
= “+—“=(—“—1)(1——>+1+—+—<1+h—+—<

Wq ha mg, Wq ha ha mg, a Mg
Panaitopol
anaéopo 1+ R + 1E1ﬁ<£er 3 + 3R
- 2r - 2 4r

as desired. Equality holds iff AABC is equilateral.

3054. In any A ABC, the following relationship holds :

H\/ﬂ nm- nm l_[\/ﬂ<4Rs2(R—2r)3

cyc cyc cyc cyc

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Stewart’s theorem = b?(s — ¢) + c2(s — b)
=an?+a(s—b)(s—c)andb?(s —b) + c*(s — c) = ag% + a(s —b)(s — ¢) and
via summation, we get : (b? + c?)(2s —b —¢) = an? + ag? + 2a(s —b)(s — ¢)

= 2a(b? + ¢?) = 2a(n? + g2) + a(a+b —c)(c + a—b) = 2(b? + ¢?)
=2(n%+g%)+a®>—(b-c)?=2(b%2+c?)—a®+ (b—c)?> =2(n2 +g32)
= 4mZ + (b — ¢)? = 2(nZ + g2) = 2(b — ©)? + 4s(s — a) = 2(n3 + g2)

:n,2,+g,21(;) (b—-c)?+2s(s—a)
Again, Stewart’s theorem = b%(s — c¢) + c?(s —b) = an? + a(s —b)(s — ¢)
= s(b% + ¢%) — bc(2s — a) = anZ + a(s? — s(2s — a) + bc) = s(b? + ¢2) — 2sbc
= anj + a(as — s?) = s(b? + ¢ — a® — 2bc) = an? — as® = an = as® +

2 4sbc(s — b)(s —-c)

A
s(2bccos A — 2bc) = as? — 4sbcsin? —=a
) (a —(b—c)) < a—(b—c))
= as“ —as a =>ni=s

= n2 2 () s(s—a) +— (b—c)2
N 4s(s—b)(s—c¢)

Via (x) and (%), g2 = (b — ¢)? + 2s(s — a) — s> .
a4 4s(s—b)(s—c)

a
4s(s—b)(s—¢)

=s?—2sa+a® + (b — c)?

=(s—a)?’—-4(s—b)(s—c) + -
4(s—a)(s—b)(s—c)

=(s—a2+4(s-b)s-O(>-1)=(s-a)?+
~@)(a? = (b—c?) (s—a)(b—0?
=(s—a)2+(s a)(aa( © =s(s—a)— > aa ¢
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(s —a)(b — c)? s(s — a)(b — ¢)?

=g -h:=s(s—a)- . —s(s—a)+ e

s —a)? s—a
( > ) .(b—c)?= /ga hﬁzT.lb—clandanalogSﬁ@

— _ 2
Via (+),n% —hZ = s(s — a) + E(b —0)?-s(s—a)+ s ac);gb ©

s
=3 .(b-c)?= /na hZ = — |b—c| and analogs — (2)

b — ¢)? —a)(b - 0)?
Also,m% —h% =s(s—a) + ( ) _s(s—a)+ s(s a()lg c)
4s? — 4sa + a® (b + ¢)?
= —0)? = _ <2
- 4a> (b-0) 1aZ .(b—0)
b +
=>1/m§—h§ 2a < .|b — ¢| and analogs — (3)
ss—a)® - o? s(s —a)(b — ©)’
Finally, wi ~ ha = s(s — @) - (b+0? s(s—a) + 2

4s%(s — a)? 2s(s — a)
S ZbroZ (b-c)?= /w& —hj = abt o .|b — c| and analogs — (4)

? b2+ c¢? bc
4R 2R
2r\ ? 4R2(sm2B+sm2C) 4R?%sinBsinC
<R (1 - —) =
R 4R 2R

. A . B.C
8Rsm751n751n7 ?
> sin?B + sin?C — 2sinBsinC = (sinB — sinC)?

We have : R — 2r >

1 -

R
14_A(2_B_C);<2 B+c_B—c)2
@ — J— J— —

sm2 smzsm2 cos > sin >
A B-C B+C A ,B—C
@1—4smf(cos > — CcosS >>4sm E(l—cos )
14_A B—C+4_2A;4_2A 4-2A ,B—C

@ — J— — —_—— —
smzcos sin > 2 sin > sin 2cos >

. ,A ,B-C A A B-C 2
S 4sin Ecos — 4sin—cos —1)

— C ?
2 > +120®(25inicos =0
- true = 4R(R — 2r) > (b — ¢)? and analogs — (m) and via (3) and (),

\[wg—hz \/ma hZ = (b+c |b—c|> n(% b — C|>

cyc

cyc cyc
s3.r%s N2 1—[ 2 1_[ 2 _ 1_[ Y
~ 16R%r2s?’ H(b 0= | [Jwa—hG.[ | jm&—hg 16R2 (b—c)

cyc cyc cyc cyc
- (i) andvia@and@,n\/gﬁ —hﬁ.n\/nﬁ —hZ =
cyc cyc
S J—
- _ )2
1_[( b —cl). n( b —cl) = 16R2r2 z- 1_[“’ ©
cyc cyc cyc
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[ Jo—na [ [ -tz = = [ oo - o2 - i

cyc cyc cyc

» (ii) and (ii) = 1_[ w2 _h‘Z"H [m2 —nz — 1_[ /gﬁ—hﬁ.ﬂ 2 _n2
cyc cyc cyc cyc
s2 5 via(m) g2 . \ , .

= 16RZ" H(b —©? < T3 64R* (R - 2r)° = 4Rs?(R - 2r)* V A ABC,

cyc

" =""iff A ABC is equilateral (QED)

3055. In any A ABC, the following relationship holds :

n, + ha)
2
Proposed by Dang Ngoc Minh-Vietnam

m,h, < w, (

Solution 1 by Soumava Chakraborty-Kolkata-India

3 r ? Zabccos%

Tri lei litv = <Al+r< S ——F+r<——
riangte inequaltity = g, I's W, sind r a(b +c)

2

A
r ? 8Rrscos§ 1 ? a+b+c
+r< & +1<—

=4

. . A A . A - . A
sinz 4R sin cos> (b+c) sin > (b + ¢) sin 5
? a

: 1 A
= +1< + <:>(b+c)sm§Sa<:>

. . A . A

sinz (b+c¢) siny  sinz
B-C A~ A A B—-C

smE <4R smEcosE S cos

4R cos - cos <1-true-g,<w,—-Q

)
Now, an?.ag? > a*s*(s —a)?*
b%(s —b) + c?(s —c)\ ?

2(g _ 2(c 1) — (s — _ 2¢2(c _ )2
(b (s—c)+c“(s—b)—a(s—Db)(s c))( —a(s—b)(s— ) )(%a s“(s—a)
Lets—a=x,s—b=yands—c=z-.s=x+y+z>a=y+z
b =z + x and c = x + y and via such substitutions, () ©
(z(z +x)?+y(x+y)? —yz(y + z)) (y(z +x)+z(x+y)?—yz(y + z))
>x*(y+z)(x+y+2)? oxy?+xz? +y3+z3 > 2xyz+yz(y + z)
ex(y-2)?+(y+2)(y—2)?%>0- true = (x) istrue = n,g, > s(s—a) » (2)
Again, Stewart’s theorem = b?(s — ¢) + c?(s — b) w an? + a(s —b)(s — ¢)
and b%(s — b) + c%(s — ¢) o ag? + a(s—b)(s—c) and (m) + (n) =
(b%2 +c*)(2s—b—c) = an? + ag? + 2a(s—b)(s—c)
= 2a(b? + c?) =2a(m?+ g% +a(a+b-c)(ct+a—b)
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= 2(b% + ¢?) = 2(n2 + g2) + a® — (b — ¢)?
=2Mb%*+c®)—a’?+(b-c)?=21%+g2) =4m2 + (b—c)? = 2(n? + g2)
=>2Mb-0c)?+4s(s—a)=2n%2+g3)=>n2+g:i=(b-c)?+2s(s—a)

via (2)
=>n+g%+2n,9, > (b—c)2+4s(s—a)z(na+ga21224mg
n, + n, + ? n, +
=>m, < azga:mahaSha. 2 gaSwa<a2 a)

?
& ng(w, —hy) + h, (W, — go) = 0 - true via (1)
n, +h, .

) v A ABC," =" iff b = c (QED)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

~mgh, < wa(

Since n, > m, and m,w, > s(s — a), then we have

(b — ¢)? 4bcs(s — a)

(b + ¢)?

(Mg +wp)? =>ny% +2muw, + w2 > s<s —a+

> +2s(s—a)+
s(b—-c)? s(s—a)(b-c)?
~ (b+c)?

N2 A N2
:4-s(s—a)+(b_c)z+(s a) ((:S-l- cl)lz)(b c)

=4s(s—a) +

>4s(s—a)+ (b—c)? =2(b*+c®) —a’*=4m,? = n,+w,>2m,.

Therefore

b < (ng +wy)h, _ h,n, +w,h, < Wala +wyh, _ (na + ha)
ara—= 2 2 - 2 @ 2 '
Equality holds iff b = c.

3056. In AABC the following relationship holds:

b? + > A<
cos—<n
b+c 2 a

Proposed by Dang Ngoc Minh-Vietnam
Solution by Tapas Das-India

s(b — ¢)?

— _ 2
n3=s(s—a)+T, g§=s(s—a)—(s a)(b-rc)

a
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(b —c)?

m2=s(s—a)+ or 4m?% = 4s(s — a) + (b — ¢)?

Using above result we get:
n2+g%2=(b-c)*+2s(s—a)

> Known inequality m >wcosé b A 2b A
Ng2Mg az"y 2b+c c
MWa = MW 2 cos—. cos— =
o o 2 2b+c 2
= bc cos? 2= s(s — a)

Mg+wr)2=n2+g2+2n,w,=(b—c)*+2s(s—a)+2mw, >

>(b-c)P2+2s(s—a)+2s(s—a)=

=4s(s—a)+ (b—c¢)? = 4m2 or,n, + w, > 2m, (1)

b2+c2 A b+ c A b+ A_2bc A _
CosS— = c) — Cos— = C) CoOs—— cos— <
b+c 2 b+c 2 2 b+c 2
b+c A
Ma=—3~C0S7 €))
< 2m,—wy, < ngt+w,—w,=n,

3057. In any A ABC, the following relationship holds :

Ya a Iy
g 492 _< = _
h + + /h /hb+\/7

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Stewart’s theorem = b?(s — ¢) + ¢2(s —b) = an? + a(s — b)(s — ¢)

and b?(s — b) + c%(s — ¢) = ag? + a(s — b)(s — ¢) and via summation, we get :

(b%2 +c®)(2s—b—c) = an? + ag? + 2a(s —b)(s — ¢) = 2a(b? + c¢?) =
2a(n2+ g3 +a(a+b-c)(c+a—b)=>2(0b?*+c?) =2(m2+g3%+
a’ —(b-c)?=22b%*+c*)—-a’+(b-0?=2n%2+g%) >4m2 + (b—-c)? =
2(n%2+ g% =2(b-c)®+4s(s—a) =2(n3%+ g3)
:>n§,+g§,(;)(b—c)2+25(s—a)
Again, Stewart's theorem = b%(s — ¢) + ¢?(s —b) = an? + a(s — b)(s — ¢)
= s(b? + ¢2) — bc(2s — a) = an? + a(s? — s(2s — a) + bc) = s(b? + c¢?) — 2sbc
= an? + a(as — s?) = s(b? + ¢? — a? — 2bc) = an? — as? = an? = as? +
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4sbc(s —b)(s—c)(s—a
s(2bccos A — 2bc) = as? — 4sbc sinZE = as? — ( )( )( )

bc(s — a)

, as(cta-b)(a+b-c) 5 a? —(b—-c)?

= as? — =as? - as|————
a a

, a? — (b —c)? 5 () (b —¢)?
=sng=s(s-———— =>n: =s|(s—a+ ”

4s(s—b)(s—c¢)

Via (+) and (%), g% = (b — ©)* + 2s(s —a) —s* + a
4s(s—b)(s—c¢)

=s?—-2sa+a*+(b-c)?—-a*+

a
=(S—a)z+(b—c+a)(b—c—a)+4S(S_b)(5—c)

a
4s(s —b)(s —
=(s—a)?—-4(s—b)(s—c) + s(s a)(s ©
s
— (s — )2 _ —o(2-
= (s—a)? +4(s — b)(s c)(a 1)
4(s — —b)(s — 4r?
—s—a)?+ (s a)(sa )(s c)=(s—a)2+%=(s—a)2+2rha
2 2 2
ga _a(s—a Zga_ 1 z 2 2
:>ha— 1S + 2r and analogs = h, ~ Zrs a(s® —2sa +a*) + é6r
cyc cyc

1
=7 (sz(Zs) — 4s(s? — 4Rr — r?) + 2s(s? — 6Rr — 3r2)) + 6r

4Rrs—2rs CBS 1
Zg“_2R+5 &+—+& Z‘q“ Z—
h, h, h,

cyc cyc cyc

2R + 51- 7 |r, Ty \/s tan .4R cos? tan ZR A
— —+ Z sin—
h, h, 2rs 2

cyc cyc

2R . 2A A A ? |2R + 5r
S (—) Zsm —+2 nsm— Zcosec—
r 2 2 2 r

cyc cyc cyc

2 Alergen6 LHS f<D><2R><2R—r_|_ r 6)_2R+5r
cosecs ° r 2R 2R/ r

OV

cyc
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:@istrue:—+—+— Ta o —VAABC
h, ~ |hy

" =" iff A ABC is equilateral (QED)

3058. In any A ABC the following relationship holds :

R
<F+ 2024) zha n ZOZSZra > Zma 4 40502%

cyc cyc cyc cyc
Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Dwa= Y (2550 T e, [y 520

(b + ¢)?

cyc cyc cyc cyc

A;G Zb zs(s—a)_ Zb Z 2 B Zb 4R+ r
< C. be = C. cos 5= C. >R
cyc cyc cyc cyc cyc

= (Z ha> (Z ra> = Z w, < Z ha> (Z ra> - (a)
cyc cyc cye cyc cyc
Now, (g + 2024> (Z h, | + 2025 Z r,

cyc cyc

=4_4th>nm%zh+zm>_

cyc cyc cyc
Euler + Panaitopol

(5 (S5

cyc cyc cyc

Zm +40502wa..( +2024)<Zha>+20252ra2

cyc cyc cyc cyc
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Z m, + 4050 Z w, VA ABC,” =" iff A ABCis equilateral (QED)

cyc cyc

3059. In any A ABC the following relationship holds :

h, + h, h, + h, hbh \/’
h,—r h,—r h,r — 2 Z
CyC Cy€ cyc sym

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India
hb + h, 1—[ 2rs(b+c).as  |8.4Rrs.s?
—r be.rs(2s —a) .| 16R2r2s?
cyc
hy, + h,
/ h, —r / - (i)
cyc
hb+h 2rs(b+c).as hb+h L (i)
-r bc.rs(2s — a) 4Rrs h,—r "
CYC CYC cyc cyc
hbh 21'2 2 1 hb ZSZ ( )
h,r r3 h,r it
cyc cyc
C 1
Now—z\f > Z(\/;+J%):T.WZ(\/a(b+c).\/b+c)

sym cyc

cBsvV/3 1 V3 1 2 252
< — ZZab.\MsS—.—. —.4s% . ZI — > (m
‘VARrs VRr 2 = (m)

h h, h h, h,h
..,(i),(ii),(iii),(m):al_[ ’ b+_r ’ b+_r ’l:’r 2 Z\f
cyc cyc cyce sym

v A ABC,” =" iff A ABC is equilateral (QED)
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3060. In any A ABC the following relationship holds :
1 1 1 3
—+—+—=

3
Wq Iq ha V SZI'

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

1+1+1A;633 1 _3 b+c ; 3
Wo To hg = T (Walghg T A stan%.er  Vs?r

2bccos 5.
Z 4R cos? % tan%

Ra(b + ¢)

?
>1
A 2 AT
4Rrs cosi. sec 7

AR A AR A B_C;44R'A'B'C4R A B C
1= — —. — ) — — —. — — -, —
coszsm2 coszcos > 2 smzsmzsm2 coszcoszcos2 sec
- , A B—C;(2 . B . C)(Z B C)
cos 2cos > 2 smzsm2 coszcos2
B-C . 2A B—C;( B-C . A)( A+ B—C)
@ J— —_— —_— —_— —
cos sin 2cos > 2 cos sm2 sm2 cos >
B—-C 2B—C -zA -zA B-C?
S cos — coS + sin E—sm Ecos >0
B-C -zA B—-—C\ ? —
(:)(cos 2 + sin E)(l—cos 2 )20—>true°-'0<cos <1
1 1 1
ao—t—4+—2= vV A ABC (QED)

. Wq Iy ha B 3\/ Szl‘
3061. In any A ABC, the following relationship holds :
—c\* 16
n, <h, +4R(T) < h, +?(R— 2r)

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Stewart’s theorem = b?(s — ¢) + c?(s — b) = an? + a(s — b)(s — ¢)
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= s(b? + ¢2) — bc(2s — a) = anZ + a(s% —s(2s — a) + bc) = s(b? + ¢%) — 2sbc
= an? + a(as — s?) = s(b? + ¢ — a® — 2bc) = an? — as? = an3 = as® +
4sbc(s —b)(s—c)(s— a)
be(s — a)
=as?’—s(a® - (b—-c)?) = as(s—a) + s(b — ¢)?
>ni=s(s—a)+-— (b—c)2 - (i)

? b2 —bc+c? ng? b? —bc+c n2 > (b? — be + 2\’
Now,n,>——— — > —1>(——) -1

A
s(2bccos A — 2bc) = as? — 4sbc sinZE = as? —

2R (:)h_a_ bc @ﬁ bc
(b — ©)?(b? + ¢?) —h2 > (b 0)?(b?% + ¢?)
= b2c2 @ hz = b2c2
via (1) _ b— 2
& s(s—a)+-— (b —0)?—-s(s—a)+ s(s ac)lg °
2 (b —¢)?(b? + c2 b22 s(s—a ? (b — ¢)?(b? + c2
JOo(b2he?) b2t (s sGoa)) 2 (b 0f(b? 4 c?)
b2c2 4R2 a 4R?
sZ 7 b? +c

<:>a22 IR (- (b—c)2>0)@4R22>a2b2+c2a - true
Goldstone b% — bc + c?
(strict inequality) - 4R?s?> > Z a’b? > a’b? + c%a? - n, > R

cyc
—h2 S(s—a)+%(b—c)2 —s(s—a) +S(S—a)(b—6)2

=>n, —h, = < a’
¢ 7% ng+h, " b2 + c2
) ) 2R
S S
?(b—C)Z ?(b—C)Z b—CZ
< b 1 02 < 2 ('-'b+c=s+s—a>s)=>na—haS4R< a)
4R 4R
b-c\’|? 16 4 52 )
:nasha+4R( p ) Sha+?(R—2r)=}§(R—2r).a >R(b -0
4R(1 4sin B_C+4'2A) 16R? sin? = cos? &
S —. — — =]. — —
3 sin cos— sin” 2 sin” > cos®
! 22A . ,B-C
= R.16R“ sin“ —sin
2 2
B-C

4<1 asin® cos B C
o —(1- o~
3 Sln2COS

B-C B-C ? A
& 3 cos? —16(x — x3) cos +1+12x% —16x*(>|0 (x = sin—)
2 2 6“) 2

A A\ ?
+ 4 sin? E) (1 — sin? E) > 1 — cos?

with discriminant =

Now, LHS of (1) is a quadratic polynomial in cos
256(x — x3)” — 12(1 + 122% — 16x*) = 256x6 — 320x* + 112x% — 12

V3 3
= 4(4x? - 1)2(4xZ -3)<0iffx < - and so, when x < - discriminant < 0

= LHS of (1) > 0= (1) is true and we now focus on the scenario :
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B-C

3
when x > > and then, in order to prove(1) , it suffices to prove : cos

8(x—x3)+(4x2—1).m< V3 _ 1 )

3 vx>—>—=4x2-1>0
b+c

2 2
B-C b+c  Aa”! ] )
and - cos > =g smE > x - itsuffices to prove : x >

3
o (83 —5x)" > (4x? - 3)(4x? - 1)" < x> \/7— =8x2>6>5= 8x3 > 5x>

>

< 3 - 3x2 >0=>1> x2 - true = is true and combining both cases,
8
2

. b—-c 16
(1) istrue v A ABC = ha+4R(T> Sha+?(R—2r) and so,

N 16
nasha+4R(T) Sha+?(R—2r)VAABC,

" =""iff A ABC is equilateral (QED)
3062. In any AABC the following relationship holds :

Mg M e 13R 1

w, wW, w. 8r 4
Proposed by Dang Ngoc Minh-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

By CBS inequality we have

n n n 1 1 1
2y Py << \/(anaz + bn,? + cn?) ( > > 2),
W, W, W, aw,~ bwyp~ cw,
with
(b—c)?
an,? + bn,? + cn? =Zas s—a+T =sZa(s—a)+sZ(b—c)2 =
cyc cyc cyc
= 2sr(4R + 1) + 2s(s* — 3r* — 12Rr)
Gerretsen
~
=2s(s?—2r*—-8Rr) < 2s5(4R*—4Rr +71?%).
1 N 1 N 1 (b+c)? 1 (2s—a)®
aw,2  bwp2 w2 L.i4abcs(s—a) 16sZRr s—a
cyc cyc
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2

1 Z s 43 1 s(4R+r)+,7 _R+2r
"~ 16s2Rr s—a °7 %) T 16s’Rr r 5= asRr?
cyc

Then

- +—<

Wq Wp W,

N, M T (4R% — 4Rr + r2)(R + 21) 2 13R 1
2Rr? - 8r 4

& 32(4R?* —4Rr +r*)(R+2r) < R(13R - 21r)? © (41R-161)(R—-21)?2 >0,
which is true by Euler inequality R > 2r.
The proof is complete. Equality holds iff AABC is equilateral.

3063. In any AABC the following relationship holds :

&<4R+r

ha_ \/§S

Proposed by Dang Ngoc Minh-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

By AM — GM inequality, we have

a\/3(s—a) (s— (b:lc)2> 3 3a(s —a) +a(5—M>

Ya _ a
\/§.ha—

2sr 4sr

_a(4s—3a)—(b—c)® 2(ab+bc+ca)—(a®>+b*+c?) 4R+
B 4sr B 4sr B

S

3064. In any AABC the following relationship holds :

1 1 1 _ +2r[ 1 1 1
—+—+—2= = + +

w, Wp W, R\ .4 g 4 3 4 3
raha raha raha

Proposed by Dang Ngoc Minh-Vietnam
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

By AM — GM inequality, we have

1 1 1 b+c a a
— t—+—= Z = Z + >
W, W, W 2./bcs(s — a) 2\/abs(s —c) 2./cas(s—b)

cyc cyc

>z4 a? _24 a’(s—a)  +2r Z4a3(s—a)_
- bcs?2(s —b)(s—c) 4Rsr.s%.sr? | R’ 8F+
cyc cyc cyc

4|2r 1 1 1 \

= |— + +
R\ 4 3 4 3 4 3
raha raha raha

Equality holds iff AABC is equilateral.

3065. In any AABC the following relationship holds :

1 1 1 |[3V3

w, W, w. 4 F
Proposed by Dang Ngoc Minh-Vietnam

Solution by Mohamed Amine Ben Ajiba-Morocco

We will first prove the following lemma, that for any x,y, z, u,v,w > 0, we have

w+wx+w+uwy+ u+v)z> 2\/(uv +vw + wu)(xy + yz + zx).
By CBS inequality, we have

w+wx+wH+uwy+@U+v)z=u+v+w)(x+y+2z)— (ux +vy+wz)

= J[2(uv + vw + wu) + u? + v2 + w2][2(xy + yz + zx) + x% + y2 + 72|
— (ux + vy + wz)

22\/(uv+vw+wu)(xy+yz+zx)+ux+vy+wz—(ux+vy+wz)

= ZJ(uv +vw + wu)(xy + yz + zx),
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N| =

u
which completes the proof of the lemma. Equality holds iff i

|

Now, we have

= sin —

w, W, Ww, bcsin A T2

1 1 1 Z b+c =Z4R(singcosg+singcosg) A

A
cyc 2bc cos 7 oe

_ 4R (_B B, . C C)_A_ZR(B_I_ C)_B_
=57 sin— cos— +sin cos ) sino = — cos- + cos |sin sin
cyc cyc
Le’";'"“zm Z B Z A B _A_C
z 5 €os - cos sm sin > sm2 sm2
cyc cyc
= R AL
= sm—
A
4R Secosg 4R e
Sty L iyt
sm— — ) sin—. :
- B c
cyc cye cos F cyc 2 Yeye COS 5 COS 5
So it suffices to prove that
(.A+_B+_C)2> A B B C C A()
— — — — — — — — —. *
sing +sin— +sinz | > cosz cos— + cos- coso + cos cos

Using the substitution (4,B,C) » (m — 2A',m — 2B', ™ — 2C’),
where A’,B',C' € (0, E) () &
2

(cos A’ + cos B’ + cos C')?
> sinA’sinB’' + sinB'sinC’ + sinC’'sin A’ ,VacuteAA'B'C’

2 2 2

r s“+71r°+4R'Tr

1+—| > & 4R +4RT +31r'% > 5%,
R’ 4R’

which is Gerretsen’s inequality. So the proof is complete.

Equality holds iff AABC is equilateral.
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3066. In any AABC the following relationship holds :

m, W, |h, °©¢|3V3[3|b2+c% 3|c2+a? 3|aZ+ b?
e R R + +
a b c 32 a? b? c?

Proposed by Dang Ngoc Minh-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

By AM — GM inequality, we have

a

m, *(2(b*+c?) —a* 12|3a%[2(b? + c?) — a?]3
4a? B 192a8

12((3a? + 3[2(b? + ¢%) — a?])*
<
- 4%4,192a8

613v/3 3|b2 + ¢2
“ U324y &
Then
\/@<\/@<6\/3\/§ 1:/c2+a2 and\/£<ﬁ<6\/3\/§ 3\/a2+b2
b \Nb ~ 32 b? c N " 432 cz
Therefore
\/E_l_\/@_l_ E<6\]3\/§<i/b2+c2+":/c2+a2+3\/a2+b2>
a b c 4 32 a? b2 c? '

Equality holds iff AABC is equilateral.
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3067. In any A ABC, the following relationship holds :

1 . 1 . 1 <\/§< 1 +ha+hb+hc>
m,w,w, mpyw.w, mw,w, s \4r? 4r, 1,1,

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India
1 1 3
+ + <
mawWpwWe mpwWew, mcw,Wwy WaWpWe

Since m, > w, and analogs -

_3(s2+2Rr+r2)é\/§( 1 ha+hb+hc>_\/§ 1 +s2+4Rr+r2
- 16Rr2s? ~ s \4r2 4r,rn,r, /s \4r? 8Rrs?
_ V3 (2Rs? +r(s? + 4Rr + r?)
s 8Rr2s?
2
9(s2 + 2Rr +r2)? ? 3 (2Rs2 +r(s? + 4Rr + r2))
< o
sz
?
—3s° + (16R? + 4Rr — 2r?)s* + r2(52R? + 36Rr + 5r?)s? + 4r*(4R + r)20
®

Now, Rouche = s> — (m—n) > 0and s? — (m +n) < 0,wherem =
2R% 4+ 10Rr —r2and n = 2(R — 2r).vR? — 2Rr
(s2 —(m + n)) (sz —(m - n)) <0

a
= s*—-s?(2m) + m? —n? < 0 = s* — s?(4R? + 20Rr — 2r?) + r(4R +r)3 (s) 0
= —3s2(s* — s2(4R? + 20Rr — 2r?) + r(4R +r)?) > 0 and so,
in order to prove (1), it suffices to prove : LHS of (1) >
—3s2(s* — s?(4R? + 20Rr — 2r?) + r(4R +1)3)

© (R? — 14Rr + r?)s* + r(48R3 + 49R?r + 18Rr? + 2r3)s? + r*(4R + r)ZO
@

We note that (2) is trivially true if : R2 — 14Rr + r? > 0 and so we now focus on
the case when : R? — 14Rr + r? < 0 and then :
via (a
(R? — 14Rr + r?)(s* — s2(4R? + 20Rr — 2r?) + r(4R + 1r)?) 2( : 0 and so,
in order to prove (2), it suffices to prove :
LHS of 2) > (R? — 14Rr + r?)(s* — s2(4R? + 20Rr — 2r?) + r(4R + r)3)
& (4R3 + 12R?r — 229Rr? + 66r13)s?

®
—r(64R* — 848R3r — 596R*r? — 135Rr>® — 10r*) [>| 0
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Gerretsen

4R3 + 12R%*r — 229Rr? + 66r% > 0 and then : LHSof 3) >
(4R3 + 12R?r — 229Rr? + 66r3)(16Rr — 5r?)
?
—r(64R* — 848R3r — 596R?r? — 135Rr3 — 10r*) > 0
? R ?
& 255t3 — 782t% + 584t — 80 > 0 (t = ;> & (t—2)(255t2 —272t+40) >0

Euler .
Strue+wt > 2= (3)istrue
Gerretsen

[Case 2]4R? + 12R?r — 229Rr? + 6613 < 0 and then : LHSof 3) >
(4R3 + 12R?r — 229Rr? + 66r3)(4R? + 4Rr + 3r?)
?
—r(64R* — 848R3r — 596R?r? — 135Rr3 — 10r*) > 0
? ?
S 4t5 —2t3 —5t2 - 72t4+ 52> 0 & (t—2)(4t* + 8t3 + 14t%2 + 23t —26) > 0

Euler

—true -t > 2= (3)istrue .. combining both cases, 3) = (2) = (1) is true

1 1
v A ABC - + + <
m,w,w, mywewg, mcw,wy
\/§ 1 ha + hb + hc "_rm s . .
Yy (4r2 + AT ) v AABC,"” =" iff A ABCis equilateral (QED)

3068. In any A ABC, the following relationship holds :

PaPbPc = s°r

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakaraborty-Kolkata-india
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A

B
Let AS produced meet BC at X and m(5BAX) = a and m(5CAX) = B (say)
and inradius of A DEF = r'(say)

a?\ (b? at* 1
2 1 =\|= - — 2hw2 _ 4
Now, 16[DEF]* = 2 E <<4>(4)) 16~ 16 2 E a“b E a
yc cyc

cyc C cyc

16r2s? rs . %'*'%"‘% rs , T
C 2B+C B+m—A
- Spieker center is incenter of A DEF, . m(4AFS) = B + 2= "3 = >
m A-B B m A-C
:E_ 2 andm(AAES)=C+E=E—T—>(Z)

Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :

r? L€ 2r (c) _A-B
——| ——=](=)sin
4 Zsinc z 2

2

AS% =

C
)
4sin >

N 2r (c) . A—B+ 2r (b) . A-C

ow, —) sin —|sin
Zsin% 2 Zsing z 2
_r(4R C . A_B+4R B . A—C)
=3 cos > sin > cos > sin
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R (2_ A+B . A—B+2_ A+C . A—C)
—rsmzsm2 szsmz

B C A
_ 9cin2 _ —2ein2— _ — 72¢in2 —
=Rr|1 - 2sin 2+1 2sin 2 2(1 2sin 2))

<2a(s —b)(s—c)—b(s—c)(s—a) —c(s—a)(s — b))
= 2Rr
abc

= %(Zﬁ + (b + ©)a? — 2a(b? + ¢%) — (b + ¢)(b — ©)?)

A A
sa2 8 _ .2
2a.2bccosA bc<(25 a)sin 2 a(l 2sin —2)>

4(b + c)bcsin? % -
B 8s 2s
be( (2s + a)sin? A_q
2 (2s+ a)(s — b)(s — ©)
- = — 2Rr
2s 2s
N 2r (C) . A-B 2r (b) A-C
- —) sin — — | sin
ZSing 2 2 Zsing 2 2
5]—(2s +a)(s — b)(s —
2s+a)(s—b)(s—¢) + 2Rr
2s
Acai r N r? r? ( ca . ab )
ain, -
¢ 4sin2g 4sin2% 4\(s—co)(s—a) (s—a)(s—b)

r? ab + ca o] r? r2

=-—=-(ca(s—b) +ab(s—0)) = —2Rr| = +

4r-s 4 4sinzg 4sin2§
b?+c2+ab+ca (2s+a)(s—b)(s—c
(i), (¥), (+*) = 2AS% = . ( )( - )(s —¢)
_(a+b+0)(b*+c*+ab+ca)—(2a+b+c)(c+a—b)(a+b—c)
N 8s
b3+c3_abc+a2b2+2c2_a2 - b3+C3—abC+a4m2
= ( ) = 2AS? (4m3)
4s 4s
r _AS cAS

—B

Via sine law on A AFS, A
2sin 2 sina cos —2

(a+ b)sing
(x) T(@ + C)

S csina 2 TOTD) o dvia sinel A AES, bsin =
csina = — - andviasine alw on ,1 sinf = 5AS
Now, [BAX] + [BAX] = [ABC] = Epacsina + EpabsinB =TS
via (+++) and (+++) p,(a+ b+ a + c) 4s
= =s=> = A
4AS 7 Pe= 251 a
, viaG) 16s? b3+ ¢ —abc+ a(4m?)
>ps = 5
(2s+ a) 8s
) 2s
.2 | 3,03 2
“Pa = st a)? (b + ¢® — abc + a(4ma))

We have : l—[(25+ a) = 8s3 +4522a+ ZSZ ab + 4Rrs =

cyc cyc cyc
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D)

8s3 + 4s%.2s + 2s(s? + 4Rr + r?) + 4Rrs = 1_[(25 + a)
cyc

Now, b3 + ¢ — abc + a(4m2) = b + ¢3 + a3 — abc + a(2b? + 2¢% — a?) — a3
= z a® — abc + 2a.2bccos A = 2s(s? — 6Rr — 3r?) — 4Rrs + 16Rrs cos A

cyc

= b3 + ¢3 — abc + a(4mZ) = 2s(Q + 8Rrcos A) and analogs
(Q=s?-8Rr-3r?) = 1_[ (b3 +¢3 —abc+ a(4m§))

cyc

2s(9s? + 6Rr + r?)

=8s3[ Q3 + Q2 8er cosA + Q. 64R2r2.z cos Bcos C + 512R3r3 1_[ cosA

N——

cyc cyc cyc
3 2 R+r 2 o | (RETV 2(s? — 4Rr — r?)
Q® + Q2 8Rr.——+ Q 32R%r2 (T) —(3- o
= 8s3 \ )
2 2
s“—(2R+r)
12R3*r3, ————
+5 r AR
(o0
= 1_[ (b3 +c3 —abc+ a(4m¢21)) =
cyc
& (s — 8Rr — 31‘2)3 + (s> —8Rr — 31'2)2. 8r(R+r) +
(s? — 8Rr — 3r?).16r?(s* — 4R? + r?) + 128Rr3(s? — (2R + r)?)

Y (o)’ (oo)’ (ooo) = nptzl =

cyc

gs3. 853 (s> — 8Rr — 3r2)3 + (s? — 8Rr — 3r2)2. 8r(R+r)+
 \(s*—8Rr—3r%).16r’(s* — 4R” +r?) + 128Rr’(s’ ~ 2R+ D)?)/ 7 , , TR—4r
4s2(9s? + 6Rr + r2)? =ST 75R

& 80Rs® — r(1280R? — 633Rr — 324r?)s* — r3(3316R? + 3934Rr — 72r?)s?
?
—-r*(252R3 + 1220R?r + 199Rr? — 4r3)0 and -
®

P = 80R(s% — 16Rr + 5r2)° + r(2560R? — 567Rr + 324r2)(s? — 16Rr + 5r2)” +
Gerretsen

4r?(5120R3 — 2165R?r + 1526Rr? — 792r3)(s? — 16Rr + 5r%) >
?
- in order to prove (1), it suffices to prove : LHS of (1) > P

? R
& 1585t3 — 480t% — 6348t + 1936 > 0 (t = ;>
Euler

?
& (t—2)(1585t% + 2690t — 968) > 0 > true =t > 2
7R — 4r 7R — 4r

= (D is true - npﬁ > str?, sp = PaPbPe = s’r. T A ABC,

cyc

" =""iff A ABC is equilateral (QED)
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3069. In any A ABC the following relationship holds :

sza<zrb+rc l'b+rc rb+rc Z rb+rc
a a l l a l l r,—r r,—r
cyc cyc cyc cyc cyc

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

2

s ? m, s

7 1 ?

—> ) —o—> o 2)2 > Z

2r a 2r 4-Rrsz bem, < (ZRs%)" bem,
cyc cyc cyc

2b? + 2c? — a?
= Z (bzc2 ( 2 ) + 2 Z(bc. ca.m,my)

cyc cyc

?
& 16R%*s* > Z b%c?| 2 Z a’?—3a% | |+ 32Rrsz cm,m,

cyc cyc cyc
?

= 16RZs44(s2 — 4Rr — r?)((s? + 4Rr + r?)? — 16Rrs?)
O

—144R?%*r?s? + 32Rrsz cm,m,
cyc
N 2 2c¢2 +ab 2b% + 2¢? — a?\ [(2c¢? + 2a? — b? 2 (2c? + ab)?
— s
oW, Mally = 4 ) =" 16
?
& a* + b* — 2a?b? — a®*c? + 2abc? — b%*c? > 0
?
& (a+b)?*(a—b)2—c?(a—b)>=>0
) ? 2¢? +ab
o (a-b)*(a+b+c)a+b—-c) =0 - true = mymy ST
~ RHS of (1) < 4(s? — 4Rr — r?)((s? + 4Rr + r?)? — 16Rrs?) — 144R?*r?s?
2¢% + ab) 2 -
+32Rrsz C.T < 16R“s

cyc

& (s? — 4Rr — r?)((s? + 4Rr + r?)? — 16Rrs?) — 36R?r?s?
?
+8Rrs(4(s? — 6Rr — 3r?) + 12Rrs) < 4R?%s*
& s — (4R? + 4Rr — r?)s* — (12R? + 16Rr + r®)r?s? — r3(4R + r)30
@

and analogs

Now, Rouche = s2 — (m—n) > 0and s?> — (m + n) < 0,where m =
2R? + 10Rr —r?and n = 2(R — 2r)./R% — 2Rr
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(s2 — (m + n)) (s2 — (m— n)) <0
=st—s22m)+m? -n?> <0=s*—s?(4R* +20Rr—2r®) +r(4R+r)3 <0
= s% — (4R%? 4+ 20Rr — 2r¥)s* + r(4R+1r)3.s2 <0

- in order to prove (2), it suffices to prove :

s6 — (4R? + 4Rr — r2)s* — (12R? + 16Rr + r¥)r2s? — r3(4R + r)3 <
s® — (4R? + 20Rr — 2r?)s* + r(4R +r)3.s?

?
& (16R — 5r)s* — (64R3 + 60R?r + 28Rr? + 2r3)s? — r?(4R + r)30
®

Gerretsen

Again, LHS of (3)
((16R 5r)(4R? + 4Rr + 3r2) — (64R3 + 60R2r + 28Rr? + 2r3))

? ?
-r2(4R+r1r)2 <0 © (16R—5r)s?|<|(4R +1)3

®

Gerretsen

?
Finally, LHS of (4 (16R — 5r)(4R? + 4Rr + 3r2) < (4R +1r)3
@41‘(R—2r)220—>true:>@:>@:>@:>@istrue Z—< - (m)

cyc

Iy + e 4R cos? r,+r. s
Wehave:z a2 —z _SZ Z

==~
cyc cyc 4R cos sm cyc cyc
I, + T, 4R cos g 64R3 16R2 ,b+r. s
andalso,l_[ c:l_[ = :H—c:_e(**)
a a 4Rrs a r
cyc cyc cyc
A s? 2
Iy, + Ie 4Rc0527.(s—a) 64R3. 16R2 r<s
Moreover, 1_[ = 1_[ 3
I,—r r’.4Rrs
cyc cyc

l‘b+l‘

_— 4R cos?5.(s —a)
— - _> (x*x) and flnally, \/T \] 2
cyc r cyc r

cyc
A
4R cos? 2 .4R cos 5 2 sm sm I, + .S
= z A B C = SZ - = — - (k)
o .| 4R sinisinisin 7 4R cos sm cyc Ta cyc rr
~ (m), (%), (**), (***) and (x**x) =

zZma<zrb+rc_1_[rb+rc_l_[ rb+rc_z Iy + I
a a a r,—r r,—T
cyc cyc cyc cyc cyc

v A ABC,' =" iff A ABCis equilateral (QED)
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3070. In AABC the following relationship holds:

1 3
Yawe
2r+h, ~ 5r
Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India
r
h.

r
-=1

Letx=—,y=—,z=— th ++—21—
eX—ha,y—hb,z— enx+y+z=r o

r

We need to show:

r
IS SN P
2r+h, 51 LiZr+h, 5 LipT 4 5% L2x+175

Lemma :

X 2+ 9x

< v
2xr1> 25 x>0
Proof:
X I 25x< (2x+1)(2+9%) or 18x% — 12x+2 2 0
2xt 1o 25 or X < X X) or X X = or
2(3x — 1) > 0 (true)
X Lemma 2 +9x 1 x+y+z=1 1 15
< =—(3%x2 = — =-—==
22x+1 = 25 —25(3X2+9x+y+2) 256+ =35=53

Equality holds for an equilateral triangle.

3071. In AABC the following relationship holds:

1 3
—S_
22r+ra 5r

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

r r r 1 r
Letx=—,y=—,z=—thenx+y+z=rZ—=—=1
Tq Trp re rq T

We need to show:
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r

R E 9 S P

— or, <-or) —*—<—or, <-

2r+ra_5r0 2r+r, 5 ¢ 2 11 5 ¢ 2x+175
T

a

Lemma :

x < 2 +9x Vx>0
2x+1- 25 %
Proof:
X 2O 25y < (2x+1)(2+9%) or 18x% — 12x +2 > 0
S r 1> 35 OTZsx=(2x x) or 18x x >0or
2(3x — 1)% = 0 (true)
x Lemma 2+ 9x 1 x+y+z=1 1 15 3
< = — = J— = — = —
22x+1 = 25 253X 2+ +y+2) 25679 =355
Equality holds for an equilateral triangle.
3072. In AABC the following relationship holds:
Aa2+B b2+C c2>4 _(_ZA ., B _ZC)
- — — +— > 41 min | sin“—, sin“ —,sin“ —
bc ac ab 2 2 2

Proposed by Radu Diaconu-Romania

Solution by Tapas Das-India
a? b? c? al b3 c3
A —+ B — = A —+B-—— — =
bc + ac +C ab abc + abc +C abc

1 3 3 3 Chebyshev 1 3 3 3
=ﬁ(A.a + B.b> + C.c?) > ﬁ.E(A+B+C)(a + b° +¢°) =

Gerretsen TT

w-2s(s* —3r2—6Rr) > SRr (16Rr — 512 — 3r%2 — 6Rr) =

~ 12Rrs o
= ——(10Rr — 812
6Rr( r ™)
We need to show:
T A B C
SRr (10Rr — 81%) > 4mwmin (sinii,sin2 ?4 sin? E)
/4
m (10R1" - 81'2) > 4m- 52 Sil'l2 E
10Rr — 812 >4(2R—r) LORr — 812 > 8Rr — 472
6Rr =3 2R O URTT O =SRTTAT
2Rr > 4r? or R > 2r (Euler)

Equality holds for an equilateral triangle.

or
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3073. In any A ABC with r, = 3r, the following relationship holds :
21r(R — 2r)
8
Proposed by Dang Ngoc Minh-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

w2 +m2+p2=h%+g%2+n+

B

Let AS produced meet BC at X and m(5BAX) = a and m(5CAX) = B (say)
and inradius of A DEF = r'(say)

2 2 4
Now, 16[DEF]? = 2 Z <<%> (%)) - ;‘_6 = %(22 a?b? — Z a4>
cyc

cyc cyc cyc
= 16r’s’ = [DEF] =E=> r’(ﬂi> =E=> r =£—> (1D
16 4 2 4 2
C 2B+C B+m-—-A
- Spieker center is incenter of A DEF, . m(4AFS) =B+ - = 2 = 2
m A-—B B nm A-C
=5-"—3 andm(z&AES)=C+E=E—T—>(2)

Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :

AS? — r? +C2 2r (c) _A-B
- sinz$ 4 i 2712

2sin

. 2 2
Zsmi
N 2r (c) . A—B+ 2r (b) . A-C
ow, —) sin — | sin
Zsin% 2 2 Zsing 2 2
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_r(4R c.A-B B A—C)
—2 coszsm 2 coszsm 2
R (2_ A+B_A-B _ _ A+C_ A—C)
= Rr sin 2 sin 2 sin 2 sin 2

B C A
_ _ s 2 _ 2 _ in2
= Rr(l 2sin 2 + 1 — 2sin 2 2(1 2sin 2))

2a(s—b)(s—c)—b(s—c)(s—a) —c(s—a)(s— b)>
= 2Rr
abc

- R (2a® + (b + ¢)a? — 2a(b? + ¢%) — (b + ¢)(b — ¢)?)

8Rrs

s ZA . ZA
4(b + c)bcsin? % —2a.2bccosA  P€ ((Zs —a)sin“> —a (1 — 2sin 7)
- 8s - 2s
bc( (2s + a)sin? A_,
2 (2s+a)(s—b)(s—0¢)
- = — 2Rr
ZS Zs
2r (c) . A-B 2r (b) _A-C
= 5 ) sin - = )sin
2sing | 2 2 \2smB)\2 2
(2s+a)(s —b)(s C)+2RI‘
2s
A i rZ + r2 r2 ( ca + ab )
ain, -
® 4sin2g 4sin2% 4\(s—c)(s—a) (s—a)(s—b)
r ab + ca - r2 r2
= (ca(s—b)+ab(s—¢)) = — 2Rr () n

4ris . 2B . 2C
4sin 2 4sin )

. _b?+c?+ab+ca (2s+a)(s—b)(s—c)
(), (), (xx) = 2AS% = _ -

4
_(a+b+c)(b*+c?+ab+ca)—(2a+b+c)(c+a—-b)la+b-c)

8s
_ b%+c® —abc+ a(2b? + 2¢% - a?) _ 2AS? b3 + ¢3 — abc + a(4m2)

4s 4s
1 sine | r _ AS _ cAS
Via sine law on A AFS, —C = A_B- —C
Zsmisma CoOS—5— (a+ b)smi
= csing r(a+b) dvia sine A AES. bsing =7 r(a+c)
csina = 5AS and via sine law on ,bsin = 5AS

1 1
Now, [BAX] + [BAX] = [ABC] = Epacsina + Epabsinﬁ =rs
via (+++) and (+++) p,(a+ b+ a+ c) 4s AS
= = = =
4AS ST Pa= 55 a
,viaG) 16s? b3 +c3 —abc+ a(4m?)
>p;: = 5
(2s+a) 8s

@ 2s
g st a? (b3 +¢3 —abc+ a(4m§))
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Now, b3 + ¢ — abc + a(4m3) = b® + ¢3 — abc + a(2b? + 2¢? — a?)
= (b + ¢)(b? — bc + ¢2) + a(b? — bc + ¢2) + a(b? + ¢ — a?)
= 2s(b% — bc + ¢2) + a(b? — bc + ¢ + bc — a?)
(b+¢c)?—(b-c)?
n _
a(b+c+2a)b+c—2a) a(b--c)?

a’

= (Zs+a)(b2—bc+c2)+a<

=(2s+a)(b®?—bc+c?)+

4 4
= (2s + a)(b* —bc+¢?) + a@2s—a+2a)b+c-2a) ab-0o’
4

4
2 2 _ _ — )2
:(Zs+a).4b + 4c 4b(;+a(b+c Za)_a(b4 c) _
4z+x)?+4(x+y)? -4+ x)(x+y) +
y+2z2)((z+x)+ (x+y) —2(y +2)) _a(b—c)2

4 4
(a=y+zb=z+x,c=x+Yy)
4x(x+y+z)+2x(y+z)+3(y—2)?% a(b-c)?

4 4
— _ 2
= (2s+ a) (s(s- a) +%(b _o% 4 a(s2 a)) _ a(b4 )

- — — 2
=(Zs+a)(s(s—a)+%(b_c)2+a(52 a)\ (a+2s Zs)(b )

(2s + a).

= (2s+a).

— )2 _ 2
=2s+a) (s(s —a)+ (® Zc) + a(sz a)> + sb 5 ©
» _ )2 2
= b3+ c3 — abc + a(4m3) © 2s+a) <(S a)éZs ta) + ® Zc) + s(b 5 ©
2s (s—a)2s+a)?* (2s+a)(b-c)? s(b—c)?
s (2),(e0) > pg = (2s + a)? < 2 " 2 T2

_ b 2 s 2 s 1 1
=ss-a)+b-o0 (Zs+a) T2sta 42
2

b — c)? 1
:s(s—a)—( 4-C) +(b_c)2'<255+a+§>
(b — )% ((4s + a)? (o) s(3s + a)(b — c)?
=s(s—a)+ 2 ((Zs+a)2_1>:>p‘2‘ = |s(s—a)+ 25+ a)?

Also, Stewart’s theorem = b%(s — ¢) + ¢?(s —b) = an + a(s —b)(s — ¢)
and b?(s — b) + c?(s — ¢) = ag? + a(s — b)(s — ¢) and via summation, we get :
(b%? + c?)(2s—b —c) = an? + ag? + 2a(s — b)(s — ¢) = 2a(b? + c¢?) =
2a(n%+g2)+a(a+b—c)(c+a—b)=2(0b?+c?) =2(nZ+g2)+
a’?—(b-c)?=2(b*+c?)—a’+(b—c)?=2(nZ+ g2)=4m?2 + (b —c)?
=2(n2+g3) = 2(—-c)?+4s(s—a) = 2(nZ + g3)
=>nfl+gczl(b—c)2+25(s—a)

Again, Stewart’s theorem = b%(s — c) + c?(s —b) = an? + a(s —b)(s — ¢)
= s(b? + ¢?) — bc(2s — a) = anZ + a(s* — s(2s — a) + bc) = s(b? + ¢2) — 2sbc
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= an? + a(as — s?) = s(b? + ¢ — a® — 2bc) = an? — as? = an3 = as? +
4sbc(s —b)(s—¢)

s(2bccos A — 2bc) = as? — 4sbcsin? 2= as? —

bc
) <a2—(b—c)2> ) < az—(b—c)z)
—as?—as|————|=>nl=s({s————

a a

s
= n2 Q0 s(s—a)+a(b—c)2

4s(s—b)(s—¢)

Via ® and ®®,we get: g2 = (b —c)?> + 2s(s —a) —s? + .

4s(s—b)(s—c)
a

4s(s—b)(s—c¢)
a

=s?—-2sa+a’+(b-c)?—-a*+

=(s—a)>—4(s—b)(s—c) +

=(s—a)+4(s—-b)(s—c¢) (2 - 1) =(s—a)?+ 4(s - a)(sa— b)(s — ¢)

2 _ _ 2 _ 2
=(s—a)(s—a+#>=(s—a)<s—(b ac) )

®O® s—a
=gi = s(s—a)—T(b—c)2

. via (¢¢),®® and ®®®, w2 + m2 + pZ — h2 — g% —n?
(b - c)?

(S(S _ a))z (b-—c)?+s(s—a)+

s(s—a)
aZ

=s(s—a)— +s(s—a)

(Bs+a)
EZSS+ ao)lz (b—c)?—-s(s—a)+

.(b—c)2+?.(b—c)2—s(s—a)

s
—E.(b—c)z=>w§+m,€+p§—h§—gﬁ—n2

m 64s° — 64s°a — 48s*a? + 36s2a* + 4sa® — 3a® b— )2
— 4a%(4s? — a?)? ' ¢

rs (mm) A B C
Now,r, =3r=>——=3r=2s| = |3a> 2.4Rcos—-cos—-cos—
s—a 2 2 2

3. aksin® cos® o sin® + cos B € 34in A
= 9. — —_ = - = —
sin 2 cos 2 sin 2 cos 2 sin 2

(mmm) A B-C
= 28| = C(S:sinE,C:cos 2)

Via (m) and (mm),we have : w? + m2 + p2 —h% — g2 —n% =
729a® — 486a°® — 243a® + 81a® + 6a® — 3a® A B-C

2 cin2 s 2
2a2(9a% — a?)? .16R“ sin Esm >
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21

=T R?S2(1— C?) - via (mmm),we have :

a

®]| 21
wZ +m2 + p2 — hZ — g2 — n2||2]| = R?c?(1 - ¢?)

16
21r(R—2r) 21.4R% sin%singsin%. (1—4SC + 45?)
Finally, =
8 8
2 2) 21.2R2.5(C~5).(1- 2¢2 + C2)
_21.2R .S(C—S).(1—4SC+4S )wa(;..) -2R%.5 2)
8 8
21r(R - 2r) [[ee]| 21
_, 2ArR— 2r) e —.R*C?(1-C?) - ®and ®@®
8 16
21r(R—2r
= w2 + m2 + p? =h5+gﬁ+nﬁ+¥ vV A ABC with r, = 3r (QED

3074. In AABC the following relationship holds:

T rroal b
2R+r-r, 1 12R+7r-r,

Proposed by Dang Ngoc Minh-Vietnam

Solution by Tapas Das-India

Z ar, = FZS f = n(sF— — (Z(a(s —b)(s— c))) _

=2 (s’(a+ b +c) — 2s(ab + bc + ca) + 3abc)
2s(2Rr — 1?)

r.s
= S?(Zs3 —25(s®> + 1% + 4Rr) + 12Rrs) = =2s(2R—-1) (1)

Za(rb tr) = (Z a) (Z ro) —Zara -

=2s(4R+1r)—2s(2R —1r) = 2s(2R + 2r) (2)

a F?
zarbrc:FZZ(s—b)(s—c) =n<s_a>za<s—“> -
ZSZ

= 37(5(01 +b+c)— Z az) = s(2s% — 2(s* —r% — 4Rr) = 2s(4Rr + %) (3)

2a(2R+r—rb)(2R+r—rc) =
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= Z a(4R?> + 4Rr —2R(rp+ 1)+ 12 —1r(ry + 1) + 137,) =

= 4RZZa+4RrZa—2RZa(rb+rc)+r22a—r2a(rb+rc) +Zarbrc

ing (2)& (3)
eI 2s(2Rr) = 4Rrs = abc

a _YaR+r—-r))2R+r—1;) abc B
22R+r—ra_ [ICR+7r—r1y) " THQRR+7r—-1)

_ a b c _1—[ a
" 2R+1r-71,2R+r—1,2R+T1—T, 2R+71r—r1,

3075.If x,y,z > 0 then in AABC the following relationship holds:

2a+x 2b+x 2c+x 3(4s + 3x)
- + >
—-a+b+c+y a—-b+c+y a+b—-c+y 2s + 3y

Proposed by D.M.Batinetu-Giurgiu, Daniel Sitaru-Romania
Solution by Tapas Das-India

WLOGa=>=b=>cthen2a+x>2b+ x> 2c+ xand
2s—2a+y<2s—2b+y<2s—2c+y

2a+x 2b + x 2c+x Chebyshev
+ +
-at+b+c+y a-b+c+y a+b—-c+y

> %(z(Za + x)) (Z m> = % (2la+b+c)+3%) <%> )

- 3(4s + 3x)
2s+3y " 2s+3y

1
= 5(4s + 3x).

Equality holds for an equilateral triangle and x=y=0.

3076. In AABC the following relationship holds:
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1 N 1 N 1 - 2
h%ZsinA  h2sinB hZsinC — F

Proposed by D.M.Bdtinetu-Giurgiu, Daniel Sitaru-Romania
Solution by Tapas Das-India

1 1 1 1 , 2R
: + - + - = Z - = Z a“.
hZsinA '~ hisinB hZsinC h2 sin A

a.4F?
R R Rs Euler 2rs 2
= 2F? Z a=sp2s= =

25 = > =
F? F2 = F2  F

Equality holds for an equilateral triangle.

3077. In AABC the following relationship holds:

a™b b™c ca 1-m
> 2m+1
ho by R R R (V3)

Proposed by D.M.Batinetu-Giurgiu, Daniel Sitaru-Romania
Solution by Tapas Das

a™b N b™c N c"a a™ ~"a™b.ab™ _Zam“bm*l_
he.h™ " hy.h™  h.h?® Lih, h* L (2F)(2F)m — L,2m+1fpm+l

1 yq CBS 1 Cab)™!
—WZ(“”) Y2 G g2

Gordon 1 1 m+1 1 1 m+1 1-m
(2F)m+1 3m (4\/§F) = (2F)m+1 \/§2m (ZZ@F) = 2m+1(\/§)

Equality holds for an equilateral triangle.

3078. In AABC the following relationship holds:
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13(a? + b? + ¢%) > 48V3F + Z(Za — 3b)?
cyc
Proposed by D.M.Bdtinetu-Giurgiu, Daniel Sitaru-Romania
Solution by Tapas Das-India

13(a? + b?* + ¢%) — <4-8\/§F + Z(za _ 31,)2) =

cyc

=13 Z a? — 48+/3F — Z(4a2 +9b% — 12ab) =

=13) a?-483F-4) a?-9 ) b*+12) ab=
Gordon
= 132a2—132a2+122ab—48\/§F > 12.(4V3F)—48V3F =0

Equality holds for an equilateral triangle.

3079. In AABC the following relationship holds:
((rg +1p)%2+2)((rp + )%+ 2)((r. + )% + 2) > 108V3F

Proposed by D.M.Batinetu-Giurgiu, Mihaly Bencze-Romania
Solution by Tapas Das-India

(@0t + D+ + D (e +7* +2) = | [(Ga+7)?+2) =

= H((ra+rb)2 +1+1)>

s [[(30a+ rb)é) = 273 (ra + T9)2(rp + 1702 (1 + T2 2

AM-GM | 3 > 322
> 273/4rrp.41p1. 471y = 108V (r,rpr)? = 1087/ s4r? >

Mitrinovic 3 3 3
> 108 /s3.3\/§r.r2 =108 /F3(\/§) = 108vV3F

Equality holds for an equilateral triangle.
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3080. In any A ABC, the following relationship holds :

(W, + wy, + wo)(m, + my, + m,) (a+b+c)? _ a? + b? + c? _ (ry + 1, + r.)(m, + my, + m,)
(hg+hy, +h)(r,+r,+r) ~ 3(ab+bc+ca) ab+bc+ca™ (w, +wy,+w.)(h, +h,+h)

Proposed by Dang Ngoc Minh-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

Js(s—a)) cBs s(s—a)
zwa=z<zm.—b+c SZ/;bc. P

cyc cyc cyc

A;G Zb Zs(s—a)_ Zb Z A Zb 4R +r
= C. be = C. Cos E = C. IR
cyc cyc cyc cyc cyc

= (D[ D)= Was [ Db || Dore

cyc cyc cyc cyc cyc

. (a4 1y + 1) (mg + my + m) Chu-Yang 2R(4R + r).\/4s2 — 28Rr + 29r2 2 Zeye a?
T(wg+wy, +w)(hy+hy,+h) T = Y.cab
. ¢ a ¢ \/(chc ha) (chc ra)- chc ab ve

& 2R3(4R + 1)(4s2 — 28Rr + 29r%) > (s + 4Rr + r2)(s? — 4Rr —r2)”
& —s% + (4Rr + r?)s* + (32R* + 8R3r + 16R?r? + 8Rr3 + r*)s?

—r(224R° — 176R*r + 6R®*r? + 48R’ + 12Rr* +r°) [>| 0
Now, via Gerretsen, P = —s*(s? — 4R? — 4Rr — 3r?)
—(4R? + 2r?)s?(s? — 4R* — 4Rr — 3r?)

—(16R* — 8R3r — 4R?*r? — 5r*)(s? — 16Rr + 5r%) > 0
= in order to prove (1), it suffices to prove : LHS of (1) > P

& 16t° — 16t* — 15t3 — 14t2 — 46t + 12> 0 (t = E)

r
Euler

& (t—2)(16t* + 16t3 + 17t + 20t —6) >0 > true ~t > 2= (Distrue
a? + b? + c? - (rg + 1y + ro)(mg + my + m;)

“ab+bc+ca (Wg +wp + wo)(h, +hy, +hy) - @
We shall luate : 4s(s— a) dit's — (b +¢)? — a?
e shall now evaluate : 102 and it's = CETL
cyc
3 Z (2s — (2s — a)?)
- (2s — a)?

cyc

2
Y Llb+ce P b+c 2s(s? + 2Rr +r2)’ ¢
cyc

cyc cyc
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_ 4s(5s® +4Rr+r1?) (55 +4Rr+ rz)2 N 16s2
2s(s2 + 2Rr + r?) (s +2Rr +r2)2 sz +2Rr +r?
4s(s — a) [»]s* + (20Rr + 18r?)s? + r3(4R + 1)
- (b + ¢)? (s + 2Rr + r2)2
Now, Rouche = s2 — (m —n) > 0 and s> — (m + n) < 0, where m =

2R% + 10Rr —r? and n = 2(R — 2r).v/R? — 2Rr

(s2 —(m+ n)) (s2 —(m— n)) <0

(**)

=>st—s22m)+m?-n?<0=>s*- 2(4R2 +20Rr—2r?)+r(4R+1r)3[ < |0

\/E 4-S(S - a) via (*)
b+c'“4s(s_a < ’czyc:b ’ ‘(b+0)?

s*+ (20Rr + 18r?)s2 + r3(4R+r) ?
\/(SZ +4Rr +12). TR T </s? + 21Rr + 12r2

& (R—5r)s* + r(8R% — 2Rr + 6r%)s? +

Now,w, + wy, + w, =

?
r?(84R3 + 116R?r + 61Rr? + 11r®)|>|0 and it's trivially true if : R— 5r > 0

and so, we now focus on the case when : R — 5r < 0 and then, via (x%),
(R —5r)(s* — s(4R* + 20Rr — 2r?) + r(4R +1)3) > 0
- in order to prove (2), it suffices to prove :
LHS of (2) > (R — 5r)(s* — s?(4R? + 20Rr — 2r?) + r(4R + r)3)

?
& (R® + 2R%r — 26Rr? + 4r3)s2r(16R4 — 89R3r — 86R’r? — 30Rr? — 4r*)

Gerretsen

Case 1|R3 + 2R?r — 26Rr? + 4r3 > 0 and then : LHS of 3)
(R3 + 2R%r 26Rr + 4r3)(16Rr — 5r?) > RHS of (3
Euler
© 29t3 — 85t + 56t — 4 > 0 < (t—2)(29t2 — 27t + 2) > 0->true~t > 2
= (3)is true
Gerretsen
[Case 2| R? + 2R?r — 26Rr? + 4r3 < 0 and then : LHS of (3
(R3 + 2R?r — 26Rr? + 4r3)(4R? + 4Rr + 3r%) > RHS of @

-t -+ -8t+d4> 00 (t—-2)(t* + 3 +t2 + 3t - 2) > 0 - true

Euler

.t > 2= (3)istrue .. combining both cases,(3) = (2)is true vV A ABC
(Wq + wp + wo)(m, + my, + m,)

(hg +hy +h)(ry + 1, + 1)

Chu—<Yang 2R./(s2 + 21Rr + 12r2)(4s2 — 16Rr + 5r2) 2 (a+b+c)?
- (s +4Rr +r2)(4R+r) ~ 3(ab + bc + ca)
4s?

= 4
3(s? + 4Rr + r?)
& (28R? + 32Rr + 4r?)s* — R*r(612R + 477r)s?

" Wg + Wy + We < /s2+ 21Rr + 12r2 =

?
4(4R + r)%s* > 9R?(s% + 21Rr + 12r?)(4s? — 16Rr + 5r?)
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?
+R?r?(3024R? + 783Rr — 540r2)0
O)

Now, via Gerretsen, Q = (28R? + 32Rr + 4r?)(s? — 16Rr + 5r2)2
+r(284R3 + 267R?*r — 192Rr? — 40r3)(s? — 16Rr + 5r%) > 0
- in order to prove (4), it suffices to prove : LHS of (4) > Q
& 400t* — 77t3 — 1551t% + 160t + 100 > 0
& (t—2)(400t3 + 657t% + 53t(t—2) + 13(t>? —4) + t+2) >0
- true = t Elger 2 = (@) is true - (Wq + Wi, + We) (g + my + m)
(hg+hy+h)(rg+1,+10)

(a+b+c)?
3(ab + bc + ca)

— (ii) - (i) and (ii) combined with 3 Z a’ > (Z a) gives :
cyc cyc
(Wg + Wy, + W) (m, + my, + m,) - (a+b+c)? - a? + b?% + ¢
(hg+hy+h)(xg+r,+r1r.) ~ 3(ab+bc+ca)  ab+bc+ca

(I + 1y + X (Mg + My + M) e e lity iff A ABC i ilateral (QED)
= , W1 equaili 1 1S equliatera
(g + Wy, + wo)(hy + hy + hy) quattty q

3081. In any A ABC, the following relationship holds :
38
Wa+wb+wc Sha+hb+hc+E(R—2r)

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

4s(s—a) ~"(b+ c)? — a? B (2s— (2s—a)?)
(b+c)? £ (b+c)2 - (2s — a)?

cyc

2

-4 ) e 2 DX

Y lbre P b+c 2s(s%? + 2Rr +r?)’ ¢
cyc

cyc cyc

4s(5s% + 4Rr +r?) (5s? + 4Rr +r?)? 16s?
- 2s(s2 + 2Rr + r2)  (s? + 2Rr + r2)2 + s2 + 2Rr + r?
4s(s — a) [9]s* + (20Rr + 18r?)s? + r3(4R +r)
(b + ¢)? (s2 4+ 2Rr + r?)2

cyc
Now, Rouche = s> — (m—n) > 0 and s*> — (m + n) < 0,wherem =
2R? + 10Rr —r? and n = 2(R — 2r).vR2 — 2Rr

A(s?—m+m) (s - (m-m) <o

(
=>s*—s?22m)+m? —n?<0=s*-s?24R?+20Rr—2r2) +r(4R+r)3| < |0
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vbc CBS 4s(s — a) via (»
NOW,Wa+Wb+Wc=b—+C.\/4S(S—a) < Zbc (b(+—c)2)vm=
cyc cyc

s* + (20Rr + 18r2)sZ + r3(4R+7r) ?
(s2 4+ 2Rr + r2)2
& (R-5r)s* + r(8R2 — 2Rr + 6r%)s? +

< /s + 21Rr + 12r2

\/(sz + 4Rr + r2).

r?(84R3 + 116R?r + 61Rr? + 11r3)0 and it's trivially true if : R— 5r > 0
©)

and so, we now focus on the case when : R — 5r < 0 and then, via (x*),
(R—=5r)(s* —s?(4R? + 20Rr — 2r®) + r(4R+1r)3 >0
- in order to prove (1), it suffices to prove :
LHS of (1) > (R — 5r)(s* — s2(4R? + 20Rr — 2r?) + r(4R + )?)

?
& (R3 + 2R?r — 26Rr? + 4r3)s? r(16R4 — 89R3r — 86R%r? — 30Rr3 — 4r%)
@

Gerretsen

R3 + 2R?r — 26Rr? + 4r3 > 0 and then : LHS of 2)
(R3 4+ 2R?r — 26Rr? + 4r3)(16Rr — 5r?) > RHS of 2)
Euler

?
< 29t3 -85t +56t—4 >0 < (t—2)(29t% — 27t+2)>0—>true t > 2

= (2)is true
Gerretsen

[Case 2] R? + 2R?r — 26Rr? + 4r3 < 0 and then : LHS of @ =
(R3 + 2R?r — 26Rr? + 4r3)(4R? + 4Rr + 3r?) > RHS of @
o td— t3+t2—8t+4>0(:)(t—2)(t4+t3+t2+3t—2) >0—>true

Euler

-t > 2= (2)istrue .. combining both cases, 2) = (1) is true vV A ABC

38
wa+wb+wchs2+z1Rr+12r2<h +hy +he + 2= (R—2r)

L 21Rr 4 1212 ? (s? + 4Rr + r?)? N 1444
(=4
s* T Lar 4R? 625

s +4Rr+r2> 38

(R —2r)?

R . E (R - 2r)
© 625(s% + 4Rr +r?)? + 5776R%*(R — 2r)? + 3800R(R — 2r)(s? + 4Rr + r?)

Gerretsen

—2500R?*(s? + 21Rr + 12r2)0 and - 625(s? — 16Rr + 5r?)2 >
®

?
- in order to prove ®, it suffices to prove : LHS of ® > 625(s?> — 16Rr + 5r?)?
& (325R? + 4350Rr — 1250r?)s? + 1444R* — 15101R3r — 45874R?r?

?
+24350Rr? — 3750r* > 10
® ®
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Rouche

Wehave : LHSof ®® >
(325R? + 4350Rr — 1250r2) (ZRZ +10Rr — r? — 2(R — 2r)./R% — 2Rr)

+1444R* — 15101R3r — 45874R?r? + 24350Rr3 — 3750r% > 0

?
& (R—2r)(2094R3 + 1037R?*r — 3125Rr? + 1250r3) >
DD

Euler

2(R —2r).VR2 — 2Rr.(325R? + 4350Rr — 1250r’) and ~R—2r > 0
~ in order to prove ® ® ®, it suffices to prove :

?
(2094R3 + 1037R?r — 3125Rr? + 1250r3)% >
4(R? — 2Rr)(325R? + 4350Rr — 1250r?)2
< 3962336t° — 612204415 — 61832131t* + 187133750t3 — 80891875t2
Vi

+4687500t + 1562500 > 0
e (t-2) ((t -2) ((t —2)((t—2).T +81568702) + 19136601) + 219101800)

?
+252810000 > 0 (with T = 3962336t% + 25576644t + 47684957)

Euler
Struevt =2 250 ® > D = ®istrue > w, + wp + w, <

38
h, +h, +h, + 25 (R — 2r) V ABC, with equality iff A ABC is equilateral (QED)

3082. In any A ABC, the following relationship holds :

\/41‘2 + (b — ¢)? w,
sz = Z a |[—
Pa da

cyc cyc

Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India

Let AS produced meet BC at X and m(5BAX) = a and m(5CAX) = B (say)
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and inradius of A DEF = r'(say)

Now, 16[DEF]? = 2 Z ((%2) (b{)) — z :—Z = 1—16 ZZ a’b? — Z a*
Ve

cyc C cyc cyc
a b c
16r%s? (DEF] = o 2t3+t3\ rs , r L
= = =—>= == " l=—> =— >
16 i 2 s "=z~ @
_ N C 2B+C B+m—A
- Spieker center is incenter of A DEF, . m(4AFS) =B+E= e 2
T AP ndmsaEs) —c+o-F_A-C
= — — = —_—_———,—_—
2 Tz ondmid 2-2 2 ~®
Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :
2 2
r C 2r C A—-B
AS? = +—- =) sin
4sin2£ 4 ZsinE (2) 2
2 2
o r? +b2 2r )b A-C
B 4 B (E)Sm 2
2B 2
4sin > 2 n;
®] r? c? 2r > c A-B r? b?
= 2AS? |= —— (—)sm + +—
. »C 4 . C 2 2 . ,B 4
2% e 22
4sin ) 2 iny 4sin 2
2r (b) A-C
- =] sin
. 2 2
Zsmi
N 2r (c) . A—B+ 2r (b) . A-C
ow, —)sin —)sin
2sin% 2 2 ZSing 2 2
_r(4R C . A_B+4R B . A—C)
=3 cos sin— cos - sin—
_r (2_ A+B_A-B  _ A+C_ A—C)
= Rr{2sin——sin— sin——sin—

B C A
_ _ s 02 _ fn2 _ inZ
—Rr<1 2sin 2+1 2sin > 2(1 2sin 2))

<2a(s —b)(s—c)—b(s—c)(s—a)—c(s—a)(s— b))
= 2Rr
abc

Rr
= grrs (20° + (b + 9a? —2a(b? +¢) — (b + O)(b — ©)?)
— : Zé _ _ . Zé
4(b + c)bcsin? % — 2a.2bccosA bc <(25 a)sin 57— a (1 2sin 2))
8s B 2s

. 2 A
) bc <(Zs + a)sin? 7= a) @s+a)s-b)(s—0o)
- 2s - 2s B

2Rr
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N 2r (C) . A—-B 2r (b) A-C
- —)sin — — | sin
2sing | 2 2 25in2 ) \2 2
®»|—2s+a)(s—b)(s—c
( X it ) + 2Rr
2s
gain, = _( )
4sin2g 4sin2% 4\(s—-o(s—a) (s—a)(s—b)

2 2

ab + ca (=) r r

— 2Rr

+
. »B C
2 in2 &
4sin 2 4sin )

: _ b +c2+ab+ca (2s+a)(s—b)(s—c)
(i), (+), (x+) = 2AS8% = _ Zs

4
_(a+b+c)(b®*+c?+ab+ca)—(2a+b+c)(c+a—-b)la+b-c)

2
= arZs (ca(s—b) +ab(s —¢)) =

8s
_ b3 +c® —abc+ a(2b? + 2¢% — a?) - 2AS? b3 + ¢3 — abc + a(4m2)

4s 4s
i sine | r _ AS _ cAS
Via sine law on A AFS, —C = A_B- —C
Zsmisma CoOS—5— (a+ b)smi
= csing () T+ b) dvid sine | A AES bsing = r(a+c)
csina = 5AS and via sine law on ,bsinf = 2AS

Now, [BAX] + [BAX] = [ABC] = %pacsina + %pabsinﬁ =TS
via (+++) and (+++) p,(a@+b + a + €) 4s
=z 4AS =SIPa= 5 A
, via@ 165> b3+ c3 —abc + a(4m3?)
Pa = (2s + a)?’ 8s
“ Pa g (252%)2 (b3 +c3—abc+ a(4m§))
Now, b3 + ¢ — abc + a(4m3) = b? + ¢3 — abc + a(2b? + 2¢% — a?)
= (b + ¢)(b? — bc + ¢2) + a(b? — bc + ¢2) + a(b? + ¢ — a?)
= 2s(b% — bc + ¢2) + a(b? — bc + ¢ + bc — a?)
(b+¢c)?—(b—-1c)?
n _
a(b+c+2a)b+c—2a) a(b-c)?

4 4
= (2s+a)(b®?—bc+c?)+ as—a+2a)btc—2a) alb- c)?
4

4
4b?% + 4c? —4bc+a(b+c—2a) a(b—c)?
= (2s+ a). 1 ( )— ( 3 ) =

4z+x)? +4(x+y)? -4+ x)(x+y) +

y+2)(z+x)+x+y)—2(y+12) _ab— c)?

4 4
(a=y+zb=z+x,c=x+Yy)

=(Zs+a)(b2—bc+c2)+a< a?

=(2s+a)(b?—bc+c?)+

(2s + a).
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4x(x+y+z)+2x(y+z)+3(y—-2)?% al-c)?

= (25 +a) -
=(2s+a) (s(s— @+ p-op -2 0o 0)?
= (2s+a) (s(s_ a) +%(b_ o+ a(sz— @)\ (a+2s —Zs)(b_ 02
=(2s+a) (S(s —a)+ (® _ZC)Z + “(SZ_ @) sb ; c)?
= b3+ ¢3 — abc + a(4m3) O 25 + @) <(s - a);Zs tao) O —Zc)z L5 ; )2
o (o), (s9) = p2 = (ZSZ:a)Z <(s - a)(ZZS + a)? N (2s + a)z(b —¢)? . s(b ; 0)?

_ b 2 s 2 s 1 1
=sts—a)+b-o0 (Zs+a) T2sta 42

(b —c)? s 1\2
4 +(b_c)2'<25+a+f)

=s(s—a)—

_ (b—0)* ((4s + a)? e s(3s + a)(b — ¢)?
SSem O T \@s a1 TP ST O TG
? ” (b — c)z via (eee)
Now,m,n, = p; + 18 =

2

— )2 M2\ N2
<S(S_a)+(b 4C) )(s(s—a)+s(bac) >é<s(s_a)+s(3s+a)(b 9] >

(2s + a)?
(b—0c)* (b-c)? s(3s +a)(b —c)?
T 322 T o \SCTOr G
B _2(S 1) s(b—c)“;sz(35+a)2(b—c)4
ess-ab-o (a + 4 * 4a (2s + a)*
s(3s+a)(b—c)? (b—c)* s ) (b—c)? sBs+a)b-o)*
(2s + a)? 324 0T T 9(2s + a)?
s 1 2s(3s+a)(b—-c)? 1
‘:’S(S_“)<E+Z_ (2s + a)? ~9)*
s s?’Bs+a)? 1 s(3s+a) ) 2
S _ _ _ 250 (e (h— )2 >
<4a 2s+a)* 324 9(2s+ a)2> b-0*20(:(b-0*20)
s(s — a)(144s3 — 52s%a — 16sa® + 5a3)
&
36a(2s + a)?
1296s> — 772s*a — 608s%a? + 48s%a® + 37sa* — a®
324a(2s + a)*

s(s—a) ((s — a)(144s% + 92sa + 76a?) + 81a3)
g +
36a(2s + a)?

(s — a) ((s — a)(1296s® + 1820s%a + 1736sa® + 1700a3) + 1701a4)
324a(2s + a)*

2s(s — a).

?
.(b—¢c)?>0

.(b—1c)?
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(b - c)?
18
Also, Stewart’s theorem = b%(s — ¢) + ¢c2(s —b) = an? + a(s —b)(s — ¢)

and b?(s — b) + c?(s — ¢) = ag? + a(s — b)(s — ¢) and via summation, we get :

(b%? + c®)(2s—b —c) = an? + ag? + 2a(s — b)(s — ¢) = 2a(b? + c?) =
2a(ni+g3)+a(@a+b—c)(c+a—-b)=20Mb*+c%) =2(ni+g3)+
a’?—(b—-c)?=2(b%>+c?)—a’+(b—c)?=2(n5+g%)=4mi + (b—c)?
=2(n%+g%) = 2(b—c)? +4s(s — a) = 2(nZ + g3)

=>n,21+g,21(b—c)2+2s(s—a)
Again, Stewart’s theorem = b%(s — c¢) + c?(s —b) = an? + a(s —b)(s — ¢)
= s(b? + ¢2) — bc(2s — a) = anZ + a(s* — s(2s — a) + bc) = s(b? + ¢2) — 2sbc
= an? + a(as — s?) = s(b%? + ¢ — a® — 2bc) = an? — as? = an? = as? +

A 4sbc(s—b)(s—c¢
s(2bccos A — 2bc) = as? — 4sbc sinzi =as? — ( bc)( )

) <a2—(b—c)2> ) < az—(b—c)z)
=as’—as[———|=>ni=s|s————

?
> 0 - true (strict inequality) - m,n, > p2 + >p2=>myn, >p:->0G

a a

. S
= n2 © s(s—a)+E(b—c)2

Via (¢) and (+¢), we get: gg =(b- C)Z +2s(s —a) — s2 4 4s(s—b)(s—c¢)

+%@—M@—Q

=s?—2sa+a?+ (b—c)?—a?

a
—(s—a)—a(s—b)(s— ) + 2 DE-0)

a
=(s—a)+4(s—b)(s—c¢) (2 - 1) —(s—a)? + 4(s — a)(sa— b)(s — ¢)

2 _ — 2 Y — 2
=(s—a)<s—a+#>=>g¢2,(=)(s—a)<s—(b ac)>

— )2 _ M2
o (09),(s00) > n%g% =s(s—a) <s —a+ ® ac) )(s _b=9 )

a

b-0% (b-0o? m—ov
a

(s—a)—

a a?

=s(s—a)<s(s—a)+s

a4
= n2g? = s(s—a) (s(s—a)+(b—c)2 _b aZC) )

(b—c)? +4s(s — a) 4bcs(s — a)
4 " (b+c)?

(b—c)? +4s(s — a))

Again, m2w? =

(mm)
= m2w? = |s(s - a)

bc
(b + ¢)? (
~(m),(mm) = nig? — miw?

, (b-o* bc
=s(s—a)<s(s—a)+(b—c) - _(b+c)2

((b — )% + 4s(s — a)))
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2 _(h—c)2
s(s —a) + (b — ©)? (%)
=s(s—a) be a
_m((b—c)z +(b+ )% —a?)
—_ )2
e (S(S TOber(@-0=0Y <(b o ® 2cc)2>>
- 4b-c)?  4b
_s(s—a)

a? + (b + c)?

2 <(b—c)2—a2+(a2—(b—c)2)(

~ N2
_S6-a) (a® = (b-0)?) (4(ba2 > (bﬂ)z)2 ) 1)

B a2 N2
_ 56 a).4(s—b)(s—c)<4(b o _b C))zrzsz(b—c)2(4 - )

4(b — c)? 4bc ))

4 az  (b+c)? az (b+c)?
2 1 2b+2c—a
— r22(h_ 2 (2 >
ris"(b—-o) (a+b+c>< a(b +c) )_0
= n2gs = miwi = n,g, =2 mw, > OO

w,
Now,via ® and ®®,maNg.Nag, = P2 MWy => 5> —>—2= |[— > ®OE

4sbc(s —b)(s—c)(s— a)
bc(s — a)
= a’n? = a’s? — sa(a® — (b — ¢)?)
= a’n2 = a*s? — sa® + sa(b — ¢)? L 4r2s? 4 s?(b — ¢)?
& a?s? —sa3 +sa(b — €)% = s(s — a)(a? — (b —¢)?) + s%(b — ¢)?
=a?s? —sa® —s(s—a)(b—c)? +s%(b—c)?
= a*s? —sa® — s%(b — ¢)? + sa(b — ¢)? + s?(b — c)?

?
& a?s? —sa® +sa(b — c¢)? = a?s? — sa® + sa(b — c¢)? - true

n2 SZ:il‘/4r2+(b_c)2=ﬁvmg®® Wa
Pa Ya

We have proved : an? = as? —

"b-02+4r: a a Pa
Jar2 + (b —c)? Wq
" S. > a. [— and analogs
Pa Ya
Jar2 + (b —c)? W, v . .
=S Z > > z a. g_ v AABC," =" iff A ABCis equilateral (QED)
a a
cyc cyc

3083. In AABC the following relationship holds:
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az
Doz

Proposed by D.M.Batinetu-Giurgiu, Daniel Sitaru-Romania
Solution by Tapas Das-India

a? 1 a3 Holder1 1 < a)3
_— _— > - ] =
z(b+c)ha 2FZ(b+c) ~ 3'2F 2(a+b+0)

_ ElF(Z a)z > ElF(sz ab) Gorzdon%zh/iF -3

Equality holds for an equilateral triangle.

3084. In AABC the following relationship holds:
H(m2a4 +2) > 144 m*F? m € (0, »)

Proposed by D.M.Badtinetu-Giurgiu, Mihaly Bencze-Romania
Solution by Tapas Das-India

l_l(mza4 +2) = l_I(mZa4 +1+1) AMQ;M 1_[ 3(m2a4)% =

N

1 2 Carlitz 4F 3x3
=27 (m?a*. m?b*. m?c*)3 = 27 m? ((abc)?)3 > 27m? (—)
V3
, 16F? 22
= 27m?. —— = 144m?F

Equality holdsfora=b=c=m = 1.
3085. In AABC the following relationship holds:

(a+b+c*)(a*+b+c)(a+ b*+c) >144F?

Proposed by D.M.Bdtinetu-Giurgiu, Claudia Ndnuti-Romania
Solution by Tapas Das-India

(a+b+c*)(@*+b+c)a+b*+c)>

AM—-GM 1 1 1 1 2 Carlitz
>  3(abc?)3.3(ab?*c)3.3(a’bc)3 = 27(a*b*c*)3 = 27((abc)?)3 >
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2
27 (4 )3X§ 144 F?
> 27.[— =
V3

Equality holds for an equilateral triangle.

3086. In AABC the following relationship holds:

m+1 3

D Tor ey s
(bx + cy)™1 — (x + y)ym*t1’

m=0,xy=>0

Proposed by D.M.Batinetu-Giurgiu, Claudia Nanuti-Romania
Solution by Tapas Das-India

Z a _z a? Cgs X a)? _
bx+cy Ziabx+acy ~ xYab+yYab

Qe - 3Yab 3
T (x+y)YabT (x+y)Yab x+y

a™1l  cBs 1 a \m1@® 1, 3 ™1 3
_— > > — =V
(bx + cy)m+1 — 3m (Z bx + cy) - 3m (x + y) (x + y)ym+1

Equality holds for an equilateral triangle and m=0.

(1)

3087. In any A ABC, the following relationship holds :
ab bc ca 1 2r

+ + >+
a?+b%2 b?+c%2 c?24+a*?" 2 R
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

ab 4 bc 4 ca
a?+b%2 b2+c2 c2+a?

1
~ (@ + )2 + D) (S +a?) czyc B (Z woi a“)

cyc
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_ (chc azbz)(chc ab) - achcyc a3
2 (chc az)(zcyc azbz) — a’b2c2
((s2 +4Rr+r?)" — 16Rrsz) (s? + 4Rr +r?) — 8Rrs?(s%? — 6Rr — 3r%) ; R + 4r
2(s2 — 4Rr — r2)((s2 + 4Rr + r?)Z — 16Rrs?) — 16R2r2s2 = 2R
& —2s% + (8R% + 25Rr — 2r?)s* — r(52R3 + 92R?r + 14Rr? — 2r3)s?

?
+r?(64R* + 176R3r + 108R?*r? + 25Rr? + 2r4)0
®

Now,Rouche = s2 — (m —n) > 0ands?— (m +n) <0,
where m = 2R? + 10Rr — r? and n = 2(R — 2r).v/R2 — 2Rr
(sz—(m+n))(sz—(m—n))SOzs4—sz(2m)+m2—n2SO

()
= s* —s2(4R? + 20Rr — 2r?) + r(4R+ )3 | <0
Via () and Gerretsen, P = —2s%(s* — s2(4R? + 20Rr — 2r?) + r(4R + r)3)
—r(15R — 2r)s?(s? — 4R? — 4Rr — 3r%) > 0 - in order to prove (D),
?

it suffices to prove : LHS of (1) > P & (16R® — 48R?r — 27Rr? + 10r3)s?
?
+r(64R* + 176R°r + 108R?*r? + 25Rr? + 2r4)0
@

Case 1]16R3 — 48R?*r — 27Rr? + 10r2 > 0 and then : LHS of (2) >
r(64R* + 176R3r + 108R?*r? + 25Rr3 + 2r*) > 0 = (2) is true
16R3 — 48R?r — 27Rr? + 10r® < 0 and then : LHS of (2)

Gerretsen

> (16R3 —48R’r — 27Rr? + 10r3)(4R? + 4Rr + 3r?)
?
+r(64R* + 176R3r + 108R?r* + 25Rr? + 2r*) > 0
?
& 16t° — 16t* — 19t3 — 26t> -4t +8> 0

? Euler
& (t—2)(16t* +16t3 +13t2 —4) >0 > true ~ t > 2 = (2)istrue
ab N bc 4 ca
a?+b2 b%2+c? c%+a?

v ABC," =" iff A ABC is equilateral (QED)

.. combining both cases, (2) = (1) is true vV A ABC .
4 2r
2 R

>

3088. In AABC the following relationship holds:

A B C
tan 7 tan 7 tan 7

>
sinB+sinC sinC+sin4A sindA+sinB

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India
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A B C

WLOGa >b > cthensinA > sinB > sinC andtanE > tanE = tani
A B C
tanf tanf tani

+ + >
sinB+sinC sinC+sinA sinA +sinB

Chebyshev 1 A 1 ¢Bs1 4R+r (1+1+1)>2
2 () St 55 iy -

- 3 2 sinB + sin C 3 s 2) sinA
1 4R+1 9R 3R(4R+71) Gerretsen 12R? + 3Rr _ 12R*+3Rr
~3 s 25 252 ~  2(4R? + 4Rr +31r2) (8R? + 8Rr + 612)

We need to show,:
12R? + 3Rr

>10r12R%2+3Rr >8R%2+8Rr + 6
(8RZ + 8Rr + 61%) = or + 3Rr + 8Rr + 6712

or4R?> — S5Rr — 6r?> > 0 0or (R — 2r)(4R + 3r) > 0 Euler

Equality holds for an equilateral triangle.

3089. In AABC the following relationship holds:

ZEr + 1 zha+hb+ra+rb
rC

Proposed by Dang Ngoc Minh-Vietnam

Solution by Tapas Das-India
Known results:

z a? = 2(s> —r* — 4Rr) (1),2 a3 = 2s(s?> —3r2 — 6Rr) (2) ,Z a=2s(3)

F F
TatTh _ s—ats—b N ¢c2s—a-b)
ZZ Z 2F _Z(s—a)(s—b)_
C
c? 1
:Z(s—a)(s—b):]_[(s—a)Zcz(s_c):

(1) (z) 3) 2s 4R+ 1)
- —2rR+r)=——"(4
er Z ¢ Z r( r) r (4)
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2F 2F F F
Zha+hb+ra+1‘b:z?+?+m+m:
T, F
s—C

2 2 c (a+ b)c(s —¢) c(s — c)?
:Z(E-I_E-I_(s—a)(s—b))(s_c):22 abc +Zl‘[(s—a):

_, Z (2s — c)c(s — ) N c(s® —2sc+c?)
B 4Rrs sr? B

5 Z (2s%c — 3sc? + ¢?) N Z (s’c—2sc* +c%)
B 4Rrs sr? B

=4;rs(25220—352c2+Zc3)+s%(3220—23202+2c3)=

4-R—2r_4-(R+r)
r r

®,2.3 2 1 2
= g (12Rrs) + — (s(4Rr —2r )) =6+

(B)

Tg+7Tp h,+h,+1r,+71)
From (A)&(B)we get 2 Z h, Z ™
3090. In any A ABC, the following relationship holds :
1+1+1 <(SR 1)1
h, w, m, \3r 3/p,
Proposed by Dang Ngoc Minh-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

B

Let AS produced meet BC at X and m(5BAX) = a and m(5CAX) = B (say)
and inradius of A DEF = r'(say)
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Now, 16[DEF]? = 2 Z <<a;> (g)) - Z :—: = % ZZ a’b? — Z a*
cyc

cyc

cyc cyc
a b c
16]‘252 [DEF] rs , 7 + E + 7 rs , r 1
= = =—= =—Sr==—-
16 2 " 2 2 o=
; ‘s 2B+C B+m—A
- Spieker center is incenter of A DEF, .. m(4AFS) =B + 2 = > = 2
m A-B m A-C
=—— andm(z&AES):C+E:E_T_)(2)

2 2
Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :

r? cz_ 2r (c) _ A-B

AS? = — =
. ,C 4 . CJl\2 2
2 >
4 sin > 2s1n2
ot +b2 2r )b . A-C
——5+7 | —5)G)n3
2D D
4 sin > 2s1n2
,[®]  r? c? 2r ¢, . A-B r?
= 2AS8° = Z— Esm 2 +
4 sin? = 2sins 4sin? =
2 2
b? 2r (b) A-C
4 ZsinE 2 o z
2
N 2r (c) . A—B+ 2r (b) . A-C
ow, —) sin —|sin
Zsin% 2 2 2sin5 ) 2 2
r C .  A-B B A-C
= E (4R coszsm + 4R cosism )
_R (2 . A+B . A_B+2 . A+C . A—C)
= Rr|( 2 sin > sin > sin > sin >

= Rr<1—25inzg+ 1—Zsinzg—2(1 —25in2§)>
Rr(Za(s —b)(s—c)—b(s—c)(s—a)—c(s—a)(s— b))

abc

= 8%(2‘13 + (b +c)a® — 2a(b? + c?) — (b + ¢)(b — ¢)?)

A A
_ sa28 _ . 2A
2a.2bccos A bc<(25 a) sin 3 a(l 2 sin 2))

4(b + c)bc sin? % -
2s

- 8s

. 2 A
_bc<(25+a) smzf—a> @s+a)s-b)s—o -
2s B 2s T aRr
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2r (C) . A-B 2r <b) A-C
=>—|——|\5)sn - =) sin
2sing ) 2 2 2518 ) \2 2
®»|—2s+a)(s—b)(s—c
( X X )+2Rr
2s

Asai r2 + r? r? ca N ab
gain, =_< )
4sinzg 4sin2% 4\(s—c)(s—a) (s—a)(s—b)

2 2

ab + ca () r r

— 2Rr

+
. »B C
2 in2 &
4 sin 2 4 sin 2

: _ b +c2+ab+ca (2s+a)(s—b)(s—c)
(i), (+), (x+) = 2AS8% = _ Zs

4
_(a+b+c)(b®*+c?+ab+ca)—(2a+b+c)(c+a—-b)la+b-c)

2
= aZs (ca(s—b) +ab(s —¢)) =

8s
_ b3 +c® —abc+ a(2b? + 2¢% — a?) - 2AS? b3 + ¢3 — abc + a(4m2)

4s 4s
ia sine | r _ AS _ cAS
Via sine law on A AFS, —C = A—B- —C
2 singsina  cos—— (a+Db) siny
= csin g O Fatb) dvid sine | A AES b sing "2 r(a+c)
csina = 5AS and via sine law on ,bsinp = 2AS

Now, [BAX] + [BAX] = [ABC] = %pac sina + %pab sinf3 =rs
via (+++) and (++) p,(a@+b + a + €) 4s
=z 4AS =SIPa= 5 A
, via@ 165> b3+ c3 —abc + a(4m3?)
Pa = (2s + a)?’ 8s
“ Pa g (252%)2 (b3 +c3—abc+ a(4m§))
Now, b3 + ¢ — abc + a(4m3) = b? + ¢3 — abc + a(2b? + 2¢% — a?)
= (b + ¢)(b? — bc + ¢2) + a(b? — bc + ¢2) + a(b? + ¢ — a?)
= 2s(b% — bc + ¢2) + a(b? — bc + ¢ + bc — a?)
(b+¢c)?—(b—-1c)?
n _
a(b+c+2a)b+c—2a) a(b-c)?

4 4
= (2s+a)(b®?—bc+c?)+ as—a+2a)btc—2a) alb- c)?
4

4
4b?% + 4c? —4bc+a(b+c—2a) a(b—c)?
= (2s+ a). 1 ( )— ( 3 ) =

4z+x)? +4(x+y)? -4+ x)(x+y) +

y+2)(z+x)+x+y)—2(y+12) _ab— c)?

4 4
(a=y+zb=z+x,c=x+Yy)

=(Zs+a)(b2—bc+c2)+a< a?

=(2s+a)(b?—bc+c?)+

(2s + a).
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4x(x+y+z)+2x(y+z)+3(y—2)?2 a(b-c)?

= (25 +a) -
=(2s+a) (s(s— @+ p-op -2 0o 0)?
= (2s+a) (s(s_ a) +%(b_ o+ a(sz— @)\ (a+2s —Zs)(b_ 02
=(2s+a) (S(s —a)+ (® _ZC)Z + “(SZ_ @) sb ; c)?
= b3+ ¢3 — abc + a(4m3) O 25 + @) <(s - a);Zs tao) O —Zc)z L5 ; )2
o (o), (s9) = p2 = (ZSZ:a)Z <(s - a)(ZZS + a)? N (2s + a)z(b —¢)? . s(b ; 0)?

_ b 2 s 2 s 1 1
=sts—a)+b-o0 (Zs+a) T2sta 42

(b —c)? s 1,2
4 +(b_c)2'<25+a+f)

=s(s—a)—

_ (b—0)* ((4s + a)? e s(3s + a)(b — ¢)?
SSem O T \@s a1 TP ST O TG
? ” (b — c)z via (eee)
Now,m,n, = p; + 18 =

2

— )2 M2\ N2
<S(S_a)+(b 4C) )(s(s—a)+s(bac) >é<s(s_a)+s(3s+a)(b 9] >

(2s + a)?
(b—0c)* (b-c)? s(3s +a)(b —c)?
T 322 T o \SCTOr G
B _2(S 1) s(b—c)“;sz(35+a)2(b—c)4
ess-ab-o (a + 4 * 4a (2s + a)*
s(3s+a)(b—c)? (b—c)* s ) (b—c)? sBs+a)b-o)*
(2s + a)? 324 0T T 9(2s + a)?
s 1 2s(3s+a)(b—-c)? 1
‘:’S(S_“)<E+Z_ (2s + a)? ~9)*
s s?’Bs+a)? 1 s(3s+a) ) 2
S _ _ _ 250 (e (h— )2 >
<4a 2s+a)* 324 9(2s+ a)2> b-0*20(:(b-0*20)
s(s — a)(144s3 — 52s%a — 16sa® + 5a3)
&
36a(2s + a)?
1296s> — 772s*a — 608s%a? + 48s%a® + 37sa* — a®
324a(2s + a)*

s(s—a) ((s — a)(144s% + 92sa + 76a?) + 81a3)
g +
36a(2s + a)?

(s — a) ((s — a)(1296s® + 1820s%a + 1736sa® + 1700a3) + 1701a4)
324a(2s + a)*

2s(s — a).

?
(b-0c)?%=>0

.(b—1c)?
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? . . (b —c)?
> 0 — true (strict inequality) .- m,n, > p; 18 >p2=>mun, >p:-> @
Stewart's theorem = b%(s — ¢) + ¢2(s — b) = an? + a(s — b)(s — ¢)
= s(b%? + ¢?) — bc(2s — a) = anZ + a(s? — s(2s — a) + bc) = s(b? + ¢?) — 2sbc
= an3 + a(as — s?) = s(b? + ¢ — a® — 2bc) = an? — as? = an? = as® +

4sbc(s—b)(s—c)(s—a
s(2bccos A — 2bc) = as? — 4shc sinzE =a ( )( )( )

2 _
be(s — a)

4/? 20\ / A
=as? — s—a- as? — 2a(7> (s — a) = as? - Zal:ara ~n2 =s?-2rh,
)2s? & a?(s% — 2h,r,) < 4(R — 1)?s?

?
2n2 <4(R-r

A
© (4R%sin%A)s? — 4rs (4R sin cos
A ?
R?(1 - sin?A) 2Rr(1 — Zsinzi) +r2>0 < R?cos?A—2RrcosA+r% >0
2Rs 2rs
~ (2rs
()

A A\ ?
E) (s tanE> < 4(R% — 2Rr + r?)s?

n
'anaSZRs—er:h—aS TS
()

?
< (RcosA —r1)? >0 - true -
a —_—

"<R 1- ®@®
—<——1-

h <

via ®
Now, (2m, + n,)? — 9p2 = 4m2 + n2 + 4myn, — 9p2 >
- ¢)? 2(b — ¢)?

4s(s—a)+ (b—-c)? +s(s—a) + ( ) +4p§+(T)—9pf,

5s(3s + a)(b — c)?

via (---) 11(b—c)? s(b - c)?
Ss(s—a) + 9 R —5s(s—a) - (2s + a)?

36s3 — 55s2a + 8sa? + 11a® 5
.(b—oc)

11 s 5s(3s+a) )
—t-————— |- (b-0)* = >
9 a (2s+a) 9a(2s + a)
(s—a)((s—a)(36s+17a)+6a2) ) , )
.(b — >0.(2 >
9a(25+a)2 (b c) —0 ( ma+na) —9pa
pa pa pa 1 (Zma na Zma na Zma na )
=2 >3p, " —F+ —F —< —[——+— — —
Ma + Mg = 3Pa ha+wa+ma_3 h, +ha w, W, mg +ma
via ®®
and .
1,2 2 2 Panaitopo
s—( Ta oy fMa Ta m“+ﬁ) <
3\h, h, h, h, m, h,
1/R R R R R 5R 1
= —+——1+—+——1+2+——1> ——=
3\r T r r r 3r 3
: ! 1 + 1 <(5R 1) 1 v A ABC (QED
‘h, w, 3r 3/p, (QED)

3091. In AABC the following relationship holds:
r.+7r 3R
o< YTt
Ty—T T
Proposed by Marin Chirciu-Romania
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Solution by Tapas Das-India
s
ra+r_r(s_a+1)_2s—a_b+c

. s - -
Ta—T ( _ ) a a
r s—a 1

Tet+T b+c b a\ AM-GM
R
Tag—T a a b

Te+T b+c b a\ Bandila R 3R
2ol = Ge) 2 2 e

Tg—T a a b r r

Equality holds for an equilateral triangle.

3092. In AABC the following relationship holds:

ha+r<3R

6 <
- h,—r  r

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

2s
ha+r_r(7+1) 2s+a _2a+(b+c) 2a

= = +1
h,—r T(Z_S_l) 2s—a b+c b+c
a
h,+r 2a 1 342 Nesbltt3 2 3 6
= +1)=3+ +2.=-=
h,—r Z(b+c ) Z 2

h“+r—2(za +1)=3+2) (2 )AM&HM3+ZZ(a+a)—
h,—7r b + b+c/ ~ 4 b ¢/
_3+1z<a+b)8an<dila3+12R_3+3 3R 3RElier3R 3R 3R
B 2 b a - 2 r 2r R 2r = 2r 2r r

Equality holds for an equilateral triangle.

3093. In AABC the following relationship holds:

5
r_(sl r_,s, r_ff - (rorg + 1pr2 +1.73) 24415

2T 2T 2= 4 = (QR3 _ g4,3)4
ry, Tc Ta (1‘3 + rg 4+ 1"2) (9R 6413)

Proposed by Zaza Mzhavanadze-Georgia
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Solution by Tapas Das-India

s ory re r,51

2 72
ry T T3

=<ng§ o ) :(zm) (it 4 )’

5 2 2 2
Th Te (rars +rpr2 + rcra)

2T 2T 2= %
ry, Tc Ta (r3+7r3+713)

5 AM— GM 3 3 5 2 N5 Mitrinovic
(rari + rpr2 +1r.12) 3 [riryrd ) = (3s°r) >

> (3-27 r3)5 = 320715 (1)

Z 3= (Z ra)3 -3 (Z ra) (Z rarb) + 3r,rpr. =

=(4R+71)3—3M4R+1)s*+3s*r=(4R+1)3 —12s’R <

Euler & Mitrinovic R 3 36R3 34'
< <4R + E) —12.27r%.2r = —-3%8.1r3= N (9R3 — 6413) (2)

5
(rars + Tpri +1.72%) mi(z) 320,15 34.8%.r15

<34 (9R3 — 64 3))4 - BRIy
? - r

(3 +13+13)"

Equality holds for an equilateral triangle.
3094.

In any triangle ABC with area F, the following inequality holds :
((a+b)2+2)((b+ )2 +2)((c+ a)?+2) > 144V3F
Proposed by D.M.Batinetu Giurgiu, Claudia Nanuti

Solution by Soumava Chakraborty-Kolkata-India
Via Arkady Alt (2009), for all positive numbers x,y, z, t,
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4

) 3t
the following inequality holds : (x? + t?)(y? + t?)(z? + t?) > e (x+y+2z)?
and choosingx =a+b,y=b+c,z=c+aandt =2 we get:

2
4
((@+b)2+2)(b+ )% +2)(c+a)?+2)> @(zz a>

cyc
Mitrinovic

=48s2 > 48s.3V3r = 144.V3.F

~((@a+b)2+2)(b+0)?+2)((c+a)?+2)>144./3.FV AABCand
t
- equality for (x) holds when : x =y = z = — . equality holds when :

vz 1
a+b=b+c=c+a=1:>equalityholdswhen:a=b=c=i(QED)

3095. If in AABC,a # b + ¢ + a the following relationship holds:

m} +mj + m} — 9F?

> 2V3F
m2 + m2 + m2 — 3V3F

Proposed by D.M.Batinetu-Giurgiu, Daniel Sitaru-Romania
Solution by Tapas Das-India

cBs (Y m2)? 1 2

= %(Z m2 + 3\/§F> (Z m2 — 3\/§F) = %(%Z a? + 3\/§F> (Z m2 — 3\/§F) >

Ionescu—Weitzenbock 1

S 3 (Z . 43F + 3\/§F) (Z m3 — 3V3F) =

= 2V3F (Z mZ - 3V3F) (1)

m} +m} + m} — 9F? (;) 2+/3F(X m2 — 3V3F) _,
m2+mi+mZ—3V3F  mZ+m%+m2—3V3F

3096. In any A ABC, the following relationship holds :

rZ+rg +r2+ 032+ I+ 12 > 2(mZ + m§ + mZ)
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Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Z a _Z:(a—2s)+25_2 Yeye(€ + a)?(a + b)? z 1
(b +c)? b+02 7 leyelb + 02 b+c
cyc cyc cyc
 (Beyele + @)(@+b))* —2.25(s2 + 2Rr +12)(4s) Loyl + a)(a +b)
- 2s(s? + 2Rr + r?2)2 2s(s? + 2Rr + r2)
2
((chc a% +2Yycab) + Yeye ab) —16s%(s? + 2Rr +r?)
—(s? + 2Rr + r?)(5s% + 4Rr +r?)
= =
2s(s? + 2Rr + r2)?
Z a () (5s*+4Rr+ rz)2 —16s%(s% + 2Rr + r?) — (s? + 2Rr + r?)(5s% + 4Rr + r?)
(b+c)2 2s(s? + 2Rr + r?)?
cyc

_\(4bes(s—a)  Obe((b+0)?—a?) a’bc
N"W'ZW‘%‘ (b +c)? ‘; (b + ) _;<bc_(b+c)2)

cyc cyc

via ()

= s +4Rr+r?
(s? + 2Rr + r2)(5s2 + 4Rr + 12) + 16s%(s2 + 2Rr + r2) — (5s% + 4Rr + r2)”
(s + 2Rr + r2)2
s6 + 3r?s* + r2s%(32R? + 40Rr + 3r%) + r*(16R? + 8Rr + r?)
- (s + 2Rr + r2)2
AT HT2+ B+ 1+ 12 >2(m2 + mi + m?) © (4R +1)% — 252
s + 3r2s* + r?s?(32R? + 40Rr + 3r?) + r*(16R? + 8Rr + r?)
* (s + 2Rr + r2)2
> 2.; (s — 4Rr — r?)
& —4s% + (16R? — 3r?)s* + r(64R3 + 124R?r + 76Rr? + 6r3)

+2Rr.

©)
+r?(64R* + 144R3r + 128R?*r? + 44Rr? + 5r*) [> | 0
Now, P = —4s*(s? — 4R? — 4Rr — 3r?) — (16Rr + 15r?)s?(s? — 4R? — 4Rr — 3r?)
Gerretsen
—r%(32Rr + 39r?)(s? —4R*> —4Rr—3r%?) > 0 - inorder to prove (),
R
it suffices to prove : LHS of (*) > P & 16t* + 4t3 — 39t — 52t - 28 > 0 (t = ;>

Euler

& (t—2)(16t3 + 36t +33t+14) >0 >true=t > 2= (x)istrue
a2 +rf+ri+ 2+ 1+ 12 > 2(mZ + mi + m?) v A ABC,
" =""iff A ABC is equilateral (QED)

3097. In AABC the following relationship holds:
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h, +r B Z Tet+T
h,—r"~— Ty—T

Proposed by Marin Chirciu-Romania

Solution by Tapas Das-India

2s
ha+r_r(7+1>_25+a_2a+(b+c)_ 2a i1
h,-r r(%s—l) 2s—a b+c b+c
h,+r 2a Nesbitt3 5 3 6
= > r— =
2=~ vt 1)- = 3v2;

z:t:=z<::c+1>—s+zz )"
ss+zz<;+%>=s+;z<;+z><>
e e N N
AEG NG SIS e -
ST

h,+r re+r
From (1)& (2)we getz ha < Z =

a—T Tg—T

+

Equality holds for an equilateral triangle.
3098. In any A ABC, the following relationship holds :
W,I,pP, W, Iy, Py Wcmcpc 1 4R
hagana hbgbnb hcgcn 3 31‘
Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India
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A

Let AS produced meet BC at X and m(5BAX) = a and m(5CAX) = B (say)
and inradius of A DEF = r'(say)

a?\ (b? at* 1
2 _ 1 =\|= - — 2hw2 _ 4
Now, 16[DEF]* = 2 E <<4>(4)) E 16~ 16 2 E a“b E a
cyc cyc cyc

cyc

a b c
16r2s? (DEF] rs (2t t+3 rs , T L
= = =—> = — = — >
16 i 2 2 o=@
. .. 2B+C B+m-—-A
- Spieker center is incenter of A DEF, . m(4AFS) = B + 2 = > = >
T A-B nd (SAES) = C+ = = = A-C e
= —— = —_—= —— e
2 2 anda m 2 2 > ( )
Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :
2 2
r c 2r c A-B
AS? = +—- —)sin
4sinZE 4 2 sinE (2) 2
2 2
o2 N b? 2r ) by A-C
——g+ - 5
2D 2
4 sin > 2 sin 2
®] r? c? 2r c A—-B r2
= 2AS? |= +—- (—) sin +
. ,C 4 . Cl\2 2 . ,B
2L L 2D
4 sin 2 Zsm2 4 sin 2
N b? 2r (b) . A-C
—_—— — | sin
4 2 sing 2 2
N 2r (c) . A—B+ 2r (b) . A-C
ow,| ——= | (=) sin — ) sin
2 sin% 2 2 2sin ) 2 2
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_r(4R c.A-B B A—C)
—2 coszsm 2 coszsm 2
R (2 L A+B_A-B _  A+C_ A—C)
= Rr sin 2 sin 2 sin 2 sin 2

B C A
_ _ s 2 _ 2 _ in2
—Rr<1 2 sin 2+1 2 sin 2 2(1 2 sin 2))

2a(s—b)(s—c)—b(s—c)(s—a)—c(s—a)(s— b)>
= 2Rr
abc

= £(2a3 + (b + ©)a? — 2a(b? + ¢?) — (b + ¢)(b — ¢)?)

8Rrs

: ZA . ZA
4(b + c)bc sin? % —2a.2bccosA PC ((Zs —a)sin®5 —a (1 — 2sin 7)
- 8s - 2s
bc| (2s + a) sin?d _ g
2 (2s+a)(s—b)(s—0)
- = — 2Rr
2s 2s
2r (c) . A-B 2r (b) _A-C
= 5 ) sin - = |sin
2sing ) 2 2 \2sinB)\2 2
(2s+a)(s —b)(s C)+2RI‘
2s
A i rZ + r2 r2 ( ca n ab )
ain, -
s 4sin2g 4sin2% 4\(s—-o(s—a) (s—a)(s—b)
r ab + ca - r2 r2
= (ca(s —b) + ab(s — ©)) = _2rr| % +

4rlsg . 2B . 2C
4 sin 2 4 sin 2

. _b?+c?+ab+ca (2s+a)(s—b)(s—c)
(), (), (xx) = 2AS% = _ -

4
_(a+b+c)(b*+c?+ab+ca)—(2a+b+c)(c+a—-b)la+b-c)

8s
_ b%+c® —abc+ a(2b? + 2¢% - a?) _ 2AS? b3 + ¢3 — abc + a(4m2)

4s 4s
ia sine | r _ AS _ cAS
Via sine law on A AFS, —C = A-B- —C
2 sinysina  cos—; (a+b) sin
D eging COT@ED) e Ceo @t o)
csina = 5AS and via sine law on ,bsinp = 5AS

1 1
Now, [BAX] + [BAX] = [ABC] = Epac sina + Epab sin =rs
via (+++) and (+++) p,(a+ b+ a+ c) 4s AS
= = = =
4AS ST Pa= 55 a
,viaG) 16s? b3 +c3 —abc+ a(4m?)
>p;: = 5
(2s+a) 8s

) 2s
~ ph sty (b3 +c3—abc+ a(4m§))
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Now, b3 + ¢ — abc + a(4m3) = b® + ¢3 — abc + a(2b? + 2¢? — a?)
= (b + ¢)(b? — bc + ¢2) + a(b? — bc + ¢2) + a(b? + ¢ — a?)
= 2s(b% — bc + ¢2) + a(b? — bc + ¢ + bc — a?)
(b+¢c)?—(b-c)?
n _
a(b+c+2a)b+c—2a) a(b--c)?

a’

= (Zs+a)(b2—bc+c2)+a<

=(2s+a)(b®?—bc+c?)+

4 4
= (2s + a)(b* —bc+¢?) + a@2s—a+2a)b+c-2a) ab-0o’
4

4
4b% + 4c? —4bc+ab+c-2a) a(b-c)?
=

= (2s + a). 2
<4(z +x)?2+4(x+y)?—-4@z+x)(x+y)

+(y+z)((z+x)+(x+y)—2(y+z)))_a(b—c)2
4 4
(a=y+zb=z+x,c=x+Yy)
4;\¢(x+y+z)+2x(y+z)+3(y—z)2_a(b—c)2

4 4
— _ 2
= (2s+ a) (s(s- a) +%(b _o% 4 a(s2 a)) _ a(b4 )

- — — 2
=(Zs+a)(s(s—a)+%(b_c)2+a(52 a)\ (a+2s Zs)(b )

(2s + a).

= (2s+a).

— )2 _ 2
=2s+a) (s(s —a)+ (® Zc) + a(sz a)> + sb 5 ©
- _ )2 2
= b3+ c3 — abc + a(4m3) © 2s+a) <(S a)éZs ta) + ® Zc) + s(b 5 ©
2s (s—a)2s+a)?* (2s+a)(b-c)? s(b—c)?
s (2),(e0) > pg = (2s + a)? < 2 " 2 T2

_ b 2 s \? s 11
=ss-a)+b-o0 (Zs+a) T2sta 42
2

b — ¢)? 1
(+9) a(b—-c)? a(4s+ a)?

= ap? as(s —a) —

a2
4 * (4s + 2a)?’ (b-c)
a(4s + a)? (s + 2a)? — 2a(4s + 2a) + a?

Now, (4s + 2a)2 @ (4s + 2a)?
3 (a+2s—2s)2 (a+2s—2s)
-0 %s +a (435 + 26;)2
4s 1/(2s+a)’> —8s>—3(2s+ a)(2s)a
:a—(Zs+a)+4s—zs+a+Z< 5T )2 )
4s?  2s+a 2s3 3s(a + 2s — 2s)
=ZS_Zs+a+ 4  (2s+a)? 22s+a)

_55+a 4s? 2s3 35+ 3s?
"2 4 2s+a (2s+a)? 2 2s+4a
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Ca(4s+a)? G0 L s%(4s + a)
" (4s+2a)2 — STy (2s + a)?

a(b — c)? a(b — c)?

b (200), (s009) = apl = as(s — @) = ———— +5(b — ) + ——

24- a<s 24
ﬁ (b—¢)? < as(s—a)+s(b—c)z—%.(b—c)2

2
=as(s—a)+s(b—c)® - (4s + az)(b ©

5s(b—c)? a(b— c)?
9 9

10
Zapa < (Zs —2(s? —4Rr—r2) +—S Za —Zab
cyc cyc cyc

1
_5(28(82 + 4Rr + r?) — 9abc)

10s(s? — 12Rr — 3r?)  2s(s? — 14Rr +r?)

9 N 9

2s(4s2—10Rr—7r%) 1 , [©]|4s? — 10Rr — 7r?

B = EZ Pa

<
9 = or and

s ap? <as(s—a)+

and analogs

= s(8Rr + 2r?) +

cyc

Pa pc CBS pa 1 1 2 1 via® [4s2 — 10Rr — 7r?
—+— . E E—= —. E ap;. |- < 5
h, h, 2rs r 9r

cyc cyc cyc

Gerrétsen \/4(4R2 + 4Rr + 3r2) — 10Rr — 7r2 B \]16R2 + 6Rr + 5r2 Elier

- 9r2 9r2

\/16R2 + 6Rr + r2 + 2Rr J(4R +1)2 ps Pb DPec R
- JPa Po Pe 1 2R m)
9r? 9r? h, hy, h.,” 3 3r
Also, Stewart’s theorem = b%(s — ¢) + ¢?(s —b) = an? + a(s —b)(s — ¢)
and b?(s — b) + c?(s — ¢) = ag? + a(s — b)(s — ¢) and via summation, we get :
(b%? + c?)(2s—b —c) = an? + ag? + 2a(s — b)(s — ¢) = 2a(b? + ¢?) =
2a(n%+g2)+a(a+b—c)(c+a—b)=2(0b*+c?) =2(nZ+g2)+
a’—(b—-c¢)?=2(b*+c?)—a’*+(b—c)?> =2(n%+ g3) = 4mi + (b — ¢)?
=2(n2+g3) = 2(b—-c)?+4s(s—a) = 2(nZ + g3)
=>nfl+gczl(b—c)2+25(s—a)
Again, Stewart’s theorem = b%(s — c) + c?(s —b) = an? + a(s —b)(s — ¢)
= s(b% + ¢2) — bc(2s — a) = anZ + a(s? — s(2s — a) + bc) = s(b? + ¢2) — 2sbc
= an? + a(as — s?) = s(b? + ¢ — a® — 2bc) = an? — as? = an? = as? +

, A 2 4sbc(s — b)(s —-c)
s(2bccos A — 2bc) = as? — 4sbcsin? = = as

2 (a —(b—c)> < a? —(b—c))
= as“ —as =>na—s

a
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s
= n2 Q0 s(s—a)+a(b—c)2

4s(s—b)(s—¢)

Via (¢) and (¢¢),we get: g2 = (b — c)? + 2s(s —a) — s® +
4s(s—b)(s—¢)

=s?-2sa+a’+(b—-c)?—a®+ o
4s(s—b)(s—c¢)

=(s—a)> —4(s—b)(s—c) + .
4(s—a)(s—b)(s—c)

a

(b-c)?
)

:(s—a)2+4(s—b)(s—c)(2—1)=(s—a)2+
a? —(b—-c)?
—)

:(s—a)<s—a+ = g2 ©0e (s—a)<s—

— )2 _ M2
o (99),(ss0) > n%g% =s(s—a) <s —a+ ® ac) )(s _b=9 )

a

(b—c)? (b—C)2 (b—c)*
=s(s—a)<s(s—a)+s p (s—a)— P >

4
= n2g2 ® s(s—a) (s(s —a)+(b—-c)? - (b azC) )
(b —c)? + 4s(s — a) 4bcs(s — a)
4 " (b+c)?
ﬁ ((b — )% +4s(s — a))
- (m),(mm) = nig5 — miw?

_ 4
S (s(s NGRS aZC) G :)-cc)z

Again, m2w? =

(mm)
>miw2| = [s(s—a)

((b —0)? +4s(s— a)))

2 (h_ 2
s(s—a)+ (b—c)? (M)

=s(s—a) be a
—m((b—c)2 + (b+0)?—a?)

— )2
—semw <S(S T bet (az —(b- C)Z) <(b ZC) + (b :)-cc)2>>
_ — )2
9 (((b +¢)2 —a? — 4bc) + (a® — (b — ¢)?) <4(b . c) N 4bc >>

, (b +c)?
BN 3
=S(S;“)( 2 _ )(4(b zc)2 (b4+b2)2_1)
RPN S .
=rs2<b—c>2( bic)(“;éffc} )20

2
= naga 2 mawa = Nggq = MW, > (n)
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. wW,m,p, WpInppp, W P, Vias(n) & + & + & ViaS(m) 1 + ﬁ
h,gsn, hygpyn, hegenc h, 1 hb4RhC 33T
. wW,M,Pp WpInppp, WcIN P, <—-+— VAABC,
hegon,  hpgpn, hegene — 3 3r

" =""iff A ABCis equilateral (QED)

3099. In AABC the following relationship holds:
a® + b8 + c® + 3 > 32F?

Proposed by D.M.Bdtinetu-Giurgiu, Daniel Sitaru-Romania
Solution by Tapas Das-India

AM—GM AM—GM
a® + b8 +c®+3 =Z(a8+1) > E:Za4 >

4 Carlitz 4F 2
> 6(abc)3 > 6(ﬁ> = 32F?

Equality holds for an equilateral trianglewitha = b =c = 1.

3100. In AABC the following relationship holds:
5_
[ [@m+ bmt ey = am1(v3) P m 2 0

Proposed by D.M.Batinetu-Giurgiu,Daniel Sitaru-Romania
Solution by Tapas Das-India

AM-GM 1 1
n(am + b™+c?) = 3(a™. b™. c?)3 > 27(a?™m*2, prmi2 ZmiZ)z —
m+1

m+1 Carlitz 4F

=27((abc)*>) 3 > (\/§)G<<ﬁ) ) > 4_m+1(\/§)5—mFm+1

Equality holds for an equilateral trianglewitha =b =c=1andm = 0.
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It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru
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