ROMANIAN MATHEMATICAL MAGAZINE

NAGEL'’S CEVIANS REVISITED

By Bogdan Fustei-Romania

ABSTRACT: In this paper we will have a new approach involving elements of triangle and
Nagel cevians.

We consider ABC triangle and we use :

r, = ﬁ (and analogs) ; 2S=ah, = bhy, = ch.=2pr.

1 _p-a
ra_ S

-] -

2 J1_ 1 2
et del e (and analogs)(1)

Ia

We use:

ta _ @ (and analogs)(2)

From (1) and (2) >

_ 2 —\2
fa _ HavAr#07c) Mr:(bc) (and analogs)(3)

From (3) >
Ny

T = m (and analogs)(4)

From sm /(p D)(p—c) (and analogs); bc= 2Rh, (and analogs); (p — b)(p — ¢)=rr, (and

r rp

TR

analogs); sm —

From h_a = 7 (and analogs) and(4) :

zr_a _ J4r?2+(b-c)?

b a _m(and analogs)(5)

rarprc _ R

From hahphe 2r9
4R _ I Jar2+(b—c)? (6)
r T e -0?
From 2 = ﬁ (and analogs), obtain:
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a J4ar2+(b-c)2
oa s —na_m(and analogs)(7)
hay/4r2+(b—c)?

From 2(ry + 1 + 1) = 2(4R + 1) and 2r, = = 2
- =

h,/4rZ+(b—c)?2

n,—+/4r2 +(b—c)2(8)

(and analogs) and

2(4R+r1) =

r a r a
From22=—>2=
h, p—a " h, b+c-a

% =14+ % (and analogs) and use (5) :

hy, _ ng _
e 2 N 1](and analogs)(9)
b+c 2n, _

a  JarZ+(b-)?
From(4)andry, + 1y +1r. =4R+r1:

1(and analogs)(10)

1+%=2

Ny
ny—/ 4r2+(b—c)2 (11)
From (6) and (11):

1+l—[ Y, 4r2+(b—c)2 _ 2
ny—+/4r2+(b—c)2 -

Ta _ _P_ .
From e (and analogs) and (4):

na
P e

I N
pa  my_JarZi(b_o? (and analogs) (13)

From (13) after simple manipulations:

2 —_c)2
%:—"‘" ’;(b ©) (and analogs) (14)

a

From (14) after summation we obtain:

p 3 J4rZ+(b—c)?2
a

n, +n, +n, = (15)

From (13) and p? = n2 + 2r,h,(and analogs) and ryr. = p(p — a) (and analogs):
Nal'pl'c

na—/4r2+(b-c)2

2rph, I'pIc
n, + P vy o (and analogs)(16)

nZ + 2r h, =
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If \/4r2 + (b — ¢)2 = x (and analogs) ,we obtain:
Da _ Ma=X Ta _ Ma fa _ X
== (and analogs), e (and analogs), 2ha = na_X(and analogs)

> _ m St = RS
S = oy (and analogs). From (3), =+ = + ( n, + n, +n,) ( + >+ rc)

ng+np+ne

r

1 1 +
(ng +np +10) (= +—+—=;)=2‘r‘—:+2“br—;‘°e

I'c

yRe = 52 (17)

a

From p? = n2 + 2r,h,(and analogs)->(p—n,)(p + n,) = 2rzh,

2rahy p ny 2hy
—n, = —— »>— —— = —— (and analogs
P~Ha p+ny, ‘ra ra +na( gs)
p ny Zha 1 . . .
From = (and analogs), (3) and + + — = after simple manipulations:
a a

h, —ny,—np— J4r2+(b—c)?2
a _ P—Na—Nhp—N¢ +2 r“+(b—c)
2r 2r

ptn,

(18)

h +xX+y+z—n;—np—n
a =p y a—p 6(19)
p+ny 2r

From (p—n,)(p + n,) = 2r,h,

2rah 2h . . .
p+n, = Tala 5P 4 Ma_ M (gnd analogs) and (3) after simple manipulations:
p—1a Ia Ta P—1a

(412 +(b—c)2
Z h, =p+na+nb+nc_2 4r -;ib c) (20)

p—n, 2r

h p+ng+np+nc—x-y—z
Zp_‘; = (21)
a

I'plc _ NpNc
rZ (np-y)(nc—2z)

,x=\/4r2 + (b — ¢)? (and analogs), rpre = p(p — a)(and analogs);

m,l, = p(p — a)(and analogs)(Panaitopol)

mal, npnc
rZ 7 (np—y)(nc-z

5 (and analogs)(22)

From (22) after summation :

myly+myly+mele > Z npng

r2 (np—y) (- z)‘ 23)

Mbhe _ (N~ y)(nc (and analogs) (24)
I'pre r2

From (24):
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mb + Ze > 2 Y =y)(@0c—2) Y)(n“ z) (and analogs)(25)

\/4r2 + (b—c)2=x(and analogs),g = 2—: (and analogs) because ah, = bhy, = ch.=2pr->

p—a h,—2r
a  2r
b a _ ny ha 2r ny
From(13) and (7): - Py ey o L ey e

h,

— Na
ha—2r  n,—/4r2+(b—c)?

(and analogs)(26)

From (26):

—Jar2 —c)2 —
% = :r_;(rb ©) ;‘a o (and analogs)(27)

From(27) and % >1+ % (and analogs)>

>1+4+ (and analogs)(28)

==

ny—+/4r2+(b—c)?2
r

h, -2
From (28) :
3 (na - X) (nb - Y) (nc - Z)
(? - 1) = (h, — 20) (hy — 20 (h, — 21)

Because of (27) and n, = h,>n, — x = h, — 2r we obtain:

==

3| (ma—x)(np-y)(nc—2)
=1+ \/(ha 2ty 20 (hoz) = = 2 (Euler Inequality Refinement) (29)

\/41“2 + (b — ¢)? =x (and analogs)
Fromn, = pa\/;; (and analogs)[3]-> % > E—a\/:} and (27):

ny—/4r2+(b—c)2 ny,—x pa |la
= > —=
— bz = (and analogs)(30)

From (4),(26) and n, > pa\/:} (and analogs):

h,

=
h,—2r —1/4r2+(b )2

(and analogs)(31)

Ia

= Tmf(and analogs)(32)
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From(32)andr, + 1, + r. = 4R+ 1

1+%22

W\f (33)

ny—x

R Pa_ |l 2 — )2 = VAR X
ZZna_x\g,\/é}r + (b — ¢)2 = x (and analogs). From (6): - =11

From (5) and (26):

2ra  _ X
ha—2r (na—x)>2

(and analogs) (34)

From (34) :
2r, -
l_[h -2r l—[(n x)z( 5)
—v)2 _ —_N2
nanbnc= 8(na—x)~(np Y) (nc—z) (36)
rarpre  xyz(hy—2r)(hy—2r) (he—2r)
From 2¢=_— % (314 analogs), rpyr. = p(p — a) (and analogs):

r2 " (np-y)(ne—2)

2
Py _ NpNc = -
(;) =y PRy — ,x—\/4r2 + (b — ¢)? (and analogs) (37)

_ E I'plc _ Npnc
From 1,=2 b+c,/rbrc (and analogs) and el ey —" (and analogs)

b ofeYla_, [ mene
(\/:4.\/;) . =2 E——r— (and analogs) (38)
b, j¢ja ™ , ne
(\/: + \/;) 2 < p—" + ey (and analogs) (39)
E c)_ 3 Nahpne
L1yl [1 (J: + J;) - (Zl') (na—x) (np—y)(nc—2) (40)

x=\/4r2 + (b — ¢)? (and analogs). From bc=ryr, + r,r (and analogs):

From (38):

From (38):

c=[ bR 4 Ma ]rz (and analogs) (41)

(np—y)(nc—2) ny—x
From bc= 2Rh, (and analogs); ah, =2pr=(a+b+c)r

h—:‘ =1+% (and analogs) and (41) we obtain:
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2R (4L bte)__ mnc ny
(1 + ) lr——— + - (and analogs)(42)

J4r? + (b — ¢)2 = x (and analogs)
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